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A METHODFORESTIMATINGVARIATIONSINTEERocmm’gIE

LATERAkSTABIIJ3?YQUARZC’ICIIIETO CHANGESINM&SS

ANDAERODYNAMIC!PARAMETERSOFANAIRPLANE

By OrdwayB. Gates,Jr.,andC.E.Woodling’

A methodispresentedforestimatingvariationsin therootsof
4 thelateral-stsbilityquarticdueto changesinmassandaerodynamic

parametersof an sirplane.!Themethodis appliedto threehigh-speed
airplanesandthechangesoftheirlateralstabilitycharacteristics

● aredeterminedby consideringincrementsinvariousairplaneparameters.

Theexpressionsindicatingtherateof changeof theDutchroll
dampingandfrequencywithrespectto thestabi13ty derivativessnd
masscharacteristicsaxesimplifiedandtheresultswhencomparedwith
thoseobtainedfromtheexactexpressionsshowverygoodagreement.

Theratesof chsngeoftherootswithrespectto theparameters
areshowntohave.sdefiniterelationshipwiththeamplitudecoeffi-
cientsandratiosofthelateralmodesofmotionoftheairplanesub-
sequentto appliedforcesormoments.Fromtheserelationships,csku-
lationoftherateof changeof therootswithrespectto fiveprescribed
parametersallowsdeterminationoftheremainingpartialderivatives,
theamplitudecoefficients,andratiosmentionedabove.

Thederivedexpressionsshouldtifotisomeinsightintothet~es
ofautomaticstabilizationdeviceslikelytobe mosteffectivefora
givenairplanesince,ifautomatic-stabilizerdynamicssreneglected,
thestabilizer~seffectivelyvaryingoneormoreofthemassor aero-
_c parametersoftheairplane.

Amethodis giveninthe~pendixwhichcanbe usedto calculate
approximatelytherootsofthelateral-stabilityqusztic.
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Recentinvestigationsofthelateralstabilitycharacteristicsof

airplaneshaveindicatedthatsmallvariationsintheestimateofthe
massandaerodynamicparametersof a givenairplsmemaycausepronounced
changesin itsstability.(Forexample,seerefs.1 to4.) Estimations
ofthemassandaerodynamicparametersoftheairplane,whetherfrom
wind-tunneldata,flighttests,orexistingtheory,sresubjectto
certainprobableerrors.Hence,a meansofevaluatingtheeffectof
theseanticipatedprobableerrorsonthestabilitycharacteristicsof
a givenairplaneshouldproveveryuseful.Also,sucha toolshould
providesomeinsightintotherelativeimportanceofparametersor com-
binationsofparametersaffectingthestabilityoftheairplaneand,as
a result,providestrendswhichshouldbe useful.in theselectionof
automaticstabilizingdevicesforparticularairplanes.

Thepurposeofthepresentinvestigationisto deriveemressions
fromwhichtheapproximatevariationoftherootsofthelateral-
stabilitycharacteristic-quarticequationdueto smallchangesinone
ormoreof theairplaneparameterscanbe calculated.As a check,the
resultsobtainedby utilizingthederivedexpressionsarecomparedwith
theresultsofexactcalculationsofthevariationof therootsdueto
changesin certainparametersforthreedifferentairplanes.Also,
thereispresenteda methodwhichcanbe usedto calculateapproximately
therootsof thecharacteristic-quarticequationfora givensetof
parameters.

Theratesof changeoftherootsofthecharacteristicstability
quarticwithrespecttotheairplanemassandaerodynamicparameters
areshowntohavea uniquerelationshipwiththeamplitudecoefficients
andtheratiosofthemodesofthelateralmotionsoftheairplanesub-
sequentto certd.ndisturbances.

K.Mitchellinreference5 presenteda methodforcalculatingthe
approximatechangesintherootsof a quarticequationduetovariations
inparametersuponwhichitscoefficientsdependwhichisverysi.mllar
to thepresentmethod.Thepresentinvestigation,conductedindepend-
entlyofthatofMitchell,makesuseof a slightlydifferentapproach
totheproblemand,in addition,thederivedexpressionsareexamined
witha viewtowardobtainingsimplerexpressionswithwhichtowork.
Also,an attemptismadeto estab~sha criterionwhichdefinesthe
rangeofvariationsintheparametersforwhichtheassumptionof
linearityisvalid.

.—
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SYMBOLSANDCCEU?FICIENTS

A,B,C,D,E

B’,C’,D’,E’

a

a*im

a,b,c,...f

b

CL

cl

c1
P

Cn

c%

coefficientsof lateral-stabilityequation

coefficientsof lateral-stabilitye~ationhavingbeen
dividedby A

measureofdaqingofDutchrolloscillation

complexrootof stabilityequationcorrespondingto the
Dutchrolloscillation

coefficientsin solutionsof lateraleqpationsofmotion

wingspan,ft

trimllftcoefficient,w Cosy
qs

Rollingmoment
rolling-momentcoefficient,

@b

dsmping-in-rollderivative,rateof changeof rolXng-
mment coefficientwithrolUng-angular-velocityfactor,

rateof changeof rolJlng-m~ntcoefficientwithyawing-
t?cl

angular-velocityfactor,—%, perrti=

effective-dihedralderivative,rateof change
momentcoefficientwithangleof sideslipj
radian

ofro13.ing-
&z/*j per

Yawingmoment
yawing-momentcoefficient,

q.sb

rateof changeofyawing-momentcoefficientwithrolling-
%angular-velocityfactor,—
~’ ‘er‘dim
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Cnr

Cy

%P

CYr

Cyp

%

F(A)

~

t=~l

Kx

Kxo

Km

KZ

%.

kxo
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damping-in-yawderivative,rateof changeofyawing-m#nent
coefficientwithyawing-angular-velocityfactor,-%’
perradian %

directional-stabilityderivative,rateof changeofyawing-
momentcoefficientwithangleof sideslip,&+@f3,per
radian

lateral-forcecoefficient,LateralforceC@

rateofchangeof lateral-forcecoefficient
*y

angulsr-velocityfactor,—~ perradian
~

rateofchangeof lateral-forcecoefficient
&y

angular-velocityfactor,—~ Perradian@
2V

lateral-forcederivative,rateof changeof

withrol.lin&

withyawlng-

lateral-force

“

coefficientwithangleof sideslip,*/@ ~ Perr~~

differentialoperator,d/dsb

characteristic-quarticequation

accelerationduetogravity,ft/sec/sec

nondimensionalradiusof ggrationin rollaboutlongitudinal
stabilityaxis, 02cos2~+ KZo2si.n2~

nondimensionalradiusofgyrationinrollaboutprincipal.
longitudinalaxis, kXo/b

nondimensionalproduct-of-inertiaparsmeter,

(%
2- KXo2)sinq cos~o

nondimensionalradiusof
stability@s, ~“’ ‘ertica’

nondimensionalradiusofgyrationinyawaboutprincipal
verticalaxis, kZo/b

radiusof gyrationin rollaboutprincipallongitudinal.
axis,ft

h-

e-
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P

P1YP2

5

q

a ql>~a

. r

s

8b

T1/2

t

v

v

w

%

B

7

● 9

.

radiusof ~ation inyawaboutprincipalverticslsxis,ft

massof airplane,W/g,slugs

rollingvelocity,d@/dt,radians/see

coefficientsof h intwoquadraticsthatconstitute
stabilityquartic

m
Laplacetransformvsriable,f(~)=

J
e-%?(t)dt

o

dymsmicpressure,
@72
~, lb/sqft

constantcoefficientsintwoquadraticsthatconstitute
stabilityquartic

yawingvelocity,d~/dt,rat3isms/sec

wingsxea,sqft

nondimensionaltimeparameterbasedon span,vt/b

timeforamplitudeofoscillationto changeby a factorof2
(positivevalueindicatesa decreaseto half-amplitude,
negativevalueindicatesan increasetodoublesmplitude)

time,sec

airspeed,ft/sec

sideslipvelocityalonglateralaxis,ft/sec

weightof airptie,lb

massandaerodynamicparametersuponwhich A,B,C,D,andE
depend

angleofsideslip,v/V,radians

szugleof flightpathtohorizontalaxis,positivein a
climb,deg

inclinationofprincipallongitudinalaxisof sirplanewith
respectto flightpath,positivewhenprincipal@s is
aboveflightpathatnose,deg
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A,An nondimensionalrootofstabilityequation,
AA4+Bh3+c#+DA+E=o

realrootofstabilityequation

realrootof stabilityequation
rollmale

relative-densityfactor,m/pSb

corresponding

corresponding

to spiralmode

to damping-in-

massdensityofair,slugs/cuft

angleofbank,radians

angleofyaw,radians

frequencyofDutchrolloscillation

naturalfrequencyofDutchrolloscillation,(.2+ U#)’/2

frequencyofDutchrolloscillationbasedontimein

seconds,u’ . WIb’ radians/see

Thesubscripto isusedto indicatethevalueofthequantity
when Axi=0.

ANAIXS33

EquationsofMotion

Thelateralnondimensionallinearizedairplaneequationsofmotion
forlevelfllght(7= O) andcontrolsfixedreferredtothestability
axesare

Rol.lingj:

Yawing:

n

—.

s,

—

.
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Sideslipping:

7

.

When
for B in

2~@b~+%!)=cyp~+~@p%@+~%r%~+cd

floe % kb‘b is substitutedfor @, ~oe for *, and j30e
theeq,,tionswrittenin determinantform, A mustbe a

rootofthestabilityequation,

F(A)= AA4+BA3+C%+DA+E=0 (1)

where

A=

B=.

(~b Kj+knrcyp+ k~bKx2c%+K#czpcyB+ ~cc2 ‘r 2p- K~CZrcyp-

4~#xzc~p - C%KmCyP + KnC%~p - Kx%yrCnp+ KxzcyrC~ -
B

}

(2)

*
E=

.

1c Cz CypLCzrCnpCyp +–
4 4+$

~ cL@nrcZP- CzrcnP)
1
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oftheRootsDerivationofExpressions

WithChanges

fortheRateofChange

inAirplaneParameters

Thelateral-stabilityquarticisgivenbyequation(l). Thecoef-
ficientsA,B, C,D, and E havebeenshowntobe functionsofthe
variousmassandaerodynamicparametersofanairplane,henceforth
desi~ted aS x1, X2,-X3,.;
tobe independentvariables,a
changesinthecoefficientsof

. xi. Zfthepar~eter;xi sreassumed
changein a parameterwillresultin
equation(1),thatis,

aB— Aq‘= Bo+axi

c=co+kAxi
thq ?

~DD=Do+—
&i ‘i

E= &Eo+—Axi
axi

J

rootsofequation(1)willthenbecomeA-=~ + AA. For Axi = O,
incrementintheroot AA isequalto zeroand A = ~, B = Bo,
Co,D =Do,snd E=EO. Substitutionofequations(3)for A,B,

(3)

The
the
c =
C,D,md Emd A=~+AA intoequation(1)andconsiderationof
thelimitingcaseforwhichAxi and AA approachzerocanbe shown
tobe equivalenttodifferentiatingeqpation(1)implicit~withrespect
to xi. Therefore,

aA=-
ikq (4)
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A pointofinterestisthatequations(3)represent
inthecoefficientsregardlessofthesizeof Axi
arelinearfunctionsoftheparameterxi,whichis
parametersexceptK=.

9

theexactchanges
ifthecoefficients
trueforaU the

Equation(4)expressestheslopeorrateof changeofthero~tsof
equation(1}withrespectto ~ parameterxi. ~ severalparameters
arevariedsimultaneously,thetotalchangein A isgivenby the
eqression

or

If

GeneralFormofVariationExpressionssadCriterionfor

DeterminingApproximateRangeofLinearity

thecoefficientsofthestabilityquartic,therootsofthis

(5)

qusrbic,andthepartialsofthecoefficientswithrespectto a selected
parameterareknown,therateof changeof anyrootwithrespecttothis
parametercanbe foundfromequation(4). Thevaluesofthecoefficients
fora particularairplanecanbe foundbyevaluatingequations(2). The
rootsmsybe foundby eithersolvingthecharacteristicqyarticby var-
iousconventionalmethods(forexample,ref.6] orby usingtheapproxi-
mationmethodpresentedin theappendix.Thegeneralformsofthe
partial.of thecoefficientswithrespectto severaloftheparameters
xi aregivenintable1. Theparametersthatareusedare cznYc2r>

~m2 (theprincipalradiiof ~ation squared)werechosenratherthan

&z end %2 sinceerrorsin K& and Kz2 couldresultfromerrors
ineitherKX02, ~02, or q.

Aftertheparsmeteris chosenandthevaluesofthecoefficients
sndthevaluesofthepartialsofthesecoefficientsaresubstituted,

● equation(4)becomesa functionof X. Nowdependingonthenatureof
the A of interest,equation(4)msybe realor complex.

-.



10

For A
oftheabove

real,theapproximatechangeof A due
parmetersis

m.

andthenewrootdueto the Ai

For X complex,thatis, a

is approximately

L @
+ ax~

* h, equation(4)
by equatingrealto realandimagin~ to-imaginary,
existsthat

wick TN3134

to a changeinone

(6)

(7)

becomescomplex,and
thecondition

?

(8) .

andtheapproximatechangeof a and w dueto a changein oneofthe
parametersis

Then,thenewcomplexrootdue

&
‘-Q+F

Itmaybe welltomention
~i=a. ii will
evaluatedfor A

A

.

(9a)

(9b)

approximately

( b )Ax~+i~+_-~i (lo)

herethatequation(4)evaluatedfor...
merelygivetheconjugateresultof equation(4)
= a + iu,andthechszvgein-a maybe expressedas

.
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or

Am= a!.)— Aq&i

whichis identicalto equation(gb).Therefore,intheremainingdis-
cussionwhenthecomplexrootor itsslopeisdiscussed,thecomplex
rootis assumedtobe a + h.

Naturally,theslopeexpressionwillnotaccuratelyapproximate
thechangeof A forlargevaluesof Axi. Therefore,a criterion
mustbe establishedthatwillindicatethevalueof Xi atwhichthe

ax Axi no longergivesa suitableapproximationtoexpression~ + z
thenewroot.

Since A is a functionof xi, A(xi+hxi) msybe obtainedfrom
theTsylor’sseriesexpsmsioninthevicinityof xi. Thefirstthree
termsoftheexpansionare

A(XL+Axi) = A(xi)+ h’(xi)Axi+
A“(xi)(Axi)2+.. .

2!
(11)

where A’,A“,andsoforth,denotedifferentiationof A withrespect
to xi. Inthepreviouspartof thispaperthethirdtermandall
succeedingtermsintheaboveexpansionwereassumednegligible.Now
itis assumedthat,wheneverthethirdtermbecomessufficientlylarge
tobe 10percentofthesumof thefirsttwoterms,theinitialassump-
tionof linearityno longerpresentsa suitableapproximationto the
newroot. This

Thesecond
differentiation

criterionmsybe expressedas

L&(&i )2
2 &i2

<0.10

partialof
of equation

(12)

A withrespectto
(4).

xi maybe obtainedby

.
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[
a~ (6n2+ z$Bh+c)~+4alh 13 + 3a2h2+ 2a3A+ 6.4

a2A _ ‘2&

axi2 4W3 + 3BA2+ 2Ch+ D

When A = a + im,theabove
a%

‘d ~ areequalto the

expressionbecomes

realandimaginary

respectively.Inorderto applythecriterion

a%
a complex number and ~

Zhq’
partsofthisnumber,

(eq.(12))for A = a + iu,
the-termsa and u mustbe-consideredseparatefi;thatis,fora change
in a equation(12)becomes

—

<0.10

Sinceequation(12)employsonlythreetermsof equaticm(11)itis
possiblethatthe Axi calculatedfromthisexpressionwillactually
givesl.lghtlymoreor lessthan10percent.Althoughno resultsEme
presented,t~s criterionwasfoundtobe
ofnon~nearityofthecurves.

SimplificationoftheSlopeEquation

adequatefortheprediction

fortheOscillato~Root

Althoughvariationsinthemassandaerodynamicparametersof an
airplanemsycausechsmgesinalltherootsofthestabilityquerticj
usuallychaugesintheoscillatoryrootareofprimaryinterest;that
is,thechsngeinthedampingandfrequencyoftheDutchrolloscilla- --- --
tionoftheairplaneisofmostconcern.Therefore,anattemptismade
to simplifyequation(4),forthecasewhere ~ isequaltothe
oscillatoryroot(a● iu),inordertoreducetheamountofworkrequired
to obtainvaluesfor ~a/&i and A/&i andalsotoprovidesome
insightintotheparameterswhichaffectthesepartialderivatives.

Thedenominatorofequation(4)ismerelythederivativeofequa-
tion(1)withrespectto A. Iftherootsofequation(1)are,as in
theusualcase,tworealroots,namely,xl and
conjugatecomplexroots,

~, anda pairof
a * ia,thedenominatorofequation(4)may

be writtenas

.

.

.

.
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F’(h) = &@2 - 2aA+ a2+&)(h - Al)+ (A2- 2aA+

1=+&)( h- ~) + (A- hl)(h- 79)(2A- 2a)

Now,if A = a + h is substitutedintoequation(13),

F’(a+ iu)

aswaspointedoutinreference5.

Also,if A = a + iu),thegeneralformof

.

By rationalizing

b(a+ ifm) _d.+ci
hi e+fi

—
d

equation(4)is

theaboveequationandbyusingequation(8),

Theexactformof d and c

d=- 8A (ak -
~ 6a%2+u4) -

~A (4~u - 4a#3)c =.—
&i

&# ~de+cf
~ e2+$

&_ce-df
~ e2+ f2

fromequation(4) are

13

(13)

(14)

(15)

(16)

●

✎✍✌
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Theformof e and f fromequation(14)are

Thesimplificationssrenowmadethat a and AI areapproximately
zerocomparedwith h2 and u; thatis,thedampingof theDutchroll
oscillationandspiralmodearenegligiblecompsredwiththedampingin
rollandfrequenqy.Hence,d, c, e, and f become

“

—.

*

.

Then,equations(15)and(16)meybe writtensa
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(18)

Unfortunately,becauseofdifferencesin signof first-orderterms
whichmakesecond-ordertermsimportant,expressions(17)and(18)will
notholdfora fewof theparameters.Separateexpressionsme presented
fortheseparametersinwhichsomesecond-orderterms(involvinga and
powersof a)areretained.

Itwasfoundthat,forthethreeairplanesusedinthispaper,equa-
tion(17)my be usedto calculatetherateof changeof a withrespect
to cnrY~lr>cn& CIPYC+l CYPYand ~ withgoodresults.

.

For CZP use

.

aafik&+a(%N-%1-”2R-’a-%-%2al(,,,—_

aqp ‘A#’(A’’+-uJ’)
For KXo2 and ~02 use

aq ‘A&’ +UF)

Equation(18)maybe usedto calculatethe

‘espect‘0 c%’
Cnp,Cl=,CZP,K&2, and

For Cnr and cy~ use

rateof changeof u with
n“

>

--
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.
For CZP and KX02 use

4&t2)+$CC?-
il[ J

>jaz).k#A)-*++- --~)+~(5m2)+*&) -~qa)
b—=

*(M2 +~q ---

1
Oxi (22)

—
_—

Theprecedingexpressionsweresimplifiedundertheassumptionsthat
Al and a aresmallandhencearenotexpectedtogivea goodapproxi-
mationto theexactvaluesforairplsneswherethespiralroot Al i.s
of thesameorderasthedamping-in-rollroot X2 or forairplanes
whichpossessa largedegreeofdampingintheDutchrolloscillation
(large-a/%). For~dmke wheretheseconditionEexistthe
generalslopeequation(eq.(4))shouldbe used.

OtherPossibleSimpMficationsfor Cnr W Cnp

Manytimes,by closerexaminationofthesepsratetermsofequa-
tion(17)setup fora specificparameter,anetiremelysimpleequation
msybewrittendownwhichverywellapproximatestheresultsobtsined
by thecompleteslopeequation(eq.(4)).Twosuchexamplesusing Cnr
ad Cnp arepresented.

Ifthepartialderivativesofthecoefficientswithrespectto Cnr
(tableI)aresubstitutedintoequation(17),thefollowingequationis
obtained:

~2(& +u?)
.. . .. . ---

Twoassumptionsaremade: First,theterm K@yp isnegligiblecom-
paredwith $ Clp and,second,theterm CZPCypisnegligiblecompared

wfth CZpCyP.
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.
Ifthefollowingtwoconditionsaresatisfied:

.
202L~2 Km

111(Cnp >
)

— CzpClp + ~2

-.

.

andif ~ snd A2 canbe well-approx@ated

%P
h“ 4~bKx2

equation(23)reducesto

aa 1
q“ &b&’

by

17

(24)

Thisresultisthessmeaswouldbe
offreedcxninyawwhichmeybe expressed

(
2ybKZ2D2- ~C%D +

obtainedby assumingonedegree
aa

C%)*= o

wheretherealpartofthecomplexrootis

c
a _ ‘r

8~bKZ2
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andifthisequationisdifferentiated

NACATN3134

withrespectto %r
.-!

.
ba—= —
&nr 8%’2

Equation(17)setup for Cnp by usingthepartialsofthecoef-
ficientsfromtableI gives

[ )&]-02(*b2-2-icz.cyp-wbcz13’iczpcy,3,‘2‘~b@Xcyp+~clr
aa—.

% 2A&(A2’+.’)
Again,anassumptionismadeasto theorderofmagnitudeof several 4

terms.Theterms~czc4 pYrand - $Clrwp areassumedtobe negligible
comparedwith pbcl~.

Ifthefollowingconditionis satisfied:

I ( )2,5CZp~2KXZCYP+ &Zr + 10pbKX2KnC!np
I I

expression(~) msybewell-approximatedby

Ashasbeenpointedoutbefore,thesetwoexpressionswerederived
undertheassumptionthatcertainconditionsmustbe satisfiedand,if
theseconditionsarenotsatisfiedfora particularconfiguration,equa-
tions(23)and(25)shouldbe used.

Itis interestingtonotethat,fromequation(24),theeffectof
thederivative&r ishighlydependentuponthemomentof inertiaIn
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.
yaw. -o, fromequation(26)thederivativeCn

P
appearstobemoat

. effectiveforairplaneswitha lowmomentof inertiain ro~ or a high
effectivedihedralClp.

RelationofSlopeEquationto AmplitudeCoefficients

ofLateralModesofMotion

TheLaplacetransformation(ref.7) of thelateralequationsof
motionfor~eroinitialconditio~and-theassumptionof & input
yieldsthefollowingequations:

.

where ~ istheLaplacetrsnsforqvariable.

By useofdeterminants,expressionsare
and j3(~)asfollows:

Pi(F)mm‘—mm1

Cn=l

(27)

m 2

(28)
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where Pl, P2.)p3~ - Q arefunctionsofthemassandaerodynamic
characteristicsof theairplane.By useof
theorem(ref.7) theinversetransformation
thesolutionsD~, @, and $ asfunctions
parametersb,thatiS,

Pi(o)

$1

%(%)—+
Q(o) n= &Q’(&)

filsb+
* + ale . . .

theHeavisideexpansion
ofequations(28)yields
ofthenondimensionaltime

n
~’%

_ p3(d
2

p3(?d ?insb
$ Q(o) + e

n=l kQ’(&)

~~sb+
p=co+cle . ..+cme %% J

(29)

Thelinearanddistinctrootsofthelateral-stabilityquartic
Q(F)= o .@reAl,X2,. ● . ~, and Q’ denotesdifferentiationwith
respectto ~. Therootsof Q(~)= O are,of course,identicalwith
therootsdiscussedprevi.ous~forequation(l).
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Thefollowing

-.

.

21

relationshipscanbe shownto exist:

AL

ac++&l

(30)

Fromtheexpressionfor @/V,theconclusioncsnbe madethat,for
airplaneswitha high @/~ ratiointheDutchroll,theDutchroll
dampingwillbe moresensitiveto thederivative
derivativeC&.

Comparablerelationshipscanbe derivedfor

%p thanto the

thederivativesCZr,
= 1. For CZ = 1,
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andtherefore

.

.

(3U

(32)



.

.
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For Cy = I,

andtherefore

.

23

(33)

(34)
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.

Thecoefficients~, bo,co,do,eo,fo,~, ho,snd i. which
appearin equations(29),(31),and(33)aredefinedasfollws:

.

%=

b. =

co=

do =

e. =

fo=

C*rCZp - Czrcnp

‘~ZrCY,+(% -~r)ct~
(CLcnrc2p- %r%p)

Ctr
CnrczP - Clrc%

2C
-.

-Czc
C%czp rnp

CnrCy+ C?3(hb - Cyr)

cL~nrcZp- clrcn~)

-Cnr

go =0

ho=-~ CL

io=O

(35)
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.

Thefollowing
.

relationshipsexistfor %2, KX2,W &:

(36)

Thesepartialderivativeswerenotdiscussedpreviouslybutarerelated
ah ahnto——

ah
‘md~ asfollows:

h~02’ 8KX02

(37)
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w thoseof equations(36)intoequations.(37)yields

equations(30), (32)>(34)2(35)) ma (38)) itFromexaminationof
becomesapparentthat,fora givenflightcondition,calculationofthe
rateof changeof & withrespectto fiveparameters(s~} %r> Cnp}
CnP} CIP,and CyP)allowsdeterminationoftheremainingpartial
derivatives,theamplitudecoefficientsassociatedwiththelateral
modesinthetransientresponsestounityawing-moment,rolling-moment,
or side-forceinputs,andalsotheratioswhichexistbetweenrolling,
yawing,andsideslippingineachlateralrode.

Althoughtheprecedinganalysisassumedunitmomentsorforcesas
inputs,thesametypeof approachcanbe usedforarbitraryinputswith
similarresults.



NACATN 3134 27

TheSlopeExpressionas a PossibleIndicationofSuitable

.

.

AutomaticStabilizingDevicesforAirplanes

Flighttestsandsmalysisofmanyofthepresent-dayatrplaneshave
indicatedthatthelateralorDutchroll.oscillationofthesetirplanes
isverypoorlydaznped.Usually,inorderto improvethisundesirable
stabilitycharacteristic,artificialdampingis supp~edto theairplane
by sometypeof automaticstabilization.However,theproblemoften
existsthat,althougha specificstabilizerhasproventobe satisfactory
foroneslrplsne,ithasbeenfoundtobe unsuitableforanother.For
instsmce,thedampingcharacteristicsofa certsinairplanemaybe msrk-
edlyimprovedby ah autopilotthatsuppliesa yawingmomentto theair-
planeproportionalto therateofyawbutnotmuchaffectedby anauto-
pilotthatsuppliesa yawingmomentproportionaltotherateofroll,
andyetformotherairplanetheconversemsybe true. Also,thisdif-
ferencein sensitivityof airplanestovsrioustypesof artificial
damperscanexisteventhoughtheypossessthessmeornearlythesame
naturalperiodandbasicdampingcharacteristics.Sincetheslopesor
ratesof chsmgeoftherootsarea measureofthesensitivityofthe
dampingoftheairplaneinthedifferentmodesofmotiontovarious
parameters,theyshouldaffordsomeinsightintotheconditionsthat
mightexistinorderforsomeoftheabovesituationsto result.

As anexample,assumefourairplaneswhich,forthesameflight
condition,havethesamedampingcharacteristics(samerootsof charac-
teristicequation)butdifferin someoftheirmassandaer~c
parameters.Thecharacteristicsoftheassumedairplanesaregiven
h thefollowingtable:

Quentfty AirplaueI Airplane2 Mrplme 3 urpm k
b,ft.............

z:;
35.3

V,ft/sec. . . . . . . . . . . 6% z:; 695.:
7,deg............ 0 0
CL..........-... 0.2 0.I.2 0.12 O.&
h .............. 50 w w 50
Q2.............. O.olw 0.W%5 0.01M5 O.w%
Kz2.............. O.@C& 0.1008 O.m 0.1008
Km.............. 0 0 0 0
~,deg............ 0 0 0 0
ZZp,perrtim........ -0.45 -o.= -0.45 -O.-
>Zr,perradian........ O.CA
~, perrtiim........

O.& 0.08 0.08
4.01 -0.01 -0.035

%>Frr&m ......-.
-o.o@s

-0.15 -o.m -0.15 -0.30
*p,perrtim........ 0 0 0 0
%r,perrtim........ 0 0 0
~B,perr&m........

o
-0.58

>~,perrtian........
-0.58 -0.58 -O.*

0.I.2 0.2% 0.12 0.24
:Zp)p-err- . . . . . . . . -0.1.1 -0.u. -0.22 -0.22
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Althoughtherootsofthecharacteristicquarticfortheseairplanes.sre
thesame,theirsensitivityto certainparametersisdifferent.Examina-
tionoftheslopesshouldindicatethennotonlytheparametersthatsre
mosteffectiveinincreasingthedampingoftheEutchrolloscillation
butalsothereasonthatsomeparametersar~moreeffectiveforoneair-
planethantheyareforanother.Sincethequarticsfortheairplanes
havethesameroots,thecoefficientsofthequarticsmustalsobe
identical.Therefore,iftheslopesareto differ,thereasonmustbe
a differenceinthepartialsofthecoefficientsofthestabilityquartic
withrespecttothevariousparameters.(Seeeq.(4).)

Now,assumethatitisdesiredtoequipeachdrplsmewithan
auxiliarydsmpingdevicein orderto improvetheDutchrolldamping.
Ifthedampersareassumedtohaveno lags,theeffectofthedampers
canbe consideredmerely&sa modificationofthestabilityparameters
andtheslopeswillpresenta measureofthesensitivityoftheDutch
rolldampingto theseparameters.

Thevaluesfortherateof chsngeofDutchrolldampingwithrespect
tO Cnr, Cnp, and CZP forthefourairplanesaregiveninthefollowing

table:

Airplane
& & &
Knr ‘%

q

1 0.0$8 -0.076 0.0058
2 .024 -.076 .012

.048 -.15 .0058
? .024 -.15 .012

Assume,forexample,thatsdrplanes1 md 3 equippedwitha
c~r typeyawdamperaresatisfactorilystable.Forairplanes2 and4,
thesameyawdsmperwouldbe onlyabout50percentas effectiveasfor
airplanes1 and3. Forallfourairplanesit appearsthat,basedonthe
slopes,a Cnp damperwouldbe moreeffectivethana Cnr damper,but,
in selectionof a suitabledamper,considerationmustbe giventoits
effectontheotherrootsofthecharacteristiceqpationaswellasto
itseffectonotherfactorssuchastheroll-to-yawratio.A Cnp type
damper,althoughgenerallyeffectivein stabilizingtheairplaneDutch
roll,primarilyredistributesthetotaldampingofthesystemand,aEa
result,thedamping-in-rollroot A2 Is adverselyaffected.Hence,the
valueof X % whichcanbe toleratedbeforethisadverseeffectbecomes

importantisusuallysmallandtheincreaseinDutchrolldampingis

.

?

.
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somewhatlimited.Thisadverseeffectdoesnotoccurforthe Cnr type
damperand,consequently,a largerincreaseinDutchrolldsmpingusually
canbe obtainedby introducinglargeincrementsto Cnr.

Nevertheless,theimportantpointtobe madehereisthata dif-
ferencemsyexistinthesensitivityoftheirdampingtodifferent
parameterseventhoughtheairplanesinitiallyhaveidenticaldamping
characteristics.Furthermore,by useoftheslopeequationthisdiffer-
encecanbe attributedto specificterms. , thereasonair-
planes3 and4 havea slope b/&~ doubl~O~h~%fletirplanes1 smd2
isthatthevaluesoftheparametersCZB and Czr fortheformerair-
planesareexactlydoubletheseparametersforthelatterairplanes.
Hkewisethedifferenceinthe ~r snd Clp slopescanbe attributed
to specificterms.It isof interesttonotethatthedifferencein
&/&nr and aa/~nm forthefourairplaneswillbepredictedcorrectly
by thesimplifiede~ressions(eqs.(24) and (26)).

APPLICATIONOFMETHODTOTEREEAIRCRAFTANO

DISCUSSIONOFRESULTS

Stabilityderivativesandmassanddimensionalcharacteristicsof
threeairplanesaregivenintableII(a).Thenondimensionalrootsof
thequarticequation(eq.(1)),thevaluesof liT1/2fortheaperiodic
modes,andthevaluesof 1/%/2 andfrequencyoftheosciXLato~mode
foreachairplanearepresentedintableII(b).

Theresultsobtainedby evaluatingtheexactequation(eq.(4))
&f/&i fortherealrootssmdthecomplexrootsforeachairplanewith
respectto thetenparametersaregivenintableIII. Theratesof
changeofDutchroll.dampingandfrequencyas calculatedfromequa-
tions(17)to (22)arepresentedintableIValongwithsimilardata
fromtableIIIas a comparisonoftheresultsobtainedbyutilizing
thesesimp~fiedequations.GeneraHy,theagreementisverygood. The
slopespresentedintablesIn andIVsrenondimensionalslo’pesandif a
comparisonismadebetweentheslopesofonesir-planesndthoseof
anotherairplane,theymustfirstbe multipliedby the V/b ratioof
therespectiveairplanes.Theseslopesareplottedin figures1 to4.

Ina lateral-stabilityanalysis,%/2 is ccmmonlyusedas anindi-
. cationofthedegreeofdampingof an airplsne.Here l/T!l/2is chosen

forplottingratherthan T1/2 sincetheformercanbe expressedas a
. linesrfunctionof Axi.
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Forthepurposeofcomparingtheeffectofincrementsintheparam-
eters.onthelateralstabilityofthethreeairplanesamdmainlyasa
co~arisonoftheapproximatechanges,obtainedby themethodsofthis
paper,withtheexactchanges,figures1 tok srepresented.

Thestraightlinesin figures1 to& indicatetheapproximatevaria-
tionsoftheordinatedueto variousparemeterchanges,calculatedby
themethodsofthispaper.Thesymbolsindicatecheckpointswhichwere
takenatequalpositiveandnegativeincrementsforeachparameter.
Thesepointsshowactualvariationswhichwereobtainedby increasing
ordecreasingthespecificparsmeterinthelateralequationsofmotion
andsolvingthecharacteristicquartic(eq.(l))forthenewroots.The
checkpointsarepresentedinthefollowingintervals,whichsxethe
sameforeachfigure:betweenAxi/xiequalto*1OOpercentfor C2P>
Czr)and Cnr;betweenAxi/xiequalto*5Opercentfor Cnp, CZP,
~ Cyp;betweenAxi/xiequalto*2Opercentfor KXO2 slldR02;
betweenN eqti to+0.05perradian;ad betweenAq equalto+60. s

%
Therefore,itisimportanttonotethat,withtheexceptionof %D .

and T,thevariationsin l/T1/2and u)’arenotplottedagainst
equivalentincrementalscalesforthethreeslrplanessincethebasic
parameterxi isgenerallydifferentforeachairplane.Theseparticu-
larintervalswerenotchosenaslimitsorboundariesforthemethodbut
wereusedinanattemptto showthedegreeto.whichthemethodcould
predictchangesfor..relativelylargevariationsofmanyoftheparameters.

Figure1 showschangesinthe /1 %/2 ofthespiralroot Al of —
threeairplanesdueto incrementsinvariousairplaneparameters.In

/
figurel(a)at AClpC!lpequalto -100percent,theactualvariation

hasbeenplottedoti foreirplsmeB, sinceforairplanesA andC the
realroots(Al and A2)havecombinedto formanotheroscillation.

Thespiralrootofalltheairplanesismostaffectedby those
parameterswhichwouldbe expectedto causethegreatestchangesas
indicatedfromtheapproximateexpressionofthespiralroot -E/D
where E istheconstantand D thecoefficientof A inequation(l).
Oneofthemostimportanttermsinthe D coefficientis -pczpcq.
As seenfromfigure1, clp andtheparameterswhichconst’itut&the
E coefficientcausethemostpronouncedchangesinthespiralroot.

Themethodappearstogivegoodapproximationstothechangesin

/the 1 T1/2 evenforlargevsri.ationsoftheparametersexceptfor

Clp and Cn .
s For Clp,themethodpredictedthechangesfairlywell
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/
up to Mlp Czp equalto*4Opercent.For C%, itgavefairapproxima-

tionsup to AC%/c”$
equalto+40percent.

Figure2 showschangesinthe 1.1/2 ofthedsmping-in-rold.
root A.2ofthethreeairplmesdueto incre?m?ntsin variousairplane
parameters.Themethodgavegoodagreementtotheactualchangesin
l/TI/2forallvuiationsoftheparametersconsidered.lhfigure2(a)

at ~lp/%D equalto -100percent,againtheactu~ variationhasbeen

plottedhn~ forairplaneB. Thereasonfornotplottingtheactual
variationsforairplanesA andC wasexplainedin theprecedingdiscus-
sionoffigure1.

C!z
A goodapproximationtothedamping-in-rollrootis A2= ~.

kPbKX2
Therefore,fromthisexpression,A2 appearstobemainlysensitiveto*
changesin CZP and K~. Exs.minationoffigure2 bearsthisout.
AlthoughKX2.wasnotplotted,thevariationsofthisparameterwill.
almostbe equalto thevariationsof Kxo2.

Figure3 showschangein l/T1/2oftheDutchrolloscillationof
thethreeairplanesdueto incrementsinvariousairplaneparameters.
ThevsriationofDutchrolldampingwithparametersotherthan C!ZP
is seentobe almostlinearforeachoftheairplanesup tothelargest
changesconsideredfortheparameters,andtheagreementbetweenthe
calculateddampingandthedampingpredictedby theslopeequationsis
seentobe verygood.ForairplaneA, however,theeffecton thespiral
root Al (seefig.1) endtheDutchrolldamping(fig.3(a))ofvarying

/
AczpCzp inthenegativedirectionispredictedby theslopeeq-tions

/
onlyup to AczpCzp ofapproximately-40percent.Thecalculated

pointsindicate“areversaloftheinitialeffectof c2p ontheDutch
roll.dampingbeyondthisvalue.Thephysicalreasonforthisreversal
isnotclesr.Mathematically,however,thereversalcanbe showntobe
theresultoftherelat~onshi.pbetweenthevariationof thetotaldamping
ofthesystem(B/A)andthevariationofthesumof Al and X2 with
Czp. Thislineofreasoningleadsto theconclusionthatthedamping~f
theDutchrolloscillationof:- airplanewillbemostsensitiveto
v~iationsin Clp when
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aq.ll - M ~*
orwhenthesepartialsareequalornearlyequaland

large.Althoughthereversaloftheeffectof Czp onthebtch roll
dampingofairplanesB andC isnotapparentfromfigure3(a),additional
calculationsindicatedthatthisreversal.doesoccurforlargervsxia-
tionsin CZP thanwereincludedinthefigure.

Figure4 showschangesinthefrequencyoftheDutchrolloscilla-
tionofthethreeairpbes dueto incrementsinvariousairplane
parameters.Thevariationsinfrequencycalculatedfromtheslope
equationsareseenfromthesefiguresto agreealmostidenticallywith
theactualvariationsfor~ oftheparametersconsidered.A generally
satisfactoryapproxtion ofthenondimensionalfrequen~oftheDutch
rolloscillationis

Fromtheaboveexpressionthefrequencyappears

●

✎

tobe mainlysensitive—

to KZ2J CnBj KX2, Kxz,and CZB (and Wb whichwasnotconsidered

.

.

inthispaper).Examinationoffi&re4 be~s outthevalidityofthe
expressionas anapproximationto u fortheairplanesconsidered.The ‘-
parametersC% and K~2 appeartohavethegreatesteffecton u)
butitshouldbe pointedoutthat Km fortheairplaneswasgenerally -—

-K~Cz
smallandthereforetheterm contributedverylAttleto u

~bK~2~2
fortheseairplanes.Thegeneraleffectofthistermcanbe seenfrom
figurel+(d).As ~ isassumedtobe increasedpositively,theterm
becomesmorepositiveand o is increasedsomewhat.

coNcIllmNGKEMfwm
=.

Expressionshavebeenpresentedinthispaperwhichafforda means
of calculatingtherateofchangeoftherootsofthelateral-stability
quarticequationwithrespecttotenmassandaerodynamicpsmmeters
uponwhichtheserootsdepend.Applicationoftheseexpressionsto

.-.

threeairplenesindicatedthatsatisfactoryresultsareobtainedfor
.
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●

lsxgevariationsinthetenparameterseventhoughinthederivationof
theexpressionssmallvariationsintheparameterswereassumed.An. attemptwasmadeto simplifycertainof theexpressionsandtheresults
indicatedgoodagreementwhencompsredwiththeresultsoftheexact
expressions.

Theexpressionswhichdefinetherateof changeofthecharacter-
isticstabilityrootswithrespectto thevariousparameterswereshown
tobesxa definiterelationshipwiththeamplitudecoefficients(and
hencetheratios)ofthelateralmodesofmotionsubsequentto applied
momentsandforces.Fromtheserelationshipscalculationoftherate
ofchangeof ~ withrespectto fiveprescribedparametersallows
determinationoftheremsiningpartialderivativesandtheseamplitude
coefficientsandratios.

Theslopeexpressionsshouldaffordsomeinsightintothetypesof
+ automaticstabilizationsuitablefora givenairplsnesince,ifthe

dyrmnlcsof theautomaticstabilizerareassumedtobe negligible,the
automaticstabilizeriseffectivelyvaryingoneormoreofthemassor

. aerodynamicparametersoftheairplane.

Theeffectof a psrsmeterchangeona givenairplanemsybe dif-
ferentfromtheeffectofthesameparsmeterchangeon anotherairplane.
Thereasonsforthisdifferencecanbe seenfromexaminationofthe
slopeeqyationand,in someinstances,canbe attributedtoparticular
parametersor combinationofparameters.Forexample,theeffectof
thedsmping-in-yawstabilityderivativeCnr appearstodependprimarily
onthemomentof inertiainyaw,whereastheeffectof theyawing-moment
coefficientdueto rollingvelocityCnp tendstobe mosteffectivefor
airplaneswithlowmomentof inertiain rollorhigheffectivedihedral.
Therelativeeffectivenessof C

%
and Cnr csnbe measuredby the

roll-to-yawratio #/v of a givenairplane,andforhighvaluesof
@/V) Cnp isthemosteffectiveofthetwo.

A methodforcalculatingapproximatelytherootsofthestability
characteristicquarticispresentedintheappendixandis shownto
giveveryaccurateresultsforthethreeairplanesconsidered.

langleyAeronauticalLaboratory,
NationalAdviso~CommitteeforAeronautics,

Lsm.gleyField,Vs.,October2, 1953.



34 NACATN 3134

APPENDIXA

APPROXIMATESOLUTIONOF LATERAL

Theperiodanddampingof
determinedfromthelinearand
fOrm

F(X)= A34+

thevarious

STABILITYQUARTIC

l.ateralmodesofmotionare
distinctrootsofanequationofthe

BA3+cA2+Dh+E=o (Al)

wherethecoefficientsA,B, C,D, and E arefunctionsofthesta-
bilityderivativesandmassparametersoftheairplane.Rewriting,
afterdivisionby A, gives

F(h)=h4 +B’A3+ C’A2+D’A+E’ =()

Assumethat

(A2+ PIA+ q1)(X2+ P2A+ q2)= F(X)

Hence,

B’ = Pl + P2

c’ =

I

ql+ qz+ P1P2

D’ = Plq2+ P2gl

E’ = qlq2 J

(A2)

(43)

Equation(A2)willalmostalwayshavetworealrootsanda pairofcon-
~ugatecomplexroots.Oneofthereal.roots Al isassociatedwith
theinherentlyverypoorspiralstabilityofairplanesandhenceis
verysmall.Theremainingrealroot A2 isassociatedwiththedamping
inrolloftheairplaneandisoftheorderofthecoefficientB’. The
realandimaginaxypartsofthecomplexrootsdeterminethedampingand
period,respectively,ofthenormallateralDutchrolloscillation.If
theassumptionismadethatthecomplexrootsareobtainedfromthe

—

.

.
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.
quadraticA2+ Plh+ ql~theconditiongenerallyexiststhat q2<< ql~
andhence

●

~ cambe assumedtobe zeroin eq..tions (A3). Therefore,

B’=p1+p2

c’

1

= ~~+ P1P2

D’ = P2ql

E’=o
J

Fromequations(Ah)thefollowinge~ressionsareobtainedfor pl:

Equatingequations(A5)yields

(4-5)

(A6)

q(q) =F2(ql) I

~-=fo=, ql csnbe determinedby a simultaneoussolutionof equa-
tions(A5).ThefunctionsF1 smd F2 sreillustratedby thefollowing
sketch:
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F(ql)

NACATN3134

\

I

/
/

/

-i
Q - c’F2 =
B’

D’ --—
)
P \

B’

ReplaceF1 and F2 for.$ <q~<c’ by theexpressions

B’
()

D’F1=-~ql-~

I

Q

“

.

-B‘

(A7)

Theintersectionof thesestraightlinesgive~thedesiredql,whichis

q =
(C’)2+ B’D’
(B’)2+ C’

(A8) ●

✎
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Substitutionofthisvalueof ql intothe
gives

P1 =

or,sincepl = -2a (wherea
i= a+im),

C’(B’C’- D’)

1a=-- 2

Also, theimaginarypartofthe

(C’)z+ B*D’

istherealpart

C’(B’C’- D’)

(C’)2+ B’D’

3?

firstofequations(A5)

(A9)

oftheco?rrplexroot

(Ale)

complexrootisrelatedto ql by

aa#2m=(ql- (m)

Thetworealrootsmsybe obtainedasfollows:

FYomequation(A)

D’P2”—
ql

andfromequation(A3)

Therefore,thequadraticgivingtherealrootsmsybe writtenas
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Solvingtheabovequadraticfor A gives

~=&[D’ * P1)2-4.,E3”2}

Then,thespiralrootisgivenby therootwiththeplus

Afl$[Dt+ ~)2-4qlE~”2}

NACATN3134

.

●

sign

(A13)

andthewing-in-rollrootisgivenby therootwiththeminussign

A’

Hence,thefour
(Ale),(All),(A13),

rootsofequations(1)mqybe foundby equations(A8),
and(A3.4).

It shouldbe reiteratedthattheseresultsarecontingentprimarily
upontheconditionthat q2<< ql andif,upondeterminationof q2
(eq.(A12)),thisconditionisviolated,theresultsare,ofcourse,
invalid,andresortmustbemadeto othermethodsofdeterminingthe
rootsofthelateral-stabilityquartlc,.

Thefollowingtableshowsa comparisonbetweenthevaluesofthe
nondimensionalrootsObtainedby usingtQisapproximatemethodandthe
exactrootsforthethreeairplanes:

I Spiralroot Iktq.ing-in-rollroot I Lkltchrolloscillation
1

I Ai@annA I
-o.cd+lq -0.13932

AppR2ate -.ccd+ogg
-0.CC94337*o.l~i

-.13947 -.009330* .17M1
MITlaneB

I
-o.cxw76rL -o.036ti2

@Y&te -.ooqw
-0.WXKW45*o.qWn.l.l

-.03598 -.0001658* .071c6i
Al@-anec

4

-o.00d!9
App-Ate

-0.15679
-XKK$9 -.13656 -%% :‘:%% —

.
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TAB13II.- CHARACTERISTICSOFAIRPLANESCONSIDERED

(a)Stabilltyderivativessmdmassanddimensionalcharacteristics
ofthreedrplsnes

Wing:
Span,ft...
Area,ftz. . .
Aspectratio .
Sweepback,deg
Dihedral,deg .

W,lb. . . . . .
W/S,lb/ft2. . .
Altitude,ft . .
V, ft/sec. . . .
CL . . . . . . .
~b”-’””=.
q,deg . . . . .
K~02. . . . . .
~zo2 . . ~* . .
KX2 . . . . . .
KZ2 . . . . . .
Km . . . . . .
Czp,perradian.
Clr,perradia .
C%J Per radian.
Cn~,perradian.

%rjperradian.
CYBj perradian .
~, perradian.
CZ~,perradian.
tan y......

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

..0

. . .

. . .

.“. .

. . .

. . .

. . .

. . .

. . .

.*.

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

● ✎ ✎

Aiq”laneA

28.00
130.00

6.00
5“05

8,450.~
65.(x)

30,000.00
79;“g
80:70
-2.00

0.00962
0.05135
0.00967
0.0513

-0.00145
-0;40
0.08

-0.02
-0.40

0
0

-1.0
o.=

-0.u26
o

AirplsneB

25.00
175.00

3.60
35.00
-3.00

9,2;;.:

50,m:ocl
77;.4?

182:00
0.82

0.01557
0.1560
0.0156
0.156

0.0020
-0.33
0.23

-o.%
-0.69

0
0

-0.58
0.25

-0.18
0

Airplane c

33.30
250.00
4.97

4.2
=,630.00

~o.50
30,000.00

695.00
0.24

50.00
0

0.01485
o.mo4

0.01485
o.o@l

o
-o.h5
0.04

-0.01
-o● 15

0
0

-0.58
0.12

-0.11
0



TABIE II.- cHmncTmE3Trcs OF AEwLAm3 comm3xEo - Caucluaed

(b)Hondimensional roots of the characteristic quartic equathm, withthe

(1/)respectivevaluesof 1 T1p ~ and (u’)0 forthethreeairplanes

Airplane A:
Spiral -roo t.......

Ilsmping-in-rollroot. . .
Dutchrolloscillation. .

Aikplane B:
Spiralroot . . . . . . .
M?@n13-ti-muroot. . .
IMtchrolloscillation . ,

Airplane c:
Spkal.root.. . . . . .
Dsmping-in-roll mot . . .
IUtchrolloscillation . .

liond3nbmsionalroots, A

-o.00041q
-0.13932

-O.-337* 0J73JW

-0.0007611
-0.036142

-0.00Q0424~* O.~@~

-0.00049
-0.15679

-o.cx)746to.15673i

0.01687
5.7220
0.3875

0.03409
1.6190

0.001901

0.01393
4.4580
0.2121

Frequency,
(cl)’)0

----------
----------

4.875

---------
----------

2.201

-..-.----.-
----------

3.088

.
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TABIEJXI.-RUEDRiEHSIOKKGSIOPESFORTEFEE.AIRPIAEES~

FmPmTTo!lmPARAmmls

slopeE
xi

%/% av+r~ aa/axi &/axi
Airplane A

%p -0.0010 0.32 0.0024 -0.0090
Clr .O@ .cx326 .0015 .0040
Glr .0017 .00088 .029 .0023
Cnp -.00049 .ll -.c48 -.041
c% .0026 .030 -.016 .34
~t$ .0052 .088 -.(M7 .020
cr~ -.0000019 .00018 .0030 -.cno13

.000017 .16 -.OEW .098
L2 .OaEl -.H. .29 -1.68
K&2 -.00012 lh.47 -.57 -.076

AirplanqB

Glp -0.0017 o.~ 0.0062 -0.0015
Clr .0029 -.C02S -.oco86 .00057
%r .0021 -.0013 .0040 .00072
‘% -.00).2 .044 -.022 -.013
cnp .0048 .018 -.o11 .12
Czfi .0067 .031 -.olg -.024

y -.0000019 .000094 .0013 .000006a
.mo13 .16 --- .16

%12 .0012 -.019 .028 -.19
%X02 -.000gl+ 2.022 -.068 -.34

AirplaneC.

Czp -0.0010 0.33 0.cc58 -0.ooQ60
Clr .Ocylo -.0016 -.m17 .Oolg

.ocM6 -.aX174 .048 .0028

% -.wk .15 -.q6 -“077
C% .0055 -.013 .62
Clp .0060 % -.026 -.022
tip -.m28 .00016 .0049 -.00013

.000014 .17 -.088 .083

& .00045 -.023 .16 -1.49
K~2 -.00010 10.22 -.010 -.IS
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TABLEIV.-RATEOFCHANGEOFDUTCHROLLDAMPINGMD FREQUEllCY0BTM2JED

FROMSIMPLIFIEDEXPRESSIONSCOMPAREDWI’HTEEEXACT
●

&/&i aJ@xi
xi

Siqliflea Exact simplified Exact

AirplaneA

c1P 0.0031. 0.0024 -0.0086 -0.Ocgo
CL= .0016 .0015 .0037 .0040
G& .029 .029 .0017 .0023
Cnp -.045 -.048 -.042 -.0$1
Cnp -.014 -.016 .* .%
~2p -.045 -.047 .019 .020
C’Yp .0030 .m30 -.Ocmti -.occl13
n -.074 -.088 .098 .098
Kz02 .29 .29 -1.69 -1.68

%2 -.% -.57 -.10 -.076

AirplaneB ___

Clp 0.co62 0.0062 -0.0016 -0.0015
cl~ -.coo&l -.00086 .00058 .00057
%, .0040 .0040 .cOo67 .00072
CIIP -.022 -.022 -.o12 -.013
Cnp -.0099 -.o11“. .12 .W
Czp -.019” -.019 -.oq -.024
tip .cKl13 .0013 -.000oo$1 .mm6

-.087 -.089 .16 .16

;2 .026 .028 -.19 -.19

KX02 -.071 -.068 -.33 -.34

AirplaneC

Clp . 0.0058 0.0058 -0.0C021 -0.00060
~1~ -.0018 -.0017 .0018 .0019
cn= .048 .048 .0024 .0028
CnP -.073 -.076 -.07’7 -.o~
Cnp -.o11 -.013 .62 .62
Ctp -.o~ -.026 -.022 -.022
tip .0049 .0049 -.00015 -.00013

-.083 -.088 .083 .083

k .17 .16 -1.49 -1.49
Kxo2 -.013 -.010 -.17 -.I.8

.
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