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THEORETICALINVESTIGATIONOFTHELONGITUDINALRESPONSE

CHARACTERISTICSOFA SWEF’I’-WINGFIGHTERAIRPLANE

HAVINGA PITCH-ATTITUDECONTROLSYSTEM

I&FredH. StokesandJ.T.Matthews

SIJMMARY

A theoreticalanalysisismadeofa pitch-attitudecontrolsystem
asappliedtoa swept-wingfighterairplane.Thesystemis investigated
bothwithandwithoutpitch-ratefeedback.Theeffectsthatchangesin
altitudeandMachnumberhaveontheresponsecharacteristicsofthe
airplane-autopilotcombinationareinvestigated,asaretheeffectsof
changesintherateanderrorgainsettingsofthesystem.

Theresultsarediscussedonthebasisofthecharacteristicsof
thefrequencyandtransientresponsesinpitchattitude,suchas the
frequencyatwhichthepeakintheamplituderesponseoccurs,thetime
foran errortoreducetoandstaywithin5 percentoftheoriginal
comandincrement,andthecyclestotip toone-halfsmplitude.Also
discussedarethevariationsofelevatordeflection,normalacceleration,
andflightpathencounteredatvariousgainsettingsandflightcondi-
tionswhenan approximatestepcommand inpitchattitudeis impressed
onthesystem.

Theprimaryconclusionsreachedinthistheoreticalinvestigation
arethat(1)theairplane-autopilotcombinationincorporatingpitch-
attitudeandpitch-ratefeedbackcanbe madetoperformwellasfar
asattituderesponseisconcerned,fortheflightconditionsinvesti-
gated,providedsomemeansisavailableforchangingthegainsettings,
(2)withthegainsettingswhichgivethebestresponsecharacteristics
theelevatordeflectionsencounteredforthehigh-altitudeconditions
wouldbe verylarge,andthe~gnitudeofthesegainsettingsmaybe
limitedby factorsnotconsideredinthispaper,and(3)thelowlevels
ofnormalaccelerationsustainedMter anapproximatestepcomnand in
pitchattitudewouldindicatethatthepitch-attitudeautopilotisnot
particularlysuitedto tightcontroloftheflightpath.
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2 NACATN 2$82

INTROIXWETON

Theadditionofanautopilottoan a-lane introducesmanypossible
variationsinthemanneriqwhichthea&@ane motionsandloadscanbe
controlled.TheNationalM’visowCommitteeforAeronauticshasunder-
takena theoreticalinvestigation,thegenwalpurposesofwhichare
(1)to studytheresponsecharacteristicsofanatrplanehavingvarious
autopilotsinordertodeterminetheeffectsofthebasictypesoflon-
gitudinalstabilization,suchaspitch-attitude,normal-acceleration,
andangle-of-attack,(2)to&eterminetheeffectsofchangeofaltitude
andMachnumberontheresponsecharacteristicsofthevarioussystems,
and(3)todeterminetheeffectsofchanging.thegain.settingsonthe
responsecharacteristicsofthevarioussystems.Inthepresentpaper
pitch-attitudestabilizationandcontrolis@vestigated,andtheeffects
ontheperformancee’oftheairplane-autopilotcombinationof changingthe
flightconditionsoftheairplaneandthegainsettingsinthesystem
srediscussed.

Thetypesofcontrolsanalyzedhereinincorporatepitch-attitude
feedbackaloneandpitch-attitudepluspitch-ratefeedlmck.Thegain
settingsassociatedwiththesetwotypesofcontrolswereinitially
determiuedbyswell-knowntechniquewhichinvolvesadjusttigthepeak :
magnificationoftheclosedlooptoa specifiedvalue.Thegainsettings
thenwerealteredtofindtheeffectsontheperformanceof thesystem.

Theresultspresentedarediscussedonthebasisofthecharacter- ,
isticsofthefrequencyandtransientresponsesinpitchattitude,such .
as thefrequencyatwhichthepeaksmplituderesponseoccurs(hereinafter
calledthepeakfrequency),thetimeforan errortoreducetosndstay
within5’percentoftheoriginal.comandincrement(hereinaftercalled
theresponsetime),andthecyclestodamptoone-halfamplitude.Also
discussedarethevariationsof elevatordeflection,normalacceleration,
andflightpathencounteredat
tionswhenanapproxhatestep
onthesystem.

variousgainsettingsandflightcondi-
comnandinpitchattitudeis impressed

angleof

angleof

elevator

SYMBOLS

attack,radians

flightpathwithho~izontal,radians

deflection,positivewhen’trailingedgeisup,deg

errorsignal,13i- e.

—.
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NACATN 2882 3

0 atitopilotinput

angleof’pitch,radian$~

angleof.sweepbackof0.25-chordline,deg

phaseangle,deg

relative-densityfactor,m/pS@

atmosphericdensity,slugs/cuft
,.“

circularfrequency,radians/see

nondimensionalcircularfrequehcy,:A
.

.

frequencyatwhichthepeakinamplituderesponseoccurs,
radians/see

aspectratio

cyclesforoscillationstoreachone-halfamplitude

Ednondimensionaldifferentialoperator,v=

momentof inertiaaboutY-sxis,slug-ft2

autopilotgainsettingforpositionsignalfedbackfrom
controlsurface

pitch-attitudeerror-signal@n setting

autopilot~in setting-forpositionsignalfedbackfrom
pilotpiston

nondimensionalradiusof~ation about

radiansrate-signalgainsetting,
~

lift,lb. ;.,.,,-:,,-’

lateralstabili~axis

.

Machnumber;pitchingmomentinfigure1
., .,..:......, ., .,. ,:..

,’..-. . ... .
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wingarea,q ft

the foran errortoreducetoandstsywithin5 percent
thecommandincrement,sec

of

atrspeed,ft/sec

airplaneweight,lb

longitudinalaxisofreferencefixedinairplane

autopilottransferfunction
.

airplanetransferfunctionrehtingangleofpitchto
elevatordeflection

normalaxisofreferencefixedinatiplane

wingspan-,ft

meanaerodynamicchord,ft

accel~ationdueto gravity,ft/sec2

pressurealtitude,ft

,.,
taillength,measuredfromO.25Eofthewingto 0.255of
thetail,ft

massofairplane,slugs

normalaccel=ation,positiveup,g units

1 2 lb/sqftDe;dynamic&essure,~V ,

time, sec

ltl?tcoefficient,

rateofchangeof
perradian

rateofchangeof

L/qS

liftcoefficientwithangleofattack,

liftcoefficientwithangleofattackof‘
tail,perradian

-— –— .._—. —---—. —-—_—
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r.

rateofchangeofliftcoefficientwith

rate’ofchangeofliftcoefficientwith
angleofattack

rateofchsmgeofliftcoefficientwith
deflection,perradian

rateofchangeofpitching-mcuuent
coefficient

rate
of

rate
of

rate

ofchangeofpitching-moment
attack,perradian

ofchangeofpitching-mom~nt
attackofthetail,perradian

ofchangeofpitching-moment

pitchingvelocity

rateofchange

elevator

of

coefficientwithlift

coefficientwithangle

coefficientwithangle

pitchingvelocity

rateofchangeofpitching-moment
ofchangeofangleofattack

rateofchangeofpitching-moment
deflection,perradian

coefficientwith

coefficientwithrate

coefficientwithelevator

rateofchangeofdownwashwithangleofattack

I/60ei absolutevalueofamplituderatio

Subscripts:

i input

o output

Ss steadystate

AIUUYSIS

Theanalysisthroughoutthispaperwasmadeby conventionaltech-
niquesinwhichtheconceptofthetransferfunctionwasutilized.
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6 NACATN 2882

\ , &@lane TransferWetion

Thetransferfunctionoftheairplanerelatingangleofpitchto #
elevatordeflectionwasobtainedfrc.man “equationofmotion”typeof
analysisby use.ofstabili~derivativesestimatedfromtheory,wind-
tudneld.ataj(andflight-testdata.Thevafrioustwfer functionsused
inthisanalysisarepresentedintheappendix.Thesystemofaxesand
alignconventionsusedhereinispresentedhifigure1. In theanalysis
thedegreeoffreedominvolvingchangestilongitudinalvelokitywas
neglected,.asthispa~erisconcernedprbily withshort-period
commandcharacteristics.

Sincethecoefficientsofthetransferfunctionvaqywithairspeed,
altitude,Wch number,andotherconditions,it isnec&mry to studythe,
controlcharact~isticsforflightconditi~nsthatrepresentthenormal
speedandaltituderangeoftheairplanebeingconsidered.Thefourcon-

] ditionsselectedwere: conditionI, M = 0.5 and ~ = 35,000feet;
conditionII, M = 0.7 and lip= O;conditionIII, M= 0.7 and
hp = 35,000feet;andcon!ilitionIV, M = 0.9 and hp =’35,000feet.
Theseflightco@itions,thebasicairplanedimensions,andthecorre-
spondingai.rphnestabili~paramet~sarepr~entedintableI. Fig-
ure2 showstheairplanefrequency-responsecurvesfortheflightcondi-
tionsinvestigated.Thesecurvesareinfairlygoodagreementwith
similarcurvessubsequentlyobtainedfromactualflighttests.

\

AutopilotTransferFunctiQn
t
) Thefrequencyresponseoftheautopilotusedthroughoutthis
analysiswasobtainedexperimentallyfroma benchsetupofa special ~
autopilotsystemwhosecharacteristicsmadeitsuitableforuseina
high-speedfighterairplane.Theautopilotconsideredhadessentially
constantsmplitude-responsecharacteristicsup toa frequencyof

; abo,ut6 cyclespersecond.Thefr quencyrespohseofthissystem7isshowninfigure3 anda blockdiagramofithesystemisasfollows:

—— .—- — ———..—— - —-
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. .
Airplane-AutopilotCombinationWithoutRateFeedback
!

A blockdiagramoftheairplane-autopilotcombinationwithoutrate
feedbackisasfollows:

ei k-plane @o_
Y2 .

[ 1 I

Theopen-looptransferfunction,
characteristicsmaybe obtained,

frcmwhichthepitch-attituderesponse
appearssymbolicallyas

-icUj thefeedb=kel=entw~chmeas~espi~h attitude~s
assumedtohaveanamplituderatioof1 andzerophaselag.

In’servomechanismsynthesis,a peakmagnificationoftheclosed-
bop frequencyresponserangingfhom1.2to1.6usuallygivesthebest
responsecharacteristics(ref.1,p. 107)fora givensystem,although

1’ thisdoesnotnecessarilymeanthatthesystemissatisfactory.Inthis- ‘
. analysistheerrorgainsettingKG producinga peaktignificationof

approximately1.2wasdetermine@graphically
i?

-the.mannerdescribedin
reference1,pages185}to188. Withthis‘ga settingandtheknown

‘, transferfunctionoflboththeairplaneandtheautopilot,theclosed-
loopfrequencyrespobeofthe
closed-loopfrequencyresponse

systemwascalculatedandplotted.The
isgivenby the~r~ssion

Thetransient-respqnsecharacteristicsofthe
fromthefrequency’responsewiththeaidofa
thetypedescribedinreference2. Theinput

systanweredetermined
Fouriersynthesizerof
quantity,pitch-attitude

COIIIUUM ei,was intheformofS.Rapprox~tetsq~e~ve utfliz~g
thefirst24harmo%icsofa FOII15C=series, as S~WR ~ fi~e 4“ ~ ‘

. Becauseofthepoorresponsecharacteristicsforthesystemwithout 1
ratefeedback,variationsof Kc franthevaluesgivinga peakmagpi-
ficationof1.2werenotinvesti~ted. ...

—..— ~ —. -——. . . . . ----- -—



8 NACATN 2882

Airplane-AutopilotCombinationWithRateFeedback .

Itwasassumedthata rate~o wouldsupplyperfectlytheadditional
derivativesi~l. Whentherategyroisplacedinthefeedbackloopof
theairplsme-autopilotcombinationtheblockdiagramofthesystemis
alteredasfollows:

.

Theopen-looptransferfunctionnowappearssymbolicallyas

Theprocedureusedinestablishingthegearingconstantsforthis
systemwasasfollows:At eachflightconditioninvestigatedthegain
setting~ wasdeterminedsothatthepeakmagnificationoftheinner ,1
loopwasadjustedtoa valueof1.2,andthentheerrorgainsetting&
wasdeterminedina similarmannersothatthepeakmagnificationofthe
outerloopwasadjustedtoapproxktely1.2. Theeffectsofchanging

.,

KR ~d K~ werealsoinvestigated.Therate-signalgainsettingKR
wasincreasedby 25and50percentanddecreasedby 50percentof its
originalvalue,and Kc waschangedsimultaneouslyto givea peak
magnificationoftheouterloopof1.2,ontheassumptionthatthis
valuecloselyapproximatestheoptimumvaluefortheouterloop. In
thismannerthetrendofthefrequency-responsecues couldbe seen.
Inordertover~ thata peakmagnificationof1.2morecloselyapproxi-
matestheoptimwnvaluefortheouterloop,calculationswerealsomade
withvaluesof Kc thatwoti giveapeakmagntiicationof 1.6. III
additiontovaryingthegainsettingsforeachflightcondition,the
effectofholdingthesystemgainsconstantwhilevaryingtheflight
conditionswasinvestigated.Initiallythegainsettingswhichgave
thebestresultsat thealtitudecruisingcondition,conditionIII,
wereusedzmidf3.nallythegainsettingswhichgavethebestresultsat
thesea-levelconditionconditionII,wereused.

f

.

. —— -.. -—---—-—
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TheFouriersynthesizerwasalsoemployedto establishthetr&nsient-
responsecharacteristicsforthecasesoftheautopilotwithratefeedback.

Theresponsecharacteristicsthatwereusedto evaluatethevarious
conditionswere(1)thepeakfrequency~, (2)theresponsetime T5%,
and(3)thenwnberofcyclestodampto one-halfamplitudeC1/2. In
additionto thetransientresponsesinpitchattitude,calculationswere
madeofthevariationsof elevatordeflectionneededtoproducethese
responses,thevsri~tionofthenormalaccelerationtiposedupontheair-
frame,andtheresponseinflightpathwhenthesystemwassubjectedto
thepitch-attitudecmmnand.Expressionsforthetransferfunctions~/ei)
n/~i~~d 7/ei ae presentedintheappendix.Theserelationswere
employedtodeterminetheassociatedtransient-responsecharacteristics
throughuseoftheFouriersynthesizer,asdescribedinreference2.
Thisprocedurewasappliedatallfourflightconditionswhenthebest
gainsobtainedat eachconditionwereused,whenthegainswereheld
constantthroughoutall.conditionsat thebestvalueobtainedforthe
high-altitudecruisingcondition,andwhenthegainswereheldconstant
throughoutallconditionsat thebestvaluefor

RESULTSANDDISCUSSION

Airplane-AutopilotCmbinationWithout

Thebestfrequencyandtiansientresponses

thesea-level

RateFeedback

condition.

obtainedforthesystem
withoutratefeedbackatallfourflightconditionsareshowninfigure5.
Forcomparison,theapproximatesquare-waveinputproducedby thesynthe-
sizeralsoisplotted.Forsimplicity,thisinputcurveinfigure5 and
subsequentfigureswassmoothedsothattheripplesexistinginthe
actualinputwouldnotappear.Thefatiingofthiscurvewasjusttiied
becausethefrequencyoftheripplewashighenoughtohaveno signifi-
canteffectontheoutput.ThesmaU rippleswerecausedby thelimited
nuniberofhsrmonicsutilizedby theFouriersynthesizer.Inaddition,
theParamet=s~, T5* @ cl/2 associatedwitheachtransientand
frequencyresponsearetabulatedinfigure5.

It isobviousfrcmfigure5 thatig.a.l.lfourconditionsthedynamic
characteristicsoftheairplane-autopilotcombinationwouldbe undesirable
becauseofthelo~’timerequ<tied,fortheairplane.tnrespondto an
appliedcomandandtheverylowdampingofthesystem.Fora particular
condition,betterdampingco-oldbe obtaiped.at the:expense.ofa more
sluggishresponse”bydecrqas.fig.K6 incases.where=.st-~slower.,.
responsecanbe tolerated-..[:. . .. .. ‘;’’!:i’~’~’--~.~>” -

... .,.-., ;.‘(:.,..;.:.lj.rr:-;..,‘--’. .’.... . .! -..,!-::.-.,,-.’..-:” .-,’.-, . f,.’ -, .

..— —. . .. . . -——— _ —-— .——-—. ——-— - _— —.
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Ik@ovementinthetransientNsponsecouldbe effectedby .

increasingthemagnificationofthelow-frequencyendofthefrequency-
responsecurveswithoutincreastigthepeakmagnt!?icationofthecurves.
As iswell-known,theadditionofderivativefeedbackwouldaccomplish
thispurpose.

Airplane-AutopilotCombinationWithRateFeedback

Theresultsobtainedwithratefeedbackincorporatedforthefour
flight’conditionsarepresentedinfigures6 to 9. Bycomparingthese
figureswithfigure5, itcanbeseenthattheincorporationofrate
feedbackimprovedthesystemconsiderably,andtheresultspresented
hereinindicatethatthepresentairplane-autopilotcombinationincor-
poratingratefeedbackcanbemadetohavea veryrapidattituderesponse,
providedsomemeansofchangingthegainsettingsisavailable.Infact,
a comparisonoffigures6 to 9 withfigure2 wouldindicatethatinsome
casesthenaturalfrequencyofthea&@ane-autopilotcombinationcanbe
made10timesthatofthebasicairplanewithoutlossofadequatedamping.

EffectsofVaryingGainSettings

b figures5 to 9,theoriginal.gainsettingsweredeterminedly
adjustingthe@n settingsofboththeinnerandtheouterloopfora
peakmagnificationofapproximately1.2. Thiscasecorrespondstothe
curvesinthesecondrowfranthetopofeachfigure.Forthepurpose
ofdeterminingtheeffectsofvariationsinthegainsettingsat each
condition,whenthepeakmagnificationoftheouterloopwasmaintained
at approximately1.2,theoriginalvaluesofrategainwere(1)decreased
50percent,(2)increased25percent,and(3)increased50percent.The .
resultsforthesesettingsarealsopresentedineachfigure.As these
gainswerealtered,thetrendsofthefrequency-responsecurvescouldbe
observed.Forperfectfollowing,theamplituderesponsewouldhavea
valueofuni~ fromzeroto infinitefreqyencyandthephase-mglecwve
wouldbezeroforallvaluesof m. Thisresultobviouslyisimpossible
toachieve,butanymodificationwhichservesto increasethepeakfre-
quency~ .orraisethelow-frequencydipinthefrequency-response.
curvewithoutencounteringhighpeakmagnificationsmakespossiblea
closerapproachtothisidealcurve.Similarly,asperfectfollowing
wouldinvolvenophaselag,anymodificationthatgenerallyreducesthe
phase-anglevariationwithfrequencywould@rove theresponse.

Toa limitedextent,increasingtherategainnuiiepossiblean
increaseintheerrorgainwithoutan increaseinthepeakmagnification;
therebythePeak frequencywasincreasedandthelow-frequencydipwas
raised-.Theseadjus%ents,therefore,affordfurther
p~o~ce of thesystem.As therategainsettings

increasesinthe
wereincreased

.

-- . ...— ..—— .—---- ..
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beyonda certainvalue,theinnerloop
begantoapproachinstability,and,as
furtherincreasesinrategaindidnot

11

containingtheratefeedbadk
indicatedinfigures6 to 9,
affordhprovedperformance.

Theresponsetimewasnotsignificantlyalteredby increasingthe
rategain50pe”rcent.TheresponsetimeforconditionIV (highaltitude
anda MachnumberofO.9)wasincreasedappreciablywhentherategain
wasreduced50percent,butfortheotherflightconditionsreduction
inrategaindidnotproduceanylargechangesintherespormethe.
Theeffectsonpeakfrequency,whichisan indicationoftherapidity
oftheinitialresponse,aremorepredominant.Thepeakfrequency
increasesastherategainincreases.Theeffectonthestabilityof
thesystemintermsof %/2 wasalsomorepronouncedthantheeffect
on T5~,butingeneraltheresponsecharacteristicsforthevarious
flightconditionswerenotverysensitivetogainchangesofthis
magnitude.

Figure10 showstheresultsobtainedwhenthepeakmagnification
oftheouterloopisincreasedto 1.6forconditionIV. A comp&rison
withthecorrespondingcurvesoffigure9 shmm theeffectsofchanges
inerrorgainalone.Thechangesinerrorgainassociatedwiththe
changeinpeakmagnificationfrom1.2to1.6areinau casessmsJJ_;
hencethestabilityofthesystemisrathersensitiveto changesin
errorgainalone.Theresponsecharact=istics,as indicatedby~
and T5~,arenotsignificantlychangedbythechangeinpeakma@fi-
cation,butconsiderationsof stability(intermsof C1/2)wouldtend
tomakea peakmagnificationof1.2preferable.

Figures6 to 9 reveal,further,thatthemagnitudesof’thegain
settingsforthealtitudeconditions(conditionsI, III,andIV)were
extremelyhighas comparedwiththosebeingcurrentlyusedinairpkne
autopilots.At thesealtitudeconditions,theerrorgain & reached
magnitudesashighas40,whichmeansthatfor1°of steadyattitude
errortheelevzitorwoulddeflect40°. Inpractice,gainsmightvery
wellbe Umitedtolowervaluesby otherconsiderations,suchas servo
power,loads,saturation,andthepossibilityof excitinghigh-frequency
chatter. Thelhnitedconsiderationsinvolvedintheanalysis,however,
alloweda veryrapidresponsewitha gooddegreeof stability.As
mentionedpreviouslyinconnectionwiththeautopilotwithoutratefeed-
back,thegainscouldberelaxedat theexpenseof theresponseifit
wereestablishedthata poorerresponsecouldbe tolerated.

Effectsof&h NumberandAltitude

Thevariation-ofthegains~ttimgswithfli~t conditionisnecessi-
tatedby thealterations@ theairplanefrequency-response,as shownin,...

—.. —-- -–——— —-—— — —- ——.—— -—— —-
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figure2. ‘I’heeffectsofkh numberchangeata
be seenby comparingfigures-6,8,and9. AE the

NACATN2882

constantaltitudecan
Mach’numberis increased

fromO.5to0.9,thegainsettingsdecreaseinmagnitudeby a factorof
about2.5. Thisdecreaseingainisenabledby thefactthatat subsonic
speedsthefrequencyresponseofairplanesUEuallyimproveswithincreased
airspeed.The&pectedtrendisforthefrequency-responsecurvesofthe
airplanetobe stretchedalongthefrequencyaxisby anamountpropor-
tionaltotheincreaseinairspeed.Thisstretchingreflectsan increase
inthenaturalfrequencyofthea~lane. A pointworthnoting,however,
isthatwiththebestgainadjustmentobtainedat eachhigh-altitude
conditiontheresponsetimeanddegreeofstabili~oftheairplane-
autopilotccmibinationcorrespondclosely.

A comparisonoffigures7 and8 shuwstheeffectsofaltitudechange
at constantWch number.Ingoingfromsealeveltoa 35,000-footalti-
tudethebestgainsettingsobtainedincreaseby a factorofabout4.
Thereasonsforthisnecessaryincreaseingainsettingcanbe seen
by comparingtheairplanefrequency-responsecurvesforthetwoalti-
tudes(seefig.2). At sealevelthepeakoftheamplitude-response
curieoccursatabouttwicethefrequencyofthepeakfora 35,000-foot
altitudeat thesameMachnumber.Therapidphaseshiftintheairplane
frequencyresponsealsoisde~ed tohigherfrequenciesforthesea-
levelcondition.Thesedifferencesreflectan increaseinthenatural
frequencyoftheairplanewithdecreaseinaltitude,withtheresult
thatthehigh-tiequencyresponsegenerallyimproves.Also,atlowfre-
quency(u<1 radianpersecond)theamplituderesponseisgreaterfor
thesea-levelcondition.Thediff-encesintheairplanefrequency-
responsecurvescanbe atfiibutedprimarilytothefactthatthedensity
decreasesby a factorof3 ingoingfromsealevelto35,000feet.
AnothereffectofaltitudewhichwuaUy occurscanbe seenfromfig-
ure2. Thiseffectisan increaseintheratioofthepeakamplitude
responseto theminimumsmplituderesponseat lowfrequencyasthe
operatingaltitudeisincreasedatconstantMachnumber.An increase
inthisratioindicatesa decreaseinairplanedamping.Thisreduction
indampingcanbe offsetby increasingtheratefeedbackoftheoutput.
It isof interesttonotethatalthoughthegainsat lowaltitudeaxe
decideddylower,theresponsetimeat thebestgainsettingsobtained
tendstobe largerat sealevelthanat35,000feet. Thiscondition
resultsfromthetendencyoftheinnerlooptoapproachinstabilityat
lowrategainsforthesea-levelcondition.!L!hislimitationonthe
usablerate@n inturnlimitsthemaximumerrorgain.Thecompara-
tiveresponsetimesmightbe changedifotherpossiblelimitationson
thehighgainat altitudewereconsidered.

Theanalysisthusfarhasshownthatthe-in settingsofthe
airplane-autopilotcomb~tioriwithratefeedbackcanbe adjustedto
givehighperformanceineachflightcondition.Manualadjustmentof
the&ins wouldcreate@ra workforthepilot,andautmnaticadjust-
mentwouldintroduceaddedcomplicationsintheautopilot.Therefore,

—.=— ..— -—
-—..
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theeffectsofholdingthegainsettings
flightconditionswereinvestigated,and

13

constantwhilevaryingthe
theresultsareshowninfi~-

uresI-1andE. Infigure11,‘the&in settingsthatwerechosenwe~e
thebestgainsettingsobtainedforthealtitudecruisingcondition
(seefig.8). Thesystembecameunstableat sealevelwiththese@n
settings(conditionIIoffig.U_). Thegainsettingsof condition11
offigureU_aremuchlargerthanthebestgainsettingsobtainedin
figure7,andthislargeincreaseingaincausesinstabilityofthe
innerloopofthesystem.ConditionIVoffigureU wasalmostunstable
too,becauseforthiscasethegainswereincreasedgreatlyoverthe
bestgainsobtainedinfigure9. Thepeakma@ficationforconditionIV
offigureU increasedto5.0asa resultofthegainincreases,fur-
nishinganotherindicationthatthesystemwouldbepoorlydamped.

InfigureU, thegainsettingsthatwereheldconstantas the
flightconditionswerevariedwerethebestgainsettingsobtainedfor
thesea-levelcondition(seefig.7). Sincethesegainsettingswere
inallcaseslowerthanthebestvaluesat theotherflightconditions,
therewasa generaltrendtowardimprovedstability,buttheresponses
weremoresluggish.Thenaturalfrequencyoftheairplane-autopilot
combinationforthesecaseswasstillroughlytwicethenaturalfre-
quencyoftheairplanealoneforthealtitudeflightconditions.!Chis
factindicatesa possibilitythata constantgainsettingcouldbe used
ifitwereestablishedthata considerablypoorerresponsethanthebest
obtainablecouldbe tolerated.

VariationsofElevatorDeflection,NormalAcceleration,

andFlightPath

Theresponsecharacteristicsofthebasiccontrolledquantity,in
thiscasepitchattitude,donotalonedeterminetheadequacyofa given
system.Thecontrolmotionsinvolvedinobtainingtheresponsehave
effectsonthemaxtiumrate,force,andpoweroutputoftheservanotor
inadditionto itsfrequency-responsecharacteristics,andthesemotions
alsodet~ine themagnitudeoftheloadsimpressedontheairpkme
structureasa resultofcontrolapplications.Of equalimportanceis
thevariationof totalloadontheairplaneas indicatedby thevaria-
tionofnormalaccelerationduringtheresponse.Anotheraspectinvolved
indetemainingthesuitabilityofan autopilotisthattheintentofthe
systemmaybe tocontrolsomequantityotherthanthebasicquantity.
Forexample,a pitch-attitudesystemmaybe use?prhnsril.yto control
theflightpathofan a-lane ratherthanitsattitude.

Becauseoftheseaspects,thevariationsofelevatordeflection,
normalacceleration,W flightpathinresponseto theapproximate
stepcremandinpitchattitudewereinvestigatedforeachflightcon-
dition.Resultsforthebestgainsobtainedat eachflightcondition

——. — -— .—.—.—___—. — ———. ..-— —.. . .
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{

arepresented infigure13;resultsforconstantgainwiththebest
gainvaluesobtainedforconditionIII(altitudecruising)arepresented
infigure14,andresultsforconstantgainwiththebestgainvalues

, obtainedforconditionII (sealevel)are~resentedidfi~e 15.

Theratiosof elevatordeflectionto inputattitudecammandare
plottedinfigure13withthebestgainvaluesobtained,as shownin
figures6 to 9. Foran inputoftheabruptnessshown,theseratios
approachcloselythegainvalues,which,asprevibuplymentioned,are
veryhighforthealtitudeco&iitions.W aU “+ tancestheelevator
oscillatesat”fair3yhighfrequencyandthedefl~ctionamplituderapidly
approacheszeroastheattitude,errorisqeduced.As a result,normal
accelerationsof significantma~tude sreimposedontheairplaneonly
fora shortperiodoftime,as showninfligures13to15. Sincethe
flight-pathangleisproportionaltothetimeintegralofthenormal
accelwation,theflight-pathresponseispooras comparedwiththe
responseinpitchattitude.‘Ilheflight-pathresponseismostrapidfor
thesea-levelcondition,whichistheconditionthathasthelowest@n
settingsandgivesby farthelowestratioof elevatordeflectionto
inputpitch-attitudecamandinfigwe 13. ~is resultandthefact.
thatthepitch-attituderesponsesarewry similarforallfourflight
conditions,whereastheflight-pathresponsesdifferconsiderably,are
indicationsthattheeffectsofgainandofflightconditiononthe
flight-~thresponsecharacteristicsareconsidmblydifferentfrom
theeffectsofthesefactorshnthepitch-attituderesponsecharacter-
istics. Theoccurrenceof initialaccelerationandfl$ght-pathchange
inthewrongdirectionresultsfromthefactthatthe.maneuveringtail
loadopposesandleadstheloadduetotheangle-of-attackchange.

Theresultsforconstantgainwithalti&decruisingsettingsare
presentedinfigue 14. Comparisonoftheresults~fora Machnuriberof
0.5(conditionI)tiththosepresentedinfigure6}showsthatthe
decreasedgainsassociatedwiththeconsbt-gaincasereducedthe
controldeflectionsencount&%d,witha resultingdeteriorationin
pitch-attituderesponse.Th&maxhumamplitudeofthenormalaccelera-
tionalsodecreasesbuttheaveragelevelofthecurveisnoteffec-
tivelyaltered,withtheresultthattheover-allflight-pathresponse
islittlechanged.

TheappreciableincreaseingainforconditionII (thesea-level
condition)forthecasepresentedinfigure14,ascompsredwiththe
casepresentedinfigure13,resultsinanunstablesysta,asmentioned

‘previously.‘llhegainincreaseforconditionIVresultsinviolentoscil-
lationsoftheelevator.TheosciUxitionsinpitchattitudeandnormal
accelerationareattenuatedsomewhat,andtheoscillationsintheflight-
pathresponseareattenuatedappreciably,a factwhichindicatespoor
high-frequency’r~sponseinflight~th fortheairplane.

..,. ,.

“
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,
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Furtherinsightintotheeffectofautopilotgainsettingsonthe
flight-pathresponsemaybe hadby comparingtheresultsforthesea-
levelconstant-gaincaseinfi~e 15withthecasespresentedinfig-
ures13anii{14.ThegainsforflightconditionsI,III,andIVare (
appreciablylowerforthecasepresentedinfigure15thanforthose >
presentedinfigures13and14. Althoughthepitch-attituderesponse
isdeterioratedby theselowergains,theflight~~thresponseis
actuallyimprovedslightlyby decreasingthegain.Thiseffectisthe
resultofa slowerreductionintheattitudeerror,whichcausesthe
elevatordeflectionstobe heldllongerandthenormalacc’elwationsto
be sustainedlonger.‘l!hesecomdinedeffects,asreflectedinthefre-
quencyresponse,‘}endto hhprovethelow-frequencyamplituderesponse
inflightpatheventhoughthehilgh-frequencyamplituderesponsedrops
offscmewhatwithdecreaseingain.

Inorderto investigatethepossibilitiesforimprovingtheflight-
pathresponsewhena pitch-attitudeautopilotsused,a comparisonhas
beenmadeoftheflight-pathresponseobtainedwiththepresentairplane-
autopilotcombinationandthatobtainedwhena perfectpitch-attitude
responseisassumed.Forthelattercasethetransferfunctionrelattig
theflight-pathresponsetothepitch-attitudecommandisderivedinthe
appendix.I&mesmsofthistransferfunction,thefrequencyresponse
wasobtained.!I!hisfrequencyresponsewasusedinconjunctionwiththe
Fouriersynthesizerto determinetheresponseoftheflightpathto the
approximatestepcomnandinpitchattitudeusedherein,forthecaseof
perfectpitch-attituderesponse.Theresultsarepresentedinfigure16
asa comparisonoftheflight-pthresponseobtainedfortheatrplane- -
autopilotcombinationandtheflight-pathresponse-obtainedforthecase
ofperfectpitch-attituderesponse.Figure16 showsthatevenifthe
pitch-attituderes~onsewereimprovedthefligQt-pathresponsewouldnot
be si~ificantlyhproved. Therefore,inviewofthelowlevelsofnormal
accelerationsustained,a pitch-attitudeautopilotisnotparticularly
suitedtotightcontroloftheflightpath.

SUMMARYOFRESULTS
) ...

A theoreticalanalysishasbeenmadeofthelongitud~yesponse
characteristicsof~ swept-wingfightera~lane havinga pitch-attitude’
controlsystem.Thesystemwasinvestigatedwithpitch-attitudefeed-
backaloneandpitch-attitudepluspitch-ratefeedback.Theeffectsof
varyingtheautopilotgainsandtheairplaneflightconditionswere
investigat~.Theflightconditionsconsideredw=e: conditionI,
M = 0.5 and hp = 35,000feet;conditionII, M= 0.7 and hp = O;
conditionIII, M = 0.7 and hp = 35,000feet;andcondition~,
M = 0.9 and hp = 35,000feet. (M denotes~ch numberand hp denotes
pressurealtitude.)Fromthisanalysisthefollowingconclusionswere
reached:

—. ——. -— -— -— -- —..—— —————-— .——— —-
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1.Whentheautopilotincorporatedpitch-attitudefeedbackalone, ,,
t; gainintheautopiloterrorsignalwaslimitedtolowvaluesforall
fourflightconditionsby considerationsofsystemstability.As a
result,theresponsetopitch-attitudecremandswassluggish.Whenrate
feedbackwasincorporated,theatrplane-autopilotcombinationcouldbe
madeto”have”a veryrapidpitch-attituderesponse,providedscmemeans
ofchangingthegainsettingswithflightconditionsweremadeavailable.
Forsomecasesthenaturalfrequencyofthea&@ane-autopilotcombina-
tioncouldbe 10timesthatforthebasicairplanewithoutlossof
adequatedamping.

Conclusions2 to7 areconcernedwiththesystemincorporatingboth
pitch-attitude@ pitch-ratefeedback.

2. me peakelevatordeflectionswhichoccurredinresponsetoa
fairlyabruptsteplikecomnandinpitchattitudewereverylargeforthe
high-altitudeconditionswhenthebestgainsettingsobtainedwereused.
Insomecasestheerrorgatisettingswouldproduce40°of elevator
deflectionfor1°ofsteadypitch-attitudeerror.Inpractice,useof
suchhighgainsmaybe ltiitedby factorsotherthanthoseconsideredin
thispaper.Fortheabruptsteplikeccmmand,theratioofpeakelevator
deflectionsto inputcomandcloselyapproachedtheerrorgainvalues.

3.Theeffectontheresponsetimeofvaryingtherategaint50per-
centfromtheoriginalvaluewasreasonablysmallforeachflightcondi-
tioninvestigatedwhena proc-Gdureforsimultaneousadjustmentof error
gainwasemployed.Inallcasesthestabilityofthesystemwasvery
sensitivetochangesinerror.gatialone. I

4.An increaseinMachnmiberfrcnnO.5to0.9atanaltitudeof
35,000feetdecreasedthemagnitudeofthebestgainsettingsobtained
by a factorofabout2.5.

0
Thisreductionwasbroughtaboutby a general.

improvementintheairplanefrequencyresponsewithincreaseinairspeed
inthesubsonicspeedrange.

5.Whenthebestgatiadjustmentsobtainedwereused,theresponse
timeanddegreeof stabili~oftheairplane-autopilotcombination
correspondedcloselyforallthehigh-altitudeflightconditionsinvesti-
@ted,buttheresponsetime-tendedtobelargtiat sealevelthanat
highaltitude.Theautopilotgainsweie’muchhigherathighaltitude,
however,becauseboththehigh-frequency~“ thelow-frequencyamplitude
responde’ofanairplanedecreaseinproportiontothedecreaseinair
density.

6.Wh~’Operationmsatt~ted at sea levelwiththebestgain “
settings”obtainedforcruis~.speedathigh’altitude,thesystem
becameunstablebecauseofthe~ge increaseingainsettingsover .

thebestsea-levelvaluesobtained.
.

.Whenattemptsweremade-tooperate
athighaltitudewiththebestgainsettingsobtatiedforthesea-level
condition,inallcasesthegainsettingwaslowerthanthebestvalues

.,.

——— ——— -—.-— -—
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atthehigh-altitudeconditions.Theresultwasa generaltrendtoward
improvedstabilitybuta moresluggishresponse.

7.Inviewofthelowlevelsofnormalaccelerationsustainedby
thepitch-attitudeautopilot,thisautopilotisnotparticularlystited
totightcontroloftheflightpathsincethechangeinflight-path
angleisproportionaltothetimeintegralofthenormalacceleration.
Theflight-pathresponsewasnotsignificantlyaffectedby changesin
gainsett@gs. b somecasestheresponsetimewasactuallyimproved
slightlyby decreasingthegain.

LangleyAeronauticalLaboratory,
NationalAdviso~CommitteeforAeronautics,

IangleyField,Va.,November13,1952.

.
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APPENDIX

TRANSFERFUNCTIONSAPPLICABLE!IQ

Thelongitudhalequationsof
usedintheanalysisofthispaper

motionin
are

PRESEMTANALYSIS

nondimensional

.
Thetransferfunctionoftheairplanethatrelatespitching
toelevator-deflectioninputintermsofairplanestability
isd=ivedfreonequations(1)and(2)intheform:

where

A=

B=

c=

E=

F=

:= AD+B

CD2+ED+F

formas

(1)

(2)

velocity
derivatives

.

P

“

Ck%q
m

.

.

-. .— - ———- -- ----—--
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Since

19

q=D(3

then

e_ AD+B

5- D(CD2+ED+F)

Thefrequency-responseformofthetramsferfunctionmaybe obtainedby
substitutingju’ fortheoperatorD. Thentheairplaneamplitude
ratiobecanes

andthephaseanglebecomes

.,

where

G =AC(LD1)3+ (BE-AI?)(I)’

H=(AE - IK)(UY)2+ HE’

rI = -m’C2(a)t)4- 12FC(U.F)2+ E2(w’)2+ #

Thefrequencyresponseoftheautopilotwasdeterminede~eri-
mentallyby applyingknownsinusoidalinputsofvarioafrequenties
andmeasuringtheamplitudeandphaseangleofthesinusoidaloutput.

A blockdiagramoftheautomaticcontmolsystemunderconsideration
ispresentedinthesectionentitled“Analysis.” ‘J!hesymbolsY1 and

— --—— —-—- —— —-—-—- _ .— —.. ..-— —— —-——— — —--—- ---
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Y2 aretheautopilotandairplanetransferfunctions,respectively.
me open-looptransferfunctionofthesystemis

00 KCY1Y2
—=
E 1 + ~YlY2D

Theclosed-looptransferfunctionofthesystemis

Thelumratransf=functionsofthea~lxme andtheautopilot,together
withthegainsettingsdeterminedbymeansofthetechniquedescribedin
reference1,pages185to188,w=e usedtofindthefrequencyresponse
oftheclosed-looptramferfunctionofthesystem.l?hefrequency-
responsedatawerefedintotheFouriersynthesizerforthedetermination
ofthetransient-responsecharacteristicsofthesysteminpitchattitude.

Thetransferfunctionrelatingelevatordeflectionto thepitch-
attitudeinputccmmand oftheclosed-loopsystemwasobtainedfromthe
airplanetransferfunctionrelathgpitchattitudeto elevatordeflec-
tion(previoudydescribed)andfromtheclosed-looptransferfunction
ofthesystemrelatingpitch-attitudeoutputtothepitch-attitudeinput
command*Thus,

.

I

Ina similarmamnerthetransferfunctionrelatingnormalaccelera-
tionto elevatordeflectionwasusedto establishthetransferfunction
relatingnormalaccelerationtothepitch-attitudeinputcomandfor
theclosed-loopsystem.The n/5 transferfunctionintermsofatr-
planestabilityderivatives,asderivedfromequations(1)and(2)and
theexpression .

n=~ (q-Ikt)
gc

—.— -————
—— ----- .——
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-isoftd form:

21

where

The n/ei transferfunctionfortheclosedloopis

.

Thechangeinflight-pathangleisproportionaltothetimeinte@al.
ofthenormalacceleration:

Substitutingthisexpressionfor n inthe n/ei transferfunction
givesthetransferfunctionrelatingtheflight-pathresponsetoan
inputpitch-attitudecomandforthesystem:

.-—- ——-- –——- — —— -.— — — -—
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Thefrequency-responsedatadeterndnedfor b/ei,n/f3i,and 7/Oi were
alsofedintotheFouriersynthesizerto establishthetransient-response
characteristicsoftheseoutputquantitiesintermsoftheinputpitch-
attttudecommand.

Thetransferfunctionrelatingtheflight-pathangleofanairplane
to itsangleofpitchisderivedfromequations(1)and(2)andthe
followingrelations

D7+Ilx=M

I)e=q

Thetranf3ferfunction7/0 is:

Equation(6)tsoftheform

7_Im2+m+o——e PD+Q

where

(3)

(4)

(5)

(6)

(7)

“

I

1

u

.

.
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Thistransferfunction7/e maybe interpretedas thatwhichrelates
theflight-pathangletoa pitch-attitudecomandwhentheattitude
responseisperfect.Thefrequency-responseformofthetransferfunc-
tionmaybe ohtatiedbymibstitutingD = jm’ intoequation(7)and
rationalizing
become

theeqyation.Thentheamplituderatioandphaseangle

L=Y&A&e- T

where

R= (NP”-MQ)(m:)2+ OQ

[ 1S =u’ MP(d)2-OP+ NQ

T=#(@2 + Q2

Thefrequency-responsedatathusobtainedfor y/e werefedintothe
Fouriersynthesizerto establishthetransient-responsecharacteristics
ofthesystemwhenperfectattituderesponseisassumed.

. . . -—-—.-—-— —z—— . . . . . —__ ___
——.—. —
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TABLEI.-AIRPLANECHARACTERISTICS,FLIGHTCONDITIONS,

ANDSTABILITYPARAMETERS

Condition
Symbol

I II III Iv

M. . . . . . . .
hpjft....*
W, lb......
S,Bqft .. . . .
?),ft......’
~,ft/sec. . . .
C,ft......
A,deg”. . . . .
1/5. . . . . . .
CL . ...’...
A. . . . . . . .

K::’::::
%L ””””””
c@ ...:...
c% .......
%“”””’:”””
%t ””””””
Cb t..’....
cLq=..”....
%“””””””
cLm . . . . . .

%03””””””
dG/da...;..
Ky . . . . . . .
Iy . . . . . . .

0.5
35,000
E,291
288

,,8;085
35;2~

0.6:1
4.79

277.24
0.427
-0.103
-0.174
4.355
-0.435
-0.791
0.323~,
0.791

-~.897
0.1583
-0.3876
0.35
0.308
29,448

0.7
Q

15;291
288
37.1
779

8.085
35.23
2.4

0.0735
4.79

85.807
0.39
-0.1.52
-0.162
4.%8
-0.751
-0.825
0.337
0.825
-2.017
0.272
-0.664’
0.395
0.308
29,ti8

0.7
35,000
15,291

288

8.085
35.23
2.4

0.312
4.79

277.24
o.3g3
-o.I26
-0.162
4.584
-0.579
-0.825
0:337

‘-’’0.825
-2.017
;0.404
-0.991
0.368
0.308
29,44.8

0.9
35,000
15,291

288
37.1
877

8.085
35.23
2.4

0.189
4.79

277.24
0.344
-0.175
-0.140
6.016
-1.054
-0.848
0.346
0.848.
-2.074
0.392
-0.562
0.483
0.308
29,448

I I I I,, —

/’ \

&. -7
t
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Figure1.-System of axes ad angular rel.ationsbipinflight. Arrows hd_i-
cate positive directions of forces and mmsnts.
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Figure2.-Airplanefrequencyresponse.
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Figure3.-Autopilotfrequencyresponse.
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Fi~e 4.- Approximate square-wave Mput produced by the Fourier synthesizer.
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Figure 5.- F’3xquencyrespon~e W transient response of airplsme-autopilot
combinationw!.thut rate ~ for conditions 1, II, 111, and IV.
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Figure 6.-Condition I: Effects of gain settlnga upon frequency response
and tranaient resuonae of airmlame-autuoilotconibimtion with rate KWO.
Mach number, 0.5;-altitude, 33,000feet; Ico/oil- x J..2.
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Figure 7.- Condition II: Effect6 of gain aettlngs upon frequency response
and transient respome of airplane-autopilotcosibirationwith rate gyro.
lkch number, 0.7;altitude,O; I@olOil- % 1.2.
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Figure 8.- Condition III: Effects of gain settings upon frequency responee
end traxmient respo-e of airphne-autopilot combinationwith rate WO.
Mach nuniber,0.7;altllmde,3S,000feet;]eoleil- ~ 1.Z.
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Fi~e 9.-Gmiition IV: Effects of gain settings wpon frequency response
and transient response of airpkne-autopilot combhation tith rate wo.
Mach tier, 0.9;altitude,35,000feet;leo/eil== 1.2.
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Figure 10.J Condition IV: Effects of gain settings upon frequency response
emd tramient response of alrplame-autopilot combination with rate gyro.
Mach number, 0.9; altitude, 35,OOO feet; l@o/@ilH x I-.6. %!
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Figure 11.- Frequency respense and tranfiientresponse of airplane-autopilot “
combinationwith rate gyro when the bed values obtained for ~ X KG
at condltIon III are used. Mach number, 0.7; altitude, 35,000 feet.
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Figure 12.- Frequency responee and transient response of aiz-plane.autop.ilot
combinationwith rate -o when the best values obtainai for & and Kc

at condition II are used. Mach number, 0.7; altitude, O.
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Figure 13.- Response in pitch attitude, elevator deflection, normal
acceleration,and flight path to pitch-attitude comnand when best
gains obtained at each condition are used.
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F@re 14,- Reaponse h pitch attitude, elevator deflection, normal
accelemtion, and flight path to pitch-attitude ccmmw.ndwhen best
gaina obtained at condition III are used. kch number, 0.7;
altitude, 35,000-feet.
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Figure 15.- Responae in pitch attitude, elevator deflection, no-
acceleration,and flight path to pitch-attitude command when best
gains obtained at condition II are used. Mach number, 0.7;
altitude, O.
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Figure 16.- Cornparisonbetween flight-path response as presented b
fi~e 13 for the alrplaue-autopilot combinationwith rate gyro and
the flight-path response which would be obtained with perfect atti-
tude response. Solid line indicates a@ilane-autopilot response.
Dashed line indicates perfect attitude response.


