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OF CONDUCTIVITY THAT VARTES LINEARLY WITH
TEMPERATURE

By S. V. Manson
SUMMARY

Working formulas are presented for the steady-state temperatures
and thermal stress in heat-generating infinite plates of constant con-
ductivity, and of conductivity that decreases linearly with temperature
as the temperature lncreases, for the case in which the heat is generated
uniformly throughout the plate thickness and both faces of the plate are
equally cooled. In addition to exact formulas for the varisble-
conductivity plates, simpler approximate formulas are derived, and cri-
teria for thelr applicability are indicated.

It is shown that, of all planes in the plate, the plate surfaces
are always under the greatest tension, and the midplane is under the
greatest compression.

A criterion is indicated for determining the surface cooling condi-
tions under which the thermal shocks at the surface and midplane will be
smaller than, equal to, or greater than the steady-state thermal stresses
at those planes. The shocks exceed the steady-state stresses only when
the initial surface-cooling conditions of the transient state are more
severe than the surface cooling conditions of the steady state. The
criterion is expressed for heat-generating plates by a simple relstion
between a steady-state heat-transfer parameter of the heat-generating
plate and the Biot number of the transient state.

The dimensionless parameters governing the transient temperatures
and thermal stresses in materials of linearly varying conductivity are
derived by a similarity study of the conduction equation and boundary
conditions of the transient state. A numericel technique for solving
the transient-state equations is indicated in detail. The method is
employed to obtain numerical values of the transient temperatures and
stresses for a variety of parameter combinations, selected to test the
thermal-shock criterion. The results of the calculations substantiate
the shock criterion.
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As a result of the study an insight i1s obtained into the steady and
transient temperature and stress mechanisms in heat-generating plates of
constant conductivity and of conductivity that varies linearly with tem-
perature.

INTRODUCTION

Thermal stresses in the steady and transient states have acquired
increasing interest for aircraft: in ductile-material applicetions, as
in turbine disks and blades; and in brittle-material applications, as in
nozzle diaphragms, combustion-chamber linings, high-temperature coatings,
and recently in solids that generate heat internally.

A substantial literature exists on the steady-state thermal stresses
arising from temperature nonuniformity in sollids of cylindrical and rec-
tangular geometries. The greater part of the literature on transient-
state stresses (shock), however, is concerned with suddenly heated or
cooled bodies of initially uniform temperature. No systematic study of
shock in bodies of initially nonuniform temperature nor any criterion
for ready prediction of when the shock will exceed the steady-state
stress was found.

An additional consideration which appears not to have been studied
is the question whether thermal conductivity variations produce signifi-
cant stress effects, in those applications for which the operating tem-
perature range is large. IExamples of solids of substantially varying
conductivity are low-carbon steel, which halves its conductivity in the
range from room temperature to 1450° F, and Inconel X which doubles 1ts
conductivity in the same temperature range (ref. 1). Cermets and other
high-temperature materials may also exhibit substantial conductivity
variations with temperature. If conductivity variations are considered,
it 1s desirable to identify the parameters governing the temperature in
both the steady and transient states, inasmuch as such an identification
facilitates design and the choice of test conditions.

A specific problem of current interest is that of thermal stress
and shock in solids that generate heat internally. If the power per unit
volume of solid is high, and if the solid has low conductivity or
unfavorable creep properties, the thermal stress or shock may be exces-
sive. For heat-generating solids the effect of substantially decreasing
conductivity with increasing temperature is also of considerable interest,
inasmuch as such conductivity variation aggravates the steady stresses.

As part of its research in materials for aircraft, the NACA Lewis
laboratory has investigated the steady and transient temperatures, and
the steady and transient thermal stresses, in infinite plates which gen-
erate heat uniformly throughout their interior in the steady state and
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which, on suddenly ceasing to generate heat, are slmultaneously immersed
in an environment of constant temperature. The study has been made for
cases in vhich the plate conductivity is constant and for cases in which
the conductivity decreases linearly with temperature as the temperature
increases.

The steady-state temperature distribution in a heat-generating
plate of linearly varying conductivity was not found in the literature,
and hence 1s derived herein; for comparison and completeness, the well-
known steady-state tempersture distribution in a heat-generating plate
of constant conductivity is also presented. The transient temperature
distribution in plates having an initially nonuniform temperature dis-
tribution and a thermal conductivity that varies continually with loca-
tion and time was also not found in the literature. Such a plate can-
not- be readily analyzed by the existing procedures for composite plates,
the conductivities of which are generally treated as uniform and as
time-independent in & region of any one material; hence an extension of
the well-known finite-difference procedures was employed. The transient
temperatures in a constant-conductivity plate havipng an initially non-
uniform temperature distribution are presented in an infinite-series
solution in reference 2. For consistency with the calculations on
variable~-conductivity plates, and also to ellminate series-convergence
considerations for the short time-periods of interest in the thermal-
shock study, the finite-difference procedure was preferred over the
infinite-series solution for the constant-conductivity plates.

In the study of heat-generating plates reported herein, formulas
for the steady-state temperatures and stresses are presented. A cri-
terion is indicated for determining whether the steady stress or thermal
shock will be the greater under anticipated conditions of operation.

The dimensionless groups governing the transient temperatures and ther-

mal stresses in materisls of linearly varying conductivity are derived.

A numerical technique is indicated for solving the transient-state con-

duction equation for variable-conductivity materials, and typicel curves
of transient temperature and stress are presented.

ANATYSIS
General Stress Considerations
The relation for thermel stress in a plate of thickness 2L
(fig. 1), in which the temperature varies only in the x-direction,

and in which end effects are not considered, is given in reference 3,
and in the notation of this report is

L
- o, = BETL . L)L BT ax + _ 5 ___ X BTx dx (1
O = % = 15 (1-\: 2L P 2(1-v) 13 P @)

-1 -1
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(Symbols are defined in appendix A.) The geometric varisble x may be
changed to the dimensionless form x/L, and the temperature varisble 7T
may be changed to 6 defined by the relation

=T - T (2)

where T, is a constant. If BE is satisfactorily constant over the
temperature range of interest in an application, and if use is made of
the facts that

1

1 X
5 Te d(i)== Te

and

1
. BES 1 1 X
Oy = 0, = -E57 ¢+ Lt B 6 di£ )+
A = (l~v)(2) ’ (L)
-1
(3)
5 1
X X X
7 (5) f ° (%) <(3)
-1
From equation (2), the 6 wvalue at the plate surface is
fg = Tg - Te (4)

and 1f the steady-state surface temperature is denoted by Ts,o’

5,0 = Tg,0 =~ Te (5)
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and. 68 o is a constant.
J)

If o 1s employed to represent both Oy and 0,, which are equal
to each other, and if o* is defined as

o¥* = O‘Ql—\!! (6)

~ BE9g, o

equation (3) may be rewritten in the dimensionless form
1
a*= ¢ (1"’)=-<9)+.].: (e)d(?f)+
BEOs,o0 9s,0 2 1 5,0 L
(z) (e ’id(i
T , \8a0/\L) T

Equation (7) involves no explicit time dependence; if 6/95’0 is known

throughout the plate the dimensionless stress is determined regardless
of whether 6/65’0 is a steady or transient value. The first term of

the right member of equation (7) is the local value of 9/98,0 at a

plane chosen for consideration, and day vary as x/L varies; the second
term is the average value of 9/98,0 over the plate thickness, and for
an exlsting temperature distribution is comnstant. The third term 1s a
"moment of a temperature-moment” and may vary with x/L, but if the tem-
pereture distribution is symmetricel about the plate center line,

(x/L = 0), the term vanishes, and the local dimensionless stress is equal
to the difference between the plate average and the local values of
9/93,0. Thug in the case of a symmetrical temperature distribution the
thermal stress arises simply from the tendency of the local plane to
expand or contract to a length different from that corresponding to the
plate average temperature.

(7)

Do) R

The case of & temperature distribution symmetrical about x/L =0
is the case under conslderation in this report. As has been mentioned,
equation (7) reduces, in this case, to

#- og(l-v) _ _[ 6 ) 9) 8
° BE@g,0 (98,0 x/L * (98,0 av (&)




6 WACA TN 2988

Equation (8) indicates that there is no stress at the plane x/L where
the temperature is the same as the plate average temperature. If a
positive value of o* denotes tension, and a negative value of o*
denotes compression, equation (8) indicates that planes at which the tem-
perature exceeds the plate average temperature are in compression, and
planes at which the temperature is less than the plate average tempera-
ture are in tension. Thus, for any plate temperature distribution sym-
metrical about the midplane the surface and midplane are under the
greatest stresses of opposite sign. For heat-generating plates equally
cooled at both surfaces, the surface is under the greatest tension, and
the midplane under the greatest compression, of all planes in the plate.

2920

Steady-State Temperature and Stress in Heat-Generating Plates

The actual magnitudes of surface and midplane stresses of heat-
exchanging plates can be determined if the distribution of 6/65,0 is

known explicitly. For heet-generating plates in steady state, the fol-
lowing temperature distributions are derived in appendix B:

(a) For a plate material of constant thermal conductivity,

. ool [ - (2]
2 14 1-(%
55,0 zxes S T (9) .

(b) For a plate material having a conductivity that varies linearly
in the temperature range between environment and surface temperatures,

L) ) () B 6T

9 = (10)
8,0 (1 i Ez,_e)
Ke

(An approximate formula for 6/65’0 is discussed in appendix B.)

Steady-state stresses for heat-generating plate of constant con-
ductivity. - The average value of 6/95’0 with equation (9) is

(et [F 601 [ w0
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or
) 2 q''’ 1.2
=1+ 7 (|2 (11)
(?s,é)av 3 <2Kes,o>
On substituting equations (9) and (11) into equation (7) or (8),
»* O’gl-\t! X 2 1{/q'! L2
g = = = -3 (12)
BEG, o = | \T 2Ke
Equation (12) indicates zero stress at %: %, where the temperature

is equal to the plate average temperature. At the plate surface,

Xa +1, the stress is

L
- 2
o¥ o= Sx:_g(}ll:, 2 (i%i) (13)
BEO; o 3 \2K8g,0

at the plate midplane, x/L = 0, the stress is

* Om, o(1-) 1 [qm 18
g = 2= ‘o =A== (14)
1,0 BEOs , 3 \2K0g o

Steady-state stress for heat-generating plate of linearly varying
conductivity. - The average value of 9/68’0 with equation (10) is

1
KS,O Ke Ke nle
1-x 1-2ig = - Y pgo—
e 8,0/ \"8,0 e’s, o

Ks,o0
%)

N

e ——
9s,0/av

If A is defined as

-1
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) e

and if only positive values of A are considered (positive values of
A correspond to plates of conductivity that decreases as temperature
increases, as indicated in appendix B), -

-3l 2ot (e

(9:, o>av - (1 - __2) (16)

Ko

By use of équations (10) and (16) in equation (8), the stress at any
x/L can be computed. At the surface, x/L = %1, the stress is

X -
5,0, .1 Aln<l+'\f£_&

goofeelty e L 2NVA A1 -da (17)

, 5,0 BEGB,O 2(1 j Ks,o)
Ke
at the midplane, x/L = O, the stress is
/,
,3£ ! JAG;:£%:§ 1_%

* = O'm,o(l-v) = '\/—_ A (18)
Gm;o— BEes,o ( >

(Approximate formulas for 0"8"’0 and 0;’0 are derived in appendix C.)

Transient Temperatures and Thermal Shock

The 6/6s,0 distribution (and hence the stress) in the transient
state 1s governed by the famillar equation

pc 5_ ?r (K %9—) (19)

e¥hYy
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in the plate interior; and at the surface, by the standard relation

q'' = K, (gg)s = hég (20)

Equation (19) contains no source term because it is assumed for the
analysis herein that the heat-generating plate has suddenly ceased to
generate heat at the instant that it 1s lmmersed In the transient cooling
environment. It is noted that, whereas in the steady state the constant
Te 1s arbitrarily assignable, the use of 65 1in equation (20) indicates

that in the transient state the value assigned to T, must be the con-

stant temperature of the environment into which the plate 1s immersed on
ceasing to generate heat. 1In practice it is convenient to take T, the

same for both the steady and unsteady states, even though the steady-
state coolant may not have the temperature Tg.

A calculation procedure for obtailning numerical values of 6/68,0

from equations (19) and (20) is indicated in appendix D, and in appen-
dix E a derivation is presented of the dimensionless groups governing
9/93, in the transient state. In terms of the derived groups, values
of 6/65 , computed for an arbitrarily prescribed initial temperature
aistribution may be presented in a form useful for similar systems.
From a knowledge of the 9/95,0 distributlion the transient thermal

stress (shock) is obtained by use of equation (8) of this section, as is
indicated in some additional detall in the Calculatlon Procedure of
appendix D.

CRITERION FOR DOMINANCE OF STEADY-STATE THERMAL
STRESS OR TRANSIENT THERMAL SHOCK

In establishing a criterion for whether the steady-state stress or
the thermal.shock will be greater, the heat-transfer process in the
steady state and in the early stages of the transient state may be exam-
ined in some detall, and inferences be drawn concerning the simaltaneous
stress variation. The ultimate gulde is equation (8) of the Analysis
section, which indicates that the stress is proportional to (6gy - ex/L)'

Inasmich as the greatest stresses occur at x/L = 0 and 1, that is, at
the plate midplane and surfaces, the following considerations are directed
at a determination of the manner in which the midplane and surface tem-
perastures vary in relation to the plate average temperature.

For convenlence in discussion the half-plate mey be assumed divided
into N thin segments of equal width 8. If 1 square foot of frontal
area is consldered, and the plate is assumed to generate q''' Btu per
second per cubic foot uniformly throughout its interior in the steady
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state, then each segment of width & generates q"' & Btu per second.
The steady-state temperature profile (i.e., local slape), is such that
each segment receives all the heat generated by segments more interior
than itself and transmits not only the heat received but also the addi-
tional amount q™ ® that it generates; hence the profile steepens out-
ward. The segment bounded by the plate surface receives (N-1) dg™,
generates ©5q''', and transmits Ndq"' +to the sink. If hgt represents

the steady-state heat-transfer coefficlent,
hgt (Ts - Te) = hgt, (65 - 6c) = Noq™ = ¢'"' L (21)

Associated with the steady-state temperature profile and heat flow 1is a
thermal-stress distribution, everywhere proportional to the difference
between the average temperature and the local temperature,

( o ) - o > , where the subscript o denotes steady state.
o

es,o av es,o

At the instant that the plate ceases to generate heat and is
immersed into the coolant of temperature T,, the temperature profile in
the plate interior is that of the steady state and the heat flow through-
out the plate and into the plate surface is the same as in the steady
state. Accordingly, in a short time interval At of the transient
state each element of thickness & (except possibly the element next
to the plate surface) delivers outward all the heat received from seg-
ments more interior than itself, and in addition gives up ©&q''' AT
heat units from its own volume. Inasmuch as the heat source has ceased
to generate, the amount of heat Jg"' AT given up by each segment is
derived from the enthalpy of the segment itself; hence the temperature
of every interior segment falls by q"'Ax/pc degrees. The level of
the interior temperature is thus decreased, but the temperature profile
everywhere except near the surface is exactly as before. Accordingly,
in the next time interval AT each interior segment, delivering heat
at the rate determined by the local temperature profile (slope), again
gives up 5q'''AT heat units. It is seen that in a finite period of
the transient.state, before the plate interior can be affected by the
cooling conditions at the surface, the interior temperature level must
fall uniformly with time, at the rate q'"'pc at every point; and the
interior temperature profile must remsin for a period exactly the same
as in the steady state, regardless of the nature of the surface cooling
conditions. It is accordingly seen that the only influence the midplane
region can exert on the plate average temperature early in the transient
state is to promote a decrease of the average temperature at the rate

q' /pc.

2920
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The major factor capable of modifying the rate at which the average
temperature changes is the surface temperature, which is at all times
responsive to the external cooling conditions. Hence the stress~shock
criterion mist emerge from & study of the temperature variations in the
plate as determined by the three possible kinds of cooling condition at
the plate surface, as follows:

If h 1s the constant heat-transfer coefficient in the transient
state, Tg,o the initial temperature of the plate surface, and Te the
constant temperature of the transient-state environment, the heat flow
from plate to environment at the instant of immersion is

h(Tg,0 - Te) = hbg,0 (22)

and three possibilities exist:

(2) h8g o = Bgt (6,0 - 6c)
(b) h8g o < Bgg (es,o - 6¢) (23)

(c) h8y o > hgy (es,o - 6¢)

Case (a). - In case (a) of equations (23) the plate surface is sub-
Ject to initial transient-state cooling conditions equal to those of the
steady state. Then the environment removes heat at exactly the rate of
its delivery from plate midplane to surface, with no heat retention or
extraordinary heat flow occurring anywhere in the plate. Then not only
all interior temperatures, but the surface temperature as well, initially
fall at the rate q"'/pc, eand for a period the temperature profile
throughout the plate (except for second-order changes at the surface)
wlll remain the same as in the steady state. During this period of con-
stant temperature profile the average plate temperature of course also
falls at the rate q'''pc; hence for this transient-state period the
thermal stresses everywhere in the plate must, to first-order accuracy,
be constant at the values of the steady state. Ultimately the surface
temperature decreases enough that h6g 1is perceptibly smaller than
hes,o. At this time

(W - 1) 8¢™ < h6 < ho, . = Noq™
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and

(sl < = [seml. . @)

The decrease of the temperature slope at the plate surface indicated by
inequality (24) arises because the segment next to the surface can no
longer deliver heat to the environment at the rate prevailing in the
steady state and must retain a fraction of the enthalpy it formerly deliv-
ered from its own volume. Thus the temperature of the surface segment
can no longer fall at the rate q'“/bc by which the temperatures of
nearby polints are falling. Inasmuch as the average plate temperature
reflects the change at the surface, the average temperature now also falls
at a rate slower than q''‘/pe, although not as slowly as the temperature
of the surface segment itself. At this time both the midplane and sur-
face temperatures approach more closely than formerly to the average tem-
perature, and the thermal stresses at the two planes must decrease to
below the steady-state values.

It is thus seen that if the cooling conditions at the surface at
the beginning of the transient state are equal to those of the steady
state, the stresses everywhere in the plate must for a period remain
effectively constant at the steady-state values; and that the first
changes in surface and midplane stresses are decreases to values below
those of the steady state.

In case (a) it is noteworthy, as for the surface segment Just con-
sidered, that every segment of the formerly-heat-generating plate is at
some time subject to an undiminishing heat inflow at one face and a
diminishing sink strength at the other face, and that the segment adjusts
the rate of delivery of its own enthalpy to satisfy the heat-flow con-
ditions at both faces. In this manner the plate temperature profile
flattens inwardly until the midplane is affected by the cooling conditions
at the surface. Throughout the period of initial profile flattening the
stresses at the surface and midplane decrease.

As the surface temperature decreases, the abllity of the environment
to remove heat also decreases; and inasmuch as the steadily decreasing
sink strength of the environment always requires time to affect the
average and midplane temperatures, the temperatures of the interior will
always drop more rapidly than the surface temperature. Thus in case (a)
the surface and mldplane stresses wlll decrease steadlly to zero.

Case (b). - In case (b) the plate initially delivers heat to the
surface at a rate greater than the environment can remove; hence the tem-
perature of one or more segments near the surface rises lmmediately on

2920
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immersion, while simultaneously the interior temperatures fall at the
rate q''' /pc. The average temperature must fall at a rate slightly
lower than q"'/pc; hence the midplane and surface temperatures both
come closer to the average than in the steady state, and both stresses
must immediately decrease. For the same reason as in case (a), that the
average and midplane temperatures each feel and respond to the changing
sink strength of the environment later than the surface does, the tem-
perature profile mist flatten steadily inward, and the midplane and sur-
face stresses must decrease steadily to zero.

Case (c). - In case (c) of relation (23) the environment removes
more heat than the plate interior initially delivers to the surface.
The excess heat derives from segments near the surface, and the surface
temperature must fall at a rate exceeding q'"/pc. Hence the average
plate temperature will also fall more rapidly than g™ /pc, but less
raplidly than the surface temperature. The midplane temperature, as
previously discussed, falls initially at q'''/pc. Hence both the surface
and midplane stresses must immediately rise to values greater than those
of the steady state.

Inssmich as the effect of the surface cooling conditions must pene-
trate into a substantial portion of the interior before the average tem-
perature can begln to fall at the same rate as the surface temperature,
the surface stress will continue to rise for a period. Similarly, the
rate of decrease of midplane temperature lags behind that of the average
temperature, and the midplane stress will also continue to rise. Ulti-
mately the diminishing sink strength of the environment as surface tem-
perature decreases, coupled wlith increasing heat flow from the plate
interior, will lead to a leveling off and subsequent steady decrease of
the surface stress. At a later time the midplane stress will reach its
peak and subsequently subside.

Thus, it is seen that for formerly-heat-generating plates 1t is
only in case (c), h6gy > hgy (68’0 - 6,), that the surface temperature

initially falls more rapidly than the interior temperatures; and only

in this case do the shocks at the surface and midplane exceed the steady-
state stresses. (It 1s of interest that even in case (c) there are
intermediate segments for which the stress initially decreases, because
the stress becomes zero whereever the local temperature equals the aver-
age; in case (c) the location of the average temperature moves closer

to the surface on plate immersion.)

Linearly varying conductivity. - The foregoing discussion has been
for plates of constant conductivity. The effect of linear increase in
conductivity as temperature decreases is now briefly considered. 1In
general, the local temperature profile may be expected to domlnate over
the conductivity variation in determining the heat flow. Hence the
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general behavior of variable-conductivity plates may be expected to be

similar to that of constant-conductivity plates. If it is noted, however,

that AK/K per degree decrease in temperature 1s greater in the interior
than near the surface, it follows that in cases (a) and (b) the tempera-
ture profile will flatten more rapidly, and the midplane and surface
stresses will decrease more rapidly, than if conductivity is constant.

In the case (c) the surface stress will always tend initially to
increase to a value above that of the steady state. The initial stress
variation at the midplane, however, depends on the degree to which
hes,o exceeds hgt (65)0 - 6c), because the favorable conductivity var-
iation at the midplane may permit the temperature there to decrease at
a rate equal to or exceeding that of the plate average temperature.
Inasmich as the surface stress always tends to increase when hGS,O

exceeds hgy (95,0 - Qc), a calculation of the transient stresses will
be necessary. For a fixed ratio hes,o/hst (68,0 - Gc) greater than

unity, the maximum surface and midplane shocks in the varisble-
conductivity plate will be a smaller multiple of the steady-state values
than in the constant-conductivity plate; the favorable K variation in
the plate interior reduces the rates at which both the surface and mid-
plane temperatures depart from the plate average temperature.

Shock criterion in terms of hl/Ke and gq'"! I?/ZKQGS,O. - The con-
dition of equation (23a),

h0g o = bgt (65,6 - 6c) (23a)

which is the condition separating dominance by steady-state thermal
stress from dominance by translent thermsl shock, may be expressed as
a relation between the transient-state parameter hL/K. and the steady-

state parameter q"‘Lz/ZKées,o of heat-generating plates, as follows:
From equation (21)

hgt (as,o - 0)=q"L
Then when equation (23a) is satisfied,

ho =q"' L (25)

8,0

On multiplying both sides of equation (25) by I/kées,o

2920.
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1y 2
& =2 (———-—%K - ) (26)

e’s,0

Thus if equation (26) is satisfied the steady-state stress and maximum
transient shock will be equal to each other. The shock will exceed the
stress only if

2
hL ql!'L
b >o (2 27
2>z () (27)

e

RESULTS AND DISCUSSION
Steady State

Temperatures. - Formulas for the steady-state femperature distribu-
tions in heat-generating plates of constant conductivity, and of con-
ductivity that changes linearly with temperature, are derived in appen-
dix B and have been indicated in the Anslysis section (egs. (9) and (10)).
The temperature variable employed in the derived formulas is 8, defined
as T - Tg, where T 1s the local plate temperature, and T, 1s a
constant reference temperature. (Te is not necessarily the temperature
of the steady-state cooling environment. The use of 6 puts the steady-
state temperatures into the same form as the one useful in describing
the plate transient temperatures that would occur on sudden exposure of-
the plate to a cooling environment of temperature Te.) " In the derived
formilses the temperatures are expressed in dimensionless form by use of
the ratio 6/68’0, a parameter appearing emong the dimensionless groups

shown in appendix D to govern the transient temperatures in plates of
linearly varying conductivity. From the ratio 6/65,0 the quantity"

@9/95,0)- ]:.] is readily obtained and, being equal to (T - Ts’o) /es,o,

gives a dlrect measure of the temperature difference between the surface
and an interior point in the heat-generating plate.

The formilas derived in appendix B show that in heat-generating
plates of constant conductivity the ratio 6/98,0 depends on x/L and
on q'' LZ/ZKGS’O; in heat-generating plates of linearly varying conduc-
tivity the ratio 9/68,0 depends on x/L, g'" LZ/ZKEGB’O, and Ké’o/Ké.
Curves illustrative of the distribution of 6/95’0 are presented in
figure 2 in the form [0/65,0)- 1| egainst x/L. Parts (a) to (d) of
figure 2 are for_the four values 0.0025, 0.005, 0.010, and 0.020 of the
parameter q'*' LZ/ZKéGS,O, and in each part of the figure plates of con-
stant conductivity, and plates of Ké,o/Ke values of 0.5 and 0.2, are
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represented. (It is noteworthy that low values of Ks,o/Ke do not

necessarily lmply a large slope of conductivity with temperature. A
moderate conductivity slope with temperature, combined either with a
large temperature difference 68,0, or with & low value of reference con-

ductivity Kg, or both, can result in values of Ks,o/Ke substantially

lower than unity.) The curves of figure 2 reflect the relations derived
in appendix B:

For plates of constant conductivity the quantity K?/GS’Q - i] is

perabolic with x/L, and at any x/L increases in direct proportion to
q™ I?/ZKBS,O. For plates of linearly varying conductivity, and for

appropriate combinations of q™IZ/2K.0, , and Ks,o/Ke as discussed

in detail in appendix B, the quantity [6/6s,0) - J] is also essentially

parabolic with x/L, and at any x/L increases very nearly directly with
q' LZ/ZKéBS’O and inversely with Kﬁ}o/Ké; these characteristics are

illustrated in figure 2(a) to (c) wherein all the plates are behaving
very nearly as constant-conductivity plates, with conductivity equal to
that at the temperature of the plate surface. Figure 2(d) illustrates,

Ks,0

Ko
and Ké,o/Ke outside the suitable range, as discussed in appendix B,

variable-conductivity plates differ to a significant degree from constant-
conductivity plates. A measure of the accuracy with which the constant-
conductivity relation approximates the variable-conductivity relation is
discussed in appendix B, where it is also shown that if K decreases as
temperature_increases there is a limiting value beyond which the param-
eter g"' L /ZKees,o cannot increase.

however, in the case = 0.2, that for combinations of q'" LZ/ZKeGB,0

Stresses. - Relatlions have been indicated in the Analysis section
(eqs. (13), (14), (17), and (18)) and in appendix C for the steady-state
stresses 1ln heat-generating plates of constant conductivity, and of
conductivity that decreases linearly with temperature as temperature
increases. Note has also been made in the Analysis section that in heat-
generating plates equally cooled on both surfaces the greatest tensile
stress occurs at the plate surfaces and the greatest compressive stress
occurs at the plate midplane. Values of dimensionless steady-state

surface stress dg,o’ and midplane stress “ﬁ,o’ in heat-generating plates

of constant and of linearly varying thermal conductivity are shown in
figure 3 for values of q''" I?/ZKéGB’O from O to 0.0145 and for values

of Ks,o/Ke from O to 0.15. Figure 3 reflects the stress formulas
derived in the Analysis section and in appendix C:
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* »*
For plates of constant conductivity both 05,0 and Om,0 3increase
in direct proportion to q'" L2/2K9S o+ For plates of conductivity that

decreases linearly with temperature the stresses are at first very nearly
directly proportional to q'' L /ZKéG and inversely proportional to

Kg, ofKe: For the combinations of gq''' L2/2Ke93’0 end Kg ofK, for

which these dlrect and inverse proportionalities occur the plate 1s
behaving as one having a constant conductivity equal to that at the tem-

perature of the plate surface. The range of q™ LZ/EKeGS o 1n which
0* is linear with q'"' 12/2K.,6, , depends on the value of Ks,o/Ke,
and the range increases as S'O/K increases. Thus for o/Ke of

0. 15, curvature away from a straight line begins to occur at
Q""" I°/2K 6, , of 0.003, while for K, /K, above 0.375 linearity

exists over the range of q'" Lz/ZKéGS o (0 to 0.0145) shown in figure 3.

For each Ks,o/Ke smeller than*unity there 1s a value of q™ LZ/ZKéG 5,0
above which the varlatlon of ¢~ ceases to be linear; whenever such cur-
veture occurs the inverse proportionality between o* and KS O/Ke

also ceases to be valid. (It is noteworthy that when o* is linear with
Q' L /ZKeGs 0’ o¥* 1is directly proportional to plate thickness, provided
that hst(e Gc), the heat dissipation per unit surface aresa, is

constant. The constancy of hst(es,o - 6,) implies that, as plate

thick?ess increases, the internal heat-generation rate q''' is decreasing
as 1/L.)

Transient State

Governing dimensionless parameters. - If a plate of arbitrary
steady-state temperature distribution is suddenly immersed in a cooling
environment of constant temperature T, the subsequent temperature and
thermal stress histories of the plate depend on the plate initial tem-
perature distribution; on Ta; on the transient-state heat-transfer

coefficient; on plate thickness; and on plate thermal diffusivity, which
mey vary with temperature. In order that a systematic study and presen-
tation of transient.temperatures and stresses may be made, a knowledge
of the paremeters that govern the transient state 1s necessary.

General transient-state parameters for variable-conductivity plates:

" In appendix E it 1s shown that if the conductivity of a plate material

varies linearly with temperature in the range between plate and environ-
ment temperatures, the parameters governing the transient-temperature
ratio 6/6; , at x/L (and hence the dimensionless stress & at

x/L), are hL/Ké, a‘t/Lz, and Ké O/Ké The first two parameters are

the Biot and Fourler numbers, respectively, with plate thermal conduc-
tivity evaluated at the constant temperature T, of the cooling envi-
ronment. The parameter Ké,o Ke 18 the ratio of plate conductivity at

the inltlal surface temperature Ts,o to the plate conductivity at




18 NACA TN 2988

temperature Te’ The indicated three parameters, then, are suitable for

the syst 1 tic study and presentation of transient temperatures in plates
of 1inearly varying conductivity. (For a flixed value of KB o/Ke the

Biot and Fourier numbers can equally well be based on KS o 1nstead of

Ke; hence hI/Ké’O, g5 /L > and Ky o/Ke could equally well be regarded

as the governing parameters. )

It is noteworthy that although the thermal conductivity of a plate
materlal 'may vary substantially with temperature the constant conductiv-
ities K., or KS o 1in the Biot and Fourier numbers, together with the

constant ratio K, /K » are completely adequate to define the transient
temperatiures, for a prescribed initial temperature distribution. It is
also noteworthy that plate materials having different conductivities at
Te, and different conductivity slopes with temperature, will have equal

transient values of 9/98,0 at x/L if the values of hL/K,, aeT/Lz,
and Ks,o/Ke are equal in the two plate systems (provided, of course,
that the initlal distributions of 6/6, , with x/L are also equal.

The requirement of similar steady-state temperature distributions sig-
nifies, for example, that plates having uniform initial 6/6S o can be

compared only with other plates having uniform initial 9/98,0, while
plates having linear, or parabolic, initial 9/68’0 distributions can

only be compared, respectively, with other plates having linear, or
parsbolic, initial distributions).

Parameters for heat-generating plates: The derived steady-state
formlas show that Tor heat-generating plates of constant conductivity
the steady-state value of 6/9S o at x/L depends on q''! L?/ZKGS o’

and for heat-generating plates of linearly varying conductivity the
steady—state value of 6/6s,0 at x/L depends on q™L /ZKees,o and

o/Xe+ Thus if a plate generates heat uniformly in the steady state,

and then ceases to generate heat and is simultaneously immersed in a
cooling environment of temperature T,, the transient-temperature ratio

9/9S o &t x/L is completely determined if a specification is made of
q' L?/ 65,0 Ks of/Kes hL/Eg, and a,T/I? (For plates of constant
conductivity, q™ L /ZKéGS,O is, of course, the same as q''' L?/ZKGS’O,
and Kg /K, equals unity.)

Criterion for Dominance of Thermsl Stress or Shock and Typical

Variations of Transient Temperature and Stress

In the Analysis section it was indicated that the relative magni-
tudes of steady-state stress and transient shock depend on the relative

2920



0262

CG-3 back

NACA TN 2988 19

magnitudes of hfg,o and hst(as o - B¢); or equivalently, for heat-
generating plates, on the comparative magnitudes of hl/Ké and
"'I?/ZK@GS o+ The results of temperature and stress calculations for
several values of the stated parameters are presented in figures 4 to 9;
figures 4 to 6 are for plates of constant conductivity, and figures 7 to
9 are for plates of K'B’O/Ke equal to 0.151. 1In all cases the plates
are assumed to have generated heat uniformly throughout their interiors
in the steady state, and are assumed to have ceased suddenly to generate
heat and to have been immersed in a cooling environment of constant tem-
perature Te. All plates are assumed to be cooled equally on both faces,

by constant heat-transfer coefficient h between plate and cooling
environment.

Constant-conductivity plates, hL/K = 2(gq'" LZ/ZKZGS o)+ - Figure 4

is for plates of constant conductivity, for a steady-state value of
q''' I /2K6 equal to 0.01, and for a transient-state value of hL/K,

equal to O. 02 In figure 4(a), 6/9s o 1s shown against x/L for several

values of ax/I? For the calculation an Interval of slightly less than
0.02 was employed for am/L , as satlisfying the convergence criterion
indicated in the Calculation Procedure of appendix D; most values of
ot/I2 are omitted from the figure. In figure 4(b) the dimensionless
surface stress cg and the dimensionless midplane stress GE are shown

against ot/IZ.

The temperatures and stresses in figure 4 illustrate the conclu-
sions obtained in the Analysis for plates of constant conductivity, for
hl/K =2 (q'" LZ/ZKBS’O): The temperature profile, and hence the stresses

throughout the plate, remain for a period effectively constant at the
steady-state values; and after the period of constancy the stresses at
surface and midplane decrease.

Constant-conductivity plates, hL/K < 2(q''’ LZ/ZKGS o). - Figure 5

is for plates of constant conductlvity, for a steady-state value of
q''! /ZKG equal to 0.01 and for a transient-state value of hL/K

also equal to 0.0l. Figure 5 illustrates the conclusions of the Analysis
for the constant-conductivity case, hL/K < 2(q'"’ LZ/ZKGB’O): The tem-

peratures near the surface initially rise, while the interior tempera-
tures fall uniformly; hence the surface and midplane stresses immediately
decrease to values below those of the steady state. The figure also

shows that the temperature proflile throughout the plate ultimately adjusts
itself so that every segment transmits not only all the heat it receives,
but also gives up very nearly the same amount of its own enthalpy as
given by the other segments. When this adjustmeht occurs the temperature
throughout the plate falls very nearly uniformly with time, as indicated
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by the curves for mm/L? from 0.40 to 0.48. Inasmueh as this condition
is like the one previously presented in figure 4 (hL/K = 2q'" LZ/ZKGS,O),

the temperature and stress behaviors subsequent to ax/L? of 0.48 will
closely resemble the behavior of the prevliously presented case.

Constant-conductivity plates, hL/K > Z(q"'L?/ZKes,o). - Figure 6 is

for plates of constant conductivity, for a steady-state value of
q"'I?/ZKGB’O equal to 0.01, and for a transient-state value of hL/K

equal to 0.03.

Figure 6(a) shows that initially the temperatures near the surface
fall more sharply than those of the interior, reflecting the fact that
the cooling conditions at the surface are more severe than in the steady
state. The temperature curve steepens progressively inward until, for
the case shown, am/Lg equals about 0.38, after which the shape of the
temperature curve is such that each segment gives up very nearly the same
enthalpy as every other segment; thereafter the temperature falls very
nearly uniformly throughout the plate, until aI/Lz equals at least
0.937. The subsequent temperature history will closely resemble that
for the case hL/K = 2(q''' L12/2K8, ,), illustrated in figure 4.

Figure 6(b) shows that at the instant of plate immersion o¥ and

o* both increase, of more rapidly than of. At ot/I? of about 0.4,
Por the case shown, both stresses have slowed their rate of increase

almost to zero. The stress q; is effectively at its peek value, 0.0099,

a 50 percent increase above the 0.0066 value of the steady state. At
ax/Lz of 0.937, c§ has passed its peak value and has started to decrease,

while oﬁ is still increasing very slowly prior to attaining its own
peak, which will differ only slightly from the value at ot/I? of 0.937.
Thus the maximm transient value of d;, like cg, is about SO percent

higher than the steady-state value.

The temperature and stress variations shown in figure 6 illustrate
the conclusion in the Analysis that when hL/K exceeds 2(q'* L2/2K6g,0)
the surface temperature will initially fall more sharply than the uni-
formly falling interior temperatures, and hence that the surface and mid-
plane stresses will increase initially to values above those of the
steady state before decreasing to zero.

Varisble-conductivity plates, hL/K = 2(q'" 12/2K65 ). - Figure 7

is for plates of conductivity that decreases linearly as temperature
increases; the conductivity variation is represented by the ratio
Ks,o/Ke = 0.151. The figure corresponds to a steady-state value of

g™ LZ/ZKéGS,O equal to 0.01 and a transient-state value of hl/K equal
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to 0.02. 1In figure 7(a), 9/65’0 ts shown against x/L for several
values of agr/i?. For the calculation an interval of 0.0756 was used

for aéT/I?, as required by the convergence criterion indicated in the
Calculation Procedui'e of a.ppendix D. fThe so0lid curves represent tempera_
tures computed with the transient-state conductivity variation taken into
account. The dashed curves represent temperatures computed when, with
the actual steady-state temperature distribution of the variable-
conductivity plate taken as the starting distribution, the conductivity
variation in the transient state was neglected and the initial surface
conductivity was employed for the entire transient-state calculation.
Figure 7(b) shows dimensionless surface and midplane stresses, Uz and

o;; respectively, and the solid and dashed curves have the same signifi-
cance as indicated for figure 7(a).

Flgure 7(a) shows that the steady-state temperature distribution
(aéf/L? = 0) is much steeper than the steady-state distribution shown
in Pigure 4(a) for constant-conductivity plates. The difference in
steepness for equal values of q''! LZ/ZKées,o arises from the much lower

plate surface and interior conductivities when Ké,o/Ke equals 0.151
than when Kg /K. equals unity. Figure 7(a) shows that although the

surface cooling conditions at the start of the transient state are equal
to those of the steady state, the interior temperatures fall more rapidly
than the temperatures near the surface. The difference in cooling rates
of the interior and surface reglons arises because although the conduc-
tivity increases everywhere in the plate as the temperature falls, the
value of AK]K per degree temperature drop is greater in the interior
than near the surface.

The dashed lines of figure 7(a) show that the computation based on
surface conductivity, a value not much in error for the plate region near
the surface, but noticeably higher than the interior conductivities,
leads to an initial overestimation of the heat flow from the plate
interior, and to a corresponding overestimation of the early rate of
temperature drop in the plate interior. From the relation h6g = q''

it is seen that when the net heat flow 1s overestimated 6g must be
higher than when q'' 1s accurately evaluated. Hence, for the time span
under consideration (aér/I?.S 1.2), the surface temperatures on the

dashed curves are higher than those of the more accurate solid curves.
The comparative long-term temperature histories, after the conductivity
everywhere in the plate exceeds the initial surface value, would require
further calculation to establish.

Figure 7(b) shows that as in the case of constant-conductivity
plates when hL/K = 2(q'" I?/?KGB,O), the surface stress is for a short

period effectively constant at the steady-state value, and then slowly
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decreases. (It may be noted that the steady-state stress is much higher
than for the constant-conductivity plate at the same value of
q"'Iﬁ/éKéGS,O, because of the steep temperature variastion in the case

Ké,o/Ke = 0.151, as previously indicgted. The steady-state stress is
slightly lower than the value shown in figure 3 for Ké’o/Ké = 0.150

because of the slightly better conductivity represented by
Ks,o/Ke = 0.151.) Unlike the case of constant-conductivity plates, the

midplane stress decreases lmmediately upon plate immersion, reflecting
the approach of midplane and average temperatures as the midplane con-
ductivity and temperature drop increase. TFor values of aet/L? greater

than 1.2, both of and ¢ will slowly but steadily decrease to zero.

The dashed curves of figure 7(b) show that because of the over-
estimated flattening of the temperature curve exhibited in figure 7(a),
the stresses at both surface and midplane are initially underestimated
if computations are based on constant conductivity equal to that at the
initial surface temperature. Thus for this case, at aéT/Lz of 1.0,

the surface stress is underestimated about 8 percent, and the midplane
stress about 20 percent. Neither underestimation is very significant,
however, if the steady-state stresses are tolerable, because as indicated
in the Analysis, and as indicated also by figure 7(b), the transient
stresses at surface and midplane do not exceed the steady-state values
when hL/K, equale 2(q'" I?/2K6g,5). (A conservative estimate of the
stresses would result if the less laborious computation with constant
conductivity were based on conductivity equal to that at the initial
midplane temperature.)

Variable-conductivity plates, hL/K, < 2(a'"' I7/2K .04 ,). - Figure 8
1s for plates of conductivity variation represented by Ks,o Ke = 0.151.
The figure corresponds to values of q'"! L?/ZKeQS’O and hl/Ré both

equal to 0.01. As a whole, the transient temperatures (fig. 8(a)) -and
the transient stresses (fig. 8(b)) exhibit behaviors very similar to
those in the analogous case of constant-conductivity plates indicated in
figure 5. The modifications introduced by the conductivity variation
are basically the same as those already discussed in figure 7. Also,

as in figure 7, the use of comnstant conductivity equal to the initial
surface value, instead of the variable local values, initially over-
estimates the cooling rate of the plate interior and underestimates the
cooling rate of the surface region; hence underestimates the early sur-
face and midplane stresses.

Variable-conductivity plates, hL/Ke > 2(q''' 12/2Kefs,0). - Figure 9

is for plates having & linear conductivity variation represented by
Kg,o/Ke = 0.151. The figure is for q''' I2/2K0; , equal to 0.0l end
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for hL/K, equal to 0.03; thus hL/K, > 2(a"™ I%/2K.0 ;) end the

initial transient-state surface cooling conditions are more severe than
those of the steady state. For the temperature and stress calculations
shown_in figure 9, an interval of slightly less than 0.0747 was used for
aét/L?. The solid and dashed curves have the same significance as indi-

cated in figure 7.

The solld lines of figure 9(a) show that in the early transient
state (aeT/L? smaller than sbout 0.3) the midplane and surface regions

cool more rapidly than the intermediate plate region. The midplane
region cools relatively rapidly- because AK/K per degree temperature
decrease is relatively high. The surface region cools rapidly because
the environment extracts heat at a rate greater than can be supplied

by the plate interior, the net heat flow from which is primarily governed
by the temperature profile and only seconderily by the conductivity var-
iation. By the time aeT/I? is about 0.3, however, the plate tempera-

ture profile has adjusted itself so that each segment cools at very

nearly the same rate as every other segment, a transient-state adjustment
which was also noted in the cases of constant-conductivity plates herein
considered. The dashed curves of figure 9(a) show, as in previous figures,
that the initial surface conductivity overestimates the net heat flow

from the plate, mainly from overestimsting the cooling rate of the mid-
plane regilon.

Figure 9(b) shows, ag in the case of constant-conductivity plates,
that when hL/K > 2(q"' L /ZKees,o) the surface stress rises on immer-

sion of the plate into the transient-state environment. The surface
stress reaches a maximum and then decreases. It 1s noteworthy that the
maximum percentage rise of surface stress for Ks,o/Ke of 0.151 is

about 20 percent of the steady-state value, compared with the 50-percent
increase noted for constant-conductivity plates having the same
q'"L?/ZKéGS’O and hL/K, (fig. 6). The favorable effect of an increas-

ing conductivlity on the transient-state stresses was indicated in the
Analysis. As in previous figures, the constant-conductivity calculation,
represented by the dashed curves of figure 9(b), underestimates the
surface stress, but for the conditions of figure 9 the effect is less
than S percent of the exact value.

The midplane stress is seen in figure 9(b) to undergo an initial
decrease, because of the excess local-temperature decrease as compared
with the average plate-temperature decrease. The midplane stress sub-
sequently increases, however, to & value about 10 percent above that of
the steady-state value, as compared with approximately 50-percent
increase noted for oﬁ in the constant-conductivity plates of figure 8.
(At aér/Lz of about 1.0 in figure 10, the midplane stress is still

Increasing very slowly, but its achievement of a maximum and subsequent
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decrease are imminent.) The constant-conductivity calculation under-
estimates the midplane stress by about 18 percent of the exact value and
changes the time at which the stress starts to rise after its initial
decrease. As previously indicated, advantage may be teken of the smaller
lsbor involved in the constant-conductivity calculation, while obtaining
a conservatively high approximation of the stresses, by employing the
conductivity corresponding to the initial temperature of the plate mid-
Plane.

Typical variations. - It is seen from figures 4 to 9 for plates of
constant conductivity, and of conductivity which decreases linearly as
temperature increases, that the three possible variations of early
transient-state temperature and stress are accounted for by exploration
of the combinations (a) hL/Ke = 2(q'''L? [2KeBs 0)5
(b) hL/Ke < 2(g"' L /zxees o), and (c) hL/K, > 2(gt 12/2Kefs,0). Hence
1t 1s seen that the comparison of hL/Ke and 2(q''' I2/2Kebg,0) is a
suitable criterion for determining whether the steady stress or the
transient shock will be the greater. It may also be seen that whereas
values of q''' I /ZKees o @and hL[Ke other than those herein considered
will lead to magnitudes of 6/65,0 and o® different from those shown

in the figures, the nature of the transient-state variations will Dbe -
similar to those of either case (a), (b), or (c). That is, the curves

of figures 4 to 9 are typical cooling and shock curves for formerly-
heat-generating plates of constant conductivity, and of conductivity that
decreases linearly as temperature increases.

2920

Conclusions. - From the discusslon of figures 2 to 9 the following
conclusions may be drawn:

1. The steady-state temperatures and stresses increase as
q"'L?/ZKees,o increases and as Kﬁ,o Ko decreases.

2. In the early transient state the deep interior of the plate cools
at a rate determined entirely by the steady-state local temperature pro-
file and by the local conductivity variations as the early cooling pro-
ceeds; that is, the cooling rate at the midplane early in the transient
state 1s independent of the cooling conditions at the surface. The sur-
face region, on the other hand, cools at a rate determined simultaneously
by the heat flow from the interior, the strength of the external sink, and
the local conductivity variation. The parameters governing the transient
temperature ratio 9/95 o &t any point x/L are gq"L /zxees o’ Ks,o Ke>

hL/Ke, and aeT/IZ.
3. The severity of the thermal shock, as compared with the steady-

state thermal stress, may be satisfactorily evaluated by a comparison
between the initial surface cooling condition of the transient state -
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h6y , and the steady-state surface cooling condition hst(es,o - 6,).

For formerly-heat-generating plates as herein described, the stress-
shock comparison may be made, equivalently, by a comparison of the Biot
number hL/K, and the steady-stete quantity 2(q' L?/ZKéGB,O). The

thermal shocks at both midplane and surface exceed the steady-state stress
only vhen héy . exceeds hst(es’o - 6,), or equivalently, when hL/K¢

exceeds 2(q"' I2/2K. 6, ).

4, If the conductivity of the plate material increases linearly as
the temperature decreases, %he maxlmim shocks of plate surface and mid-
plane, when hL/Ke> 2(q™ /ZKéGS,O), are e smaller multiple of the

steady-state values than when the conductivity of the plate material is”
constant.

5. Use of the initlal surface conductivity for calculation of the
transient temperatures and stresses inltially overestimates the cooling
rate and can substantially underestimate the early transient stresses.
A conservative constant-conductivity calculation would be obtained by
use of the steady-state conductivity of the plate midplane.

6. The conclusions derlved from figures 4 to 9 for the transient
state substantiate the indications obtained from the analysis presented
herein.

RESULTS AND CONCLUSIONS

1. Working formilas are derived for the steady-state temperatures
and thermal stresses in heat-generating infinite plates of constant con-
ductivity, and of conductivity that decreases linearly with temperature
as the temperature increases, for the case in which both faces of the
plate are equally cooled. In addition to exact formulas for the variable-
conductivity plates, simpler approximate formulas are derived, and
criteria for their applicebility are indicated.

2. It i1s. shown that the plate surfaces are always under the greatest
tension, and the midplane 1s under the greatest compression, of all
planes in the plate.

3. A criterion i1s indicated for determining the surface cooling
conditions under which the transient thermal shocks at the surface and
midplane will be smaller than, equal to, or greater than the steady-
state thermal stresses at those planes. The shocks exceed the steady-
state stresses only when the initial surface-cooling conditions of the

"transient state are more severe than the surface-cooling conditions of

the steady state. The criterion is expressed for heat-generating plates
by a simple relation between a steady-state heat-transfer parameter of
the heat-generating plate and the Biot number of the transient state.
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4. The dimensionless parameters governing the transient temperatures
and thermal stresses in materials of linearly varying conductivity are
derived by a similarity study of the conduction equation and boundary
conditions of the transient state. A numerical technique for solving
the transient-state equations is indicated in detail. The method is
employed to obtain numerical values of the transient temperatures and
stresses for a variety of parameter combinations, selected to test the
thermal shock criterion. The results of the calculations substantiate
the shock criterion.

5. As a result of the study, an insight 1is obtained into the steady
and transient temperature and stress mechanisms in heat-generating plates
of constant conductivity and of conductivity that varies linearly with
temperature.

Lewis Flight Propulsion Laboratory
National Advisory Committee for Aeronsutics
Cleveland, Ohio, April 21, 1953
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APPENDIX A

SYMBOLS

The following symbols are used in this report:

symbol for the quantity Z(Ké/Ké,o)(Ké/Ks’o - 1)(q"! I?/ZKees,o)

specific heat of plate material, Btu/1b-CF
modulus of elasticity, 1b/sq in.
heat transfer coefficlent in transient state, Btu/sec-ftz—oF

heat transfer coefficient in steady state, Btu/sec-ftz—oF

thermal conductivity of plate material, Btu/sec-ft-°F

thermal conductivity of plate material at temperature Tea>
Btu/sec-ft-°F

thermal conductivity of plate material at surface temperature,
Btu/sec-ft—oF

half-thickness of plate, ft

coefficient in equation for thermal conductivity, (K = mT + n)
number of thin segments into which plate thickness is divided
constant in equation for thermal conductivity, (K = nT + n)

heat flow per square foot of plate area normal to direction
of heat flow, Btu./sec-ft2

heat generation per unit volume, Btu/sec-ft°
temperature, Op

coordinate, distance of plane from plate midplane, ft
thermal diffusivity of plate material, £tZ/sec
coefficient of linear thermal expansion, ft/ft-OF

thickness of segment in a plate that has been dlvided into
N equal segments, £t
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e difference between local plate temperature T, and constant
reference temperature To, 6= T - T, OF

v Poisson's ratio

0 welght density of plate material, 1b/ft>

g normal stress, 1b/sq in.

o¥* dimensionless stress parameter, o¥ = U(l-v)/BEGs’O

T time, sec

Parameters:

hL/K Biot pumber

hL/Ke Biot number with plate conductivity evaluated at temperature
Te

am/i? Fourier number

aét/I? Fourier number with plate conductivity evaluated at temperature
Te

Subscripts:

av average

c coolant of the steady state

e environment of the transient state

hig fictive layer

i integral miltiple of unit distance (Ax), 1 =1, 2, 3, . . .,
and designates distance of local plane from prescribed
reference plane

ix1/2 miltiple of unit distance, (Ax)

3 integral multiple of unit time-increment (AT), j =1, 2, 3, .

m midplane of plate

max meximm value taken on by variable
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min

o steady state

8 surface of plate
¥y direction

z direction

PR

minimum value taken on by variable
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APPENDIX B

TEMPERATURES

The temperatures in a plate are governed by the conservation of
heat in the plate interior and at the surface. Heat conservation in the
interior of a heat-generating plate of variable conductivity is expressed
by the familiar equation

() 2 (52)+ o =

If T, 1s an arbitrarily assignable constant, and 6 1s defined as

6=ET - Ty (B2)

-

equation (Bl) may be rewritten

e () - 5 (50) + o e3)

Heat conservation at a surface where the plate transfers heat to a
coolant is expressed by the standard relation

qr = .Ks(gﬁ) = h(8g - 6,) (B4)
X/g
where
6y = Ty - To (B5)
and
8. T, - Tg (B6)
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In the following discussion the plate is assumed to be equally cooled on
both faces, in both the steady and transient states.

Steady State
Heat-generating plate of constant conductivity. - In the steady state

the left member of equation (B3) vanishes, and if the plate conductivity
is constant, equation (B3) simplifies to

2
Kd-e:_qnv (B'])

dxe

with the condition q''*> O ©because the plate generates heat. Direct
integration of equation (B7) and successive application of the conditions

that at x = 0, %% =0, and at x =+L, 0 = 95’0, lead to the familiar

form
q''! L? % 2
9 = 95,0 + ZK — l - f (BB)
or
2
[] qvtr 1, (X)Z
— == 1 i1l -\ = B9
95’0 EKGS’O {_ L ( )

The difference between local and surface temperatures is
e'es,o _a'" 12 1 - (5)2
95,0 2KOg o L

Heat-generating plates of variable conductivity. - If the plate
conductivity varies linearly with temperature, the equation for conduc-
tivity mey be written

K=nf + n= w0 + (mle + n) = md + K, (B10)




32 NACA TN 2988
Then equation (BS) becomes for the steady state

d dae

a[(m‘“Ke)a =-ar (B11)
Direct integration yields

(m9 + Ke) %§'= -q''"' x + Cq

Inasmuch as %g =0 at x=0, C] = 0. A second integration ylelds
.1'. 2 ~_qv||x2
> me® + Kgb = > + Co

At the surfaces x = tL, 6 = 0 therefore,

8,07

1t Lz

1 .2
Cz = E mes’o + Kees,o + .q'—é——

2 2
1.2 1.2 oy x
2 m6% + Ke0 ~(% m0% o, + Kebs o +3-§-—-[ - (i)] =0  (Bl2)
From equation (B10),
Ks,0 = mfs,0 + Ke

It is now assumed that K, # Kg,07 O Kﬁ,o/Ke # 1, which is equivalent
to assuming that the arbitrarily prescribable reference temperature T,
is taken different from the steady-state surface temperature Ts,o’ and
the quantity 6g o= (Tg,0 - Te) # 0. This assumption is made to permit
solution for the ratio 9/68’0, and 1s not necessary if GS’O is not
desired to enter in the denominator of the solution. Then

2920
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me —25—2 (B13)

When equation (B13) is substituted into (B12) and solved for 6/68’0 by
the quadratic formula, the result is

Ksyon |4 e (Ke ] )(g__g_)[ _2]
s TR\ 2<Ks,o> Koo ) \Zebs,0 (L)

= "3 (B14)
TR

Thus 6/68,0 in the steady state is governed by x/L, q'" Lz/ZKees,o,
and Ks,o/Ke , and it is recalled that equation (Bl4) has meaning when
q'"# 0, and Kﬁ}o/Ké # 1. Equation (B14) is not inconvenient to use;

nevertheless an epproximate relation is instructive, and is discussed as
follows:

Approximate formula for 9/ Gs’o in variable-conductivity plates. -
An approximate formula for 6/68’0 may be obtained from equation (Bl4)
as follows. The equation is of the form

(B1s)

where

ol ) @] e

On restricting considerations to values of ¢ > O (i.e., plates for
which K decreases as temperature increases), on approximating A/1 - ¢
by (1 -¢/2), and on substituting for ¢ in equation (B1S),
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R AR A

Ks,0 Ks,0
1 e | 1 X

(B17)

On carrying through the operations in the right member of equation (B17),

2920

L

B18)
e - T (
8,0 <K§,0>
K,
Alternately,
2 2
0 Q'L [ (x)]
el+t 20— |1 -(F (B19)
9s,o - 2Ké,oes,o L

Equation (B18) shows that for the ranges of K’B’O/Ke and ¢ in

vwhich equation (B18) is a satisfactory approximation, (G/GS o) -
varies directly with q''' I2/2K_6, ,o end inversely with Kg 0/K , and

that the shape of 6/6g . s,0 With x/L is a parabola. Equation (B19),

which is simply a reduced form of equation (B18), is of the same form as
the equation for a plate of constant conductivity, the conductivity

being that at the temperature of the plate surface. Thus equation (B19)
contains no provision for conductivity variation in the plate interior,
and 1f the conductivity decreases as temperature increases, equation CBlQ)
will underestimate the plate interior temperatures (while if the conduc-
tivity increases with temperature the equation will overestimate the
interior temperatures). Equation (B19) also fails to indicate that a
limit exists for the feasible value of q''' L /ZKées o If conductivity

decreases as temperature increases, as is shown in the next section.

In order to consider the range of ¢ in which equation (B19) is a
suitable approximation, equation (B15) may first be written
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(B20)

A comparison of equations (B18) and (B20) shows that the approximation

resides in the quantity [ée - %], which is equal to (T'Ts,§> and
5,0
8,0

measures the temperature rise in the plate interior. On replacing

9s,o

(B17) by the respective subscripts "exact" and "approximate," and on
dividing equation (B20) by (B17), the result is

2] T-T
[; - :] by ( S’é), on denoting the values in equations (B20) and

(T'Ts o)exact
X =2 (1 -1 - (B21)
(T‘Ts,o)approximate $ ( ¢)

The function of ¢ in equation (B21) has the limit unity as ¢ becomes
zero (x/L >+tl), and increases steadily to the value 2 as ¢ increases
to its upper 1limit (¢ = 1). Thus whereas equation (B19) necessarily
gives the correct surface temperature, it underestimates the plate mid-
plane temperature by the greatest amount, and the exact difference between
midplane and surface temperatures may be twice as great as the value
given by equation (B19) if ¢ is unity at the midplane. (From eq. (B16)
it may be seen that ¢ increases in the direction of the plate interior.)
If the error in (T-Ts,o) is defined by € in the relation

(T—Tslo)exact = (1L+ €)= %-(l "\/?E—:—$> (B22)

(T;Ts,o)approximate

it is seen on solving for ¢ that the error € occurs when

4¢

= m (B23)

$

Thus, for example, (T-T when

¢ = 0.33, and (T-T

s,o)exact = 1.1 (T-T
= 1.2 (T-T

s,o)approximate

S,O)exact S,o)approximate when ¢ = 0.56.
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Limitation on q"'IZ/ZKéGS’O when conductivity decreases with
temperature. - Inasmich as 6/93,0 is always real the expression under

the radical in equation (B1l4) must never be less than zero. If the plate
conductivity decreases as temperature increases a value of Ks,o/Ke

smaller than unity is associated with a positive value of 95’0, and a
value of Ké /K greater than unity is associated with a negative value
of 05,0- (The possibility of a negative 6g o arises because T is

arbitrarily assignable. ) For either combination of KB O/K and 6 o7 o
5, X
K K, tre 2 Q
e I N
the quantity 2 )—-— - 1) 2 ___ > ) is positive. On imposi
qQuantity (Ks, (Ks,o <2Keeso P TPOSTRe
the requirement that the radicand never be smaller than zero, the follow-
ing limitation on the feasible value of q''' I / is obtained.

&)

2
qIIIL <l
> B24
B0, 2 (pz)
where the symbol I l indicates absolute value. Physically the limitation

arises because if the assumed law of conductivity variation is valid the
conductivity becomes "zero" at the plate midplane when the equality in
expression (B24) is satisfied, and becomes "negative" when q''! IZ/EKees,o

exceeds the right member of relation (B24). (If the plate conductivity
increases as temperature increases there is no limitation on
gt L /ZKees oj the sole requirement is that the plate surface tempera-

ture never acquire the value for which the conductivity is "zero.")

Relation between q''!’ L?/ZKees,o and steady-state cooling condi-
tions. - The fact that a plate generating q''! uniformly throughout its

interior is maintained at a surface temperature 6g in the steady
state lmplies definite cooling conditions in this state. This fact may
be used to obtain a relation for q''' L /ZKee From the heat balance

hgg (es,o - 6c)=a't L
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Both sides of the equation may be multiplied by L/ZKéGs,o; hence,

q}" L2 1( bt L es,o - 8¢
g = =
2Kebs,0 2\ Ke 05,0

37

(B25)
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APPENDIX C

APPROXTMATE FORMULAS FOR STEADY-STATE STRESS IN HEAT-
GENERATING PLATES OF LINEARIY VARYING CONDUCTIVITY

The formulas derived in the Analysis section for surface and mid-
plane stresses in heat-generating plates of linearly varying conductivity

are %
Ks,ol: _1-Aln<1wz>]
A 1 -n/&
z<1- Ke>
and
Xs,o0 1-4A (1+,\[Tx m
22017 4 1n -24/1 -4
Ur-ﬁ,o - - Ke Z'JI 1 -'\[— (CZ)
2(1- %0
Ko
where

- Ke K_e _ g LZ
A=z (Ks,o>(rcs,o ) () (es)

Approximate formulas useful for rapid estimate of the stresses may be
obtained as follows: From reference 4 (p. 91), for A< 1,

3/2 5/2
In{i1+NA =2[A1/2+é/ +.15i/ +jl (ca)
1-+/2 5
If A is substantially smaller than unity (e.g., A< 0.2), terms
3/2
beyond = may be neglected; hence, -

3
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n (i_’_’Af\%z 2 [Allz + %3/2] = 2n/& (1 + %) (cs)

Then

B} 2
;ﬁA1n<ifV§\)z(1-A)<1+%)s(l-%-%) (cs)

On substituting equation (C6) imto equation (C1),

Replacing 2A/3 by its equivalent from equation (CS), and carrying
through the algebraic operations, yields

2 2

%* e e

o = 2 (L P e0s 0 (“4):% _qrri? (“%) (c7)
Ks,o/Ke 2 2Ks,09s,0

The midplane stress may be approximated as follows: On spproximating
NI -4 by (1-5), and on using equation (C6),

2
2
1+____1'A1n ——£1+ A -2 1-A=1+<1—%-%>-2(1—%>=%(1-A)
2AfA 1 -A/A
Thus
T zzKe 2
U;Lo ~ _% q / €’8,0) (1 - A) = _%<’qnx g )(l -a)  (c8)
Ks,o/Ke #e,0%,0




40 NACA TN 2988

It is seen from the first forms of approximations (C7) and (C8) that if
A is very small by comparison with unity, the surface and midplane
stresses are directly proportional to q''! LZ/ZKeGS,O and inversely

proportional to Kg,o/Ke; the second forms of equations (c7) and (C8)
show that when A is very small by comparison with unity, the plate
behaves as one having a conductivity that is constant at the value of
the plate surface.

Comparison of equations (C7) and (C8) with formmlas (13) and (14) of
the Analysis for plates of constant conductivity shows that in a variable-
conductivity plate the surface temperature is farther from the average,
and the midplane temperature closer to the average, than in plates of
constant conductivity.

2920
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APPENDIX D

CAICULATION PROCEDURE

Temperature. - Steady-state temperatures were obtained by use of the
equations derived in appendix B and given as equations (9) and (10) of
the Analysis section. The transient temperatures were obtained as follows:

The plate transient temperatures are determined by the initial tem-
perature distribution and by the conservation of heat. Heat conservation
in the plate interior and at the plate surfaces is expressed alternately
by the well-known equations

w22 (k%) @)
and
-Kg (g—i)s = hfg (p2)

Inasmuch as only the early stages of the translent state were of interest
a finlte-difference solution, which for extended time spans might be less
practical, was employed, as follows: In the accompanying sketch the
designations 1i-1, i, 1+l refer to stations distant Ax from one another
in the plate interior; i-l/z and i+1/2 represent half-way stations.

The curve ABC represents the local 8 distribution after JAT +time has
elapsed. If station 1 1is considered in the next time interval AT
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L) [91,3+1 - 91,3] [ei,aﬂ - 61,4
(81:)1, 5 ATl})mo AT - AT i (p3)

If stations i-1/2 and 1+1/2 are considered at time JAT the slopes
of the 6 curve at these stations may be approximated by the slopes of
the chords AB and BC; thus,

d0 61,5 = 61.1, 4
ma )(5) |~ ) et (02)
15,3 \ox 51 3 15,3

2)
8 -6

39 i+1,3 - 01,4
X 1 )<—> ~ (X 1) (Ds)
wdo \3x)y1, " g A

Inasmuch as

+55 +5d -55d i35,
E‘E‘% - 1im 2 2 2 2’
oxli 3y Ax—0 N

the neglect of the limit process, and use of equations (D4) and (DS5),
leads to the approximation

S T 3 (Red 5 Onea,9) - (Kidys + K1+%,3) 91,5+ (%12,5 01-1,)
ax [ .B_X-Ji,j (ax)2

(Ds)

Ve

On substitution of equations (D3) and (D6) into equation (D1), and on
solution for 91,3+l, the obtained relation is

AT Kl_%"j ¥ Ki-'gz;’j +
(ax)? pe

o [ o) (s )

(ax)? pe

O1,000 = O1,5 1 -

(D7)

2920
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If the 6 distribution at time jAT 1is known, equation (D7) permits
calculation of the 6 distribution in the plate interior at time
(3+1) AT.

The temperatures prescribed by equation (D7) are constrained by
equation (D2), to which the fictive-layer procedure was applied as recom-
mended in reference 5. In this procedure the assumption is made that
after the initlal instant the temperatures at the plate surface and at
the interior station distant Ax/z from the surface lie on a straight
line having the slope indicated by equation (D2). It is also assumed
that this straight line may be extended a distance ijz to the exterior
of the plate, and that the so-introduced fictive layer of thickness Ax/z
may be treated as a segment of the plate. If 6 1s the 6 value at

the edge of the fictive layer (fig. 10) the algebraic equivalent of the
assumption is that

T s
S,

- 2
KSJJ Kshj

T -

(6 - 6px/2)3 _ (ae> _
ox s,3

vwhere QAx/Z is the value at station 1 of figure 10(a) or

hAx
l -
ZKS:j
Or,3 = /2,3 | T BAx (p8)
ZKS:j

Whereas this relation is employed for 6 after the 1nitial instant,
the value of Gf at zero time is assumed to be given by the relation

(8¢ - 85)o (ég) - _heszo

Ax/? “\ox Kg,o

or

Bp = 0 1 - _bhAx (D9)
f,o 5,0
P) P) ( 2Ks,o>
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A knowledge of 6p permits use of equation (D7) to determine tempersatures
in the plate interior.

In applying equations (D7) through (D9) the increments Atv and Ax
were constant throughout the calculation at values determined by the con-
vergence criterion indicated in reference 6.

T < 1
o E E

(D10)

Inasmuch as At and Ax may be chosen arbitrarily provided they satisfy
equation (D10), the choice in this analysis was made according to the
relation

AT 1

()2 =<K1:ax> <2 ) hKixiJ

wherein Knex and K.;, Were the respective maximum and minimum values

of plate conductivity occurring during the total time span under consid-
eration for thermal shock. This choice insured that equation (D10) would
always be satisfied.

Dimensionless parameters for presentation of specific numerical
results in & more generally useful form were derived by Nusselt's method
of applying the gimilarity principle to heat transfer, as described in
reference 7. The derivation of heat flow parameters is shown in
appendix E.

Stress. - The stress was computed by use of equation (8) of the
Analysis section. In the steady state, equations (13) and (14), and
(17) and (18) of the Analysis were employed. In the transient state,
the quantity (9/95,0)av was obtained by planimeter integration under

the transient curve of (9/98’0) over the plate thickness.

2920
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APPENDIX E

PARAMETERS THAT GOVERN TRANSIENT TEMPERATURE IN PLATES
OF LINEARLY VARYING CONDUCTIVITY

For the transient state it is assumed that the plate suddenly ceases
to generate heat and is simltaneously immersed in a cooling environment
of constant temperature T, to which the plate transfers heat by con-

stant heat-transfer coefficient h. Equation (B3) becomes

o222 2 (x éﬁ) ()
oT dx ox
and equation (B4) becomes
& (.5_9) - ho, (E2)
ox/g

It may be noted that whereas in the steady state the temperature
T, was arbitrary, the use of 6 in equation (E2) implies that for the

transient state Te must be equal to the temperature of the transient-
state cooling environment. In practice it is convenient to use the same
value of Te for both the steady and transient states, because the

results of the transient-state calculations depend on & knowledge of the
steady-state temperature distribution, and it is convenient to have the
original temperature distribution in the same terms as employed for the
transient-state calculations. If the thermal conductivity of the plate
is sufficiently linear in the temperature range of interest and can be
written

K=ml+n (E3)
it can be rewritten as

K= (T - Tp) + (w0, +0) =m0 + K (m3a)
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Equations (E1l) and (E2) become in terms of 6

o (%)= 2 [0+ ) >

a( d6 d29
=m2 (629 \+x, 2V (Ela)
ox ax) fe d3x?

2920

and

Bfg = -mdg (ax) (ax) (E2a)

The dimensionless groups which govern the transient temperatures
may be determined by Nusselt's method of applying the similarity prin-
ciple to heat transfer (ref. 7). Accordingly, plate systems 1 and 2
are now considered, and are required to be similar in geometry, time,
and temperature. If x, T, and 6 represent local values, and if a,
b,.and f are constant independent of x, T, and 6, the similarity
requirement is expressible as

¥ = 8% =0 %2
T] = bfz (E4)
81 = £6,

The respective system constants, pc, Ko, h, and m bear the constant
ratios
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= g(pc)y

—~
D
0
Nt
=
l

Ke,1 =1 K 2
(B4a)
by = J by

It is noteworthy that my f my, Iimplies nonparallelism of K with 6

in systems 1 and 2. The temperatures in plates 1 and 2 satisfy equa-
tion (Ela), i.e.,

d6 d6 d%0
Tl 9 (g, 1 °1 E5
(pe)y Sy ( . g‘) ferl 3%, =
(o0} 36, 3 (e 36, 3%, (£6)
pClo — = E6
za,tz mzaxz zaz) Kezaz

When equations (E4) and (E4a) are employed in equation (ES)

' 2
( (DC)z 81‘2 (az > m2 ax, ( 2 3%y (az) e,2 B__xzz (Esa)

Equations (ESa) and (E6) are identical if

(£)(%)-1 (=)

(%) @;) =1 (E72)
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Use of equations (E4) and (F4a) in equation (E7) gives

2
ga2 _ (pc)y %1% T3 Kg 2

= —_ =1
bi T~ (pc)2 x,2 T1 Ke,1
K
Inasmuch as x3 = ;% Xp, and B% )

(#).-(F), =)

Thus, one dimensionless group is Fourier's modulus with the plate thermal
diffusivity evaluated at the environment temperature. Equation (ES)
shows that the times at which the temperatures of similarly located points

e Te T2
are to be compared are in the ratio (-—)] [ —] = —. When equations (E4)
12/;\1%), "1
and (E4a) are used in equation (E7a)
1 M0 Ko
T mo K-+
oV Ke,1
or
1 _YenTa (E9)
2 Ke,om

Equation (E9) shows the actual ratio existing between temperature dif-
ferences 91 and 92 of similarly located points when considered at

the corresponding times designated by equation (E8). The explicit value
of the 6 ratio does not appear in the case of materials of constant
thermal conductivity.

The dimensionless group that must have the same value in the two
plate systems if equation (E9) is to be satisfied may be obtained by
considering the surfaces of the two plates at zero time. If es,o rep-

sents initial temperature difference between surface and environment,
equation (9) requires that at =T = O,

2920
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(mes,d> (%Bs,o)
Ke /1 \ K /p

But from equation (E3a), mwg o = Kg,o - Ke» where K; , 1s the plate
conductivity at the initial surface temperature. . Hence,

Ké 1 Ké 2
or
Ks,o> (K )
( Ke /1~ _Ké_ 2 (£20)

Thus for two plates of linearly varying conductivity, temperature similar-
ity can exist if the ratio of -plate conductivity at the initial surface
temperature to the plate conductivity at the environment temperature

is the same in both systems.

For systems in which equation (E10) is satisfied equation (E4) is
also valid and

and

(§§%3>1 = (9:,;)2 (Ell)

Systems 1 and 2 both satisfy equation (E2a). Thus

(051 = - @9 (gz)]l i Ece(g—z)]l (12)
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and

(0s)z = - %&s @9;,2 ) [g{e <%§)Jz ()

On using equations (E4) and (E4a) in equation (E12),

conins () ()], 09 ()], o

Equations (El2a) and (E13) are identical if
(32£) (afif) = 1 (m14)
and
2
it a
(T) (&)1 (E15)

On using equations (E4) and (E4a) in (El4),

or

‘h1, hL
- @

Biot's modulus with plate conductivity evaluated at environment tempera-
ture is another governing parameter. For temperature similarity of two
plate systems the heat-transfer coefficients must be in the ratio

(L/%e)2/ (T/Ke)1 -

2920
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Equation (E15) yields again the requirement (mo/K.); = (m8/K.)p,
which was obtained from equation (E7a).

Equations (E4), (8), (10), (11), and (16) show that results of
numerical calculations for any type of initlal temperature distribution
can be presented in a form useful for similar systems having the same
type of initial distribution by plots of 9/6s o @against hl/ké, with

a‘t/L? as paraemeter, for prescribed values of x/L and KS o/Ke For

general usefulness, dimensionless temperatures for the entire range of
probable Ké,o/Ré values, and for various values of hI/Ké and pres-

cribed initial distribution, require calculation. (Numerical results
for K8 O/K = 1 and 0.15 are presented in this report for the initial

temperature distribution occurring in a plate which in the steady state
generates heat uniformly throughout its interior and is equally cooled
on both faces.)

It is noteworthy that the dimenslionless groups for plates of linear
conductivity and constant volumetric specific heat, exchanging heat in
the transient state with an environment of constant temperature T,

all require the plate conductivity to be evaluated at the environment
or surface temperature and include the dimensionless group K% 0/ "

the ratio of plate conductivities at initial surface and at environment
temperatures. The ratio O/K measures the rapidity with which the

plate conductivity varies vith temperature when 64 8,0 and K, are
known, or indicates the AK experienced in golng from T, to T,.
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