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HAVING A NORMATL.-ACCELERATTON CONTROL SYSTEM AND
A COMPARISON WITH OTHER TYPES OF SYSTEMS

By Fred H. Stokes and Charles W. Mathews
SUMMARY

A theoretical investigetion of the longitudinal response character-
istics of a swept-wing fighter airplane using s normasl-acceleration con-
trol system hes been made. The system has been evaluated with normsl-
acceleration plus pitch-rate feedback and normal-scceleration plus pitch-
rate feedback with a lag network placed in the forward loop. The effects
of Mach number and altitude upon the response characteristics of the
system and the effects of varying the parameter settings are determined.
Also discussed are the elevator deflections and pitching wvelocities
encountered at various parameter settings and £light conditions when an
approximate step command in normal acceleration is impressed on the sys-
tem. A comparison has been made between the normal-scceleration system
and a pitch-attitude system when control of the flight path is desired,
end, for further comparison, an angle-of-atbtack control and a pitch-rate
control are discussed briefly.

Three primary conclusions were reached in this theoretical investi-
gation: The airplane-autopilot combination incorporating both pitch-rate
feedback and a lag network can be made to perform well as far as normsl-
acceleration response is concerned, for the flight conditions investi-
gated, provided some means is available for changing the parameter
settings. With the parameter settings which give the best response char-
acteristics, the elevator deflections encountered at high altitudes and
moderate to low speeds would be very large. Consequently, control-rate
and control-deflection limitaetions, which are not considered in this
paper, will have an importent bearing on both the adjustment of param-
eters and the response of the system except for cases where commands are
of small magnitude (such as might occur during the tracking phase of the
attack of an automatic interceptor). When the pitch-sttitude system and
the normsl-acceleration system were used as inner loops for controlling
the flight path, the pitch-attitude system provided a more rapid flight-
path response than 41d the normsl-scceleration system.
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INTRODUCTION

When automatic controls are added to the present-day high-speed
fighter airplane, many possible variations are afforded as to how the
airplane motions and loads can be controlled. The National Advisory
Committee for Aeronautics has undertaken a theoretical investigation, the
general purposes of which are (1) to study the response characteristics
of an airplane having various types of longitudinal automatic-control-
stabilizetion systems, such as pitch attitude, normal acceleration, and
engle of attack, (2) to determine the effects of changes in altitude and
Mach number on the response characteristics of the various systems, and
(3) to determine the effects of changing the parameter settings on the
response characterilstics of the various systems. 1In the present paper,
normal-acceleration steabilization and control is investigated and the
effects on the performance of the alrplane-asutopllot combination of
changing the flight conditions of the alrplane and the parameter settings
in the system are discussed. Results of a comparable study of a pitch-
attitude steblilization and control system are presented in reference 1.

The types of controls analyzed herein incorporate normal-acceleration
feedback slone, normal-acceleration plus pitch-rate feedback, and normasl-
acceleration plus pitch-rate feedback with a lag network placed in the
forward loop. :

The results presented are discussed on the basis of the character-
istics of the frequency and transient response in normsl acceleration,
such as the frequency at which the peak-amplitude response occurs (here-
inafter called the peak frequency), the time for the response to reach
and stey within 5 percent of the steady-state value (hereinafter called
the response time), the cycles to damp to one-hslf amplitude, and the
steady-state error. A discussion is also presented of the elevabor
deflections and pitching velocitles encountered at various parameter
settings and flight conditions when an approximate step command in normal
acceleration 1s impressed on the system. The normal-acceleration system
and pitch-attitude system (ref. 1) are also compared when these two types
of automatic control systems are used to control the f£light path of the
airplane.

Control systems sensing angle of attack and pitching velocity are
also discussed briefly with particular regard to comparison of their
characterlstlics with those of the normal-accelerastion and pitch-attitude
systems.
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SYMBOLS

A aspect ratio

a time-~-constant ratio of lag network

b wing span, ft

01/2 cycles for osclllations to desmp to one-half amplitude
1ift coefficient, L/qS

rate of change of 1ift coefficient with angle of attack,
per radian

rate of change of 1ift coefficlent with angle of atback of
tail, per radian

rate of change of 1ift coefficient with nondimensionsl
pitching velocity

rate of change of 1ift coefficient with rate of change of
angle of attack

rate of change of 1ift coefficient with elevator deflection,
per radian
coefficient

rate of change of pitching-moment coefficient with angle of
attack, per radian

rate of change of pitching-moment coefficient with angle of
~ attack of tall, per radisn

rate of change of pitching-moment coefficilent with nondimen-
sional pitching velocity

rate of change of pitching-moment coefficient with rate of
change of angle of attack

rate of change of pitching-moment coefficient with elevator
deflection, per radisn

L
C%m
®Lpe
CIpe
‘Ls
Cmc rate of change of pitching-moment coefficient with 1ift

L
Cmg,
Crpg
qm&
c

mean serodynsmic chord, ft
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nondimensionel differential operator,

acceleration due to gravity, ft/se02 -

pressure altitude, £t

moment of Inertia sbout Y-axis, slug-ft2

normel-acceleration error-signal gain setting, radians per g

radians
radians/sec

nondimensional radlus of gyration about leteral stability
axis

pltch-rate-signal gain setting,

flight-path error-signal gain setting
1ift, 1b

tall length, measured from 0.25C of wing to 0.25¢ of
tall, £t

Mach number; also pltching moment in figure 1 .
mass of airplane, slugs

normal accelerstion, g units

complex Laplace operstor

dynamic pressure, % pV2, lb/sq £t

wing area, sq £t

time for response to reach and stay within 5 percent of
steady-state value, sec T

time, sec

alrspeed, ft/sec

alrplane weight, 1b

longlitudinal exis of reference fixed in alrplane <

transfer function of elevator servocontrol system
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de/dm

|20 /m1 ]

airplane transfer function relating pitch attitude to
elevator deflection

alrplane transfer function relating normal acceleration to
elevator deflectlon

transfer function of lag-network

normal axis of reference fixed in alrplane

angle of attack, radians

angle of flight path with horizontal, radians

angle of flight-path error signal, 75 - 7,, redlans

elevator deflection, positive when trailing edge is down,
raedlans unless otherwise specified

error signal, ng - ng

input to elevator servocontrol system
angle of pitch, radians

engle of sweepback of 0.25-chord line, deg
relative-density factor, m/pST

atmospheric density, slugs/cu £t

‘lag-network time constant

phase engle, deg
circular frequency, radisns/sec

frequency at which pesk in amplitude response occurs,
radians/sec

rate of change of downwash with angle of attack

absolute value of amplitude ratio
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Subscripts:

i input .
o) output

88 steady statbe

A dot placed over a symbol indicates differentiation with respect
to time.

ANALYSTS

The analysis of this pasper was mede by conventional techniques in
which the concept of the transfer function was utilized. Thus, all the
dynamic elements used in the analysis were assumed to have linear response
characteristics. Although the elements of the system studled herein
would, in all probebility, exhibit nonlinear behavior under certain con-
ditlons, an investigation of these conditions is beyond the scope of
this paper. An attempt is made, however, to point out where some of the
more important nonlinesrities might influence the results. “

Alrplane Transfer Function

The transfer function of the alrplane relating normsl acceleration
to elevator deflection was obtained from an equation-of-motion type of
analysis by use of stability derivatives estimated from theory, wind-
tunnel data, and flight-test data. The various transfer functions used
are presented 1n the appendix. The system of axes and the sign conven-
tions used in deriving the airplane transfer functions are presented in
figure 1. However, some sign conventions were modified for convenience
in obtaining the response of the airplane-autopilot combination. The
modification consisted of changing the sign of the numerator of the sir-
plane transfer function which amounts, in effect, to considering the up
elevator as positive. This modification is reasonable in that a positive
elevetor input willl then produce a positive static response, s condition
assumed to exist with most servo-synthesis procedures.

In the analysis, the degree of freedom involving changes in longi-
tudinal velocity was neglected inasmuch as this paper is concerned pri-
marily with short-period command charascteristics.

Since the coefficients of the sirplane transfer function vary with
airspeed, altitude, Mach number, and other conditions, it is necessary
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to study the control characteristics for flight conditions that represent
the normal speed end altitude range of the airplane being considered.

The four conditions selected were: condition I, M = 0.5 and

by = 35,000 feet; condition II, M = 0.7 and hP = 03 condition IIT,

M=0.7 and hp = 35,000 feet; and condition IV, M = 0.9 and
hp = 35,000 feet. These flight conditions, the basic airplene dimensions,

and the corresponding airplane stability parameters are presented in
teble I. The airplane and the flight conditions are the same as those
studied in reference 1. Figure 2 shows the alrplane frequency-response
curves for the flight conditions investigated. These curves are in
fairly good asgreement with similer curves subsequently obtained from
actual tests.

Trensfer Functlon of Elevabtor Servocontrol System

The frequency response of the autopilot used throughout this anal-
ysls was obtained experimentally from g bench setup of a special auto-
pilot system whose characterlstics made it suitable for use in a high-
speed fighter airplane. The autopilot considered (same as used in
ref. 1) had essentially constant amplitude-response charascteristics up
to a frequency of ebout 6 cycles per second. The frequency response of
this system is shown in figure 3, and a block diagram of the system is
as follows:

€l : Amp- Trensfer Pilot dival‘li&ble—t Ser:o..l 5
1ifier velve piston splacemen contro
' pump motor
Gain
ad juster
Gain
ed juster

Airplane-Autopllot Combination

Initially the airplane-autopilot combination was investigated with
the autopllot sensing acceleration errors only; however, pitch-rate
feedback was incorporated throughout most of the investigations in order
to Improve the stability of the system and enable the use of higher sys-
tem gains. In addition, a lag network was ultimately placed in the
forward loop in order to reduce the large steady-state errors which
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existed without the lag network. A block disgram of the alrplane-
autopilot combination with pitch-rate feedback and lag network is as
follows:

€ Elevator i 6
By € K, 1+ | 1 sexrvocontbrol 8¥ Alrplane n "o
_—® € 11+ vap system Iy 5}
b1
KRPB Rete gyro
Kgp

Dynamically, the feedback elements which measure normsl accelerstion and
piteh rate were assumed to have an amplitude ratio of one and a phase
lag of zero. The open- and closed-loop transfer functions of the systems
analyzed are presented in the following tables

Type of system Open loop Closed loop
ng/e no/ny
KnEYleY)-I- KnEYlYBYLI-

Complete system
1 + Kg¥;¥YoD 1 + KgY ¥oD + KneYlY5Y}+

System without lag Kn Y1Y3 Kn Y1Y¥3
network -]_—-;——}E_Y__ 1+ Ko¥-YSD + Y. Y
Kg¥1¥eP YYD + Ky Yi¥3
System without pitch- Kn Y113
rate feedback or KneYlYB

lag network 1+ Kn€Y1Y5
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Where
Y transfer function of elevator servocontrol system
p ) airplane transfer function relating pitch attitude to elevator
deflection :
Y5 airplane transfer function relating normal acceleration to
elevator deflection
Yy, lag-network transfer function, L+
1l + Tap

The procedure used in establishing the parameter settings Kﬁ,
Khe, T, and a for the complete system is as follows: The gain

settings Kr and Khe were Initislly determined by & well-known tech-

nique which involved adjusting the peak amplitude ratio of the closed
loop (see ref. 2, pp. 185 to 188). At each flight condition investi-
gated, the gain setting Kr was determined so that the peak amplitude

ratio of the inner loop was adjusted to a value of approximately 1.2.
Then, the error gain setting Khe was determined in g similer manner

so that the peak amplitude ratio of the outer loop was also edjusted to

a value of approximately 1.2. At this point, it should be noted that,
for the normal-acceleration systems Investigated, a unit static sensi-
tivity was not achieved. Thus, the degree of stability of these systems
is more directly related to the ratio of the peak amplitude ratio to the
static-amplitude ratio than to the peak amplitude ratio iteself. Because
8 close approach to a static-amplitude ratio of one was desired, however,
combinations having low static-amplitude ratios were not of interest and,
therefore, adjustment to a given peak amplitude ratio was justified. For
the normal-accelerstion system investigated with the best gain adjust-
ments at each flight condition, the static-amplitude ratios obtained when
the pesk amplitude ratio was adjusted to 1.2, resulted in ratios of peak
amplitude ratio to static-amplitude ratio which varied from 1.4 to 1.7.
Variations of this magnitude would be expected to have but little effect
on the transient-response charascteristics of the system. Further refine-
ment in adjusting the characteristics of the outer loop was not felt to
be warranted in the absence of a more definite criterion on the relative
Importance of such factors as steady-state error, response time, and the
degree of system stability.

The values of the lag-network varigbles T and a were determined
from Nyquist plots of the system without the lag network. M-circles were
superimposed on the plots to determine the frequency range over which an
integrating characteristic was required. After incorporating the lag
network, Khé was readjusted to maintein a peak amplitude ratio at the
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value selected. In order to verify that the values of the parameters
obtained by the technique Just described were near the best values for
the chosen system, the effects of altering the parameter settings were
investlgated. While the other settings were held congtant, each parem-
eter setting was decreased and increased by 50 percent of its original
value. At the same time, Khe was changed to maintain a peak amplitude

ratio et the value selected. In this manner, the trend of the frequency-
response curves could be seen. In addition to varying the parameter
settings in order to determine their effects on the frequency end tran-
sient responses, the effects of holding the system parasmeter settings
constant while varying the flight condition were investigated. Initially,
the parameter settings which gave the best results at the altitude
cruising condition, condition III (M = 0.7, by = 35,000 feet), were

used and, finally, the parameter settings which gave the best results at
the sea-level condition, condition II (M = 0.7, hp = 0), were used.

As mentioned previously, the values of system parameters were chosen by
techniques applicable only to linear systems. The gain settings so
obtained were large compared to those currently considered for use in

this type of control system (particularly for high altitudes at low to
moderate speeds). The use of lower gains may berdictated by consider-
atlons of control-deflection limitations and control-rate limitations. It
should be pointed out that gains which gave the best results at sea level
were much lower than those determined for high altitudes. Since opera-
tion at high altitude with the sea-level gain settings was investigated,
effects on the system response of operating with reduced gains are
included in the present study. '

The Fourier synthesizer, the type described in reference 3, was
employed to establish the transient-response characteristics for all the
systems anslyzed from their closed-loop frequency response. The input
quantity, normal-acceleration command ny, was in the form of an approx-
imate square wave utilizing the first 24 harmonics of a Fourier series
(see fig. 4).

The response characteristics that were used to evaluste the varicus
conditions were (1) the peak frequency ) (2) the response time Tg,

(3) the number of cycles to demp to one-hslf emplitude 01/2, and
(4) the steady-state error egg. In addition to obtaining the transient

responses in normal acceleration, calculations were also made of the
elevator deflections needed to produce these responses and of the pitching
velocities encountered when the system was subjected to the normal-
acceleration command. Expressions for the transfer functions S/ni

and é/ni are presented in the sppendix. These relations were employed

to determine the assoclated transient-response charascteristics through
use of the Fourier synthesizer. The elevator deflections and pitching
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velocities were investigated at all four flight conditions with the best
parameter settings obtalned at each condition, with the parameter settings
held constant throughout all corditions at the best values obtained for
the high-altitude crulsing conditions, and with the parameter settings
held constant throughout all conditions at the best values obtained for
the sea-level condition.

Normal-Accelerastion Autopilot As a Command
System for Control of the Flight Path
A typlcal spplication of the normal-accelerstion airplane-autopilot

combination is to control the f£flight path of the airplane. A block
diagram of such a system is as follows:

== et |
1
! Elevator !
e 1 c < servo- 8 Alr-| g n, | 7,
LE! £ K L Ko, i+p 1.} controL plane 3 I
L3 E L+ Tep system Yo !
Y. :
1 1 !
! i
I 1 1
i KR Rate gyro 1
I Kep 1
i 1
1
| |
L —

The open-loop transfer function appears symbolically as

ﬁ:K,, Do 2
7 ey n

The parameter settings used in evalusting this system were the best
settings obtained at each £light condition of the normasl-acceleration
airplane-autopilot combination which utilized both the rate-gyro and
lag-network systems. When these parameter settings were used, the tran-
slent responses of the system at all four flight conditions were deter-
mined. Tn addition to obtaining the transient responses in f£light path,
calculations were also made of the elevator deflections needed to produce
these responses and of the normal acceleration imposed upon the sirframe
when the system was subJjected to the flight-path commsnd. Expressions
for the trensfer fumctlons 7y,/75, ©/7y, and n/fy; are presented in

the appendix.
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RESULTS AND DISCUSSION
Alrplane-Autopllot Combination Without Pitch-Rate

Feedback or Lag Network

The best frequency and transient responses obtalned for the system
without plitch-rate feedback or lag network are shown in figure 5 for all
four f£flight conditions. The approximste square-wave input produced by
the Fourler synthesizer is also plotted for comparison. For simplicity,
this input curve in figure 5 and 1n subsequent figures was smoothed so
that the ripples existing in the actual input (see fig. %) would not
appear. The fairing of this curve was Justified because the frequency
of the ripples was high enough to have no significant effect on the out-
put; small ripples were caused by the limited number of harmonics uti-
lized by the Fourier synthesizer. In addition, the parameters ab, TR,

01/2, and egy Wwhich are assoclated with each frequency and transient

response are tebulated in figure 5. Note that the acceleration tran-
slents in figure 5 and subsequent figures initially tend to go in the
opposite direction from the command. This condition results from the
Pact that the initisl change in tall load with elevator deflection
produces an acceleragbion opposite to that ultimately obtalned in the
steady state.

It is obvious from figure 5 that, for all four flight conditions, the
dynamic characteristics of the alrplane-autopilot would be unsatisfactory
because of the long time required for the alrplane to respond to an
appllied command, the very low damping of the system, and the large
steady-state error. Improvement in the transient response could be
effected by increasing both the amplitude ratio at the low-frequency
end of the frequency-response curves and the peak frequency without
Increasing the peak amplitude ratio of the curves. As is well known,
the addition of derivative feedback would maske it possible to accomplish
this purpose.

Alrplene-Autoplilot Combination With Pitch-Rate
Feedback Withoug Lag Network

The frequency and transient responses obtained with pltch-rate
feedback incorporated for the four flight conditions are presented in
figure 6. A camparison of figure 5 with figure 6 shows that the addi-
tion of pltch-rate feedback improved the system inasmuch as the statlc
value of the frequency response was Increased, the peak frequency was
increased, and the response time was decreased. Even though the system
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was improved with the addition of pltch-rabe feedback, the amplitude
ratio at the low-frequency end of the frequency-regponse curve did not
Increase sufficiently to afford the attaimment of a reasonably smsall
steady-state error. Therefore, in order to increase the amplitude ratio
at the low-frequency end of the frequency-response curve and lower the
steady-state error, a lag network was incorporated in the system.

With the assumed static mergin, a steady-state error will always
exist when the autopilot is operated by the accelerstion error salone.
The CmC values for the example airplane presented in table I show

L

that, for the flight conditions investigated, the airplene had a fairly
large static margin. Reduction in the static margin would reduce the
steady-state errors obtained herein. In fact, for approximstely zero
static margin, an integrating characteristic would exlst in the airplene
transfer function. This considerstion and others, such as the magnitude
of elevator deflection to obtain a given response, indicabte the desir-
ability of operating with low static margins when under automatic
control.

Alrplane-Autopilot Camblnatlon With Both Pitch-Rate
Feedback and Lag Network

The frequency and transient responses obtained with both pitch-rate
feedback and a lag network incorporasted in the system are presented in
figure 7. Results are shown for all four £light conditions when the
best parameter settings obtalned were used. These settings were obtained
by examining the trends in the response curves as the system paremeters
were varied. Typlcal effects of varying system perameters are presented
in figures 8 to 13. The original parsmeter settings (middle row of
figs. 8 to 13) are not necessarily the best settings. A comparison of
figure T with figure 6 shows that, for all four flight conditions » the
smplitude ratio of the frequency-response curve gt low frequencies was
greatly increased and, as a result, there was a sizeable decrease in
the steady-state error. If perfect Integration had been provided by the
lag network, the steady-state error could have been reduced to zero for
all conditions; however, because of the sppearance of a secondary peak
et low frequency, it was necessary to select a lag network which would
not continue to increase the gain all the way to zero frequency. With
the network chosen, the usable error gains increased sharply at each
flight condition because of the atitenuation at high frequencies afforded
by this lag network. The peak frequency of the freguency-response curves
decreased somewhat, but the large increases in smplitude ratio at fre-
quencies below the pesk more than offset the adverse effect of this
decrease. Thus, the results presented In figure T indicate that the
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present alrplane-asutopilot combinstion can be made to have a very repid
normal-acceleration response, provided some meens of changing the parem-
eter settings is avaeilable.

Effects of Varying the Parameter Settings

In figures 8 to 13, the origlnal parameter settings were determined
by the procedures outlined in the analysis. Only conditions II
M = 0.7, hy = 0) and III (M = 0.7, hp = 35,000 feet) were used to
11lustrate the effects of varying the parameter settings since the other
conditions were found to produce similar results. For the purpose of
determining the effects of varistlons in the parameter settings, the
originsl wvalues of the parameter settlngs were (1) decreased by 50 per-
cent and (2) increased by 50 percent while the peak-amplitude ratio of
the outer loop was maintalned constant. The results obtained with these
changes in parameter settings are presented in figures 8 to 13. This
originel case corresponds to the middle row in each figure. For perfect
following, the amplitude response would have a value of unity from zero
to infinite frequency and the phase-angle curve would be zero for all
values of w. This result obviously is impossible to achieve in practice,
but any modification which serves to increase ‘the peak frequency wp oOr
increase the magnitude st low frequencles of the frequency-response curve
without encountering a high peak amplitude ratio makes possible a closer
approach to this ideal curve. Similarly, inasmuch as perfect following
would involve no phase lag, any modificetion that generally reduces the
phase-angle variastion with frequency would improve the response.

Figures 8 and 11 show the results of the airplane-sutopllot combinsa-
tion with both pitch-rate feedback and lag network when the pitch-rate
gain is altered by 50 percent of 1ts original value for conditions IT
and IIT for the sea-level and altitude conditlions at M = 0.7. In both
figures, it is readily spparent that an increase in pitch-rate gain
increases the peak frequency and mskes possible an increase in error
gain to a limited extent. Too much of en increasse in pitch-rate geain
lowers the amplitude ratio of the frequency-response curve at frequencies
below the peak frequency and thereby makes the response sluggish.
Altering the pltch-rate-gain setting did not appreciably affect the
statlic value of the frequency-response curve.

The response time exhibited moderate increases when the pitch-rate
gain was increased by 50 percent, and & decrease of 50 percent in pitch-
rate gain setting increased the response time considersbly. The effects
of changes in pitch-rate gain settings on the stebllity of the system in
terms of 01/2 was more pronounced then the effect on TRy.
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The results obtained when the lag-network time constant T was
altered are presented in figures 9 and 12. Actually, the reciprocal of
the time constant, the break frequency, was the parameter that was var-
led by +50 percent since the analysis was done in the frequency domain.
When the break frequency was altered in this menner, + was doubled and
then reduced by two-thirds of its original value. As the time constant
wag increased (the break frequency being decreased by 50 percent), the
peak frequency Increased. The figures 1ndicate thst there was a more
pronounced effect on the peak frequency for a 50-percent increase in
bresk frequency than for a 50-percent decrease in break frequency. The
response characteristics TR, Cl/g, and egg did not change appreciably
when the time constant T was altered, but this result was obtained with
the ratio of the time constants of the lag network held fixed which in
turn fixed the ratio of the low-to-high frequency gain of the lag
network.

Figures 10 and 13 present the results obtained when the time-constant
ratio of lag network a was increased and decreased by 50 percent of
its original value. These figures indicate that an increase in the
time-constant ratio decreases the pesk frequency but increases the error
gain setting of the system. Since the error gain setting increased with
an increase in a, the percentage of steady-state error €gg decreased

because egg 1s directly dependent upon the error gain setting. It 1s

obvious from figures 10 and 13 that the time-constant ratio affects the
low-frequency end of the frequency-response curve but has little effect
et high frequencies. Neither the response time Tr nor the stability

of the systems in terms of Cq /2 wag slgnificantly altered with a

150 percent change in the time-constant ratio. Although there was a
silzeable decrease in steady-state error as the time-constant ratio was
increased, the megnitude of this ratioc was limited by the appearance of
another peak in the frequency-response curve st failrly low frequencies.
This tendency toward a low-freguency pesk can be detected in some of the
frequency-response curves presented in figures 10 and 13.

Effects of Mach Number and Altitude

The variation of the parameter settings with flight conditions is
necessitated by the alterations in the airplane frequency response (as
shown in fig. 2). The effects of change in Mach number at a constant
altitude (55,000 feet) can be seen by comparing conditions I, I1T, and
IV (Mach numbers of O. 5, 0.7, and 0.9, respectively) of flgure T. Fig-
ure 7 presents the results of the four flight conditions investigated
when the best parameter settings obtained at each condition are used.
As the Mach number is increased from 0.5 to 0.9, the gain settings
decrease in magnitude by a factor of gbout 2.5 while the lsg-network
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settings change only slightly. This decrease in gain settings 1s made
possible becsuse, at subsonic speeds, the frequency response of the
alrplane usually improves with Increased sirspeed. A point worth noting,
however, is that, with the best parameter settings obtained at each high-
altitude condition (fig. 7), the response time and degree of stability

of the alrplane-subopilot combination correspond closely for all the
flight conditions investigated. Since the lag-network settings + and
a change only slightly with an increase in Mach number, there 1s an
indication that these settings could be held constant with changes in
Mach number.

A comperison of conditlons II and ITI of figure 7 (altitudes of
sea level and 35,000 feet, respectively) shows the effects of altitude
change st constant Mach number (M = 0.7). In going from see level to
an gltitude of 35,000 feet, the best pitch-rate gain setting obtained
incressed by a factor of about 4 while the best error gain setting
obtained increased by a factor of about 7. The parameter settings of
the lag network decreased only slightly; this decrease indicated thet
constant settings mey be used for the lag network when either the alti-'
tude or Mach number are changed. The necessity for the increase in
pitch-rate galn and error gain sebttings with increase in operating
altitude can be seen by comparing the alrplane frequency-response curves
for the two altitudes investigated (see fig. 2). The response character-
istics of the airplane are much bebtter at lower altitude. A more
detailed discussion of the effect of altitude on the alrplane response
1s contained in reference 1.

The anelysis thus far has shown that the parsmeter settings of the
airplane-gutopilot combinstion with both pitch-rate feedback and lag
network can be adjusted to give high performance at each flight condi-
tion; however, a simpler automatic system would result 1f parameter
settings could be held constant through the Mach number and altitude
ranges. The effects of holding the paremeter setiings constant while
varylng the f£light conditions were investigated and the results are shown
in figures 1% and 15. In figure 14, the parsmeter settings that were
chosen were the best parameter settings obtalned for the altitude cruising
condition (see fig. 7). The system beceme unsteble at conditions II
M = 0.7, by = 0) and IV M = 0.9, by, = 35,000 feet) whereas at condi-
tion I (M = 0.5, hp = 35,000 feet) there was a large increase in
response time. In the caese of conditions II and IV, the large pitch-
rate gain (compare best pitch-rate gains of figs. 7 and 1%) caused the
inner loop of the system to become unstable. The system became sluggish
for condition I because of the substantial decrease in error gain.

In figure 15, the parameter settings that were held constant as the
£flight condltions were varied were the best parameter settings obtained
for the sea-level condition (see second row of fig. 7). All the flight
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conditions in this figure are stable. At the sltitude conditions, the

system became very sluggish but improved as the Mach number was increased.

This response resulted from the low gain settings Kp and K, obtalned
€

gt the sea-level condition in comparison with the best gaein sebttings
obtained at altitude; however, there is still the possibility of oper-
ating the normasl-accelersation airplane-autopilot combination by using a
compromise of gain settings provided it is established that a much slower
response can be tolerated than the best response obtained for each
condition.

Elevator Deflections and Pitching Velocities

The response characteristics of the basic controlled quantity, in
this case normal acceleration, do not alone determine the adequacy of
a given system. The control motions are important in determining the
effects on the maximum rate, force, and power output of the servomotor.
In addition, the pitching motion may be important.

Because of these aspects, the elevator deflections and the pilitching
velocities in response to the approximate step commend in normal accel-
eration were investigabted for each flight condition. The results
obtained when the best parameter settings at each £light conditlon were
used are presented in figure 16.

The magnitudes of the elevator deflectionsg at their initial pesaks
are somewhat under the value expected from the error gain setting. Since

the ratioc &/|ng has the units of degrees per g, it is necessary to
L]l gs 2

divide the control deflections in figure 16 by 57.3 so that both the
quantities 5/[@3 gg and Kne are in the seme units. For an input of

the abruptness shown, these ratios indicate that for conditions T
M = 0.5, hy = 35,000 feet) and IIT (M = 0.7, hy = 35,000 feet), the

control rates and deflections are very high. Consequently, conbtrol-rate
and control-deflection limitations, which are not coneidered herein, will
have important effects on the response except for commsnds of small mag-
nitude. The pitching velocities as plotted in figure 16 are within
reasonable limits for conditions IT (M = 0.7, hP = 0) and IV M = 0.9,

hP = 35,000 feet), but the magnitudes for conditions I and III are large.
The magnitudes at a1l four flight conditions could be reduced at the

expense of the response, if 1t were established that a poorer response
could be tolerated.

The details of the pitching velocities in response to a normal-
accelergtion command are of interest in that they afford some insight
into the characteristics of a pitching-velocity command system as com-
pared with a normal-ascceleration command system. The time histories of
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pitching velocity show that 1ts peak values attained in response to an
acceleration command are many times the values ultimately sttained in
the steady state. This observation leads to the conclusion that if a
pitching-velocity commend system were optimized to have the pitching-
velocity response follow a step command as closely as possible, the
normal-acceleration response to a pitching-velocity command would tend
to be quite sluggish. In applying these command systems to control the
flight path of an ailrplane, the impression is gained that the normal-
acceleration command system would be superior, since the rate of change
of the flight path is directly proportional 4o the normal acceleration
and, as pointed out, the transient-response characteristics in normal
acceleration would be much superior for the normal-ecceleration command
system than for the pitching-veloclty command system.

The elevator deflections and pitching velocities in response to
normsel-acceleration commands were also obtained for the cases where the
avtopllot parameter settings were held constant and the flight conditions
varied. The effects on the normal-acceleration response have been pre-
sented in figures 14 and 15. The chief observation relative to the ele-
vator deflections and pitching velocities is that the peak values of these
quantities were of the same order of magnitude for all flight conditions
Investigated when the parsmeter settings were fixed. When the sea-level
settings (see fig. 16) were used, the peak values were not usually large,
being sbout 3 degrees per g for elevator deflections and about 0.2 radian
per second per g of pitching velocities.

Compearison of Normal-Acceleration and Pitch-Attitude
Systems When Used To Control Flight Path

As 1mplied previously herein and as pointed out in reference 1,
often the purpose of a command system is to provide control of some
quantity other than the baslc quantity. In particular, various types
of command systems are used to control the f£light path of an airplane.
Accordingly, the use of a pltch-attitude command system to control the
flight path was discussed in reference 1. As pointed ocut therein, a
piltch-attitude system with no external-path loop affords control of the
£flight path since there 1s a one-to-one correspondence between the
flight-path angle and pitch-attitude angle of an airplane in the steady
state; however, under these conditions, the flight-path response tended
to be sluggish even with an extremely rapid attitude response. In order
to use g normal-accelerstion command system for combrol of the flight
path, a modification must be made to make the system sensitive to the
flight path itself, since a steady normal accelergtion of an airplane
produces a steady rate of change of flight path. This modification can
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be accomplished by adding an outer loop sensitive to £flight path and
producing an acceleration command proportional to the error between the
desired and exlsting flight-path angle. Such a modificetion could slso
be made to a pitch-attitude command system and the £light-path responses
might thereby be improved over those presented in reference 1. Expres-
sions for the transfer functions 70/71, 8/7i, and n/fy;, when using
the pitch-attitude system, are the same as those presented in the appen-
dix for the normal-acceleration system except that the eo/ei transfer

function presented 1n reference 1 is substituted for the no/ni transfer
function.

Figures 17 and 18 present the flight-path response, elevator deflec-
tions, and normal accelerations encountered when the normasl-acceleration
system considered herein (fig. 17) and the pitch-sttitude system con-
sidered in reference 1 (fig. 18) are used as sn immer loop in s Plight-
path control system. Both figures indicate that the £light-path responses
are slow in comparison with those obtalned in the normal-acceleration
system or the pitch-attitude system but are comsiderably improved over
the path responses obtained in reference 1. The elevabtor deflections
are very repid. In most instances, the elevator deflections have under-
gone a large emplitude pulse before significant path responses have
occurred and also have nearly steadled out as the flight-path response
reaches 1ts initial peak. The magnitude of the elevator deflections
for altitude conditions I, IIT, and IV are high, bubt the normal accelera-
tlons produced by these deflections are not particularly large because
of the high frequencles involwved in the elevator motiom.

A comparison of the flight-path responses in figures 17 and 18
indicates certain important differences between use of the normal-
acceleration system and the pitch-abttitude system as an inner loop in a
flight-path control system. The flight-path responses are more rapid
for the pitch-attitude system than for the normsal-scceleration system
and reflect a significantly higher peak frequency for a given pesk
magnification of the outer loop for the pitch-attitude system. This
better translent response for the pitch-attitude system stems from the
better frequency-response characteristics (particularly in phase)
obtained for the attitude commsnd system than those which were obtained
for the normal-acceleration commsnd system. In addition, the airplane
transfer functlon relating £light path to attitude has somewhat better
phase characteristics than the alrplane transfer function relating fiight
path to normal accelerstion. On the other hand, because the alrplane
transfer function /6 does not have an integrating characteristic as
does the transfer function 7/n, the f£light-path response using the
pitch-attitude system does have a steady-state error. The ability to
maintain steady-state errors as low as those shown in figure 18 is
dependent on the ability to obtain a pitch-attitude command system with
as high a performance as was obtained for the one exsmined in reference 1.
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The magnitude of the elevator deflections are much less when the normal-
acceleration system is utilized, and this fact also may be a considera-
tion in selecting the type of commend control system.

Comparlison of Pitch-Attitude and Normel-Acceleratlion
Systems With a System Which Controls Angle of Attack

Another important variable in the longitudinal motion 1s-angle of
attack. Automatic control of this quantity may be desirable under
several f£flight conditions, in particular, during landings where a safe
margin below the stall angle of attack 1is deslred. and during crulsing
where angle of attack is a primary varisble in the determination of
range performence. As with the normasl-acceleration and pitch-attitude
autopilots, an angle-of-attack autopilot might also be used as an inner
loop in the control of some other quantity such as flight path. Inclu-
slon of the study of an angle-of-attack autopilot in a general survey of
longitudinal-control systems, therefore, is desirable.

Early in the enalysis of an angle-of-attack system, certain simi-
larities between it and the pitch-attitude system became apparent; there-
fore, further analysis of the angle-of-attack system was obviated. This
gimilarity can be sttributed directly $o0 the airplane transfer functions
which involve pitch attitude and angle of attack. For comparison, these
transfer functions are plotted in flgure 19 for the example alrplene used
in the analysis at & Mach number of 0.7 and an altitude of 35,000 feet
end, in terms of the airplane stablility derivatives, are as follows:

(%1 = gyt * 24P + O, G - G Ot
(urony + )0 + (-t + g oy - 2y + 270y - Gopyop V0P o (G 4 Gy Orp - O G I

oo

(euerorg ) + 20mg - Cnglirpg + Oraieng .
(o, + W o o -y, + O, g+ ", ~ Tt P (o, + i = s, o)

o|f

The two freguency responses are substantially the same over a large range
of intermediate frequencies. This similarity results from the dominance
of the term Eucma in the numerator of both transfer functions. TFor the

angle-~of -attack transfer function (in the case of the exsmple sirplane),
the 2uqm5 terms are of an order of magnltude greater than all others at

frequencies above 5 radlans per second, arnd, for the pitch-attitude trans-
fer function, this term 1s of an order of magnitude greaster than all
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others at frequencies below about 100 radians per second. The discrep-
ancies between the two transfer functions gt large frequencies 1s unim-
portant since the airplane response 1s so sttenuated as not to affect
the response characteristics of the airplane-autopilot combination. OFf
course, the lack of s low-frequency integrating characteristic in the
case of the angle-of-attack transfer function is important, but such a
characteristic can be provided by incorporating a lag network of +the

form _l?%_ZE in the complete system. With this addition, the transfer

function of the complete system for controlling angle of attack can be
made about the same over the important range of frequencies as obtalned
for the system which corntrols pitch attitude. This result may be seen
from the plots presented in figure 20 for the transfer functions of the
angle-of -attack and pitch-attitude airplane-autopllot combinstions. The
magnitudes of pitch-rate gain and error gain for the best response were
found to be practically the same for both systems. Actually, it was found
possible to provide a somewhat better integrating characteristic in the
system through use of a lag network than was inherent in the airplane in
the case of the pitch-attitude system, but this difference did not mate-
rially affect the similarity of the transient-response characteristics of
the two systems. The general conclusion to be derived from these obser-
vations is thet the results for the pitch-attitude systems presented in
reference 1 and in this paper are, in general, directly applicable to an
angle-of-attack system, provided an integrating characteristic is incor-
porated in the angle-of-sttack auvtopilot.

CONCLUSIONS

A theoretical analysis has been made of the longitudinal response
cheracteristics of a swept-wing fighter airplene having a normal-
acceleration control system. The effects of varying the parsmeter
settings of the system and the sirplsne £iight conditions were investi-
gated. Results are applicable to the range of conditions in which the
system exhibits linear behavior. Therefore, the responses obtained are
believed to be considerably better than could be cbtained under many
conditions because of the detrimental effect of such nonlinearities as
control-displacement limitations and control-rate limitations. The
results do gpply directly when commands are of small megnitude (such as
might occur during the tracking phase of the attack of an automatic
interceptor). From this analysis the following conclusions were reached:

1. When the frequency responses and transient responses of the
normal-acceleration system with normal-acceleration feedbsck alone were
analyzed, the error gains were limited to low values of all flight con-
ditions by considerstion of system stability. As a result, the response
in normsl scceleration was sluggish and large steady-state errors occurred.
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When the system incorporated both a plitch-rate gyro and & lag network in
the forward loop, very raplid responses could be made provided that some
means was avallsble of changing the galn settings with f£flight conditions.

2. The normal-acceleration system was falrly semsitive to changes
in pitch-rate gain. A 50-percent change significantly affected the
stabllity of the system, the response time, and the steady-state error.

3. An increasse in Mach number from 0.5 to 0.9 at an altitude of
35,000 feet decreassed the magnitude of the gain settings for the best
response characteristics by a factor of sbout 2.5. This reduction was
brought about by a general improvement in the airplane frequency response
with increase in alrspeed in the subsonic speed range. Similar effects
resulted from decreasing altitude st s constant Mach number.

4, In view of the fact that the lag-network parameter settings -~
and a retained approximstely the same magnitude at each flight condi-
tion, it 1s concluded thaet these parameters could be held constant
throughout the flight conditions investigated.

5. At a Mach number of 0.7 at sea level or at a Mach number of 0.9
at high altitudes, with the best parameter settings obtained for cruising
speeds at high altitudes being used, the system became 'unstable. At high
altitude, with the best parameter settings obtained for the sea-level con-
dition, there was & general trend toward improved stability but a much
more sluggish response.

6. If a pitching-velocity command system were optimized to have the
pitching-veloclty response follow a command as closely as possible, the
normal-acceleration response obtalned with the pitching-velocity system
would tend to be guite sluggish as compared with the normal-acceleration
response obtained with the normal-asccelerstion system, In applying these
cammand systems to control the flight path of an alrplane, the impression
is therefore gained that the normal-scceleration command system would be
superiaqr.

T. When the pitch-attitude system considered in NACA TN 2882 and
the normal-accelerstion system considered herein were used as inner loops
for controlling the f£light path of the airplane, the pitch-attitude
system showed a more regpid flight-path response than did the normal-
acceleration system, but the pitch-sttitude system exhibited a steady-
state error.

8. A preliminary anelysis of an angle-of-attack system indicated
that its characteristics, both as a command system for control of angle
of ettack or as an imner loop for comtrol of some other quantity, would
be practically the same as for a pitch-attitude system provided an
integrating characteristic is incorporated in the angle-of -attack
autopilot.
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9. For sll systems studied, very high gains were utilized, particu-
larly for the high altitudes at moderate to low speeds. As & result,
the elevator rates and deflections were very high, and, in the practical
application of such systems, the effects of factors such as control-
rate and control-deflectlon limitations would have to be considered.

Langley Aeronsutical Laboratory,
National Advisory Committee for Aeronsutics,
lengley Field, Va., March 8, 195k.
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APPENDIX
TRANSFER FUNCTIONS APPLICABLE TO PRESENT ANALYSIS

The longitudinel equations of motion in nondimensional form used in
the analysls are

(2uKY2D - cmDe)De + (-cma - cmmn)a, = CnB (1)

(Zu—CLDe)DG+(2pD o, - Lm) =0, 8 (2)

The transfer function of the airplane that relstes normal-accelerstion to
elevator-deflection input in terms of airplene stability derivatives, as
derived from equations (1) and (2) and the expression

n=2 (0o - m) = L2 ny (3)

ge gc

is of the form:

n
5 ED° + ¥D + G

=ﬁ<AD2+BD+c)

where
2
A = 2uKy"Cr,
B = CngCrpg - CLgCmpg * CmgClp, - Cmp Crs
¢ = ~Cu Crp + Cry g
E = 2uKy2C;  + huPk?

F = 2ulnp * Copglugy, = 2#0mp, + EPKYchu. = O Ly,
G = -2uly, * G Crpg - O Capg
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The dimensionalized form of the n/d transfer function may be obtained
by substituting % p for D. Then the n/8 transfer function becomes

) ol o

\D —
E(%) 2 + F(%)p + G

= _

The frequency-response form of the dimensionslized transfer function may
be obtained by substituting Jo for the Laplace operator p.

Bl

ol
]

The transfer function of the alrplane relsabing angle of attack to
elevator deflection can also be derived from equations (1) and (2) and
is of the form

o - PD + @§
8 ED° +FD + G
vwhere
2
P = -2uky Cr,
Q= 2uCng - CmgCrpg * OLpmpg

The dimensionslized form of the o/ transfer function may be
obtained by substituting % p for D. Then the a./S trangfer function

becomes
P(E)p +Q
Q — v

5 _/=\2 -
E(E) p° + F[€)p + G
(V)P ¥ (V)p

A block disgram of the normal-accelerstion command system considered
is presented in the analysis. The open-loop transfer function of this
system is

no _ KneYlYBY)_‘_

€ " 1+ Kg¥qYoD
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where Y7 1is the autopilot transfer function, Y, 1s the alrplene
transfer function relating pitch attitude to elevator deflectlon, Y3

is the airplane transfer function relating normel acceleration to ele-
vetor deflection, and Y) 1s the lag-network trensfer function. The

closed-loop transfer function of the system is

&l
+ ol

|

The known transfer functions of the airplane, the autopllot, and the lag
network, together with the selected parameter settings, were used to find
the frequency response of the closed-loop transfer functlon of the sys-
tem. The frequency-response data were fed into the Fourier synthesizer
to determine the transient-response characteristics of the system.

The transfer function relating elevabtor deflection to the normal-
acceleration input command of the closed-loop system was obtained from
the alrplane transfer function relating normel acceleration to elevator
deflection (previously defined) end from the closed-loop transfer func-
tion of the system relating normal-accelerstion output to the normal-
acceleration input command. Thus,

8 _ Dofni
ng  no/d

In & similar manner, the transfer function relating pitch attitude
to elevator deflection (see ref. 3) was used to establish the transfer
functions relating pitching velocity to the normal-acceleration input
command for the closed-loop system. Thus,

en
3

Ed

o -

nj o
o)

P

The frequency-response data determined for &/n; and 8/n; were also

fed into the Fourier synthesizer to establish the transient-response
characteristics of these oubtput quantities in terms of the input normal-
acceleration command.
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A block disgram of the automatic control system used when the
normal-acceleration commsnd system controlled the flight path of the
alrplane is presented in the analysis. The closed-loop transfer func-
tion of this system is

Do ¥

b__ K’)'enin

l+K.7—
en-ln

The transfer function releting flight-path angle to normsl acceleration
in the above closed-loop frequency response was determined by using
equation (3). Thus,

£
vp

BN

The transfer function relating elevator deflection to the flight-
path-angle input command of the closed-loop system was obtained from the
alrplane transfer functions relating f£light-path angle to normal accel-
erstion and normal accelerstion to elevator deflection and from the
closed-loop transfer function of the system relating flight-path-angle
output to the f£light-path-angle input commsnd. Thus,

7o
3 -7
71 YZon
n 3

In a similar menner, the alrplane transfer function relating flight-
path angle to normal acceleration and the closed-loop transfer function
of the system relsting flight-path-sngle ocutput to flight-path-angle
input command were used to establish the transfer function relating
normal acceleration to the flight-path-angle input command. Thus,

n _Zo/71
71 7o/n

The frequency-response data determined for y,4 /71, 5/715 and n/yi, when
the normsl-acceleration airplane-autopilot combination was used to comtrol
the flight path, were slso fed into the Fourier synthesizer to establish
the transient-response characteristics of these output quantities in
terms of the flight-path-angle input command.
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Similar transfer functions relating the pertinent variables when
controlling the flight path with the pitch-attitude commend system of
reference 1 can be obtained by replacing the normal-accelerstlon transfer
functions appearing in the equations presented in the preceding para-
graphs with the corresponding pitch-attitude transfer functions which
are presented in reference 1.
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TABLE I.- ATRPLANE CHARACTERISTICS, FLIGHT CONDITIONS,
AND STABILITY PARAMETERS

Condition
Symbol
I II III Iv
. 0.5 0.7 0.7 0.9
bp, £t . . . .« . . . 35,000 0 | 35,000} 35,000
Wy Ib v d v o 0 0 o s 15,291 | 15,291 | 15,291 | 15,291
S, sq £t e e e e . 288 288 288 288
b, £t .. 37.1 37.1 37.L| 37.1
V, f£t/sec . . 485 79 682 87T
S, ft ... . « . 8.085 8.085 8.085| 8.085
A, deg v e 35.2% 35.23 35.23 | 35.23
Ky « ¢« .. e 0.95 0.95 0.95{ 0.95
Iy o oo o . 29,448 | 29,448 29,448 | 29,448
e .00 .. 2.4 2.4 2.k 2.k
CL, « « o « o o o« o » 0.611 | 0.0735 0.312) 0.189
A. ... . e e L. 79 k.79 ool b9
B e s o o ¢ o s o« . 277.2% | 85.807 277.24 | 277.24
Coug » » o v o o o = -0.427 | -0.398 -0.398 | -0.344
quL e e e s e e e -0.100 | -0.152 -0.126 | -0.175
Clg » ¢ ¢ o o « o o . 0.17h | 0.162 0.162] 0.140
Cry, »+ + « = = » .. k.355 | 4.928 L.58k | 6.016
Cmg + ¢« o ¢ o o o oo | =0.435 | -0.751 | -0.579 | -1.05%
Oy, » = + =+ o o » -0.791 | -0.825 | -0.825| -0.848
Clut ........ 0.323 0.337 0.337 | 0.346
Cipg -« ° . 0.791 0.825 0.825) 0.848
Ompg » « o o « o o o -1.897 | -2.017 -2,017 | -2.07h
Clpg, = * = = =« = » 0.1583 0.272 0.hok | 0.392
G, = o v 0 00 oo -0.3876 | -0.664 -0.991 | -0.962
defd » . . . . . 0.35 | 0.395 0.368 | 0.483
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Flgure 1.~ System of axes and angular relationship in flight. Arrows
indicate positlve direction.
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Figure 3.- Elevator-servocontrol-system frequency response.
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