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!E3CENICALNOTE3278

A!ITINUATIONINA SHOCKTUBEDUETO

A methodispresented
ina shocktnibedueto the
lti6 . It isassmnedthat

By Harold

UNSTEADY-BOUNMRY-IAYERACTION

&els

SUMMARY

forobtainingtheattenuationof a shockwave
unsteadyboundarylayeralongtheshock-tube
theboumdarylayeristhinrelativetothe

tubediameterandinducesone-dimensionallongitudinalpressurewaves
whosestrengthisproportionalto theverticalvelocityattheedgeof
theboundarylayer.Thecontributionsofthevariousregionsina shock
tubeto shockattenuationareindicated.

Themethodisshowntobe inreasonablygoodagreementwithezist-
tigexperimentaldata.

.
INTRODUCTION

A shockttieconsistsofa fluidathighpressure(region4 offig.
l(a)) separatedby a diaphrqufroma fluidatlowpressure(region1}.
WhentheMaphra@bursts,a shockwavepropagatesintoregion1 wMJ_e
an eqiansionwavepropagatesintoregion4. A the-distancelotof

7thesewavesunderidealconditionsis Indicatedinfigure”l(b . Regions
2 and3 havethesamevelocityandpressurebuthavedifferenttempera-
tures.Theinterfacebetweenregions2 and3 isreferredto asa con-
tactsurface.Theanalysisoftheflowforperfectfluidsisstraight-
forward(see,forexample,ref.1). ti anactualshocktube,however,
viscosityandheatconductioncannotbe ignored.Theseleadto a bound-
SZ”Yber ~ong the-S oftie*ock tie as indicatedinfigurel(c).
Theboun~ layerintroducesnonuniformitiesintotheshockttibe.Ana-
lyticalstudiesofthisboundarylayer=e presentedinreferences2 to
6. OneoftheimportantconsequencesofthewalJboundarylayeristhat
itgeneratesweakpressurewaveswhichcatchup withandattenuatethe
shockwavepropagatingintoregion1. Thisattenuationhasbeenstudied
experimentallyandanaly%icaUYintheworkofreferences1,4, 5,and
6,andisthesubjectofthepresentreport.It isassumedthatthe
boundsx’ylayeristhtirelativetotheshock-tubediameter.Thisisa
practicalrestriction,sincemostshockttiesaredesignedsothatthe
coreofpotentid.flowisrelativelyuntiorminordertopermitaero-
dynamictests. ‘

.-—. ... —.——— —— ——. .
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A fewrmmrksconcerningpreviousshock-wave-attenuationszml.yses
areappropriate.Ihreference4,thecoordinatesystemisdeftiedso
thattheshockwaveisstationary.

‘!
Theflowbetweentheshockwaveand

thecontactsurfaceisconsideredas a one-dimensionalsteadyflowso
thatat each3nstantthemassflowthroughtheshockwaveequalsthe
massflowatthecontactsurface.Ifthemassflowatthecontactsur-
faceishewn at eachinstant,thecorrespondtigshockstrengthcanbe
found. Themassflowatthecontactsufaceisdetermtaedfromthelo-
calboundary-layerdisplacementthiclmessandfree-streamconditions
correspondingtoanunattenuatedshock.However,itcanbe shownthat
free-streamconditionsdonotremainconstantatthecontactsurface
(becauseofperturbationsinducedbytheboundaryla.yer).Moreover,the
methodofreference4 doesnottakeintoaccounttheexistenceofweak
pressurewavesbetweenthecontactsurfacesadtheshockwave. Sticeit
ispreciselythesepressurewaveswhichsreresponsibleforshockatten-
uation,themethodofreference4 cannotbe expectedto giveaccurate
qusmtitativeresults.Itdoes,however,indicatesomeoftheimportant
parsmet=stivolved.Reference1 usesthemethodofreference4 tiits
studiesof shockattenuation.Atbest;qualitativeagreementwithex-
perimentisindicated.

b reference6,theflowperturbationsduetotheboundsrylayer . 1
areconsideredindetail.At eachsectionoftheshocktube,theveloc-
ityandtemperaturevariationsassociatedwiththeboundarylayerare
averagedacrossthetubetoprovidean equivalentone-dimensionalflow. “

Thewallshearandheatadditiondueto dissipationandheattransfer
atthewalls(allfoundfromboundary-la.yertheory)areassumedtoact
on.thisequiv+kntone-dimmsionalflow,theiractionresultingh the
generationofone-dimensionalpressurewavespropagatingtiboththe
upstresmanddownstreamdirections.By tntegatingalongcharacteris-
ticlties,theattenuationoftheshockpropagatingintoregion1 is
thenfound.Thetheoreticaltrendsappearedtobe ingoodagreement
withtheparticularexperhm?ntsJ-resultsreportedthereti.

Reference5 considerstheflowina coordinatesystemwhichis sta-
tionsrywithrespecttotheshock.Theunsteadynatureoftheflowbe-
tweentheshockwaveandthecontactdiscontinuityisassociatedwith
therecedhgofthecontactsurfacewithrespecttotheshockwave.
Weakpressurewavesareassumedtobe generatedbytherecessionofthe
contactsurface.Thema~itudeofthesewavesisobtainedby a one-
dhensionslavera@g proceduresimilartothatofreference6. These
wavesovertaketheshockandresultinattenuation.Themethodofref-
erence5 i-oresthecontributionofregion3 andcsnnotbe expected
toyieldgocdquantitativeagreementwithexperiment.

Ofthe
to givethe

previousreportson
bestageementwith

shockattenuation,reference6 a~ears
experkt . However,itcanbe shown

— _. -. -——
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a-aInod+

thatthemethodofreference6 doesnotgivea completelyvalidrepre-
sentationofthewavephenomenainducedby theboundarylayeralongthe
shock-tubewall..Thedeficiencyofreference6 ismainlyassociated
withitsuseofwallshesrinthedeterminationoftheperturbation
pressuxewavesgeneratedby thewallboundarylayer.Itiswe12recog-
nizedthat.theeffectofa boundarylsyeron itstiernalflowisdi-
rectlyrelatedtotheverticalvelocityattheedgeoftheboundary
layer.Forexample,reference7,whichisconcernedwiththeRayleigh
(hgyil.sive-plate)problmfora compressiblefluid,showsthatthebound-
arylayergenerates~essurewavesintheexternalflowwhichareequi-
valenttothosewhichareproducedifthewallmovesnormalto itself
witha velocityequalto theverticalvelocityattheedgeofthebound-
arylayer.Thenonzeropressuregadientovera flatyl.atemovingat
highspeeds(becauseofthefinitedisplacaentthiclmessoftheboundsx’y
layer]isan equivalentsteady-flowphencanenon(e.g.,ref.8). Thusa
properwaytofindthewavesgeneratedby theunsteadywalJboundary
layerina shocktubeistobasethecalculationonthe,verticalvelocity
attheedgeoftheboundarylayer.Suchananalysisispresentedherein.
Thequantitativeresultsforshockattenuationthusobtainedwouldbe
expectedto differfromthoseofreference6. Thecomparisonbetween
the methodof
morefullyin
GEN3RMTONOF

reference6 andthatofthepresentreportisdiscussed
themainbodyofthereportandh thea~endixtitled
PRESSUREWAVESBYW~ SHEARANDBEATADDITION.

.

AMALYSIS

One-dhensionalflowwithmasssourcesistreated,andthewaves
generatedby thesesourcessrederived.Thewavesgeneratedby unsteady-
boundary-layeractionina tubearethenfound,assumingtheprocesscan
be consideredasa one-dimensionalunsteadyflow.Theapplicationto
theshock-ttieproblemisthenindicated.

GenerationofWavesby MassSources

.

Cmmiderone-dimensionaluniformflowina tubeof constantcross-
sectionalarea. ASSUURthatweakmasssources,unifoml.ydistributed
acrosseachcrosssectionjare

7
resentandperturbtheflow. Denotethe

netperturbationofa quantityfromtheunifom-flowconditions)by A.
(SeeappendixA fordeftiitionof syuibols.) Theeqpationsofmotionsre

(hp ~+u

b~+P$

4=

---..--— ——.—

‘) 2ar=- (-tum) 1
*’_+ u ~ - m (Continuity)

}
a2Ap (Isentropy) J

(1)
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wherem = m(x,t) istherateofmassadditionperunitcross-sectional.
areaperunit x. Thepresenceofthesourcesgenemteswaves.Letthe .
superscripts+ and - tidicateperturbationsassociatedwithwaves
1.lmv5nginthe +x-and-x-dtiections,respectivel.y.If &Z desi~tes
fitegrationvariablesfor x,t,thesolutionforthenetperttibationat
w Petit xyt maybe expressedas

“454++4- (2a)

Au=Au++Au-

=* (4+-4-) (2b)

@P=+4 (2C)
a

where

4+=* ~xm(w-+

rim-=)d’‘p-”m%x

tionsareconductedalongthecharacteristiclines
~ ~e&~)/(a+u) ad ~= t - (=-x)/(a-u)fithe &T P~e. me
upperlimitontheintegral.for 4- is-b or -a dependingon
whetherM < 1 or M > 1,respectivel.y.Equation(2b) ticorporates
theacousticrelations4+=paAu+ and Ap-= -paAu-.

GenerationofWavesby Uusteady-Boundsry-LsyerAction

Considera ttieofuniformcrosssectiontohaveflexiblewalls
suchthata smallnormalvelocityv C= be generatedatthewalls.

Thisisequivalenttomassentertigthetie attherate
Y

pvd3,per
unit x,Wheretheintegralistakenmoundtheyerimeterofthetube
cross-sectionalarea. Iftheflowinthetubeisconsideredasone

— —. —
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dimensional,~ theequivalentsourcestrengthis

m.
%-
Vz

4pv=—
d }

(3)

where d= 4A/2 isthe’hydraulicdiameter,and v = v(x,t). Theex-
pressionfor 4 canthenbe writtenas

Similarexpressionscanbe writtenfor Au and &. tithecaseof
wavesinducedbyboundary-layeraction,the v inequation(4]refers
tothenormalvelocityattheedgeoftheboundarylayer.Notethata
positive v resultsincompressionwaves,whilea negativev results
h expansionwaves.

1Iftheflowthroughthetubecannotbe consideredas onedimen-
sional.,it isnecessaryto considereachelementoftubesurfaceas an
elementalwavesourceof strengthproportionaltothelocalvalueof v.
Thenetwavestrengthatanypointinthetubeisfoundfroman integra-
tionovertheentiretubesurface.

Intheproblemofattenuationina shocktube,theshockwaveis
consideredtobe uniform,laterally,at eachvalueof X)butto de-
creaseh strengthwithincreasesh x. Hence,a one-dimensionalana-
lysisispermissible.Actually,smalllateralvariationsof shock
strengthexist,particulsrl.ynearthewalls,sincetheboundarylayer
immediatelybehindtheshockuertsa three-dimensionaleffecton shock
strength.Theselateralvariationsareignoredhereti.

Theshapeoftheshockwavewaspreviouslystudied(ref.9). It
wasassumedthatregion2 wasinfinitetiextent(i.e.,region3 was
neglected),andtheproblemwasconsideredasa steady-flowproblemin
a coordinatesystemmovingwiththespeedoftheundisturbedshock.It
tisfoundthattheshockwaveassumesa parabolicshape,butthatappre-
ciableshockcurvatureisrestrictedto a regionnearthewalJlessthan
a bound~-lsyerthicknessinextent.

------ ..— __ — —. —.—
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ATTENUATIONINA SHOCKTUBE

Equation(4)canbe appliedtofindtheattenuationina shock
tube. ThedetailsoftheanalysisaredescribedtiappendixesB toF.
Theresultingformulasforshockattenuationarepresentedinthefol-
low5ngsection.‘I!helimitingsoltiionforweskshocks
solutionforan air-airshocktaibearealsoindicated.

ShockAttenuationFormulas

Theflowina shockttieisassumedto consistof

anda numerical

theidealbasic
flowplussmallperturbationsduetotheboundaryhyer. Idealshock-
tubeflowrelationsaresumnarizedinappendtiG. Theexpansionwave
oftheidealflowisassmnedtohavenegligiblethickmessandtopropa-
gateintoregion4 withvelocityu = - a4 as indicatedinfigure2.
Letpointd offigure2 representan arbitrarypointontheshock-wave
characteristic.Theproblemisto findthenetpressureperturbation
behindtheshock(i.e.,Ap2,d].”Thisrequtiesan titegationof equa-
tion(4)alongallthecharacteristiclineswhichcontributeto Ap2,d.
Themajorcontributionto Ap2,~ comesfromcharacteristicltiesbd, 1

bc,andab. Hence,thesearethecharacteristiclinesconsideredinthe
presentanalysis(asisindicatedinappemdtiB). Integratingalong
thesecharacteristiclinespermits42 d tobe expressedas

.

9

- (’-c’~:r (5)

Equdion(5)isderivedinappendtiF. Thenotationisdefinedh
appendtiesA andF. Thete~ ~ AP2,c/.2 ~ representsthecontribu-
tiOIltO Ap2,d ofallthechamcteristicl~es otherthanbd,bc,and

ab (append=F).

Iftheboundarylayerinregion2 iswhollylsmtaarorwhollytur-
bulent,theboundary-layersolutionfor V2 isknown(appendixesD and
E). Similarly,iftheboundarylayerinregion3 iswhollylaminaror

P

whollyturbulent,thesolutionfor V3 islmown(appendixesD andE).
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Forthesespecial
evaluated.Thus,
laminar,eqwtion
~ = n3 = 1/2)

cases,theintegralsof equation(5)canbe readily
iftheboundarylayersinregions2 and3 areboth
(5)becomes(fromeqs.(F6)and(F7)with

7

where ~ and L3 arefoundfromappendixD. h?theboundarylayers
inregions2 and3 arebothttibulent,equation(5)becomes(fromeqs.
(F6)and(F7)with ~ = n3 = 1/5)

L “2 J

[ 11- (uJa2)
~32M2 1 + M2

a32 l+ M3+a43

where ~ .md L3 arefoundfromappendixE. Similarexpressionscsa
be foundforthetied casesn2 = l/2,n3 = 1/5,and ~ = 1/5,
n3 = 1/2. Forotherboundary-layercharacteristics(suchastransition
fromlaminartoturbulentflowinthemiddleofregions2 or 3),it is
necessazyto integateequation(5)withthecorrespondtigv fistri-
bution. Reliablecriteriafordeterminingthetmnsitionpointsin
shock-tuleboundarylayershavenotyetbeenestablished.A crudeten-
tativemethodforestimatingthetransitionpotitsh regions2 and3
ispresentedinappendixH. It ispotitedoutthereinthattheReynolds
nuibersatpetitb, computedseparatelyforre@ons2 ~d 3} Cm be wed
asan indexto determhewhethertheboundarylayersinregions2 and3
sreprimarilyJ_andnarorturbulent,respectively.~ VdUeS Of Re2,b

and Re3,b,as definedinappendixH, canbe obtainedfromfigure3 for
thecasewherethegash region1 isatiat 520°R.

—_—.. . . . .——.-——y ——..—— _—. —.—
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Thepresenttheoryrequiresthattheboundarylayerhe thinrela-
totheshock-tubediameter.Theboundary-layerthicknessinregion
definedby equations(D5)and(E3)forlaminarandturbulentbound-

ary@ers, respectively.‘The_- boundary-layerthickness82 is
takento correspondto u/~ = 0.99,whiletheturbulentboundary-layer.
thickness~ istakentobe thevalue obtatiedfroma K&&n-Pohlhausen-
typeintegralsolution.Considertigconditionsalongcharacteristic
lines,themsxhmmnboundszy-layerthicknessoccursatyointb ofregion
2. Valuesof 52,b and ~,b areplottedasa functionof Ms in
figure4 forthecasewherethegash region1 isah at 520°R.

It ispreviouslynoted,incomectionwithequation(4),thata
positivev resultsinthegenerationofpressurewaves,whflea nega-
tive v resultsh thegenerationof expansionwaves.Fromthe
boundex’y-~ertheoryofappendixesD smdE itcanbe seenthat,apart
fromdissipationandheat-transfereffects,V2 isnegativeand V3 is
positive.Thus,theboundarylayerinregion2 inducesexpnsionwaves “
(whichattenuatetheshock],whiletheboudsxylayerinregion3 induces
compressionwaves(whichacceleratetheshock). Dissipationandheat
transfermodifytheseresults.Dissipationtendsto increasev in 6
bothregions2 and3. Heattransferfromthewallto theboundary-layer
incr~asesv. Heattrsmsferfrantheboundarylayertothewallde-
creases-v. h region2 theheattransferisfromtheboundarylayer

.

tothewall(ref.2)andleadsto largerne~tivevaluesof V2 and
thereforenmreshockattenuation.b region3 the&at transferisfrom
thewallto thefltidfora weak_sion waveandfromthefluidto
thewallfora strongexpansionwave(ref.2). Thus,fora weakexpan-
sionwave,heattransferinregion3 tendsto genem.tecompressionwaves
(thusacceleratingtheshock). Fora strongcqansionwave,theheat
transferinregion3 tendsto induceexpsmionwaves(whichattenuate
theshock).Theneteffectofallthesefactorsistoattenuatethe
shockw>e. Therelativemagnitudesofthevarioustermsh equations
(6)and(7)arenotedlaterina nwnericalexample.

L5mit@ SolutionforWesJsShocks

For ~ approaching1, eqgations(6)and(7)takeonthefol.low-
tngforms:
Iandnsxcase:

42 d -WI ()yl-l .
(for T2,W= Tl)

pz=~ 1’ -@

-WI
(8a) ‘

= (for T2,W= T2,r)

(Sb)

— — ——.-—
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Turbulentcase:

TheconditionT2,W= T1 (eqs.(6a)and(9a)) correspondstothecase
perfectconductor(assumingthatthewheretheshock-tiewallisa

fluidinregion1 is”inthermalequilibriumwiththewall).Notethat
t-g T2,~ eq~l to T1 meansthat‘thewallremainsat itsoriginsl
temperatureandthatheatistransferredframthefluid(ofregion2)
tothewall. TheconditionT2,W= T2,r(eqs.(6b)and(9b)) CO..eS-
pondstothecasewhere3nthewalJ.isa perfectWulator orhasa very
10WheatCapaCity. Whentheshock-ttiewallisa metal,theassumption
T2,W= T1 shouldgiveveryaccuxate results,as discussedinrtierence
2 “&iti.m sinceweakshocksarenowbeingconsidered).Results
forboth T2,W= T1 and T2,W= T2,r aregivensoasto deffnethe
upperandlowerboundsoftheheat-transfereffecton shockattenuation.
Theattenuationiswater, by a factorofa~raxhtely Tl,whenthere
isheattmnsferas compsmdwiththeinsulated-wallcase. (Thefactor,
isexactlyy-lfortheturbulentcaseandapproximatelyT1 f0.tie
~ case,thelatterdependingonthevalueof al).

Air-AirShockTubewith T4 = T1= 520°R

Equations(6)and(7)wereevaluatednumericallyforan air-ah
shocktubewith T4 = T1 = 520°R. Itwasassumedthat a = 0.70 and

T = 1.4. Theresultsforthel.amharandturbulentcasesaresummsrized
infigure5. Boththeinsulated-wallcase(T2~ = T2 .;T3 ~ = T3 r]

andthecasewherethewall~ a psect condu~to.(T~jv= ‘$3,W= ;1 = T4)
arenotedtherein.Whentheshock-ttiewall.isa metal,theassumption
thatthewallisa perfectconductorshouldgiveaccurateresultsex-
ceptpossiblyforverystrongwaves(e.g.,ref.2).

Therelativecontributiontothenetattenuationofthevarious
termsinequations(6)and(7)is indicatedinfigure6 forthe
T2,W= T3,W= ‘1 = ‘4 case” k particular,thepercentcontribution

.-. .— —.....—. — ___ — —— — —. ——— .- ..— ——
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ofthetite~tionsalongthecharacteristicltiesbd,ab,andbc snd
ofthereflectedwaveat~otitc areindicatdtherein.(Thereflected
waveatpointc representsthecontributionofallthecharacteristic
ltiesinfigure2 otherthanlinesbd,ab,andbc,as ismentionedh
appendixF.) Forweakshocks,themajorcontributionto shockattenti-
tioncomesfromtheintegrationalonglinebd. WithincreasingI%,the
contributionofthecharacteristiclinebc increasesgaduallyto a val-
ue ofabout30percentat ~ = 6.0. Theintegrationalonglineableads
to compressionwaves(whichtendtoacceleratetheshock)andtherefore
isnegativeinfigure6.
~ ~ 2.0 forthe

Itsvsluedecreasestoabout-20percentat
laminarcaseandtoabout-35percentat ~ ~ 2.75J

fortheturbulentcase,andthenticreaseswithticreasestn I&. (The
influenceof characteristiclineabmaybe somewhatoverestimatedin ‘
thepresentsmalysisbecauseoftheassumptionofsm .ex@msionwaveof
zerothickness.) Thecontributionofthereflectedwaveatpointc var-
iesfroma valueof zeroat ~ = 1 to about-5percentat ~ = 6.
Theneglectofthelattercontributionappearsreasmablefortherang~
of & consideredherein.

RESUILCSANDDISCUSSION ‘1

Equations(6)and(7)deftietheattenuatimina shocktubewhen
theboundarylayeriswhollylaminarorturbulent,respectively.These m
equationsarenowcomparedwiththeexperimental.andtheoreticalresults
ofreference6.

ComparisonwithExperimentsofReference6

Measurementsof shockattenuationwereobtainedinthetivestiga-
tionofreference6 by usinga high-pressureshocktubehavinga l/6-
by l/8-footrectangularcrosssection.Airat roomteqeraturewasused
tiregions1 and4. Theairiuregion1 wasmatitatiedat atmospheric
pressure.Foursetsofruns,correspondingto P41= 4.061,5.764,
7.455,and17.915arereported.Theresultsoftheserunsaresummar-
izedinfigures7(a)to (d),respectively.Someofthetheoretical
curvesofreference6 areincludedtithesefigures.Thetheoretical.
predictionsof equations(6)and(7)arealsoindicatedinfigure7.
Thelatterwerefoundfranfigure3 with P1 = 2u7 andby ass-g
thewalltobe a perfectconductor(sticetheshocktubehadmetalwalls
exceptfora @ti of schlierenglassinserts).

TheReynoldsnuuiberatthecontactsurfaceforthesetestsisgiven ‘
directlyby figure3. Theboundary-hyerthiclmessatpointb ofregion
2 forthetestconditionsofreference6 isplottedinfigure8. It is 7

IPou-lco

. —.
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assumedb figue 8 thattheboundarylayerinregion2 iswhollyturbu-
lentandthatthewallisa perfectconductor.Theboundary-layerthick-
nessispresentedintheformof a relativethickness2% ~/h whereh
isthesmallestshock-tubedimensionnoa~to theflowsn~equals1/8
fortheshock_t&eofreference6. men 2~,b/h is m comparedto
1,theassumptionof a thinboundarylayerisvalid,andthetheoryof
thepresentreportisapplicable.Itmaybe seenfromfigure8 that
2&~b/h< 0.20 for x< 12 forthetestconditionsofreference6.
Sti:e 252b/h tendsto overestimatetheeffectiveboundary-layerthick-9
ness(becafiseoftheasymptoticmannerinwhichthevelocitiesapproach
free-streamconditionsat theedgeoftheboundarylayer),2figure8 in-
dicatesthatthetheoryofthepresentreportisapplicableforcompar-
isonwiththeexperimentsofreference6.

M figure7(a),theftistdatapoint(x~ 31)isclosetothethe-
oretical.valuefora wholly~ boundarytiyer.Theotherpoints
fallsomewhatabovethetheoreticalcurvefora whollyturbulentbound-
sxylayer.TheReynoldsnumberperfootatthecontactsurfaceforthis
caseis Re2,b/x= 0.4X106(fig.-3).UsingRe = 0.5x106asa rough
indicationofthetransitionReynoldsnunber,as discussedina~endix
H, it isreasonabletohavetheffistdatapointnearthelaminsrcurve
andtheotherpointsneartheturbulentcurve.

Theexperimentalresultsfor 1% =1.442 aregiveninfigure7(b).
TheReynoldsnumberatthecontactsurfaceis ‘e2,b/x= 0.8x1($.me
dataa~ee qtitewellwiththevaluesfora whollyturbulentboundary
layer.Thereisa.slighttendencyforthepointsto lieabovethethe-
oreticalcurvewhichmightbe attributedtotheshortlengthofmar
boundsrylayerdirectlybeMnd theshockwave.

Theexper~tal resultsfor ~ = 1.518(Re2b/x= 1.1X106)are
giveninfigure7(c)andme inexcellentagre~% withtheturbulent
boundary-layertheoryofthepresentreport.

Infigure7(d),theexperimental.results(~ = 1.792,
Re2b/x= 2.8XL06)fallsomewhatbelowthetheoreticalpredictionsof
the’turbulent-boundary-layertheoryofthepresentreport.

h general,thetheoryseemstoagreereasonablywellwithexperi-
mentfortherangeof dataconsideredinfigure7. Figure7{d)tidi-
catesthepoorestcorrelationandsuggeststhatthepresenttheorymay
underestimatetheattenuationcorrespondingto largevaluesof Ms.

‘Aproperlycomputeddisplacementthiclmesswouldprobablygivea
betteresthate oftheeffectiveboundary-layerthickness.

—..—_— ..._ ____ _... _. — .—— —— .-— . . —
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ComparisonwithTheoryofReference6

Thepresent
thecal.culations
boundarykyer.

analysisassmes a relativelythinboundarylayer,and
arebasedontheverticalvelocityattheedgeofthe
Thenumericalvalueof v dependsontermswhichare

relatedtotheboundary-layerveloci~’profile,dissipation,andheat
transfer.See,forexample,equations(D3a)and(D3c). Theseterms
correspondtotheuseofwdl shear,dissipation,andheattransferin
reference6. Dissipationandheattransferplaysimilarroles(qtii-
tatively)h thepresentanalysisandinreference6. However,itcan
be shownthatthevelocity-pmf’iletermintheequationfor v hasa
si= ~osite to thatofthewall-shearterminreference6 forcharac-
teristicltiesab andbc (e.g.,apymdix1). Therefore,theintegr-
ationsslongltiesabandbc,tireference6,overest3mate andunder-
est-t e,respectively,thecontributionsofthesecharacteristiclines
to shockattenuation.Ifthessmeboundary-layertheoryisused,the
attenuationcalculationsofthepresentreportandofreference6 should
be inquantitativeagreementonlyh thelimitingcase MS+ 1 (for
whichthecontributionsof characteristiclinesab andbc arenegligible]
andforthosevaluesof Ms wheretheerrorsdueto chsx’acteristic
ltiesabandbc tendto compensate. 2

SincedWferentboundary-layertheorieswereusedtireference6
smdherefa,itisnotd5rectlypossibleto separatediscrepan’ciesbe- .

tweenthetwomethodsdueto therespectiveboundsry-layertheoriesfrom
thediscrepanciesduetobasingtheattenuationcalculationsonwall-
shear,dissipation,andheat-transfertermsratherthanon v. An
est&ate ofthelatterdiscrepancycsmbe obtatiedby revers3ngthesign
ofthefirsttermintheequationsfor L2 (eq.(D3c])and ~ (eq.
(D4c})forthetitegrationsof v alongcharacteristiclinesbc andab.
Sucha proceduxeshowsthatthetheoryofthepresentreportandthat
ofreference6 agreeat MS = 1. WithincreasingMS,reference6 first
overestimatestheattenuationbecauseoftheticreasinghportanceof
characteristiclineah. At MS= 0(1.5),reference6 overestimatesat-
tenuationby aboti10to 15percent.Withfurtherincreasesh MS,the
errorsincharacteristicltiebc becomeimportantandtendto compensate
fortheerrorsinlineab sothatthediscrepancybetweenthetwomdhods
decreases.At MS = 0(2),thetwomethodsareagaininapprwimate
a~eement.As Ms increasesfurther,ltieabbecomesrelatively
less@ortant comparedwithbc,andthetheoryofreference6 underes-
timatestheattenuation. At MS= 6,themethodofreference6 appears
tounderest@te theattenuationby about50percent.Theabovefig- P
uresareonlyapprox5mate,becauseofthemsnnerinwhichtheywereob-
tatned,buttheyhiicatethepropertrendwith MS.

*

-. ——
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Fromfigure5(b)itcanbe seenthattheattenuationtheoryofref-
erence6 (forturbulentboundarylayers)is ingoodagreementwiththat
ofthepresentreportfor 161%4 2. .!Theagreementissomewhatbetter
thanthattobe expectedfromthediscussionofthepreviousparagraph
andisdue,inpsz’t,totheuseofan incompressible-boundary-layer
theoryinreference6. Hence,eithertheorycouldbe usedto correbte
theexperimentaldataoffigure7. For ~ > 2,reference6 consider-
abl.yunderestimatestheattenuation.TheMar-boundary-layertheory
ofreference6 cliffersby a factorofabout2 fromthatofthepresent
report;therefore,thereisa largediscrepancybetweenthetheoretical
laminar-boundary-layercurvesh figure7(c).

CONCLUDINGREMARKS

A methodispresentedforcomputingtheattenuationof a shockwave
duetounsteady-boundary-layeraction.Thevariousassumptionstivolved
intheanalysisaresumnarizedinthissection,sincethesedefinethe
limitationsofthemethodandsuggestpossiblefieldsforimprovements:

1.Smallperturbations.Theequationsofmotionwerelinearized
assumingthepotentialflowexternaltothewallboundarylayerunder-
goesonlysmallperturbations.Forlongshocktubeswithlargeamounts
ofattenuation,itmightbe advisableto employa characteristicmethod.

2.Thinboundarylayer.Theassumptionofa thinboundarylayer
(relativeto shock-tubediameter)isconsistentwiththeassumptionof
smallperturbationsofthepotentialflow. Iftheviscouseffectsspan
theentiretubecrosssection(i.e.,longimibes),itmaybe advisableto
basetheshock-attenuationtheoryonwallshear.

3.One-dimensionallongitudinalwaves.It ispreviouslypointed
outthattheperturbationsina shocktubeshouldbe computedby asswn-
ingeachelementofwallsurfaceareatobe an elementalacousticsouxce
of strengthproportionalto v. Thisgivesrisetoa complexwavepat-
terninvolvingbothlongitudinalandtransversewaves.Forthepurposes
ofthepresentanal.ysisitwasassumedthatthelongitudhalwavesare
ofprimaryinterestandthatthesecanbe computedonthebasisofa
simplifiedone-dimensionaltheory.Thisassumptionisaccuratewhenan
obsezwerisrelativelyfarfrcmthesources(sincethedetailsofthe
sourcedistributionarounda perimeterthenbecomere-tivelyunimpor-
tant)but introduceserrorswhentheobserverisnearthesources.It
wouldseemthattheassumptionofone-dimensionallongitudinalwavesis
accurateforweakshocksbutintroduceserrorsforstrongershocks,par-
ticularlywhentheflowrelativeto thewallissupersonic.

. . ._. _— —___ .— ——— .. ——— ——-—



14 NACATN 3278
.

4.Boundary-layertheory.Theboundary-layertheoryofreference
2 wasused. Itmaybe assumedthatthel.aminar-boundary-la.yersolution
isreliableexceptpossiblyforverystrongshockwaves.Inthela.tter
case,verylargetemperaturegradientsexistnormaltothewall,andit
maybe advisableto choosea differentreferencetemperaturefromthat
usedherein.Also,forstrongshockwaves,dissociationmightoccur
whichwouldalsorequirechangesinthelsminar-boundary-layertheory.
Theturbulent-boundary-layertheoryofreference2 requiresexperimental
verificationforeventheweak-shockcase. However,thegoodagreement
betweentheattenuationcalculationbasedontheturbulentboundarylayer
ofreference2 andtheexperhentsofreference6 s~ests thatthe
turbulent-boundary-layertheoryofreference2 givesreasonableresults,
at leastfortheweak-shockcase.

5.E@mnsionwaveofzerothickness.h orderto shplifytheprob-
lemofdeterndntigtheboundarylayerbehindan ecpansionwave,itwas
assumedh reference2 thattheexpansionwaveisofnegligiblethick-
ness(i.e.,“expansionshock”).Thisassumptionisvalidforweakex-
pansionwavesbut isinerrorforstrongexpansionwaves.Theboundary-
Iayersolutionforregion3 mightbe improvedforthestrong-wavecase
by consider~ thefinitethicknessoftheexpansionwave. However,the
contributionto shockattenuationofregion3 becomessmallforthe

o

strong-wavecase,sothatan improvedboundary-layersolutionforregion
3 maynotsi~ificantlyaffecttheattenuationcalculation. w

b additiontothepreced~ discussion,thefollowtngextensions
ofthepresentreportmightbe pursued:

1.Thedetailsforobtaintigtheperturbationsata ftiedpointin
theshocktube,as opposedtofindingtheshockattenuationas isdone
herein,mightbe treated.Thiswouldbeusefulforfurthercorrelating
thetheorywithexperimentandfordetermhingconditionsat an aero-
-C model(whm theshocktubeisusedasa windreel).

2.Formubsequivalentto eqwtions(6)and(7)mightbe derived
forthecasewheretheboundarylayerispartlylandnarandpartly
turbulent.

3.Theboundezy-layertheoryas outlinedh appentiesD andE
mightbe simplified,particularlyfortheturbulentcase,soasto give
reasonablyaccurateresultswithouttootediousa boundary-layer
calculation.

LewisFlight PropulsionLaboratory
NationalAdvisoryComi.tteeforAeronautics

Cleveland,Ohio,April24,1956
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APPENDIXA

SYMBOIS

Thefollowingsymbolsareusedinthisreport:

—..

cross-sectionalareaofttie

speedof sound

eq.(C3)

specii?icheatat constantpressure

eq.(C3)

h@RtiiC dimeter,4@

eq.(C7)

eq.(C7)

smallestshock-tubedimensionnormalto flow

a~endixesD andE

perimeterof shock-ttiecrosssection

Mch nuniberofflowrelativeto walJ

shockMachnumberrelativetowall

Machnumberofflowinregions2 and3,relativetowall

rateofmss additionperun!.tareaperunit x

appendixesD andE

pressure,lb/sq

Reynoldsnumber

Reynoldsnumber

ft

(appemdixH)

.—— . .— —-——

ofregion2,

)]
~ MS , appendixH

—. —-— .— .—
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T

Tr

t

u

x

Y

A

v

‘E
P.

a

‘c

<w
Subscripts:

1,2,3,4

a,b,c,d,e

m

w

. ~.

temperature,%

temperature

tlblle

Velocityof

velocityof

veloci~h

of insulatedwalJ-

flowrelativetowalJ

shockwaverelativetowall

regions2 and3

verticalvelocity(positive
edgeofboundarylayer

longitudinaldistsmce

ratioof specificheats

perturbationqyantity(4=

relativetowall

wheredirectedtntothe) at

perturhationof p, etc.)

~-boundary-layer thiclmessinregion2 (eq.(D5))

turbulent-boundary-layerthicknessinregion2 (eq.(E3))

coefficientofviscosity

k.illallaticviscosity

tite-t ionvariablerepresenting x

massdensity

Frandtlnuniber

titegratiunvarisblerepresentingt

wallshear

regionsof

stress,positiveh +x-direction

shocktube(fig.1)

pointson chszacteristiclines(fig.2)

evaluatedatmeant
T

eratuxeofboundarylayer
(appendixesD andE

evaluatedatwall
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Superscripts:

-1- associatedwithwavemovtigdownstream(+x-direction)

associatedwithwavemovingupstream(-x-direction)

Specialnotation:

a32F a3/a2;p12z‘P1/P2Jetc” (Twosuccessiveintegersubscripts,
notseparatedby a coma,representa ratio.)

.—— .—— .— . —
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CHARACTERISTIC-LINEGEOMETRYANDSOME~

Theequationsofthecharacteristiclinesconsideredinthepresent
reportaresumarized.Scamimportanttitegralsaretidicated.It is
assumedthatthecharacteristicltiesarestraight{correspondtigto the
ideal-flowcase) andthattheexpansionfancm be consideredasan
“expansionshock”(i.e.~ exPansionwaveof zerothickness)movingwith
velocitya4 intoregion4 (followingsketch). Thepointd withcoor-
dinatesx,; isassumedtobe ontheshock-wavecharacteristic.

/

k/ =U3

a4

Region a
4, 1

o“
*

.

x)‘5

80-l
UY

.

—.— .

#

+
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Theequationsofthecharacteristiclinesare:

Linebd

Lineab

‘c=t x -’E
az + U2

~=gb+(a2- ‘2] (Tb‘T}

11 - M2 + {u&)
Usz-g=

1-% 1kc-<

19

(Bl)

.-. ——.,———--_. .. ___,_____ —— ..— .—— —— . .–— —z .—— —.——
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h termsof x,t,thecoordinatesof points

Po3nta

[ 11+M2-(uJa.J
ga =-x

l+ M3+a43

[ 1

1+ M2- (~/a2)
‘Ta=t l+ M3+a43

Pointb

Pointc

~b [ 1=x 1+M2 - (u~/a2)

% [ 1
=t l+ M2-(~/a2)

[ 11+~ - (~/a2)q =x 1 - M2 + (u~/%)

[

1 -I-M2 - (u8/a2)
‘Tc=t 1- M2 + (u./%~1

Someiruportmtlimeintegalsare

1

i

NACATN 3278

a,b, andc are

(B2)

.

(B3)

.

v

●

.
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INTERACTION

Weakpressurewaves

APPENmXc

OFPRESSUREWAVESWITHINTERFACES

21

areassumedto overtakea contactsurfaceora
shockwave. Thestrengthofthereflectedandtransmittedwavesis
found.

ContactSurface

Considerthecontactsurfacewhichseparatesregion3 frcmregion
2 (followingsketch).At a certaininstant,knownincidentwaves

4~,b

,Contactsurfacet \

‘x

:,b /“

/’
b/ 4:,b

AP~,b
/1 @j,b

Region3 / 2
-x

and Apj,b titersectthesurface.Theproblemisto ftidthefinal
waves@~,b ‘d @,b” Franisentropicflowrelations,

4+=pa~+

}
(cl)

Ap-= -pa&-

Theboundaryconditionsacrossthecontactsurfaceare

}

~+,b+~,b ‘&~,b+&;,b

@;)b + @j)b ‘ 4j,b + 4:,b
(C2)

..— —.. _ —-—. .—.— —-— .—
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fromequations
are

where

Thequsmtities
respectively.

NACATN 3278
.

(Cl)and(C2),theexpressionsfor 4~,hand 4~,b

(C3)

D ~ 2/(f32a23+ 1)

C andD arereflectionandtransmissioncoefficients,

ShockWave

Considera shockwavem.mntngtithvelocityus titoa stationary .
fluid(region1). Theregionbehindtheshockis&signatedasregion
2. Conditionsh regions1 and2 canbe foundfromshock-wavetheory.
ti@iCli&, with yl = T2,

.

(C4)

At a certaininstant,a @own wave 4;d intersectsthe shock(follow-
tigsketch). >

tropydisconttiuity
t

4
ZShock wave

@:jd

Region
2

,

.

,
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Theproblemis
Fromequations

23

todeterminethenetperturbationoftheshockwave.
(C4),

qz,d 4rl
P2 ‘Tl+l p12~Ns,,d

‘2,d 2
‘Tl+l

() 11+~4M~,al M:
Thenetpressureandvelocityperturbationsinregion
by

(C5)

2 arethenrelated

(C6)

(C7)

With @2,d= @d+Ap~,d ‘d ~,d= ~+,d + ~-,dj usingeq~tions
(Cl)gives

@~,d = ~;,d

@2,d = F@:,d
}

where

Es
(

@

)/(

$
2P12%2~ + M2 - 1

)
2%2%2 ~ + @ + 1

‘=(@12a12,~%)/fp12~2,:.::1

ThequantityE isa reflectioncoefficient.Theresultingpemba-
tionoftheshockWch nwiberis

~d Tl+lP2~ F@~d
Ms

. 4T1 —

%
P2

(C8)

-— .-—.. . . ..— _. —— ——— ——— —--—- .. ——. ——— . . .—
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= o.

which

For ~

becomes

tnfinitel.ylarge,

@;d “
- 0.14 for yl = 1.4,

@:d=
)

tidicatingthatthereflectedwaveisrelativelysmallandisopposite
h signto theincidentwave.

*

— ——_——._
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APPENDIXD

alo0d

Thelaminarboundarylayerbehinda shockorthinexpansionwave .
isanalyzedinreference2. Someofthe.resultsaresummarized“here3n.
It isassumedthatthewalltemperaturebehindthewaveisconstantand
that u and Cp areindependentoftemperature.Thefluidproperties
w sad k arereferencedto a meamtemperatureas discussedh appendix
C ofreference2. Thenotationof.reference2 iscomparedwiththeno-
tationofthepresentreportinthefol.lowim.gequations.Theleft-hand
sideof eachequationrepresentsthenotationofreference2,whflethe
right-handsideisinthenotationofthepresentreport.

Region2

‘e =U s-’%

ve = ~2

x=u#-E

% 1—=
‘e 1- w’=s‘1

J(Dl)
% U.JUS
—-1=1
% - @21%

Region3

=a%4

u’=a+e 4% } (D2)

‘e = V3

x=a4’r+E

% -uJa4

J–-’=~”‘e

VerticalVeloci~atEdgeofBoun’@~Iayer ‘

Theexpressionfortheverticalvelocityatthee@.geofthebomid-
arylayercannowbe writtenasfollows:

Region2

~ .2=-% [lf&;usJ-n2(u;2_g~ “

.

(D3a)

—— — . ..-— — — .————.——
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“

where
I

nz = 1/2 (D3b) “

8UI
u)

(D3c)

,3f’-$-’y=wJ”(D3’)

n,
-o.045u~us

J“’2’:=’-56’W’(”2;-(U2’%’ “=)

J
w

! S2‘q= 1.134

0

-o.50+o.47(uJl~)

o.37-o.39(uJ@
1- (W‘sr2(o)=(02) (D3g)

(D3h)‘2,r ‘~& r2(o’)

_=~T: ::;*+l) +0.22(* -]P2 (D3i)
P2,m

.

Theabovequantitiescanbe evaluatedifthewallsurfacetempera-e
T2,W ismown. me vslueof Tz,lrdependsontheheatcapacityand

conductimpropertiesofthewalland-thewallthickness.
A methodfor

I
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.

evauatiq‘2,W ispresentedm reference2. fromthediscussion~
reference2, itmaybe concludedthatinmostcasesT2,W approximately
equals‘1 whenthewallisa metal.

Region3

v3=L3(~~-n3(a~+~.

where

r1 ~3,m T3
‘3 = 2 P3,‘3,m

(D4a)

(D4b)

= 1.217

.(
m v ‘w’

1 + (u#a4)
r3 dv= 1.686 2.234+

o a4

O.22u3/a4

~a3)-
(D4e)

J0“s3d’’’7F=‘H’
o’.37+0.50(u#a4)
l+(uJa4)

r3(0)= (U3)

T3,r Y-3-1
=l+y ~ r3(0)

‘3

,

(I@

(D@

—.——.—— —.—- .. .._ .——._ .._ —- ———. —
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%=05(%’.)‘“22(%9(D4i) .

Equations(D4)canbe evaluqtedif T3,~ isknown.Ifthe‘wallis 3n-
itidly attemperatureT4,men T3,W = T4 isgenerallya goodesti-
mate for T3,~T~as isdiscussedinreference2.

Boundary-Layer!l?hiclmessM Region2 “

Ihthebodyofthereport“itisassumedthattheboundarylayeris
thinrelativeto theshock-medismeter.It isthereforeof interest
topresentan expressiondeftitigboundsg-layerthickness.Regim 2 is
ofparticularintereststicetheboundarylayertnregion2 isgenerally
largerthanthatinregion3..“Let ~
layerthicknessh regicm2,definedso
Fromequation(18)ofreference3,

(Eq.(D5)usesa meanreference
for qb (definedinref.3)and

—

representthels@nm?-boun~-’
asto correspondto ~ = 0.99.*.

I-=Z7K

temperatureandan

J’T2-1 rn
+ 2$

.
r2 d~ -

0

(D5)

interpolarionfoimula
tal& theupperlimitontheinte@als

tobe ~ ratherthan qa.) To evaluate52 alongthecharacteristic

(

l+M2-

)

%/% ‘
ltiebd offigure2,take-uS%- & equalto 1+M2 (x-g).

Thevalueof 52 atpointb isfoundby replacingusz- & by.

(

..
l+M2-

)( )

%Ja2 U2
1 -—

1+M2 x.
‘s

.-
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mm BOUNDARY LAYERmmw WAVE

Theturbulentboundarylayerbehinda shockorthinexpansionwave
‘i:alsostudiedinreference2 forthecaseof constantwall.surface
temperature.Thecorrespondencebetweenthenotationof reference2
andthatofthepresentreportwaspreviouslynotedh equations(Dl)

K and(D2).Theturbulent-boundary-layersolutionofreference2 (rela.t-
0 ingto v) isnowsummar+ ized.It isassumedthatthewallsurfacetem-

perate isessentiallyconstant.

Vertical.VelocityatEdgeofBoundsry“Layer

Region2

where

(ma)

(Elb)

[(#(u’Jus) - 1 _ us T?
g ~ ‘J27 T2,W *2J6

. . F

. .

. .

(Ele)

(Elf)

——.- ___ .. .___ -- ., - . .
—-.—. —... —.— — _— -
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Z+qa.z
1-1-b~z - C2Z2

T2,r - ;
T2,W

C2=(W(*)

(m)

(Em)

(Eli)

T2,r
=,1+ ‘* l&a2)’/3 (Elj)

‘2

*=o.5&+)+o.@-$ (Ells)

Theconditionsunderwhiw ‘‘2,W essentiallyeqtis ‘1 cm be estab-

lishedby themethodsofreference2. TheassumptionT2,w = T1 appears
reasonableformostcases.

Theintegral~,N istabulatedinreference2 for N = 6,7,and

8 andvariousvaluesof b2 and C2. Theintegralcanbe evaluated

analyticdlyfromthefollowingexpress.ions:

12’”=F=‘12’”)’2-“’’N”J(EIZ)

where “

(Elo) “

.

.
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Alternateexpressionsfor(12,N)P2ud (12,N)x2me

(12N)~2= 1
? (m-l)(l- !J

=(N+l)~l->)

Region3

1 ( l!-+
=~l+N)(l-p2 1 + (N+2)(l-p2)

‘3 = %“

where

[

1-(N+-1)

2!

31 ‘

+ 1...(E@

(Elr)

‘3 = 1/5

a4

“[

U3
=.; 1+ —-7

3 a4

T3

(

113

]
— 13,6<~ 13)7
‘3,W

(E2a)

(EZ%)

(E2c)

(E2d)

—.. — —.- ——. .._——. _ . —— - —— ..— .—_. .—.
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[f331 + (u3/a4)
] ‘~ ~3,6.-(1‘:)13,7 ‘~ ‘3,~~3(uJa4).

J1
z*(32

13,n=
o ~ + b3z- C3Z2

.3= [@3,J3) -q @JT3jw)

T3,r
T3 =1+ ‘3; ‘~ (.31’/3

~ %-=05(%+022(%-)

.

(E2e) ‘
,,

(E2f)

(E2g)

(E2h)

(E2i)

.

(E2k)

Theconditionsunderwhich T3,W essentidly equalsT4 canbe estab-
lishedbythemethodsofreference2. TheassumptioriT3.W= T4 appears
reasonableformostcases.The~te~ ~,N
thetablesofreference2 or equations(EIZ)to
script2 replacedby thesubscript3 therein).

canbe ev&luatedfrom
(Elr)(withtheSUb-

Boundary-LayerThicknesstiRegion2

Thesyuibol& representstheturbulent-boundary-layerthickness
asobtahedfrom~ integrsl(K&m&-Po@hausen)typeofpoundsry-layer
solution.Fromreference2, itcanbe shownthat

.\

. .

. .
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<

{ [-1}
4/5

u2/% (~/u.)3/5 ~2 l/5
~ = 0.0574~z ~2 U2

()
(u~z- @4~5

(1 - U#@ Er—- 1
82 us

(E3}

Thevalueof 32 alongcharacteristiclinebd or at point-bmaybe

.~ obtainedby the substitutionsindicatedafterequation(D5].
10*

y
c)’

, u

------ —..—.— .—— - —.. —- _.— — ——. — —
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APPENDIXF

DEVELOPMENTOF~ON FORMUIAS

Theattenuationoftheshockwaveina shocktubeisnowderived.
Theflowisconsideredto consistoftheidealshock-ttieflowplus
smallperturbationsduetotheboundarylayer.Theidealflowisuni-
forminregions1, 2, 3,and4,and.isdenotedbytheappropriatesub-
scripts(i.e.,P1~Pz)P3Jetc.).Perturbationsatanypointarede-
notedby A andanadditionalmibscriptindicatingthepoint.Thus,
theperturbationsatpetitb offigure2 evaluatedontheright-hand
sideoftheentropydiscontinuityaredesignatedby @2,b> ~,b) and
SO forth.Theexpansionwaveoftheidealflowisasswnedtohaveneg-
ligiblethicknessandtopropagateintoregion4 withthevelocity
u=- a4 as indicatedinfigure2. (Thesameassumptionwasusedin
theatt~uationStUdYofref.6.)

Letpointd offigure2 representan arbitrarypointontheshock
wave. Theproblemisto findthenetpressureperturbationbehindthe
shock(i.e.,@2,d). Thisrequtiesan integrationof equation(4)along .~

allcharacteristicltieswhichcontributeto @2,d. Becauseofthe
entropydiscontinuities,therearean infinitenmiberof ltiesegments
alongwhichthe~tegrationmustbe conducted(fig.2). However,the .
major-contributionsto @2.d canbe shownto comefromse~nts ab,
cb,andbd.

If 4;d represents
equation(C7jgives

But,fromequation(4),

theincidentpressurewaveatpointd,then

42,d = F@;,d , (Fl)

. . .

wheretheintegrationisconductedhong thelinebd. Fromequation(C3),

(F3)
b

—



NACATN 3278 35

m
Ino
d+

Ao
s’

.

Again,fromequation(4), “

. . .

P2 =P3. me

1 a@@2 d
-—
F%2 P2’

ti appendixes

expressiona~% Ap2,~ cm thenbe expressedas

(F4)

D andE itisshownthat
turbulentboundarylayers

forwholly~

where L and n areindependent
n dependonwhethertheboundary

of ‘c and ~.
layerbehinda

or.&olly

Thevaluesof L

(F5)

and
givenwaveislaminar

. . . . .-. ._ —__ —____ —_ ..— _ . —.- ——
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orturbulent.
equations(B3)

NACATN 3278

Substitutingequations(F5)titoequation(5)andustig
yield

l-n2L32D
’32~ —

a32

l-znz
FL2G+2J

[l’l-(u(!r
r

(Mz)‘+3(n2-xf2\n3-%

.

ThecorrespondingchangeinshockIkchnumber
(C5).Appropriatevaluesfor L and n are
andE.

u IA
.

ml #

canbe foundfromequation
giveninappendixesD

If n2=n3 @ GE42,@?Z, d isassumednottovarywith
l-n2 ~d

thene~ation(F6) idicatesthat 42,c/&2,d = (~c/X)

42 ~ . ~ Cc1-n2
~ AP2,d ()Z-

X,

(F7)

Equation(F7) indicatesCE42,@’2, d’to,betidependentof x and “

isthereforeconsistent.withtheoriginalass
T

tionto thiseffect.
Substitutionofequation(F7) fntoequation(F6 givesaccurateresults
evenwhen ~ + n3,sincethemaJorc~tributionto @2,d cows ‘rem
thefirsttermontheright-handsideofequation(F6). Theterm
~ 42 c/@2,d representsthecontributionto m2,d of~ thechar-

7
acteristicltiesoffigure2 otherthanlinesab,bc,andbd,andisre-

.

ferredto asthecontributionofthereflectedwaveatpointc infig-
ure6. Itcanbe seenfromfigure6 thatthistermissmallandcan ,
probablybe neglectedinnmstcases.
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If itisnecess~ to considertheboundarylayerbehindtheshock
(orexpansion)waveaspartlyl-ar andpartlyturbulent,thenequa-
tion(5)mustbe integratedaccordingly.

m
$.

>,

.

. .- ...—. ._ ——_—....__ -. ..—



38 NACATIT3278
.

AI?PENDJXG

IDEALSHOCK-TUBERELATIONS

.Shock-ttierelations,assuming
forconvenience.Theformulaswere
notationp12= dpl/p2)a32= a a29

idealflow,arepresentedherein
obtainedfrm reference1. The
and so forth,isagainused.

Define

Then

1
%4

[
‘— l-(P2~-1)P21

L
.

(Glb)

(Glc)

(Gld)

(Gle)

(Glf)

(Gig)
●
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:=% =& ~p14p2J-”q

.–. -

(Glh)

.(Gli)

. .

.

(Glj)

. . . . —.——=~~. . . -—
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kENDIXH .-(
1

A Reynolds
regions2 and3

REmomNUMBERSAND TRANsmoN
nunbercbaracteriztigtheboundary-layerdevelopmentin
oftheshocktubeisnowdeveloped.

(Region2 ~S -&
)

<1
‘s s.

h thenotationofreference2,a Reynoldsnuriber

theboundarylayerbehtid

Usingthetransformations
bas~ v onfree-stream
my be writtenas

characterizing

(ue-uJ2
a shockisdefinedtheretnas Re = ~

w Ue
tidicatedby equations’(Dl)andarbit&rily
conditions,theReynoldsnuniberforregion2

.

(m)

..

.

where ~~% arethecoordinatesofa pointh region2. Consider5,T
tobe a petitonthecharacteristicltiethroughx,t (precedingsketch).
TheReynoldsnuniberforpointsalongthisltie~as a fwctionof g) is
(usingeq.(B2))

(E2)

IfthetransitionReynoldsnumberisknown,equation(H2)canbe usedto
.

determinethevaluesof g atwhicht=sition occurs.Themaximum

—-
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Reynoldsnumber
equals

41

h region2 occursatthecontactsurface(~= ~b)and

(H3)

Equation(H3)canbe usedasa generalindexasto
layer(al&g thecharacteristic-line)isprimarily

‘m:ln , turbulent.A plotOf Re2,b against~ forair
o+ ‘1 = 520°R) isgiveninfigure6.

whethertheboundary
orprharily

inregion1 (with

ThetransitionReynoldsnumberfortheboundarylayerbehinda
shockwavehasnotyetbeenestablished.Intheabsenceofmoreaccur-
ate3nfomation,thetransitionReynoldsnumberforincortrpressibleflow

[
overa semi-infiniteflatplateRe = 0(0.5KL06)lmightbe usedto es-

a

thate thetransitionpointbehinda shockwave.Thatis,take
Re2= 0(0.5XL06) as a roughesthate forthetransitionReynoldsnumber.
Thisisprobablya conservativeestimateforthestrong-shockcases,
sincethelargeamoumtofheattransfertotheshock-tubewallsmayhave
a verystabilizingeffectontheboundarylayer.

Region3
(
-16LG%

a4’c a4)

Fora pointinregion3,theReynoldsnumberasdefined

Region

A 3

a

inrefer-

ence2 becomes(ushgeqs.(D2)and v basedonthefreestream)

+i-

u3(a4~+E)u a
Re3=

‘3 l+u a4

/

(H4)

.-—.— — ———
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Fora pointonthecharacteristiclineinfluenctigpoint x,t(preceding
sketch),theReynoldsnumberbecomes

U3X u3/a4

[(

l+ M3+a43~+ l+%-Re3= —
),]

‘@z a4
V3 - 1+% x l+ M3+a43 ~ (H5)

s

At thecontact-face (~= Z&),equation_ hasthevalue

(H6)

ThecriterionRe3= 0(0.5x106)mightbe takenasa roughestimatefor
thetransitionReynoldsnumberbehindtheexpansionwave.

Theboundary-layercharacteristicspresentedinappendixesD andE
indicatea disconttiuityintheboundary-layerprofileacrossthecontact
surface.(Notethat Re2,b~e3,b= V<V2.) Thisdiscontinuitydoesnot
actuallyoccur,andthetheoreticaldiscontinuitythusrepresentsa de-
ficiencyofthepresentmethod.Theeffecton shockattenuationisprob- ?,
ablysmall.

*
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APPENDIXI
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GEMRATIONOFPRESSUREWAVESBY WAILS13E.ARAND HEATADDIIl?ION

Thegenerationofpressurewavesbybodyforcesandby heatsources
b one-dimensionalflowisinvestigated,andtheresultsareusedto
comparethemethodofthepresentreportwiththatofreference6.

WaveGenerationby BodyForces&d HeatSources

Assumea unifomflowofpressurep, velocityu, andsoforth,in
a ttieof constantcrosssection.Thisuniformflowisassumedtobe
slightlyperturbedby weakbodyforcesandheatsources.Theequations
ofmotionare(neglecttigthepossibilityofmasssources,sticethis
caseistreatedineq.(1))

(Ii)

h~%?+’J==PT J
where f(xt) isthebodyforceperunitvolumeactingh the+x-direction
and q(x,t~ istheheatadditionperunitvolumeperunittime.Thesym-
bol As representstheentropyperturbationof a particleandisrelated
tothepressureanddensityperturbationsby

Theperturbationatanypoint x,t canbe shown

4Q=43t+Qc
PP P

(12)

to equal

(13)

—— —. — —— .—. _
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where

&=
-l?

. ,~[++
2pa(l+ M

d-.

Theu~er limiton
whetherM < 1 or

theintegralfor 4- is i-OJor -COdependtigon
M>l. Sinceequations(1)and(Il.)arelinear,the

Po
W
co

solutionforthecasewheremasssourcesa’ealsopresentcanbe obtained
by addingequation(2)to equation(13).Notethatan elementalheator
masssourcegeneratesa symmetricpressure-wavepattern(positivepres-
surewavespropagatinginthedownstreamandupstreamdirections),while
an elementalbodyforcegeneratesan antisymetricpressure-wavepattern
(positivepressurewavespropagattiginthedownstreamdirectionsmdneg-
ativepressurewavespropagating

Comparison

In effect;reference6 uses

intheupstreamdirection). .

tithReference6

equations(13)to findtheshockatten-
uationh a shocktube.Thevalueof q isobtainedby averag3ng,
acrossthetubecrosssection,theh-t t-sfer at theWSJJ-andthe
viscousdissipationh theboundarylayer. Thevalueof f iSfom_dby
averagingthewallshearacrossthetubecrosssection. Thus,if qw
is
is
is
be

theheattransferredintotheboundarykYer Perwit ~ area)~r_
thenetdissipationh theboundarylay= perunitwallarea,and ‘C17
theshearperunitareaexertedby thewallonthefluid(takento
positiveinthe+x-direction),then

Substitutingequation(14)~intoequation(13)and
appropriatee-ch~ct eristiclinesshouldyieldthe

(14)

tit egrat ingalong
sameresultsforshock--—

atl%nuationasthose
differentviewpotit.
theresultsobtained
thepresentreport).

whichwereobtainedinreference6 froma somewhat
However,theseresultsarenot~ agre~nt ~~th

.

fromequation(4)(thelatterbeingthebasisof
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Equation(4)isbasedon
latingtotheheattransferat

45

v whileeqyation(14)containstermsre-
thewall,viscousdissipation,andwall—

shear.But,fromboundary-layertheory;itcanbe she-mtha~ v is
dependentontermsrelatedtotheheattransferatthewall viscous
dissipation,andthevelocityprofile(see,e.g.,eqs.(D3ajand(D3c)).
Theheat-transferanddissipationterm6inequations(14)and(4)p-
thesamequalitativeroles,andtherefore,willnotbe discussedfurther.
However,thewall-shearterminequation(14)h somecaseshasa si~
oppositeto thatofthevelocity-profileterminequation(4). Thus,
thesetermsarenotalwaysh qualitativeagreement,andthisleadsto
discrepanciesbetweentheresultsobtainedfromequations(14)and(4).

Consider,forexample,thebounda~layerina shocktubeforthe
caseofnegligibleheattransferanddissipation.Forthiscas~ v de-
pendsonlyonthevelocity-profileterm. Similarly,onlythe ‘c term
isretainedinequation(4). Thesi~s of v smd =W andoft~e re-
sulthgpressureperturbationsinregions2 and3 oftheshockttieare
summarized3nthefollowingtable:

RegionI sigl I
PerturbationsPerturbations
basedon v basedon =W
(eq(4)) (eq(14))

J

v Ap+ 4- TW Ap+ 4-

2 - - - - - -1-

3 + +“ + - - +

Thus,whenheattransferanddissipationsreneglected,a pefiurbatio~
solutionbasedon v dtifersfroma perturbationsolutionbasedon ‘cW
inregardtothesignofthe 4- waves in region2 andthe Ap+ waves
inregion3.

Itmaybe concludedthatattenuationsolutionsbasedon equation

[
14)differfromthosebasedon equation(4)inthefollowingrespects:
1)Thetitegrationofequation(14)alongcharacteristiclineabtends
tooveresttiteitscontributionto shockattenuation,and(2)theinte-
grationof equations”(14)alongchar&teristiclinebc tendsto under-
estimateitscontributionto shockattenuation.Fort% limitingcase
Ms+ 1,thefitegrationsdo~ ab”md bc are negligible,andequations
(4)and(14)givethesameresults‘forshockattenuation.

---- .- -.———.———- — ——. —— —._ ..——
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Whentheboundarylayeristhin,it isobviousthattheattenuation
calculationshouldbebasedm equation(4). Iftheviscousshearaf-
fectstheentire.crosssection(asfora longshocktube),thereisno
longera coreofpotentialflowandthesolutionshouldprobablybebased
.onequations(14)(oronthecharacteristicsmetQod~f ref.6 whennon-
linearitiesbecomeimportant).Thequantities%W, ~, and ~ should
thenbe basedonunsteadypipeflowratherthanonthin-boundary-layer
theory.b practice,theboundarylayerisgenerallysufficientlythin
topermittheuseof equation(4).
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(a)Shocktubebeforediaphragmburst.

l&pansionwave

Time

4 Contact
I surface Shock

Region4

Distance

(b)Wavediagramforperfectfluid.

~Boundarylayer
.,

Flowinshocktubewithrea3.fluid.

Figure1.- Shock-tubephenomena.
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Figure2.- Characteristiclines
shocktube.

appropriateforstudyofattenuationin

.
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Figure3.
at520°
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Mmlinalshock

- Reynoldsnuraberat

4
Machnumber,~

pointb forair
(appendixH).
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inregion1
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IlorIMIshockMachnumber,~

(a)Laminarcase.

P@me 6.-Percentcontributiontoshockattenuationof
characteristiclinesoffigure2. Air-airshocktube;
T1= T4= T2,W=‘3,w= 5200R;~dtl numbera,0.70;

ratioofspecificheatsy,1.4.
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(b)Turbulentcase.

Figure6. - concludes. Percentcontributionto shockattenua-
tion of characteristiclinesof figureZ. Air-airshock
tube;T1=T4-TZ,W-T3,W=5ZO0R;~dtl n~bera>
0.70;ratioofspecificheatsr,l.~.
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O ~ntalplnta (ref. 6)
— Theory, turbulent boun~ layer

(eq. (7) with TZ,w = T3,W = Tl)

.—— ~eory, lami~ bo~d~ ~W
(eq. (6) with T2,v = R,w = l’1)

—— Theory, turbulent bOWJd~ b3yeT

(ref. 6, C+ = 0.0561.Re .1/5)

1 .

.

.

Distance from diaphragm, x, ft

(a) ~essure ratio R4/pl, 4.061} shock Mwh ~ber r~tive ~ ~
M# 1.W.

Figure 7. - Pressure behind shock wwe a. function of distance from dia-

phra

T

. h-air 6hock tube. T1 . TA = 5200 R; hydraulic diameter

d, 1 7.
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4
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Distancefromdiaphragm,x,ft

(b)Pressureratiop4/pl,5.764;shockMachnumberrelativetowall
~, 1.4?42.

I?@we7.- Continued.Pressurebehindshockwaveasfunctionofdis-
iancefromdiaphragm.Air-airshocktube.T1= T4= 520°R;~aulic
dismeterd,1/7.
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(c)fiessureratiop4/pl,7.455;shock”Machnumberrelativetowall
~, 1.518.

Figure7.- Continued.Pressurebehindshockwaveasfunctionofdis-
tancefromdiaphram.Air-airshocktube.T1= T4= 520°R;hydraulic
diameterd,1/7.
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Figure7.- Concluded.I&essurebehindshock
tancefromdiaphr~. Air-airshocktube.
diameterd,1/7.
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Figme 8. - Relative tiundary-layer thickness at point b of region 2 for experiwn-
tal conditiorm of reference 6 (air in region 1; turbulent kmundary layer;
~ = T2,W = 520° RJ h, 1/8 ft).
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