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,. SUMMARY ●

A methodisdescribedforinvestigatingtheeffectsofthedynamic
responseofan autopilotonthestabilityofanaircraft-autopilotcom-
bination.Themethodisbasedona studyofthe’constant-dampingcurves
obtainedina planedefinedby varyingtwooftheautopilotparameters.
ThedynamicsoftheautopilotaTeassumedtobe describableby a second-
orderdifferentialequation.Theeffectsonthesystemstabilityof

r varyingthegain,naturalfrequency,anddampingratiooftheautomatic‘, damperareinvestigated,sincethesepsmmetersdeterminethedynamic
responseoftheautomaticdsmper.

Themethodisappliedtotheanalysisofthelateralmotionofan
airplaneequippedwitha second-orderautomaticyaw-ratedamper.For
anyconditionoftheai~lane,anoptimumcombinationofvaluesofauto-
pilotnaturalfrequencyanddampingratioareshownto existforany
givengainorrequireddsmping.A simple,analyticalexpressionis

,) derivedforobtaininga closeapproximationto theseoptimumpoints’by
ignoringtheeffectsoftheaperiodiccharacteristicmodesoftheair-.,
plane.The assumptionthattheseaperiodicmodesmaybe neglectedin
consideringtheeffectoftheyawdamperon theDutchrolloscillation
isusedinallthesubsequentanalysis.Expressionsarederivedfor
themaximumdsmpingobtainableundervariousconditions.For.aygiven
naturalfrequencyanddampingratiooftheautopilot,excessiveauto-
pilotgainwillalwayscausetheautopilotoscillatorymodetobecome
unstable.

Finally,theproblemof designinganefficientyawdsmperwhich
willimprovethedampingoftheDutchrolloscillationforvarious
flightconditionsofanairplaneisconsidered.A simplemethodof
designisillustratedby applyingittothreeflightconditionsofan

P airplane.

Calculatedmotions,basedontheassumptionofthreedegreesof
freedomforthelateralairplanemotion,arepresented.Theyagee
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2 NACATN 2857

withtheresultsobtainedfromtheconstant-dsmping-curveanalysiswhen
theaperiodicairplanemodestieneglected.

INTRODUCTION

Recently,a greatdealof interesthasbeenshownintheuseof
automaticstabilizationdevicesforimprovingthedsmpingofthelateral
(Dutchroll)oscillationofaircraftdesignedtotravelattransonicand
supersonicspeeds.Theanalysesof suchautomaticstabilizationsystems
maybe dividedintotwoclasses.In onekindof analysistheeffectsof
varioustypesofautopilotson aircraftstabilityareconsidered,and
usuallytheautopilotisassumedtobe an idealizedsystemwithno lags.
In theotherkindofanalysistheeffectsofthedynamic
particulartypeof stabilizationsystemonthestability
autopilotconibinationareconsidered.

Someinvestigationsoftheeffectsofvarioustypes
autopilotsonairplanelateralstabilityarereportedin

responseofa
oftheaircrsft-

ofi&alized
references1

to 3. References1 and2 aretheoreticalanalyses,whereasinrefer-
ence3 experimentalresultsarecomparedwiththeoreticallypredicted
effects. -

Analysesofthesecondkind,inwhichtheeffectsofcertaintypes
ofdynamicresponseina givenstabilizationsystemareconsidered,have
involvedvariousapproachesto theproblemofdeterminingthestability
ofthecompletesystem.Thewell-knownfrequency-responseanalysishas
beenusedinmanypapers(forexample,inref.4). Applicationsof
Nyquisttsstabilitycriterion,whichwasoriginallydevelopedforfeed-
backamplifiers,havealsobeenused.Forexample,inreference5
Nyquist’scriterionisextendedto systemswithconstanttimelagin
thefeedbackcircuit.

Whentheconditionswhich’willinsurea givenamountof stability,
ratherthanjustneutralstability,aresought,theuseof constant-
dampingcurveshasbeenfoundconvenient{.Themethodisdescribedin
reference6, andanexempleof itsapplicationisfurnishedby refer-
ence7. In reference8 a semigraphicalmethodisdevelopedforobtaining
theconditionswhichinsureneutralstabilityofanairplane-autopilot
systemwhena constanttimelagintheautopilotisassumed;also,a
procedureisindicatedforusingthemethodof constant-dampingcurves
tQ determinetheconditionswhichinsurea givenamountofdamping.
Thismethodisdescribedindetailinreference9.

Inthepresentpapertheconstant-dwnping-curveanalysisisapplied
to anairplane-autopilotsysteminwhichtheautopilotdynamicsare
representedby a second-orderdifferentialequation.Generally,the

.

.
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.

actualfrequencyresponseofmostautopilots(especiallyyawdampers)
isbetterapproximatedwhena second-orderdifferentialequationis
usedtodescribethedynamiccharacteristicsoftheautopilotthanwhen
theconstant-t3me-lagresponseisassumed.Physically,thisassumption
impliesthattheautopilotmaybe representedas a dampedoscillatory
system.Thepresentpaperexfiinesix’somedqtailtheeffectsonthe
airplane-autopilotstability”ofvariationstit,hegain,naturalfre-
quency,anddampingratio.of-theautopilot. . - : . ,.

..

SYMBOLS

. .

A,B coefficientsof second-ord!erdifferentialequationforauto-.
pilotdynamics(seeeq.”(1))“

b wingspan,ft

-V%nb
c1 =

()

K=2
2b2PbKZ2- —

KX2

CL trimliftcoefficient,w Cosy/qs

c~ rolling-momentcoefficient,Rollingmoment/qsb

Cn yawing-momentcoefficient,Yawingmoment/qSb

Cy lateral-forcecoefficient,Later81force/qS

acn
cl+ = ~

2V

n
1 D time-derivativeoperator,

. —. .—. —.. - .- ...— ————— -,—————— — —— _._. —— —...-— --—-— .-—-- _—.._-
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F(D) characteristic

FO(D) characteristic

I d+(R)
fn(R)=——n! ~n

i=i=

K

K.

Kx

%

Kn

m

n

P, Q

P()>%

P = D@

~

R

r=D$

s

T1/2

t

polynomialof

polynomialof

NACA

airplane-autopilotsystem

airplanealone

/gearingratioof second-orderautopilot,degdeg/sec

gearingratiorequiredforan idealno-lagratedamper

/ptividea-givenamountofdsmping,degdeg/sec

TN2857

to

nondimensionalradius
stabili~axis

nondimensionalradius
stabiii~&is

of gyrationinrollaboutlongitudinal

of gyrationinyawaboutnormal

non&lmensionalproduct-of-inertiaparameter

massofairplane,slugs

an integer

coefficientsofaquadraticfactorof characteristic
ofairplane-autopilotsystem

coefficientsofDutchrollqua~atic(seeeq.(10))

dynsmicpr~ssure,~, lb/sqft

realpartof characteristicroot,sec-1

equation

wingarea,sqft..

timeforamplitudeofoscillationto dampto one-ha~its
originalvalue,sec
3
time’,sec ‘

.
A
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1
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t

.

steadj-statevelocity,ft/sec

weightofairplane,lb

angleof sideslip,radiansunlessotherwisespecified

flight-pathangle,radians

deflectionofcontrolsurface,degorradians

dampingratioof second-orderautopilot

relative-densityfactor,m/pSb

airdensity,shgs/cuft

angleofbank,radiansunlessotherwisespecified

angleofyaw,radiansunlessotherwisespecified

angularfrequency(alwaysreferredto simplyas “frequency”),
radians/see

fre@encyofDutchrolloscillation,radians/see

naturalfrequencyof second-orderautopilot,radians/see

transferfunctionofairplane

transferfunctionofautopilot

Subscripts:

cr critical

max maximum

Thedyaamicsofan
oftenbe representedby

—---- ——-. .. ..—.-

,

ANALYSIS

PrelhinaryDiscussion

autopilotusedforaircraftstabilizationcan
a differentialequationofthetype

D%+ilDb+B5=KBX (1)

,—---- . .—- — .---- -- —-. — -— —-—------— ----—— —-— ,--——...



6 NACATN 2857

Here b isthedeflectionofthecontrolsurfaceactuatedby theauto-
pilot,and X isthecomponentofairplanemotiontowhichtheauto-
pilotis sensitive.In general,X maybe anycombinationoftheair-
planedegreesoffreedomortheirtimederivatives,orboth.When B
ispositive,as itmustbe forstableautopilots,let A = 2C~ and
B =%2. Thenequation(1)becomes

,(2)

.
AlthoughA and B areoftenmoreconvenienttouseforpurposesof
analysis,theequivalentparameters~ and (DOaremoremeaningful
physically.Mostoftheresultsofthispaperwillthereforebe pre-
sentedintermsoftheseparameters.Thepsrameterm. isthenatural
(undamped)frequencyof-theautopilotsystemandtheparameterC is
thedsmpingratio,thatis,theratiooftheactualdampingofthe
systemtothecriticaldamping.TheparameterK whichappearsin
equations(1)and(2)isvsriousl.ycalledthesimplificationfactor,the
gain,orthegesringratio.An autopilotwhichmaybe representedby
equation(1)or (2)isoftencalleda second-orderautopilot,sincethe
dynamicsoftheautopilotarerepresentedbyanexpressioninvo~ving
timederivativesofthecontroldeflectionup toand’includingsecond-
orderderivatives.

{ ,,

.

.

●

Thecoefficientsofthecharacteristicequationofanairplane
equippedwitha second-orderautopilotarefunctionsofthestability
derivativesandmasscharacteristicsoftheairplaneandofthethree
autopilotparametersK, ~, and C (or K, A, and B). Thesecoef-
ficientsareoftencalledthestabili~coefficients.Ifthestabili~
derivativesandtisscharacteristicsoftheairplaneareknownfora
givenflightcondition,andifoneoftheautopilotparametersis
assignedsomereasonablevalue,thenthestabilitycoefficientsofthe
airplane-autopilotsystemarefunctionsoftheremainingtwoautopilot
parametersonly.Curvesofconstantdampingofthecharacteristicmodes
ofthetotalsystemmaythereforebe drawnintheplanedefinedby con-
sideringthesetwoparametersasindependentvariables.Methodsof
obtainingsuchcurves,withparticularapplicationtooscillatorymodes,
arediscussedinreferences6 and7. Fromanexaminationoftheconstant-
dampingcurvestherangesofvaluesofthetwoindependentautopilot
parameterswhichwillprovidea givenamountofdampingtotheoscilla-
torymodesoftheairplane-autopilo~systemcanbe determined.Moreover,
a detailedstudyoftheseconstant-dampingcurvesyieldsa considerable
amountof insightintosomeofthefundsment.alpropertiesofthemotions
ofairplanesequippedwithsecond-orderautomaticstabilizationsystems.

.

.— —-———— - —-- - ——— - - .._— .—— -—--- - —-.. -— -
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ApplicationtoSecond-OrderYaw-RateDamper

. Equationsofmotion.- Themethodhasbeenappliedtotheanalysis
oftheeffectofa yaw-ratedamperonthelateralstabili~ofanair-
pline.Whenthedimensionaltime-derivativeoperatorisused,the
lateralequationsofmotionare

!. In theseequationstheI
andthat
moment.
theform

theonlyresultof

(3)

(4)

assumptionsaremadethat CY = CYr= Y = O
P

thecontroldeflection5 isa yawing
Theequationofmotionoftheyaw-ratedamper,writtenin
ofequation(2),is

completecharacteristicequationfortheequationsofmotion
(3) t~6) iS a sixth-degreeequation.Infact,if FO(D)be theusual
fourth-ordercharacteristicpolynomialforthelateraldegeesoffree-
domdescribedbyequations(3)to (5)(seeref.2),thenthecomplete
characteristicequationfor~heairplane-autopilotcombinationis

)()F(D)= (D2+ 2@@ +(D02F0D
~2

[
- ~cn8%2 2~D - ~cYP)(2~bKX2D2-
..

(7)

.— .—.. - . . .- - -— -—--—--- - - —.-——.— ————-—. -_ ——_..-. —. ...—— ..- . .. .-
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.

Thecharacteristicmodesobtainedfromthisequationareusua12ytwo
oscillationsandtwoaperiodicmodes.Inmostcasesthetwoaperiodic
modesandoneoftheoscillations@ be associatedwiththelateral
motionoftheairplane,whereasthesecondoscillationmaybe associ-
atedwiththemotionoftheautopilotsystem.

Choiceofvariableautopilotparametersforconstant-dsmping
curves.-If alltheparametersinequations(3)to (5)arelmownfor
anairplaneina givenflightcondition,theeffectsof K, ~, and ~
qnthelateraloscillatorystabilityofthecombinedsystemcanbe
determinedlyvaryingtheseparametersinequation(7),as isshownin
appendixA. Oneoftheseparametersmustbe fixedifthestability
boundariesaretobe plottedina planeas describedinappendixA, and
thereforetherelativeconvenienceoffixingeachofthethreeparam-
etersshouldbe considered.Sincethedynsmicch~cteristicsofthe
autopilotmaybe expressedintemnsof itsfrequencyresponse,a study
oftheeffectsqfthethreeautopilotparametersonthisfrequency
responseshouldprovidesomeinsightintothequestionofwhichtwo
parametersshouldbevariedsimultaneously.

Thetransferfunctionofthe* from-equation(6):

F/D~p(D).
L-

Therefore,theexpression

~/D~p(@) =

forthe

stabilizingautopilotmaybe obtained

autopilotfrequencyresponseis

Thefrequencyresponseoftheautopilot

(8)

Rp(u)efi+)(9)

isobtainedfromequa-

. .

.

,,

I

. .

tion(9)by filottbgthesmplitudeRp(m) andphaseanglef3p(u)of

thecomplexnumber@/D]p(~) aga~st U. me PhaseangleiS~de-
pendentof K,whereasthemagnitudeatanyvalueof m isproportional
to K. Thusthephase-anglecirveandtheshapeofthemagnitudecurve
bothdependonlyon ~ and ~, andthegearingratiosimplyactsasan
amplificationfactoronthemagnitudecurve.

I
Fromthispointofview,

itwouldseemdesirableto selectreasonablevaluesof K andallow c
and O. tobe thevariableparametersinequation(7).A studyof the

,-

stabilityboundariesinthe~~-planewouldthenshowtheeffectof .

.

. —— _.. . ..— .— -—— —— —.-- ———.---—— --——--— ——— ._ —..
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vsxyingtheshapeof
ofthetotalsystem,

9

theautopilotfrequencyresponseonthestability
whereasthevariationof K wouldshowtheeffect

ofvaryingthe-amplificationfactor.‘Thestabilityboundarieswere’
thereforefirstcalculatedinthe~~-plane,andsomeoftheeffects
ofvaryingK onthesecurveswereinvestigated.

SincethegearingratioK isinmanyrespectsthemostimportant
parameterdeterminingthe stabilityof thetotalsystem,stabilityboun@-
arieswerealso,obtainedinthe~-plane forfixedvaluesof ~. This
methodofplottingthestabilityboundarieshastwodistinctadvantages.
First,thetwomostimportantparameters,K and ~, areallowedto
vary. Second,thefixedparametert isknowntobe betweenO and1
forstableoscillatoryautopilotsystems;therefore,’theeffectof
varying~ onthestabilityboundariesintheIho-planecanbe deter-
minedfairlyeasilyby choosingseveralvaluesof ~ whichwillspan
thisrange.

Constant-dampingcurveswithgearingratiofixed;threedegreesof
.freedom.-In orderto investigatetheeffectofthesecond-orderyaw
damperonthestabili@of’thesystem,valuesoftheairplaneparameters
wereinsertedintoequations(3)to (5) to correspondtoa cruising
flightconditionfortheairplanedescribedintableI. TheDutch”roll
oscillationforthisflightconditionhasa periodof1.30secondsand
T1/2 of2.60seconds.‘ .

Inorderto investigatethetypeof constant-dampingcurvewhich
appearsinthe~uo-plane(orAB-plsme)forconstantK, a valueof K

,$ waschosenwhichwouldgivegooddsmpingifusedina perfectpropor-
tionalyawdamperthathasno inertiaor damping.ThevalueK = 0.086
degreeofrudderdeflectionperdegreepersecondofyawingvelocity
waschosen,whichwouldmake T1/2 oftheDutchrolloscillationequal
to0.75second.Theconstant-dsmpingcurvesintheA&planewerethen
drawnforthisvalueof K by ustigtheequationsgiveninappendixA,
andareshowninfigures1 to5. Thefrequenciesofthemodeson a
givencurvevaryfromzeroto infinity,andtypicalvaluesareshownon
theindividualcurves.

.
As pointedoutinappendixA, itis simplertoobtainthecurves

firstintermsof A and B andthensubstitutethemoresignificant
parameters~ and ~. However,fora preliminaryinvestigationof
thegeneraltypesof curvesandthemannerinwhichtheychangeas R
and o (thedampingandfrequencyparameters)arevaried,continued
useofthe@-planeismoreconvenientbecausenegativevaluesof B
maybe consideredwhereastheparameters~ and ~ havean obvious
physicalsignificanceonlyforpositivevaluesof B. Forthisreason,
thetypicalcurvesoffigures1 to5 aredrawnintheA&plane. These
figuresarepresentedanddiscussedprimarilytofamiliarizethereader

-A - .- . -.. —.. .. —-—..- . . ..-- . ..——— —.-— .—-. -——. .— ——.—— .- — —.——... ——. ——.-— -— - -..—-
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withthegeneraltypesof curveswhichoccur,sothatthelatercom-
parisonofthecurvesinthe$mo-planewillnotbe tooconfusing.The
practicallysignificantportionsofthecurvesareessentiallythesame
h eitherplane.

Figure1 presentsthezero-dampingcurve,whichiscontinuousand
crossesitselftoforma loop.Theloophasnopracticalsignificance,
sinceitmerelydefinestheregion-ofautopilotparametersforwhich
therearetwounstableoscillations.Thehatchmarksindicatethe
boundaryoftheregioninwhichallmodesarestable.In allcasesthe
B= O axisistheboundaryatwhichanaperiodicmodebecomesunstable.

Thecurveofgreatestpracticaltiportanceisthatdefined.by the
dampingoftheairplanewithouttheautopilot;thatis,thecurvefor
T1/2= 2.60seconds.Thiscurve,showninfigure2, isdiscontinuous.

‘ When m approachestheairplanefrequency(thefrequencyoftheDutch
rolloscillationoftheairplanealone),both A and B becomeinfi-
niteinmagnitude.Theseinfinitiesarecausedby thevanishingofa
factorinthedenominatoroftheexpressionsfor A and B. At the
airplanefrequencya newbranchoftheconstant-dampingcurveis started.
Theregionin.theA&planeinwhichthereareno oscillatorymodesthat
havelessdsmpingthantheairplanealone(indicatedbyhatchmarks)is
boundedby thisnewbranchofthecurve.Thedashedlineshowsthe
valueB = ~ = 23.84,where ~ istheconstantcoefficientofthe
Dutchrollquadratic,whichiswrittenas I? + P@ + ~. Thesignifi-
canceofthisvaluewillbe discussedsubsequently.

m

.

Figure3 showsa typicalcurvefora dsmpingsomewhatgreaterthan
thatoftheairplanealone.Ithastwopointsofdiscontinuityand
threebranches.Thus,theairplane-dampingcurveshowninfigure2 is
a criticalcurve,separatingtheconttiuouscurvesforlessdamping
fromthedoublydiscontinuouscurvesfor~eaterdamping.Thetwo
criticalvaluesof m axeveryclose,sothatthebranchofthecurve
inthenegative-Bregioncorrespondstoa verysmallrangeof m.
Thisbranchofthecurveisofacademicinterestonly.Thepartofthe
curveinfigure3 whichformsthesignificantboundaryisagainthe
curveintheupperrightquadrantoftheplane,defininga regionof
betterdsmpingindicatedbyhatchmarks.

Thecurveinfigure4 isfor ~/2 =0.75 second,thedamping
whichtheairplane-autopilotoscillationwouldhaveiftheautopilot
hadno lags.Thiscurvehasanotherbranchatlargenegativevalues
of B andnegativeA,butthisbranchisnotshownbecause,ashas
beenmentioned,itisofacademicimpoI’’_k~CeOfiy..(Itshouldbe
notedthatthesignificantportionsof allthesediscontinuouscurves ,
startatvaluesof u neartheairplanefrequency.)Thecurvefor
%/2 = 0.75secondalsorepresentsa criticaldsmpingvalue,since I

.
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forlargervaluesofdampingthecurvesagainbecomecontinuousand
fo?mloops,as showninfigure5 for T1/2= O.&lsecond.In the
followingdiscussionthedampingcorrespondingto T1/2= 0.75second
andtheassociatedconstant-dampingcurvewillbe calledthecritical
dampingandcriticalcurve.

Thesecurveswillbe discussedingreaterdetail.Forthepresent
itwillsufficetonotethat,foranygearingratio,greaterdamping
canbe providedby a second-orderautopilotthancouldbe providedby
a perfectproportionalautopilotwiththesamegearingratio,provided
thatthepropervaluesof ~ and ~ arechosenfroma closed-loop
regionofthetypeshowninfigure~.

Equivalent-oscillatorconcept.-AppendixA showsthat,indeter-
miningtheeffectoftheyawdamperonthestabilityoftheDutchroll
oscillation,theairplaneisrepresentedby d equivalentoscillator
whoseperiodanddampingarethoseoftheDutchrolloscillation.
Explicitly,’theassumptionismadethatthethree-degree-of-freedom
equationsofmotionoftheairplane,givenby equations(3)to (5],
maybe replacedby thesingleequationofmotion

Thephysicalinterpretationofthisassumptionisthattheeffectof
theaperiodicmodesontheDutchrollstabilityis small..Thequadratic
‘equationD2 + Pp + ~ = O yieldsthecomplexcharacteristicroot
correspondingtotheDutchrolloscillato~mode.

Theanalysisisgreatlysimplifiedbythisequivalent-oscillator
concept,anditwillbe seenthatthissimplifiedanalysisgivesadequate
results.Exceptwhereotherwisespecified,theequivalentoscillatoris
assumedtorepresenttheairplaneinallthesubsequentdiscussions.The
curvesinfigures1 to5,obtainedfromthethree-degree-of-freedom
analysis,weredrawnprimarilyasa checkoftheaccuracyofthe
equivalent-oscillatorapproximation.

Infigure6 theconstant-mingcurvescalculatedlytheequivalent-
oscillatoranalysisforrepresentativevaluesofdempingarepresentedin
the~mo-plane.In interpretingthesecurvesitisessentialtoremember
thattwooscillationsarepresentformostofthesignificantpointsin
the!uo-plane.Oneoftheseoscillationsmaygenerallybeassociated ‘
withtheairplaneandtheotherwiththe
pointinthemostsignificantregionsof

* mustcrosseachother.

autopilot.Therefore,at
the~uo-planetwodamping

every
curves
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Allthecurvespreviouslyobtainedfromthethree-degree-of-freedom
analysisarepresentedinfigure6,andinadditiontheboundaryof
equalrootsandthecurvefor T1/2= 0.38secondareshown.Eachof
theconstant-dampingcurvesstartsontheboundaryofequalrootsat
0=0. Beforethegeneraldiscussionoffig-u-e6 ispresented,the
significanceofthecurvefor T1/2= 0.38secondwillbe explained.

●

Msximumdamptngwithfixedgearingratio.-Asmentionedpreviously,
thecopstant-dampingcurvesforhigherdampingthanthecriticaldsmping
arecontinuousandformloopsdefiningtheregionswhichinsuregreater
damping. Sticetheloopsbecomesmallerforlargervaluesofdamping,
itisreasonableto assumethatforsomevalueofdampingtheloopwill
becomevanishinglysmall- onlya cuspinthecurve(seeref.9). This
curvethencorrespondstothemaximumdampingwhichcanbe obtainedfor
theDutchrolloscillationwitha second-orderyaw-ratedamperforthe
givengearingratio.Thusthecusppointmaybe consideredtheoptimum
poihtinthe~mo-planefora givengearingratio,andthispointdeter-
minestheshapeoftheautopilotfrequencyresponsewhichwillgivethe \
highestdampingto theDutchrolloscillationfora givensimplification
factorK.

Theseoptimumpointsmaybe obtainedbya ratherstiplealgebraic
analysisbecausetheycorrespondtoa doubleoscillatoryroo~ofthe
characteristicequation,whichisa quarticequationwhentheequivalent-,
oscillatorconceptis“used.Thederivationoftheoptimuni-pointchar-
acteristicsispresentedinappendixB. Thedampingandfrequencyof
thedoubleoscillatorymodeareassumedtobe givenby thecharacteristic
equation

(D2+PD+Q)2=0

As showninappend.ixB,’thevalueof Q maybe
quadraticequation,fora givengearingratio,

Forpositivevaluesof K
Withthisvaluefor Q, P

P=

thelarger

(u.)

obtainedby solvingthe

2~Q+~2=0 (12)

realrootinequation(12)isused.
maybe obtainedfromtheexpression

(P.+ClK)@- Po~2

%(Q -%)
(13)

A

.

.

:.
I
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Thesevaluesof P and Q,whenusedinequation(U), givethecharac-
teristicroot(andthereforethqperiodanddamping)correspondingtothe
best-dampedDutchrollmotionobtainablewiththegivengearingratio.
In ordertofindtheautopilotparameters A and B (or ~ and ~)
whichyieldthismaximumdamping,thesevaluesof P and Q aresub-
stitutedtitothefollowingexpressionsfor A and B:

A =2P-P0 (14)
,1

(

.1

I

,
Q*“G (15)

Themaximumdampingforthe,airplaneunderdiscussionfor

/
K = 0.086’degdeg/secwasobtainedinthis“manner
correspondto T1/2= 0.38second.As canbe seen.-
curvedoeshavea cuspattheoptimumpointinthe

andwasfoundto ‘
fromfigure6,this

~~-plane.

Sincethehigh-dampingcurvesinthethree-degree-of-freedom‘
analysisalsofomnloops,thesametypeofanalysis,canbe usedto
obtainthecusppointinthe{~-plane.Thecalculationofthemaximup
dampingwouldbemuchmorecomplicated,however,f~rthethree-degree--.

I of-freedomcase.,To showthatthemaximumdsmpingascalculatedlythe
equivalent-oscillatoranalysis-isan adequateapproximationtothemaxi-
mumdampingforthecompleteairplane,thecurvefor T1/2= 0.38second
wasdrawnforthethree-deggee-of-freedomcasealso.

Thecomparisonofthecurvesfor T1/2= 0.38secondforthetwo .
casesi.sshowninfigure7. Inthisfigurethesignificantportionsof -
othertypicaldampingcurvesarealsoshown.Forpracticalpurposes,
theequivalent-oscillatoranalysisis anadequateapproximationto the
three-degree-of-freedomsmalysisindeterminingtherequiredconstant-
dampingcurves,includingthemaximum-dampingpoint.Itmightalsobe
notedthatthecriticaldampingisnotexactlythesameinthetwocases
(/T~ 2 = 0.75secondforthethree-degree-of-freedomcaseand

T1/2=,0.73secondfortheequivalentone-degree-of-freedomcase. .)

Discussionandinterpretationofdsmpingboqmiariesin~~-plane.-
Figure7 showsthatthereislittlechangeinthestabilityboundaries

,.
whenthelateralmotionoftheairplaneisrepresentedby theequivalent

, oscillator.Thisresultmeansthattherealcharacteristicmodesofthe
late&lmotioncanbe neglectedincalculatingtheeffectoftheauto-
maticyawdamperontheDutchrolloscillation.Theonlyfundamental

.. ..—.-——. . . . .. ._. ..— ..__ .______ . _.-___=__ __ —.— ---- — ..———. ...—._ ...—. .-.— -. - —
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differenceOCCUTSintheairplane-dsmpingcurve,T1/2= 2.@ seconds.
Fortheequivalentoscillator,thiscurveisd@continuousata valueof
CDo equalto theairplanefrequency,4.8radianspersecond.Theslope
ofthecurvebecomesinfiniteatthisvalueof O.,andtheportionof
thecurveboundingthehigher-dampingregionbeginshereat C = ~. In
thethree-degree-of-freedomsmalysis,thecurvefor T1/2= 2.60seconds
hasa slopewhichbecomesverylargeat ~ = 4.8radianspersecond “
butremainsfinite.Thusthedifferenceinthecurvesisnegligible
forpracticalpurposes.SincethesignificantNrtionoftheairplane-
dampingcurvebeginsat ~ = 4.8radianspersecondforanypositive
gearingratio,thedampingoftheequivalentoscillatorcannotbe
@provedwitha positivelygesredyaw-ratedamperwhichhasa natural
frequencylessthanthefrequencyoftheoscillatoritself.Figure7
showsthatforpracticalpurposesthesamestatementcanbemadefor
theactualairplane.

Certaingeneraleffectsofvaryingtheautopilotdsmpingandnatural
frequencyonthestabilityofthesystemmaybe observedinfigures6
and7. Theareaofinterestistheroughlyrectangularregionindicated
by thehatchmarksinfigure2 intheA&plane,inwhichbothoscillatory
modeshavemoredampingthantheairplanealone.Thevalueof B indi-
catedby thedashedlineinfigure2 correspondstotheairplanefre-
quency(~ = 4.8radianspersecond).If ~ isfixedatanypositive
valueand ~ isincreased,figure6 indicatesthatthesystemdsmping
increasestoa maximumvalueat somevalueof ~ andthendropsoff,
approachingthecriticaldampingas ~ approachesinfinity.similarly,
at anyfixednaturalfrequencygreaterthantheDutchrollfrequency,if
thevalueof ~ isincreasedfromzerothedampingreachesa maximumat
somevalueof ( andthendropsoff,approachingtheairplanedamptig
as ~ approachesinfinity.Thus,forfixed ~ thereisanoptimm ~,
andforfixedco.anoptimum(. Thebestof allthesepointsisthe
maximum-dampingpoint,whichisobtainedby thesimplec“al.culationpre-
viouslydescribed.

Importanceofoscillationfrequenciesininterpretingconstant-
dampingcurves.-Fromstabilityconsiderationsalone,theregionsdefined
by thehatch-markedportionsofthec’mes showninfigures1 to7 deter-

.

.

[

minethevaluesofautopilot”parameterswhichguaranteeat leastthe
indicatedamountofdamping.However,pointsmaybe chosenoutsidea
givenregionwhichstillseemto giveanairplanemotionthatisaswell-
dampedasthatforpointsintheregion.Forexample,figure8 shows
themotionsobtainedwithautopilotshavingthecharacteristicsdefined
bypoints1,2,and3 infigure6. Allmotionsshowninthispaperwere
obtainedfroma ReevesElectronicAnalogComputer,by useofthethree-
degree-of-freedomequationsofmotion.Thefactthatthesemotionscheck

.

——— .—— -—.— — ——- ———.. –——— - -—- ——
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thepredictionsmadefromtheequivalent-oscillatorstabilityboundaries
confirmstheadeq~cyoftheequivalent-oscillatoranalysis.

Points2 and3 areonthegoodportion(loop)ofthecurvefor
T1/2= 0.60second,butpoint1 isontheintersectionofthecurves
for T1/2= 0.60secondand T~/2= 2.60secondsandisoutsidethe
goodregiondefinedbytheloop.However,theactualairplanemotions,
representedby thesideslipandrollmotionsinfigure8,arevery
similarforallthreeautopilots,andthelightlydampedmodeisimpor-
tantonlyintheruddermotionforthecasecorrespondingtopoint1
(fig.8(a)).Actually,theeffectofthelightlydsmpedmodecanbe
seeninthesideslipmctionoffigure8(a),butitisalmostnegligible.
Althoughpoint1 4 figure6 correspondsto T1/2= 2.60seconds,asfar
astheairplanemotionisconcernedthisautopilotwouldseemtogiveas
gooddampingasautopilotswhosecharacteristicsfallintheloopof
T1/2= O.&lsecond.

In ordertounderstandwhythelightlydampedmodecorresponding
topointI infigure6 haspracticallyno effectontheairplanemotion,
thefrequenciesofthemodeswhicharepredictedatthispointmustbe
considered.Sinceforthemostsignificantpointsinthe&mo-planethere
mustbe twocharacteristicoscillations,eachofthesepointsisactually
a crossingpointoftwoconstant&mpingcurves,as canbe seenfor
pointI infigure6. Thegeneraltrendsofthefrequenciesalongthe
danpingcurvesareshowninfigures1 to5. Alongthefinalportionof
eachcurve(thatis,theportionwhichapproachesthe ~ = O axis),the
frequenciescorrespondtotheautopilotfrequency.At point1 infig-
ure6 themodeonthecurvefor T1/2= Z?.&lsecondshasa frequency
u % 10radianspersecond,a valuewhichcorrespondstotheautopilot
frequency(ascanbe seenfromfig.2),whereasthebetter-dampedmode
istheairplanemodewith m- 5 radianspersecond(seefig.5).
Sincethefrequencyoftheautopilotmodeisapproximatelytwicethat
oftheairplanemode,theeffectofthecorrespondinglightlydamped
rudderoscillationontheairplanemotionissmall,fortheairplane
cannotfollowsuchrapidoscillations.

Considerationofthefrequencieswhichoccuratpointsalongthe
dampingcurvesisthusseentobe importantinattemptingtopredict
thetypeofmotionwhichwouldbe obtainedwithautopilotswhosechar-
acteristicsaredeterminedby thesepoints.Thisfrequencyeffectis
broughtoutevenmorestronglyby figure9,whichshowsthemotions
correspondingtopoints4 and5 h figure6. In thiscasebothpoints
areonthezero-dampingcurve.At point5 bothmodeshaveapproximately
thesamefrequency.However,atpoint4 theautopilotfrequencyisthe

.- neutrallyliampedone,with m ~ 13.5radianspersecond,andtheairplane
modelieson oneofthewell-dampedloopcurves,whichcrossesthecurve
for T1/2= w atpoint4.w Themotionsshowngivetheresultspredicted.

— -. . ..—.— —— ..—— —- -—— _..—— ,--- . -------- —- ---- . —...-
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by thesmalysis.As showninfigure9(a),correspondingtopoint4,the . ~
neutrallydampedhigh-frequencyruddermotionhaslittleeffectonthe I
well-dampedairplanemotion.Ontheotherhand,forpoint5 theeffect
oftheneutrallydampedmode,whichisclosetothenaturalairplane .
frequency,isthedominantneutrallydampedairplaneoscillationshown
infigure9(b).Autopilotswhichcauseverypoorlydampedcontrol
motions,however,wouldbe unsatisfactoryfroma practicalpointof
vieweveniftheireffectontheairplanedampingweresatisfactory. <

EffectofvsryingK oncurvesin{~-plane.-Theeffectofgearing
ratiomaybe obtainedby consideringtheeffectofvaryingK onthe
curvesinthe(me-plane.By usingtheequivalent-oscillatoranalysis,

l(P +CIK).thecriticaldampingisfoundtohe Rcr=,= o Sincetheair-
(

planedampingis -&o, thecriticaldsmpingbecomestheairplanedamping i

as K vanishes.Thisresultis,of course,pe~esssry,sincezero
gearingratioimpliesno autopilot.As K ismadesmaller,thewhole
setofloopcurvesinfigure6 tendstomovetotheleft,sincethe
criticalcurveapproachestheairplanedampingcurve.Conversely,as K ~’
increases,thesecurvesmovetotheright.Also,theloopcorresponding
to anygivendsqinglargerthanthecritical@ping mustexpandas K
increases,sincethegivendampingcomesclosertothecditicaldsmping.
Thereforethegivenloopapproachestheinfiniteloopasymptotictothe
critical-damptigcurve.Physically,thisresultsimplymeansthatas
thegearingratioisinc~easedthere isa largerrangeofvaluesof ~
and ~ forwhicha givendampinglargerthanthecriticaldampingmay
be obtained.

A clearerideaofthewayinwhichthesetofloopcurvesmovesin
the~~-planeas K variesisob,tainedbyinvestigatingthevariation
ofthemaximum-dsmpingpointas K varies.Thepositionofthemaximum-
dampingpointisitselfimportant,becauseitistheoptimumcombination
of ~ and m. foranyvalueof K;but,also,sincethispointisa
kernelwhichis surroundedbyalltheloops,themotionofthispoint
givesa clearerideaofthemotionofanyloopas “K varies.The
desiredvsriationmaybe easilyobtainedhyinsertingvaluesof K into
equations(12)and(13),andusingtheresultingvaluesof P and Q
inequations(14) and(15).However,a simplerandclearermethodis
showntobepossi%leinappendixB,whereina valueo!dampingisassumed
andsolutionsarefoundforthevaluesof K, A, B, and Q whichwill.
makethisthemsximumdamping.Thisprocedureclearlygivesthesmallest
magnitudeof K withwhichthedesireddampingmaybe obtainedwiththe
second-orderautomqticyawdamper,andtheassociatedvaluesof A and
B thenmaybe consideredas ‘*optimumnvaluesforthegivenairplaneand
desireddamping.In thismethodequation(13)isreplacedby

r,

1.386P=-2R=—
T1/2

(16)

.’

.

.
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where R and
thengivesA

and
the

The
of

Equation,
theother

1

T1/2 correspondtothedesireddamping.
immediately,and Q maybe obtainedfrom

Q.

(17) will’give
lessthan Qfi.

correspondingvaluesof

K=

QO+FWQO) “

17

Equation(14)
theexpression

‘ (17)

twovaluesof Q,onegreaterthan ~
By usingthesevaluesinequation(15),
B areobtained,andfromequation(13):

(18)

smallervalueof Q-obtainedfr”omequation(17)givesa value
B correspondingtoa Valueof’.~ lowerthantheairplanefre-

quencyandresultsina negativeK. Thelarger,valueof Q givesa
valueof ~ higherthantheairplanefrequencyandpositivegearing.
Figures10and11 showthevariationoftheoptimumpoints.Figure10
showsthecurveonwhichthepointslieinthe ~~-plane.Figure’11
showsthegearingnecessarytoobtainanygivendampingasthemaximum
dsmping(whentheautopilotcharacteristicsaretheoptimumonesfor
thatgearing).

,.
Thepointcorrespondingto K = O oneachcurveis significant

onlyasa limitingpoint,sincezer~gesringimpliesno-autopilot.
Sincethedoubleoscillato~mbdecorrespondingto themaximumdamping
mustapproachtheDutchrollmodeas K approacheszero,theoptimum
pointinthe Cm-planeapproachesthevaluescorrespondingto theIhitch
rollmode. Increaseddampingofthesystemcanbe obtainedwitheither
positiveornegativegearing.Thepositive-Kbranchofthelocusof
optim~pointsgiveninfigure10liesb therangeofvaluesof m.
higherthantheairplanefrequency.Thus,asmentionedpreviously,
second-orderyawdamperswithpositivegearingmusthavea valueof U.
‘higherthantheairplanefrequencyinorderto improvethedamping.
Also,thevariationoftheoptimumpointson thepositive-Kbranchof
fig.we10 showsthat,ifincreaseddampingfromtheautopilotissought
by increasingthegearingratio,thenaturalfrequencyanddampingratio
oftheautopilotshouldgenerallybe increasedsimultaneously.This
factcanbe of considerablepractical“importance,aswillbebrought
outmoreclearlyinsubsequentdiscussion.

Comparisonofadvantagesofpositiveandnegativegearing.-If
negativegearingsareused,U. valueslowerthantheairplanefrequency
mustbe usedinorderto improvethedamping.Thepossibilityofusing

r
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a negatively(reverse)gearedsecond-orderrateautopilotto improvethe
dampingseemsrathersurprising,sincefora perfectproportionalrate
autopilot,reversegearingwouldsimplydecreasetheeffectiveCnr and
thereforedecreasethedsmping.Theuseofreversegearingismade
possibleby thephaserelationsintroducedbetweentheairplaneand
ruddermotionsby thedynsmicsofthesecond-orderautopilot.Actually,
thispossibilityisnomoresurprisingthanthefactthatthistypeof
autopilotwillimprovethedampingwithpositivegearingonlywhenthe
autopilotnaturalfrequencyisgeaterthantheairplanefrequency.
Clearly,thisrestrictionarises-fromthessmetypeofphase-relation
requirement.

Theuseofa negativelygeexedyawdamperwouldseemadvantageous
becauseofitspropertiesina steadyturn.Forconstantyawingvelocity
thenegativelygearedyawdamperdeflectstherudderina directionto
maintainth&turn,whereasthepositive’~gearedyawdampermustbe
overridden,eitherby thepilotorby theboostsystem.However,certain
objectionstotheuseofnegativegearinginanautomaticdam~erforuse
withan airplaneactuallymakesuchuseimpractical.

Themainobjectiontotheuseofnegativegearingisbasedonthe
factthattheequivalentoscillatorrepresentstheairplaneonlyina
givenflightcondition.At differentflightconditionsthecharacter-
isticairplaneoscillationhasdifferentvaluesof dampingandfrequency;
therefore,theairplaneisrepresentedby a differentequivalentoscil-
latorateachflightcondition.To designan automaticdsmperforone
flightconditiononlyis impractical,sincethisautomaticdampermay
havea harmfuleffectonthedampingat someotherflightcon~tioh.
Autopilotcharacteristicsmustthereforebe obtainedby somecompromise
methodwhichwill.improveanypracticalflightcondition.Now,it can
be shownthattheregionsof improveddampinginthe~uo-planefornega-
tivevaluesof K areloopsresem~linga reflectioninthe A = O axis
oftheunstableloopshowninfigure1. Th@seloopsmustlieina rela-
tivelynarrowrangeof 00 values,sincetheyareconfinedtovalues
of ~ lowerthantheairplanefrequency.Moreover,fora givenmagni-
tudeof gearingratio,theloopforanydampingismuchsmallerfornega-
tive K thanforpositiveK. Figure11 showsthattheloopsfornega-
tivevaluesof K breakdownatmuchsmallervaluesofdampingthanthe
loopsforpositivevaluesof K ofthessmemaguitude.Ifthesesmall
loopsinthe~~-planearedrawnfora desiredamountof dsmpingfortwo
extremeflightconditionswithdifferentnaturalfrequencies,thepossi-
bilityoftheirintersectingina regionofthe(%-planewhichwould
givethedesireddampingtobothflightconditionsisrelativelysmall.

●

.

Forpositivegearing,ontheotherhand,improveddampingcanbe
obtainedupto
ata valueof

thecriticaldamping
~o somewhatgreater

foran infiniterangeof 00 starting #

thanthenaturalairplanefrequency .
.
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intheparticularflightcondition.Thereis,therefore,an infinite
rangeof (oOvalueswhichwillinsureat leastthecriticaldamping
foranynumberofflightconditions.Themtiti~val~ of U. neces-
saryissomewhatgreaterthanthehighestnaturalfrequencyofanyof
thepossibleflightconditionsoftheairplane.

Maximumdampingforanygearingratio.-Thehighestmaximumdamping
agdthecorrespondingvalueof K canhe obtainedby determiningwhere
themodescorrespondingto theoptimumpointsinfigures10andU become
nonoscillatory.Thisconditionwilloccurfor P2=Q. By usingthis
conditioninequation(17),wherethepositivesigncorrespondstoposi-
tive K andthenegativesigntonegativeK, thefollowingexpressions
areobtained:

‘~=24Fe)‘“0) (19)

(20)

SinceP. iSsmall.forlightlydampedairplanes,thepositivegearing
ratiogivesa highervalue.Forexample,for P. = O, equation(19)
givesa valueapproximatelysixttiesaslargeasequation(20).
Actually,theselimitingvalues~orthedampingareofonlyacademic
interestasfarasapplicationtotheairplaneisconcerned,sincethey
aresolargeastobe fsraboveanyrequireddamping.

.
Co%stant-dampingcuryesin~~plane withdampingratiofixed.-In

orderto obtaina morecompletepictureoftheeffectofvaryinggearing
ratioonthestabilityofthesystem,constant-dampingcurveswere
obtainedinthe~-plane with ~ fixed:As showninappendixA, it
isnecessaryto solvea qu&&raticequationforthe Do values,which
maythenbe substitutedintoanexpressionfor K; asfollows:

(% )-R2 2 2 --moo 2@o(po+ ~)(u2+R2) +Uk -

(<+&R”+=2)(02+R2)=o (21a)
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{
C1:02 (2@o + pr3 + 4R)U? .

K=-

~o)’ 1}P + 2R002+ 2@o(~ + P~ + 3R2)+ R(2% + 3P& + @2)

(21b)

Forthefirstcalculations,~ = 0.3 wasassumedasa reasonable
valueof dampingratiofortheautopilot.A setof curveswasobtained
forthisvalueof ~. Theeffectofvarying.C onthecurvesinthe
K%-Plae wasthenin%stigatedbyobtainingseveraltypicalcurvesfor
~ = 0.6 and ~ = 0.9.

Thezero-dampingcurvefor C = 0.3 (showninfig.12)indicates
thatbetter-than-neutraldampingcanbe obtainedforanyvalueof ~
andforyositiveornegativege@ng. Thisistrueforanydampingup
totheairplanedsmping.Theboundariesforlessthantheairplane
dampingareofnopracticalinterest,however,andfigure12ispre-
sentedonlyforcompleteness.

Figure13showstheairplanedampingboundary,whichisa simple,
continuouscurve.Thiscurvealonedoesnotindicateclearlythe.region
thatdefinespointswhichgivebetterdsmpingthanthatfortheair-
planewithoutyawdamper.However,theaxis K = O’mustbe partofthe
boundaryalso,sinceK = O“ impliesnoautopilot,whichmeansthatthe
airplanehasitsoriginaldamping.In ordertoverifythattheregion
definedby thehatchinginfigure13 isthegoodregion,a curvewas
drawnfora slightlygreaterdamping(T1/2= 2.50seconds).Thiscurve
is showninfigure14andconfirmsthefactthattheregioninsuring
dampinggreaterthanthatoftheairplaneisas showninfigure13.

1
Theresultsoffigure13confirmseveralofthepreviousconclu-

sionsconcerningnegativegearingwhichwereobtainedfromfigures10
and11. A relativelysmallregionispresentintheKho-planeinwhich
improveddampingcanbe obtainedwithnegativeK, andthisregionis
confinedtofrequencieslessthantheairplanefrequency.

Figure14 showsthattheregionsofnegativeK whichwillgive
improved&mptigareloopsinthe@-plane. Thus,’themaximumdamping
fornegativeK maybe obtainedfromthecusppointcorrespondingto
thebreakdownoftheseloopsforanyvaluesof ~. Since C iscon-
stant,a particularlysimpleexpressioncanbe obtainedfor R-.
If ~ and @o em usedinsteadof A and B, equations(14)and(15)
maybe usedinequation(17),andtheresultis

/

1 ,

.
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(K> O) (22)

(K< O) (23)

forthevaluesatthecusppoints.Thesevaluesare“givenby the
twocurvesinfigure10. ThemaxhmndampingfornegativeK atany
valueof ~ maythenbe obtainedby usingequation(23)inequa-
tion(14)toMeld

If thevalues
consideration

of P. and ~ fortheDutchrolloftheairplaneunder
areusedand ~ istakenequalto 0.3,equation(24)

showsthatthemsximumdampingwithnegativegearingco’~esponds”to.
T1/2= 1.0second.

Figure15 showsthecurveforthisvalueof damping.Thecusp “ t
poihtfornegativegearingoccursat U. = 3.96radianspersecondand
K = -0.035deg/de~/sec.Forpositive’gesring,ontheotherhand,an
infiniterangeof ~ valueswhichwillgivebetterthanthisdamping
with ~ = 0.3 is seentobe available.Thisbearsouttheprevious
statementthatthedesign,withregardtodsmpingratioandnaturalfre-
quency,qfa compromiseautopilotwhichwillimprovea varietyofflight
conditionsislessrestrictedwhenpositivegearingisused.

Sincethecurveoffigure15istypicalofthecurvesforclampings
somewhat
detail.
between

critical
whathas
interest

greaterthantheairplane@ping, itwillbe discussediim&e
Thecurvehastwoseparatebranchesandthediscontinuityoccurs
u= 4.8radianspersecond~d u = ~ radianspersecond.mis

frequencyactuallyis mcr=~Qo-R2 (seeeq.(21a)) From.
beensaidpreviously,theportionofthecurveofgreatest
isthesecondhalf(forpositiveK). Thisstartsatthecriti-

PO+21”
calfrequencyat ~ = W and K =-—. Thisvalueof K “isthecl
valueforwhichan idealautopilot(onewithho lags)wouldyieldthe
givendamping,andwillbedenotedas ~. Thebottompartofthebound-”
arycanbe seentorepresentthevaluesof K and O. whichmakethe “

—.—,,.———— . . ..- .— ———— . __——. ._._ . ..— ... .. . .. . . . ——_. _ —- .. -.— ..
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airplane
nearthe
boundary
modehas

modehavethegivendsmping,sincethecritical.frequencyis . I
airplanefrequency.On theotherhand,thetoppartofthe .
representsthevaluesof K and ~ atwhichtheautopilot
thegivenikmping,sincethevaluesof o alongthispartof -

thecurveare-veryclosetothecorrespondingvaluesof ‘uo.

Figure16showstheboundaryfor T1/2= 0.60second.Theloops
fornegativedsmpinghavedisappeared.Thiscurveisthecuspcurve
forpositiveK, obtained~yu$ingequation(22)inequation(14).This
facthaslittlepracticalsignificance,however,sinc,ethereisnofunda-
mentalchangeintheshapeofthecurvesatthisdamping.

Forlargevaluesofdamping,furtherchangesoccurinthetypeof
dampingcurvesintheIGuo-plane.Forsmallvaluesof R, equation(21a)
givesrealsolutionsfor ~ withanyvalueof m. However,forlarger
valuesof R thediscriminantofequation(21a)changessignforcertain‘
combinationsof @ and R, sothatno realsolutionsfor ~ exist.
Settingthisdiscri&umtequalto zeroyields

[
(U)2+R2)2+~2(Po+~)2 - 2R(P0+ &) - I2% (U2+R2) +

%[% + =(PO+2Rj’J=o (25)

Whenthisequationhasa positive,realrootforthequantityU2 + R2,
thisrootdeterminestherangeofrealvaluesof u forwhichthesolu-
tionsfor ~ inequation(21a)arecomplex.Thevalueof R for
whichrealrootsoccurinequation(25)isobtainedby equatingthe
discriminantof

(1-

thiseqtitionto zero to give

C2)R2-.(1- {2)5POR+ C2(;%?2 - %) = 0 (26)

Fortheairplanebeingconsidered,with ~ = 0.3,thevaluesof R
obtainedfromequation(26)are R = -1.58and R = 1.61.S~ce only
thepositive-dampingboundariesareof interest,onlythenegativevalue
(whichcorrespondsto T1/2. 0.44 second)needbe considered.Forthis
valueofdamping,therangeofvaluesgivenby equation(25)becomesa
singlevalue.Forgreaterdamping,equation(25)givesa finiterange
ofvaluesof u whichwillnotoccuratanyrealvalueof Wo. Thus,
novalueof o inthisrangecanoccurfortherequireddsmpingwhen
~’=0.3. Theconstant-dampingboundariesfortheselargervaluesof
dsmping,whicharecharacterizedbytheabsenceofa givenrangeof
u values,areofa somewhatdifferenttypefromthecurvesforlower
dsmping.

I

.
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As anexampleofthetypeofcurvewhichoccursforlsrgedamping
values,theboundaryfor T1/2= 0.25second‘(R= -2.77)ispresented

: infigure17. Substituting~= 0.3 and R = -2.77intoequation(25).
givesu = 4.3radianspersecondand m = 6.3radianspersecond.

I Thatis,novaluesof o intherange4.3 <u<6.3 radianspersecond
occuxonthiscurve.Someofthesignificantfeaturesofthiscurve
willnowbe described,sinceitistypicalofthehigher-dampingcurves.i

:t The significantportionofthiscurvedefinesthesamegeneraltypeI
‘1 ofwedge-shapedgoodregionaswaspresentforlowerclampings.On the

lowerpartofthesignificantboundary,thefrequencyofthemodewith
thegivendampingisintherange 4.0<0<4.3 radianspersecond;

,i thatis,thefrequencyvariesbetweenthecriticalfrequencyandthe
, smallerfrequencygivenby equation(25).Thesefrequenciesclearly “,’

representtheairplanemode.
:1

At thepointof~he’wedgethepreviously.
discusseddiscontinuityappears.At thispointboththeairplaneand

.1 autopilotmo&eshavethessmedamping.On theupperpartofthebound-
arytheautopilotmodehas,therequireddampingandtheairplanemode
hashigherdamping.

.

Figure18isa collectionofthesignificantportionsofthedamping
curvespreviouslydiscussed.Thisfigureshowsthat,astherequired
dampingincreases,thewedge-shapedregioninthepositive~-plane
whichinsuresthisamountof dampingmovesupwardandto theright.The
figurealsoshowsthatthe&mpingobtatiablewitha second-orderyaw
autopilotcannotalwaysbe increasedmerelyby increasingthegearing
ratio.5e reasonisthat,fora givenval~ of Oo,increasingK
beyonda certainvaluemakes.theautopilotmodelessstable.Clesrly,
moredampingcanbe obtainedby increasingm. atthesametimethat
K isincreased.Theseresultsconfirmthestatementmadeinthedis-
cussionoffigure10thati’tmaybe necessaryto increasethenatural
frequencywhenthegainisincreased.

It isimportanttorememberthat,as inthe~~-plane,twooscil-
lationsarepresentintheregionsofmostinterestin-the~-plane.
Thetypicalfrequenciesgivenontheindividualboundariesindicatethat
theportionsofthewedge-shapedboundarieswhere K ishighcorrespond
totheautopilotmodehavingthegivendamping,whereasthepsrtswhere
K islowcorrespondtotheairplanemodehavingthegivendamping.

FigureI-8seemsto indicatethatan infiniteamountof damping
mightbe obtainableby simultaneouslyincreasingK and ~, incontra-
dictiontothediscussionconcerningfigures10and11. However,further
changesoccurinthetypeof curveatlargerclampings.Equation(21a)
indicatesthata changemightbe expectedwhen R >&, sincethequan-

.
tity ~ - R2 - 02 doesnotgothroughzeroforanyvalueof u. That

,.
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is,thereno longer
thegoodregionsas
aryofequalroots.

hoisa criticalfrequency~cr= - R2. Moreover,
previouslyshowndonottakeintoaccountthebound-
Thatis,withinthegoodregionsno oscillationhas

lessdampingthantheindicatedsmount;however,a realrootwithless
dampingthantheindicatedamountmaybe presentatpointsabovethe
boundaryofequalroots.Theexplanationisasfollows.At the u = O
pointofa givenhigh-dampingcurve(whichpointisontheboundaryof
equalroots)theresretwoequalrealrootswiththeindicatedamount
ofdamping.However,atpointsabovetheboundaryofequalroots,one
ofthesereslmodeswilldecreaseindamping.Theoscillatorymode
whichbreaksdownintotworealmodesatthebountkryofequalrootsin
theKd&planeistheairplanemode,since,as canbe seenfromfig-
ure18,oscillationsatautopilotfrequencydooccurabovetheboundary
ofequalroots.Thus,forpointsabovethisboundarytheairplanemode
becomesnonoscillatory.Thephysicalreasonforthisphenomenonisthat
largegearingratioscausetheairplanemodetobe overdsmped.The
boundaryofequalrootsinthe~~-plane,ontheotherhand,corresponds
to large~ values.Therefore,as canbe seenfromthecurves,the
modewhichisoverdsmpedatpointsabovethisboundaryistheautopilot,
mode.

-,

w

Strictlyspesking,theboundsryofequalrootsshouldbeconsidered
astheupperlimitofthegoodregionsshowninfigure18. Actuallyj

.

thisrestrictionisnecessaryonlyfortheregionsofveryhighdamping.
Forexample,whenthepointK = O.&ldeg~eg/secand 00 = 21.5rakuJ

persecondistakenontheboundaryfor T1/2= 0.60secondinfig-
ure18andthecharacteristicrootsarefound,theautopilotmodehas
thegivendampingT1/2= 0.60secondat u = 21radianspersecond,
whereastheairplaneoscillationbreaksdownintotwowell-dampednon-
oscillatorymodeswith T1/2= O.% secondand T1/2= 0.09second.
Thus,forthismoderatedamping,pointsabovetheboundsryofequal
rootsstillgivetherequireddsmping.

Forextremelylargevaluesofdamptig,however,theboundaryof
equalrootsbecomesimportant.In fact,themsximumdampingofthe
completesystemata fixedvalueof ~ isthelargestnegativevalue
of R occurrtigontheboundaryofequalroots.Thepointson the
boundaryofequalrootsareobtainedbyusingm = O inequations(21a)
and(21b).Thelargestvalueof R occurringontheboundaryis
abtainedby settingthediscriminantofequation(21a)equalto zero
with u = O.
with o = O):

(4~2- 3)R4+

Thisprocedure

(2P02(2- 1)R3

.—. . .... .—

givesthequirtic

+ (c% )02+ 2% R2

\

—.

in R (fromeq.(25)

+moQ.@+~2.0 (27)

.

.

.
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Thelsrgestnegativerealrootofthisequationisthevalueofthe
maximumdsmping.Fortheexampleconsidered,thisvalueis R = -5.1.1
andthecorrespondingT1/2= 0.14second.Forthisvalueofdamping,
thegoodregionbecomesa singlepointontheboundaryofequalroots.
Theairplanemodeisa doublerealrootequalto -5.11,andtheauto-
pilotmodeisan oscillationwiththesamesmountof damping.The
autopilotcharacteristicsforthismaximum-dampingpointwereusedin
calculatingthemotionsubsequentto a 5° sideslipdisturbance(fig.19).
Forpracticalpurposes,theairplanemotioncanbe consideredasnon-
oscillatory,sincetheautopilotoscillatorisoftoohigha frequency
tohavean appreciableeffectontheairplane.Thewell-dampednature
oftheDutchrollmotion(whichhasnowbecomenonoscillatory)iseti-
dentinthef3-motion.Theslowreturnoftherollmotionisduetothe
spiralmode.Althoughthelightlydampedspiralmodeisgenerallynot I
consideredtroublesome,itisnecessarytokeepinmindthatthedis- ~
cussioninthispaperdealsonlywiththeimprovementofthe-ping of ,
theDutchrollmode,andthatthetwoaperiodicmodesintheairplane’s
lateral.motionhavebeenignored.

Effectofvarying~ on curvesinthe~-plane.-In orderto
obtainan ideaoftheeffectof changing~ onthecurvesinthe
~-Plme, a compaisonoftheboundaryof equalroots,theairplane
dampingboundary,andtheboundaryfor T1/2= 0.60secondispresented
infigure20 for ~ =0.3,0.6,andO.9. Althoughtheregionof improved
dampingwithnegativegearingincreasesin size,thenarrownessofthe
frequencyrangeandtheotherdifficultiespreviouslymentionedstill
maketheuseofnegativegearimgimpractical.Theincreasedslopeof
theupperpsrtoftheboundariessimplyimplies,aswouldbe expected,
thatforlargervaluesof ~,largervaluesof K arerequiredatany
valueof U. tomaketheautopilotmodebecomeunstable.Thevariation
inthepositionoftheboundaryofequalrootssimplyimpliesthatthe
morehighlydampedmodeassociatedwitheachpointona givenboundsry
tendstobecomecriticallydampedat lowergearingsas ~ increases.

Noneofthesevariationsappeartobe veryimportantpractically.
Indeed,themostimportantfactabouttheeffectofvarying~ isthat
thebottompartoftheboundaryapproachesthesamevalueof K at
largevaluesof ~ forallvaluedof ~. Thisbehatiorisduetothe
factthattheasymptoticvalueof K is &, thevaluerequiredto
obtainthegivenamountof dampingwithan idealautopilot.Now,the
bottompartoftheboundarycan.beseentobe theimportantpart,since
itgivesthelowestvalueof K forwhichthesystemhastherequired
damping;also,themodewhichattainstherequireddsmpingatthepoints
onthispartoftheboundaryistheairplanemode. Theflatnessand
invariancewith C ofthebottompartoftheboundaryimplythatthe
minimumvalueof K forwhicha givendampingmaybe attainedisrela-
tivelyinvariantforchangesin C and ~ atfairlylargevalues

.–—.— -— .— —— –——-— -——— — -. ——-
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factwiU be usedinthenetisectionto obtaina simple
methodfordesigninganefficientyaw-ratedamperwhich
requireddampingforseveralextremeflightconditionsof

an airplaneustiglowgearing.

DesignofCompromiseYaw-RateDamper

Forthesakeof simplicity,theautopilottobe designedwillbe
assumedtoprovideonlya yawingmomentproportionaltoyawingvelocity,
as inthepreviousanalysis.Itmaythereforebe calleda %r auto-
pilot. Valuesof K, [,and.~ whichwillefficientlyimprovethe
dampingof”anairplaneinvariousflightconditionsaredesired.The
criterionoftheefficiencyoftheautopilotwillbe thatthegearing
ratiorequiredfortheautopilotmustbe small.Thismeansthatthe
autopilotpowerrequiredwillbe small.Moreover,theuseof small
gearingmakestheyawdampereasierto overridein steadyturns.

TableII givestheparametersusedforthethee flightconditions
oftheairplanechosenforthepresentexsmple.CaseI isa high-lift-
coefficient,low-wing-loadinglandingconditionat sealevel.CaseII
isa low-lift-coefficient,medium-wing-loadingcruisingconditionat
30,000feet.To completethepicture,caseIIIisa hi@-lift-
coefficient,high-wing-loadingcruisingconditionat 30,000feet.These
caseswillserveasexamplesto iUustratethemethod.

TableII showsthattheDutchrolloscillationin caseII isvery
poorlydamped,sinceitrequiresalmost7 secondsto dampto one-half
Smplitude.Althoughtheothertwocasesarenotsopoorlydamped,they
arestillunsatisfactory.Calculatedmotionsforthethreecasesin
responseto a 5°disturbancein sideslipareshowninfigure21. No
attemptwillbe madeto setup anycomplicatedcriteriaforadequate
damping.Instead,thecriterionchosenforpurposesof illustration
willbe thattheDutchrolloscillationshoulddampto one-halfampli-
tudein1 secondorlessatanyflightcondition.Actually,theauto-
pilotmaybe designedto insurea differentamountofdampingforeach
flightcondition,incaseoneoftheflightconditionsisrequiredto
be morestablethananother.

Thefundamentalproblemisto findthesetofpoints(K,~,~)which
satisfythegivendampingcriterionforallthreeflightconditions.
Moreover,theminimumpossiblegearingisdesired.Thevalueof K.
for T1/2= 1 secondiscalculatedfor
theequivalent-oscillatoranalysis,the

1 1.386~=—_
% %/2

eachflightcondition.From
valueof ~ is showntobe

- Po

.

D
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SubstitutionfromtableII givesthevaluesof K. as0.1.213,0.0698,

and0.1374deg/deg/secforcasesI,II,andIII,respectively.

If thelargestofthesevaluesof ~ (correspondingto caseIII)
ischosenforthegearingoftheautopilot,thecurvefor T1/2= 1 second
inthe~q-planewillbe thecriticalcurveforcaseIII,butforcasesI
andII thecurvefor T1/2= 1 secondwillbe a curvebetweentheair-
lplanedsmpingandthecriticaldamping.Eachofthesethreecurves
definesan infiniteregionintheupperrightportionofthe@o-plane
astheregioninsuringbetterdamping.Therefo=,inthe~~-planean
infiniteregionofpointswhicharecommontothesethreeregionsmust
existandcanbe usedwiththisvalueof K toobtainbetterdamping
than T1/2= 1 secondforallthreeflightconditions.A plotof these

regionsis showninfigure22(a),where /K = 0.14degdeg/sechasbeen
used.TheplotshowsthatanysetofvaluesintheQmo-planewhich
insuresT1/2= 1 secondforcaseII,thehigh-frequencycase,will
alsoinsurethisamountof dampingfortheothertwocases.However,
anypointinthisregionisat a valueof ~ considerablyabovethe
optimumforcasesI andIII. As waspreviouslypointedout,forsuch
valuesof ~ theminhnumvalueof K forwhicha givendampingmay
be obtaineddoesnotUffermuchfrom ~. Theimplicationisthatthe
minimumvalueof K forwhich T1/2= 1 secondmaybe insuredfor
caseIII,whileatthesametime T1/2 remainslessth~ 1 secondfor

caseII,isnotmuch-lessthan0.1374deg/deg/sec.TO COTlfiI’Rl this

hypothesis,thenecessarypointsonthecurvesm the ~~-planefor

%/2 = 1 second /wereobtainedfor K = 0.12degdeg/secand

/K = 0.10degdeg/see,andthesignificantpartsofthesecurvesare
showninfigures22(b)and22(c).

/Forvaluesof K <0.1374degdeg/secthecurvefor T1/2= 1 second
forcaseIIImustbe a loop,sincethe
damping. Figure22(b)showsthatwhen

is stilllargeenoughto intersectthe
caseII. Thehatchedregiononfigure
insureT1/2<1 secondforallthree

dampingishigherthan”thecritical
K = 0.12deg/deg/secthis100P

regionwhere T1/2<1 secondfor
22(b)istheregionwhichwill
flightconditionsat K = 0.12

deg/deg/sec.Figure22(c)showsthattheloopforcaseIIIhasbecome
toosmallto intersecttheregionwhere T1/2<1 secondforcaseII

when K = 0.10deg/deg/sec.Therefore,a valueof T1/2<1 second

—.— .—— .——
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cannotbe obtainedforcasesII andIIIsimultaneouslywhen K = 0.10
deg/deg/sec.ThecurveforcaseI isnotshowninthisfiguresince,
as seeninfigures22(a)and22(b),itisnotnecessary.

Thediscussionoffigure22 showsthat,inorderto improveall
theflightconditionsinthepresentexamplewitha singlesecond-order
autopilot,a geartigratiohastobe usedwhichisalmostas largeas
wouldbe neededforan idealautopilotthatwouldstabilizeallthe
flightconditions.Thisdifficultyarisesbecausethelow-frequency
conditionsrequirethehighestvaluesof ~, as canbe seenby
examiningtheapproximateexpressionforthe,frequencyoftheDutch
rolloscillationat anyflightconditionandtheassociatede~ression

(28a)

b2K. = -—
~2

()2~ KZ2 %Z2-—(P - Po)
KX2 ‘cn~(p- po)

= ~ ~A2 (28b)
%b

Becauseofthepossibilityof.variationsb CnP)

inthevariousflidrtconditions,itisnotpossibleto

Crib)andP-

statethatin
generalthelow-fr=quencyflight-conditionswillr@quirethehigher
valuesof ~, asistrueinthepresentexample.Whenthehighest
reqtiredvalueof & occursatthehigh-frewencyconditions,the
mininmnvalueof K forthecompromiseautopilotmaybe.considerably

P.

belowthishighestrequiredvalue,becausetheregionofoverlapsimilar
to thatshowninfigure22(b)willincludetheoptimumpointforthe
high-frequencycondition.

In anycase,thecharacteristicsofthecompromiseautopilotcan
be obtainedbyplottingtheregionsinsuringtherequireddampingfor
thevariousconditionsatvariousvaluesof K belowthemaximumvalue
of ~, as isdoneinfigure22. Thevalueof K whichleadsto a
smalloverlapregionisthentheminimumcompromisegearing,andthe
valuesintheoverlapregionofthe~mo-pl~edef~ethepossiblevalues
for { and m. ofthecompromiseautopilot.

.

.

.

.

-.



“iiACATN 2857 29

.

.

.

A convenientmethodisavailablefordeterminingtherangeof
valuesof K tobe usedinobtainingtheoverlapregion.Thevaluesof
& andtheoptimumvalueof K whichwillyieldtherequireddamping
foreachoftheflightconditionsarecalculated.Thenthecompromise
valueof K mustliebetweenthehighestoptimumvalueof K andthe
highestvalueof ~. Inmakbg theplotsitmaysoonbecomeclearthat
someof theflightconditionsdonotneedtobe considered,ashappened
withcaseI .inthepresentexample.

In thepresentexample,ithasbeenshownthata gainmuchsmaller
thanthelargestvalueof K. necessarycannotbe used,unlessa vari-
ablegainisavailable.If a constantgainmustbe usedatallflight
conditionsof suchanairplane,a simpleruleofthumbfordesigning
theautopilotwouldbeto choosethelargestvalueof & (corre-
spondingtothelow-frequencyconditions)andvaluesof ~ and m.
nearthe’optimumpointoftiehigh-frequencycondition.In thisway
someadvantage-isderivedfromthesecond-orderchsract.eristicsofthe
autopilotinthatthedampingobtainedfromtheautopilotismuchlarger
forthehigh-frequency-conditionsthanthatwhichwouldresultfroman
idealautopilotwi.ththisgearing.

In applyingthissimplemethod,0.14deg/&g/secwaschosenfor
thevalueof K, andtheoptimumpointwasfoundforcaseII. Theopti-
mumpointwas ~ =0.523 and ~ = 9.49radianspersecond.Figure23
showsthecalculatedmotionsforthet~ee flightconditionswiththis
autopilot,subsequenttoa 5° sideslipdisturbance.A comparisonof
figure23withfigure21revealsthat thest~ili~ ofallthreeflight
conditionsisimproved.Inparticular,caseII isgreatlyimproved,
whilecasesI andIIIbothhave T1/2 slightlylessthan1 second.

Sincetheresultsoffigure21(b)showthata gearingof

/
0.12degdeg/seccouldhavebeenused,theoptimumpointforcaseII
wascalcula&dforthisgearingandfo&d tobe [= 0.485 and
00 = 8.81radianspersecond.Figure24 showsthemotionsinthethree
flightconditionswiththeseautopilotcharacteristics.A comparison
ofthisfigurewi~ figure23 revealsthatthedampingobtained.with
thisautopilotisonlyslightly-lessthanthedsmpingobtainedwhen
K=

d
0.14de &g/sec.

If thelow-frequencyconditionsrequirelittleimprovement,the
problem-approachesthatofimprovingonlya singleflightcondition,
sothattheoptimum-pointcharacteristicsmaybe usedtodecreasethe
gearingnecessary.Forexample,‘supposethat T1/2= 1.5secondshsd
beenconsideredsatisfactoryforthelow-frequencyconditions.The
valueof &

/
necessarytoobtainthisdampingis0.075degdeg/see,

_——_— — .—— ..—— -—-— -.— — — ——.—— —-.—
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andthecorresponding
00 = 7.40radiansper

opt~umpointforcaseII is ~ = 0.389 and
second.Theimprovementofthestabilityofthe

variousflightconditionsmaybe seenfromthemotionspresentedinfig-
UR 25. Inthesemotionsthevalueof T1/2 forcasesI apdIIIiS
between1 and1.5seconds,butthevalueof T1/2 forcaseII iswell
under1 second. ‘

It isclearfromthepretiousdiscussionthatforthepresent
exsmpleanautopilotwithfixedcharacteristicswouldrequirea large
gain(correspondingtothelargestvalueof ~) inorderto improve
bothlandingandcruistigflightconditions.A variablegainwould
thereforebe desirable,sothatthisexcessivegearingwouldnothave
tobe usedatthehigherspeeds.Althoughitwouldbeimpracticalto
expectthatalIlthreeautopilotparametersshouldbe variableinflight,
aswouldbe desirabletoobtaintheoptimumautopilotforeachflight
condition,itwouldbe relativelysimpletomakethegainvariable.The
valueof ~ chosenwouldbethatoftheoptimumpointforthehigh-
frequencycondition(ascalculatedforthelow-gearingvalue),andthe
valueof ~ wouldbe preferablyslightlyabovetheoptimumvalueof
~ forthehigh-frequencycondition.(Becauseoftherapidchangein
dampingatvaluesof ~ lessthantheoptimum,inpracticea safety
factorshouldgenerallybe addedto thisvalue.)In suchcases,prob-
ablyonlytwogainpositionswouldbe necessary- a highgainforthe
low-velocityconditionsanda lowgainforthehigh-velocityconditions.
Thus,lowgaincouldbe usedinthehigh-velocityflightconditions,so
thattheadverseeffectsoftheautopilotin steadyturnsathigh
velocitywouldbe small.

ValidityofAssumingPure Cnr Autopilot

A fewfinalremarkswillbemadeconcerningtheassmptionthatthe
autopilotissensitivetoyawingvelocitiesonly,andprovidesyawing
momentsonly.Forpracticalautopilotinstallations,thesensingdevice
(ususllya ~oscope) isfixedintheairplane.Thedeviceistherefore
sensitivetoyawingvelocitiesaboutsomeaxisfixedintheairplane.
Theequationsofmotion,however,aresetupwithrespecttothesta-
bilityaxes.Forvariousflightconditions,theangleof inclination
betweenthegyroaxesandthestabilityaxesvariesbecauseofthe
-g angleofattack.Thisangleof inclinationmakesthe~oscope
sensitivealsotorol.ltigveloci~aboutthe‘stabilityaxes.In addi-
tion,thedisplacementoftheautopilot-actuatedcontrolsurfacefrom
thelongitudinal.stibili@axisgivesriseto rollingmoments.As shown
h reference10,thesetwoeffectscauseincrementsin CnpJ Clr,and

c2P duetotheautopilot,inadditiontotheexpectedCnr increment.

we Cnp effectisthemostimportantoftheseinaffectingtheDutch

rollstabilityoftheairplane,andthiseffectwillnowbe discussed.

.

.

*

— —.
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Whenthestabilieof a singleflightconditionistobe improved,
the C

%
effectmaybe removedby orientingthegyroaxisalongthe

flightpath,andnomodificationoftheresultsisnecessary.If an
angleof gyroinclinationdoesexist,thegeneralmethodof settingup
theconstant-dsmpingboundariesis,of course,stillvalid.In order
totakeaccountofthe ~p effect,D* issimplyreplacedinequa-

tion(6)by theproperlinearcouibinationof D* and D@,as shownin
reference10. Becauseofthepresenceofthe D@ termallthreedegrees
offreedommustbe used,andtheequivalent-oscilJ_atorsimplificationcan
no longerbe used.Thus,themethodismorecomplicatedwhenthe Cnp
effectoftheautopilotisnotsmallenoughtobe neglected.Whenthe
Cnp effectbecomesexcessivelylarge,theproblembecomesevenmore
complicatedbecauseofthefactthatthedampingoftheaperiodicmodes
becomesimportant,andcurvesof constantdampingforthesemodes(corre-
spondingtorealroots)havetobe plotted.In fact,theaperiodicmodes
maycombinetoformanotheroscillation.

In consideringtheproblemof simultaneouslystabilizingvarious
flightconditionswhichhavevariousanglesofattack,the Cnp effect

mustalwaysbe consideredunlessthegyrosxiscansomehowbe rotated
sothatitisalwaysparalleltotherelative-windaxis.The Cnp effect
cansomettiesbe ignored,iftheangle-of-attackrangeoftheflightcon-
ditionsissmall,by choosinganorientationofthegyroscopein sucha
directionthatah theanglesof inclinationaresmall.
extremecomplexityoftheproblemwhenthe %lp effects
sidered,thispaperis
only.

Thedampingofan
orderratedamperwith
adjustingtheshapeof

confinedtotheconsiderationof

COI?CLUDINGREMARKS

oscillatorysystemthatmakesuse

Becauseofthe
mustbe con-

Cnr effects

ofa second-
a givengetiingratioK canbe improvedby
theautopilotfrequencyresponse(thatis,the

&ping ratioandthenaturalfrequencyoftheautopilot).Forthe
purposeofdete~~g theeffectofa second-orderyaw-ratedsmperon
thedampingoftheDutchrollmotionofanairplaneina givenflight
condition,theairplanemaybe representedasanequivalentoscillator.
By usingthisequivalent-oscillatorconcept,theoptimumshapeof the
autopilotfrequencyresponsecorrespondingtoa givengearingratioor
requireddsmpingmaybe obtainedfroma s3mpIesetofequationsforany
flightcondition.Thegearingrationecessarytoobtaina givenamount
ofdampingwhenthedampingratioandnaturalfrequencyoftheautopilot
areneartheiroptimumvaluesisconsiderablylessthanthegearingratio
necessaryto obtainthessmeamountofdampingwithan idealized(no-lag)
“autopilot.

—._— ———- — —
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Theproblemofdesigning
whichrequiresimprovementin
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a second-orderyawdamperforanairplane
dampingforseveralflightconditionsis

morecomplicated,sinceforeachflightconditiontheairplaneisrepre-
sentedby-adifferentequivalentoscillator.However,a simplemethod
ofcompromiseisderivedforflightconditionsinwhichtheeffectof
theyaw-dampersensitivitytorateofrollis smallenoughtobe
neglected.

Theeffectsofa second-orderyawdamperonthestabilityof any
givenflightconditionofanairplanecan%eobtainedbyexaminingthe
constant-dampingcurvesintheplaneofthedampingratioandnatural
frequencyoftheautopilotandintheplaneofthegearingratioand
naturalfrequencyoftheautopilot.Theoretically,anygivenflight
conditionmaybe stabilizedby usingeitherpositiveornegativegearing.
Whennegativegearingisused,theautopilotnaturalfrequencymustbe
lessthantheairplanefrequency.Theuseofnegatingearingis shown
tobe impractical,however.Forpositivegearing,theautopilotnatural
frequencymusthe greaterthantheairplanefrequency.

Forfixedpositivegearing,thereisan infinitenumberof combi-
nationsofautopilotnaturalfrequencyanddsmpingratioforwhichthe
second-orderautopilotgivesbetterdampingthanan idealautopilotof
thesamege=ing. For.fixedpositivedampingratiooftheautopilot,
thereisa rangeofvaluesofpositivege~ingratiowhichwillprovide
a givendsmpingtothesystematanyautopilot-naturalfrequencygreater
thantheairplanefrequency.Increasingthegearingratiooftheauto-
pilottoexcessivevalueswillalwayscausetheautopilotmodeof oscil-
lationtobecomeunstablefora givendampingntio andnaturalfrequency
oftheautopilot.If largergearingratiosaretobe usedinorderto
obtainhigherstabilityfortheairplanemode,thedsmpingratioorthe
naturalfrequencyoftheautopilot,orboth,mustbe increased.Expres-
sionsarederivedforthemaximumdamping’under~ious conditions.

.
.

●

.

LangleyAeronautical,Laboratory,
NationalAdvisoryCommitteeforAeronautics,

LangleyField,Vs.,October2, 1952.

.
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APPENDIXA

EXPRESSIONSFORCONSTANT-DAMPING

33

CURVESANDDISCUSSION

OFEQUTVAIENT-OSCllLA!IORCONCEPT
,

Sincethecharacteristic”equationoftheairplane-dsmpersystemis
of sixthdegree,as giveninequation(7),itmaybewritten

F(D)= D6 + A~5 +

Here ~, A4, . . .~ are

A4D4+ A3D3+

functionsof

~2+AlD+~=0 (Al)

K, ~,and W. fora flight
conditioninwhichtheairplaneparametersinequation&.(3)to (5)are
known.If anyoneofthethreeautopilotparametersis-fixed,stahili~
boundariesmaybe obtainedintheplanedefinedby theothertwoparam-
etersby lettingD = R + im,fixingthevalueof R foreachcurve,
andvaryingm. Sinceequation(Al)isa complexequation,itmaybe
writtenastworealequationsandsolvedforthetwoautopilotvarialle
parametersat eachvalueof D = R + h.

Accordingtoreference6, if

fn(R). 1 d%(R) (n= 1,2,3,...)(A2)
n!’&n

thenthetwo-realequationsobtainedfromequation(Al)by sett”tig
D equalto R + ti are

F(R)- u)2f2(R)+u4f4(R)- m6 = O (A3)

fl(R)- m2f3(R)+u4f5(R)= O (A4)

Sincethecoefficientsof.F(R) and fn(R) tiefunctionsofthe
twovariableautopilotparametersonly,thevaluesofthesetwoparam-
eterswhichwillyieldanoscillatorymodeofmotionwitha given
dampingmaybe obtainedby choosinga valuefor R andsolvingequa-
tions(A3)and(A4)atanyvalueof u. Thisprocedureyieldsa yoint

.. .—. .— ---- --- .–-—–- .. ——---—-- -— .----— -“---—- . . .. .. . . ..- .——— ..> — — .-—— . . . .._.—
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onthegivenR curveinthepasmeterplane;forinstance,inthe
~%-Pl~e ~ ~ ~d % be chosenasthevariableparameters.Inthis
case,calculationsaresimplifiedbytheuseinequations(A3)and(Ah)
of.A and B as definedinequation(l),sincetheseequationsbecome
linearin A and B.

Becauseoftheincreasingdifficultyof obtainingaccuratevalues
of stabilityderivativesforpresent-dayairplanes,thecharacteristics
oftheairplanemaybe givenintermsoftransferfunctionswhichare
obtainedfromflightdata.In ordertoobtaintheformofthechar-
acteristicequation-intermsoftrasferfunctions,equation(7)is
dividedthroughby(D2+

[

moz 72
1- — Cnb

D2+2@oD+mo2 b2

. .

2g09’+~2)Fo(D). Theresultingequationis

Thefirstfactorinthesecondtermofthisequationistheautopilot

transferfunction[15(D) (Seeeq.8.) If equations(3)to (5)are
F* p

solvedoperationallyforzeroinitialconditions,theexpressionin
bracketsisfoundtobe theairplanetransferfunction:

Therefore,thecharacteristic-equationmaybe written

‘ -[31:D)[!3;D)‘0 (A6)

intermsoftheautopilotandairplanetransferfunctions.Theairplane
transferfunctionforthelateralmotion,as showninequation(A5),
shouldhavetheformofa cubicin D overa quarticin D. Therefore,
whenequation(A6)is clearedoffractionsa sixth-degreeequationof
theformof equation(Al)isagainobtainedasthecharacteristic
equation.

,,

.

.

,,
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Thesetupandsolutionofequations(A3)and
simplifiedifthecharacteristicsoftheairplane
be expressedasa second-ordersystemratherthan

35

(Ah)wouldbe greatly
lateralmotioncould
a fourth-ordersystem.

Since-theyawdamperisusedessentiallyfordampingtheDutchroll
oscillation,itwasthoughtdesirableto seewhethertheairplanecould
be replacedby anequivalentoscillatorwhosedampingandperiodwere
thoseoftheDutchrolloscillationoftheairplane.
Dutchrollmode,as calculatedwhenthree-degreesof
sidered,isobtainedfromthequadraticequationD2

thequestioniswhethertheairplanecharacteristics
by theoscillatordescribedby

%(.z2fi#)(D2+poD+Qo)=o

Equation(A5)maybe rewrittenintheform

r .72 1

Thatis,ifthe
freedomarecon-
+PoD+~ =(),
maybe represented

~D+ %)~ + @ + a3)

(
DD2+a4D+a

5)

p+aJ~+9+a3[-1[-CID

1

)
“2+ PoD+~ D(D2+ a4D+ ~)

(A7)

>

wheretheconstantCl isdefinedby

V2C

“=-2bw&F)~
Theexpressioninthefirstbracketontheright-handsideofequa-

tion(A7)isthesameaswouldbe obtainedfor [1~ (D) iftheassump-8 A“.
tionweremadethattheairplanecouldbe representedby theequivalent
oscillatordescribedpreviously.Thus,iftheexpressioninthesecond
brackethasa frequencyresponsewhichdoesnotsignificantlydiffer

o
—— — ——-, ---—
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fromunityforthersngeof@equencieswhichis.importantintheair-
planefrequencyresponse,thentheexpressioninthefirstbracketcan
be usedasa validapproximationto theairplanefrequencyresponse.
Therefore,theexpressioninthesecondbracketcanbe consideredasa
correctionfunction.

Thefactor&’ + a4D+ a5 yieldsthetworealcharacteristicroots
oftheairplanelateralmotioncorrespondingto thespiralmodeandthe
damping-in~rollmode.

‘Ootis vc~/4b@x2~
However,thenumerator

r

D3-~~+
b 2~b

Theusualapproximationtothedamping-in-roll
andthespiralrootisof

ofthesecondbracketcan

If Czp= O,thiscubichastheroots

D=O

theorderof VCy~/2bPb.

be showntobe

v3 CL%P

F ~b~x*

whicharemerelyapproximationstotherealrootswhichoccurinthe
cubicinthedenominatorof equation(A7).It canthereforebe expected
thatthesecondbracketwillusuallybe closetounityandt@t noIsrge
errorswillariseiftheairplanelateralmotionisrepresentedby a
single-degree-of-freedomoscillatorinyawwithnondimensionalinertia

02”bFz2-33
lation. Thisis

‘&ndthesameperiod

especiallytruefor

anddampingastheDutchrolloscil-

smallvaluesof Cz .
B

Fortheairplaneusedasanexampleinthispaper,thecorrection

(D+a1)(D2+~ +a3
function wasevaluate~throughoutthefre-

D(D2 ~ ~)+aD+a

quencyrangean-ditseffect-onthetotalairplanetransferfunctionwas
foundtobe verysmallexceptcloseto zerofrequency.Finally,actual
comparisonsof thestabilityboundariesforthethree-degree-of-freedom
analysisandtheequivalent-oscillatorapproximationshowedthatthe
approximationwasvalid.

.

,

.
0
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Whenequation(A7)fsusedwiththisapproximation,the‘character-
isticequationasgiveninequation(A6)becomes

‘+kb=ill==d=”

or

,b(%2-~)(D2+,oD+Qo)(D2+’~~oD+~r) +’02%D=”
(A8)

Thecharacteristicequationofthe-systemisthereforea quartic,

F(D)=D4 + (P.+ 2COO)D3+ (~ +002 + 2@@’o)D2+
.

(
POU02+ 2Kuo~ + Cllloo)

2 D “+(@02

“

‘.‘,

(#P
= o

Theequationsfor
tion(A3)andequation
are

(P.+A)D3 + (~ +B +APO)D2+

+Q#+C@D+i

(A9)

thestabilityboundarieswhichreplaceequa- .
(A4)fora fourth-orderc@acteristicequation

.’

F(R)- &f2(R)+ a! = O (A1O)
. .

fl(R)- u?f3(R)= O (All)

Thefunctions’fn(R) areobtainedfromequation(A2).
,

. _ .—.. ——— - ——- - -- -—-—-— - -.— --- --- -—-—-”--
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As anexample,the
lentoscillatorwillbe
to give

fl(ll),=4R3+ 3R2(P0

NACATN 2857

actualparametricequationsusedfortheequiva-
derived.Equation

+A)+2&&+B+

(A9)isusedinequation(A2)

APo)+ (P.+ CIK)B+ Q&

f2(R)=6R2+ 3R(Po+A)+~ +P~+B

f3(R)= 4R+ P.+ A

Theseexpressionsareusedinequations(AIO)and(All).To obtainthe
constant-Kcurves(thatis,curvesintheAB-planeor ~~-plane),the
resultingequationsarewrittenin A and B, asfollows:

[.
(3R+ Po)u?- ] &rR2+(po+clK)R+QlB=R(R2+P@+~)A+

(1)- (6R2+ 3P~ +

[
(& -

,J&2 + R2(R2

(~*+2P#+

I-L. ‘J

+P#+Q) (A12)

1%) A-(~+Po+cIK)B=

1

.

-(4R+ Po)(#+ R(@2 + 3P~ + 2%) (A13)
,,

Fora givenvalueof K, anyconstant-dampingcurveisobtainedby
fixingR attheappropriatevalueandtakinga sufficientnumberof
positivevaluesfor m toobtainthepointsnecessaryto determinethe
curve.Theresultingtwolinearequationsin A and B aresolvedto
obtain eachpetit.If curvesin-the~~-planearedesiredinstead,the
valuesof ~ and ~ canbe obtainedforeachsetofvaluesof A
and B forwhichB ispositive.

Theconstant-~curvesintheIbo-planeareobtainedby solvingthe.
Parametricequationsfor K and ~ insteadoffor A and B. For
example,soltingequation(A13)for K gives

— ——— —-—- ____ .-, .._— .--— .
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K
{

.* (A+ Po+4R)U&
[
(P.+ ~)B + f% + 2POR+ 3R2)A+

R(2% + 3POR+ 4R2~}

{
‘~ (2hD0+po+4R)~-[ ( )(P.+ 2R)~2 + 2~~ QO+ P&l+ 3R2 +

1}R(2% + 3P& + &2) (A14)

andusingthisequationinequation(A12)gives

(% 2) +2POR+2R2)(&+R2)=-R2-02)B- (Po+@(@2+R A+m4- (Qo

(%)-R2-@2)~2- c (2 (DOPO+2R)(U2+R2)+U1-(~+2P#+2R2)(m2+R2)= O

(A15)

Thisequationisa quadratic”in ~ forfixedvaluesof ~, R,
and m. Thevaluesof ~ fromequation(A15)arethenusedinequa-
tion(A14)to obtainthepointsonthecurvesinthe~-plane. Since
equations(All?)and(A13).arelinear,thereiso& onepointinthe
AB-plsaeorthe~mo-planefor,eachoscillatorymodewhen K isfixed.
However,fora fixedvalueof ~ theremaybe two‘pointsinthe
~-Pl~e fora givenoscillatorymodewhenthequadraticequation(A15)
hastworeal,positiverootsfor-00. - .

.
.,

.,

L
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APPENDIXB

DERIVATIONOFEXPRESSIONSFORMAXIMUM-DAMPING,

CHARACTERISTICSWITHFZXEDGEARINGRATIO

BYUSEOFEQUIVALENT-OSCILLATORCONCEPT

Thecharacteristicequationoftheairplane-yaw-dampersystem,
fortheassumptionthattheairplanemaybe replacedbyanequivalent
oscillator,is

)2+(POB+W+W)D+W=0D4+(Po+ A)D3+((&+B+APo D

(Bla)

Theconditionson A and B whichresultinthemaximumdampingfor
a givengearingratiocanbe calculatedasfollows.Forthecaseof
maximumdamping,equation(Bla)willhavetwopairsofequalcomplex
roots;hencethisequationbecomes:

( )D2+D+Q2=”D4+~3 (“2+P +2Q)D2+2PQD+Q2

where D2 + PD+ Q isthequadraticcorresponding
latoiyrootatthecusppoint.Thefollowingfour
by equattiglikecoefficientsinequation(Bib):

2P= PO+A

&+2Q=~+B+APo

2PQ=P~+A~+C1KB

Q2=W

S~ce K, Cl, Po,and ~ areknown,”thesefour

to thedouble
equationsare

(Bib)

oscil-
obtained

(B2)

(B3)

(B4)

.

.

1,

(B5)

independentequations
maybe solvedfor A, B, P, and Q. ‘Thus,theautopilotparameters 1
whichwillgivethehighestdampingtotheDutchrolloscillation,and

.

alsotheperiodanddampingofthisoscillation,maybe detemnined.
‘!

I ,
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Fromequations(B2)and(B5)

A =2P-I?0
,,

,,,
I

(B6)

(B7)

Usingequations(B6)and(B7)in equation(B4)yields[ #

(P.+ C1K)Q2- Po~2
P=

I Whenequations(B6)and(B7)are’usedinequation
bewritten

%(P - PO)2= (Q-,%)2

(B3), theresultmay

(B9)

andby substitutingequation(B8)intoequation(B9)a quarticequation
in Q isobtained,whichmaybewritten

[
PO(Q- %)2+%KQ~2= @Q(Q -QJ4

,

Finally,thisequationyieldsthetwoquadraticsin Q:

k+p%JQ2-2%Q%2=0 (B1O)

Evaluationofthediscriminantofequation(B1O)revealsthatequa-
tion(B1O)hasonlytworealTots, onelessthan ~ andtheother
greaterthan ~. As canbe s’eenfromfigure6,thesmallervalueof Q
(whichyieldsa smallervalueof mo)correspondstothebreakdownof the
unstableloops,fQrpositiveK. Thelargerrealrootofequation(B1O)
isthereforetheonewhichyieldsthemaximum-dampingpointforpositive
gearingratio.Negativegearingratioswillbe discussedsubsequently.

Thecorrespondingvalueof P isobtainedbysubstitutingthis
largerrootintoequation(B8),andthemaximum-dampingpointinthe

._ ———. ——. .-.. —.- ——— .__, . -.———~ ..— — ..-. .—-..—
.
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A&planeiseasilyobtainedfromequations(B6)and(B7).Thus,the
valueofthemaxtiumdampingoftheDutchrolloscillationobtainable
witha givengearingratio,andalsothevalqesofautopilotfrequency
anddampingwhichwillyieldthismaximumdamping,maybe obtainedby
simplysolvinga quadraticequation(eq.(B1O)).-

Theprocedureisevensimplerwhentherequireddampingisgiven
andthevaluesfortheautopilotparameterswhichwouldmakethis
@ping themsximumdampingsretohe detemined.Thevalueof P is
determinedby therequireddamping,since

P.-2R.= (Bll)
T1/2

andthecorrespondingoptimnnnvalueof A
tion(B6).Equation(B9)nowgives

Bothvaluesof Q obtainedfromequation
points,sincetheybothcorrespondtothe
damping.Thesevaluesmaynowbe usedin
correspondingvaluesof B. Finally,the
maybe-obta~edfromequation

K=

Thesmallervaluesof Q
eq.(B12)) resultinnegative

(B8),which

2PQ- P} -

maybe obtainedfromequa-

- Po) (B12)

(B12)correspondtooptimum
givenpositivevalueof
equation(B7)toobtainthe
twovaluesof gearingratio
gives’

C,B
(B13)

-1.

(obtainedfromusingtheminussignin
valuesofgearingratioandvaluesof ~

lessthantheairplanefrequency.Thepossibilityofusingnegative
gearingtoimprovethedsmpingisdiscussedfurtherinthebodyofthe
paper.

“

.
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