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SUMMARY 

The problem of the effect of yaw on the turbulent boundary layer 
and skin friction of infinite cylinders is reviewed and compared with 
the case of laminar flow. It is concluded that present understanding 
of the mechanism of turbulent shear does not permit extension of two­
dimensional data even to this elementary case of three-dimensional flow. 

Experiments carried out on three flat plates yawed 00 , 300 , and 45° 
with artificially fixed transition in a low-speed, low-turbulence tunnel 
are described. The effects of yaw on the velocity profile and on the 
direction of flow near the plate are found to be small. The boundary­
layer displacement thickness on a yawed plate is found to grow in the 
streamwise direction at a rate slightly greater than it does on the 
unyawed plate; this is in contrast with the laminar case where the "inde­
pendence principle" discovered by Prandtl and others leads to a substan­
tially reduced rate of growth on yawed plates. It is also in conflict 
with the results of Young and Booth, who concluded from their experiments 
that the independence principle applied to turbulent flow. The work of 
Young and Booth is reviewed, and possible sources of the discrepancy are 
suggested. 

INTRODUCTION 

For laminar flow over a yawed infinite cylinder the boundary-layer 
equations for flow in the chordwise direction are independent of the 
spanwise flow (refs. 1 and 2). Hence, the chordwise flow can be calculated 
with no reference to the spanwise flow and the results then used to cal­
culate the spanwise flow. This is sometimes called the "independence 
principle. " 

An investigation has been undertaken to determine the effects of 
yaw on the turbulent boundary-layer flow over a cylinder and, in par­
ticular, to ascertain whether such an independence principle also exists 
in the turbulent case. As an initial step the experiments have been 



2 NAeA TN 3383 

limited to the flat-plate case (i.e., the external pressure gradient is 
zero), the results of which are presented herein. 

The fundamental difficulty in calculating the turbulent boundary 
layer, in even the simplest case, is the lack of knowledge of the relation 
between the Reynolds stresses and the mean velocity distributions. It is 
this lack of knowledge which makes it impossible to demonstrate (subject 
to the usual boundary-layer approximations) just what the effect of yaw 
will be for turbulent layers. Conversely, an experimental investigation 
of the effect of yaw casts some light on the relation between the turbu­
lent stresses and the other flow quantities. 

In the course of the experiments it was necessary to investigate 
quite closely the effectiveness of sandpaper roughening at the leading 
edge in producing an adequate turbulent boundary layer. These experi­
mental results, together with those of Klebanoff and Diehl (ref. 3), 
should prove useful for other boundary-layer experiments. 

The present investigation was conducted at Cornell University under 
the sponsorship and with the financial assistance of the National Advisory 
Committee for Aeronautics. The authors wish to express their appreciation 
to Profs. W. R. Sears and N. Rott for their encouragement and for their 
many valuable comments during the course of the investigation. The 
assistance of Messrs. J. Spencer, S. W. Liu, and H. Mirels in carrying 
out the experimental program is gratefully acknowledged. 
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SYMBOLS 

shape parameter, 5*/~ 

static pressure 

dynamic pressure 

Reynolds number 

mean velocity components in x,y,z coordinates 

instantaneous velocity fluctuation components in 
x,y,z coordinates 

coordinate system fixed to body (see fig. 1) 

boundary-layer thickness 
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o 5* displacement thickness, 10 (1 -~{)dZ 

-8uv 
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momentum thickness, 

angle of yaw of leading edge 

coefficient of viscosity 

kinematic viscosity 

coordinate system defined by free-stream velocity 
(see fig. 2 ) 

density 

shearing stress 

shear i ng stress at wall 

refers t o free-st r eam value 

DEFINITION OF PROBLEM 

3 

Consider the laminar- and turbulent-boundary-layer equations for 
the two-dimensional body in the coordinate system of figure 1: 

u dU + w em = _ 1 (]Pi + 1. d'f xz 
dX dZ P dX P dZ 

(1) 

U dV + w dV = 1 d·yz 
dX dZ P dz 

(2) 

where for laminar flow 
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'xz 

and for turbulent flow 

1"xz puw 

oV 
'yz = I-! oz - pvw 

The continuity equation for laminar flow is 

and for turbulent flow is 

together with 

oU + oW 0 
Ox oz 
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(4) 

(6) 

Equation (7) must be satisfied at each instant although, if a time mean 
is taken, it is identically satisfied. 

A mathematical statement of the independence principle is that 
equation (1) for chordwise flow together with the appropriate continuity 
equation must be independent of the spanwise flow component V. Specif­
ically, this can be stated as follows: 'xz must be independent of V 

and of 1"yz, It can be seen at once that this is true for laminar flow. 

For turbulent flow, however, the condition to be satisfied is that uw 
must be independent of V and vw . Since v varies with V and equa­
tion (7) must be instantaneously satisfied, this appears as a very com­
plex requirement indeed. Hence, the experimental evidence of Young and 
Booth (ref. 4) that the independence principle does apply to turbulent 
flow is significant and rather surprising. 

• 

• 
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In this investigation the boundary-layer growth and the flow direc­
tion in the boundary layerl were measured on an unyawed flat plate and 
on flat plates yawed 300 and 450 with respect to the free stream. 

A convenient basis for evaluating such measurements may be obtained 
by analogy with the known results for laminar flow (refs . 1 and 2 ) as 
follows: 

Consider laminar flow over a flat plate infinite in the y-direction 
as shown in figure 2 . Now, the known results for the laminar boundary 
layer can be reasoned in either of the following two ways ( see ref. 5) : 

(a ) Assume that the boundary-layer growth i s determined by the length 
of plate that has been traversed and by the streamwise potential flow out­
side the boundary layer. This means that the yawed leading edge has no 
effect on the boundary layer and, hence, the boundary-layer thickness is 
given by ( see ref. 6, pp. 54 and 136) 

0a = k£/Re£ 1/2 (8) 

where 

k universal constant 

(b) Assume that the geometry demands that the resultant boundary­
layer growth be perpendicular to the leading edge. At each chordwise 
position, therefore, the spanwise potential flow is along a layer of con­
stant thickness. Hence, it might be expected that the boundary-layer 
growth is determined by the chordwise flow. This leads to 

Db = kx/Rex
l / 2 

where 

Rex = u~/v 

A comparison of Da from equation (8) and ~ from equation (9) gives 

£ x/cos A 

~roughout this report the phrase "flow direction in the boundary 
layer" will be taken to mean the direction of the mean velOCity component 
that is parallel to the surface. 
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Re~ 

Therefore, 

Ulx x 
cos A COS7\. 

v 

k __ x_ 
cos A 

1 --- Rex 
cos~ 
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Thus, both physical assumptions lead to the same result for the laminar 
boundary layer, and this result agrees with that obtained directly from 
the differential equations just presented. 

Now, apply the same assumptions to turbulent flow, where direct 
calculation from the differential equations is impossible. If the empir­
ical growth law for low Reynolds numbers (see ref. 6, p. 362), namely 

is used, then, by assumption (a) 

and by assumption (b) 

Thus, 

k __ X_ 

cos A 

(10) 

(11) 

(12) 

that i.s, the two assumptions lead to boundary-layer thicknesses differing 

by a factor cos3/ 5A. 

It is clear that the two arguments are based on very different 
assumptions , namely, in (a) yaw is assumed to have no effect and the 
flow goes straight back while in (b) the independence principle is 
assumed to be a physical principle . 

• 
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If the relationship between the shearing stresses and the mean 
velocity derivatives is not specified, these assumptions are truly inde­
pendent. In order to show this explicitly, suppose in equation (l) 

TXZ g(U,W, and their derivatives) 

where g( ) indicates a functional relation; then, the independence prin­
ciple is not violated. If g is known, the resultant flow direction may 
be calculated; but only for a restricted class of functions g will this 
lead to the conclusion that the flow goes straight back on a flat plate. 
In fact, only for the specific function g that exists for laminar flow 
will the conclusion be reached that the flow is straight and that the 
results of assumptions (a) and (b) are the same. 

Since the function g is unknown for turbulent flOW, clearly both 
the boundary-layer growth and the flow direction should be measured in a 
yawed-plate experiment. While neither assumption (a) nor (b) is neces­
sarily true for the turbulent-boundary-layer case, both may conveniently 
be used as a basis for evaluating the experimental results. 

EXPERIMENTAL EQUIPMENT AND METHODS 

An unyawed plate, a 300 yawed plate, and a 450 yawed plate were used 
for the experiments. These are shown schematically in figures 3, 4, and 5 
with appropriate details. The construction of the plates differed some­
what. The 300 yawed plate was used first and was made initially l/2 inch 
thick. However, in order to get a good pressure distribution and proper 
two-dimensional flow (in x,y,z coordinates), it was found necessary to 
add stiffeners and brace the plate externally. This trouble was avoided 
in the unyawed and 450 yawed plates by making a box construction about 
2 inches thick. The leading edges of the plates were made as shown in 
figure 6. 

In order to make the layer develop two-dimensionally in the 
x-direction, a l-inch strip of sandpaper was glued to the working surface 
of the plate about 3/l6 inch back of the leading edge. Initially, exper­
iments were made using a trip wire for this purpose, but the sandpaper 
was found to be more effective. It gave more regular thickening of the 
layer and its distortion effect on the velocity profile had disappeared 
lO inc he s downstream. 

The plates were installed near the beginning of the working section 
of the low-turbulence tunnel shown in figure 7. The tunnel, at this 
point, is approximately 6 feet high and 3 feet wide. The plate spanned 
the 6-foot dimension and had its working surface about 2 feet from the 
fixed tunnel wall. For the 0 0 and 30 0 plates, a 5-foot section of the 



8 NACA TN 3383 

flexible tunnel wall opposite the plate was removed completely. This 
was done originally for ease of access and as an aid in placing the stag­
nation point at the leading edge of the plate on the working side without 
the necessity of placing obstructions downstream. In the case of the 
450 plate, it was found necessary to replace the tunnel wall in order to 
achieve a satisfactory pressure distribution on the plate. 

In order to set the pressure distribution easily, a network of 
static-pressure holes was incorporated in each plate (see figs. 3, 4, 
and 5). A system of stopcocks connecting these tubes to a manifold 
allowed rapid selection of each individual hole. In this way the pressure 
distribution could be checked very quickly. No attempt was made to cal­
ibrate these holes, but they were carefully installed and then inspected 
with a microscope. The large number of holes allows a check against gross 
error due to a defective installation. 

The velocity profiles were measured by traversing a single flattened 
pitot tube (shown in figs. 8 and 9) through the boundar) layer by means 
of the traversing mechanism shown unmounted in figure 10(a) and in working 
position in figures 10(b) and 10(c). The micrometer drive allowed posi­
tioning to 0.0005 inch. The main source of positioning error was in 
determining the zero position of the pitot tube. The most reliable way 
of accomplishing this was found to be to traverse the pitot tube toward 
the wa~l until it touched its reflection on the surface of the plate (see 
fig. 10(c)) and then to correct the micrometer reading by one-half the 
width of the tube. The reflection in the wall also proved useful for 
lining up the flattened pitot tube parallel to the surface. 

A pitot-tube rake (fig. 11) was also used to measure velocity in the 
boundary layer. In general, this rake was used to check the two­
dimensionality of the flow because of the ease with which it could be 
mounted in any desired position. On the 300 plate it was also used in 
two cases to measure the boundary-layer growth. The results, however, 
are necessarily less accurate than those obtained with the traversed pitot 
tube. For this reason any rake data that are plotted in the results are 
marked as such. 

Dynamic-pressure measurements were read on a slanting tube manometer 
with a reading accuracy of to.003 inch of alcohol. Small differences of 
pressure were read on a micromanometer with a reading accuracy of 
to.OOl inch of alcohol. The free-stream dynamic pressure was about 
0.485 inch of alcohol. All of the data presented in this report were 
recorded at a constant value of Reynolds number per foot of 250,000 (based 
on the free-stream velocity). Temperature and barometric-pressure changes 
were compensated for by appropriate variation of the free-stream velocity. 

In order to mea sure the flow direction in the boundary layer, the 
yaw head shown in figures 8 and 9 was used. This instrument was set 

• 
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parallel to the wall by the reflection method mentioned previously. The 
adjustment is critical, especially in the region of large velocity gra­
di ent near the wall; hence , repeated measurements were performed in an 
effort to reduce errors. 

Two methods of measurement with this yaw head were used . In the 
first of these, the direction of the flow was determined by recording the 
pressure difference (read from the two slanting tubes) as the yaw head 
was rotated (at a fixed distance from the wall). The total angle of 
r otation was about 50 and generally a straight line could be drawn through 
the points; from the intersection with the pressure axis, the angle at 
which 6p is zero could be read . This measurement was made at several 
stations through the boundary layer, including the free stream . The flow 
direction at a point in the boundary layer was then determined by the dif­
ference in the angle of zero 6p when measured at the point in question 
and when measured in the free stream . 

The second method of measurement utilized the above procedure as a 
calibration. The data shown in figure 12 are those given by the "yaw­
head rotation" scheme just presented . An arbitrary zero reference line 
(given by the centering of a carpenter's level bubble cemented to the 
traversing head of fi g . 10 (c)) was established, and the yaw-head-rotation 
data were plotted to this reference. It will be noted that there is con­
siderable scatter of t he "calibration data." In part , this is due to the 
low sensitivity of the level bubble (1/4 inch per degree, approximately) 
and the coarse (10

) divisions on the traversing-head protractor, as well 
as to the effect of a lower value of q on the sensitivity of the yaw 
head . In practice, the single calibration line shown in figure 12 was 
used; the errors in the measured flow direction are of the order of ±1/3° 
and this uncertainty in the angle of flow is of low order in the inte­
grated quantity ~uv . The yawmeter calibration was used as follows: 

The yaw head was set up at the 00 position and 6p/q was read . The cal­
ibration curve gives the flow direction. Again, the reference flow 
direction is taken as the free stream. 

EXPERIMENTAL RESULTS AND DISCUSSION 

Pressure Distribution 

The static pressure distribution was recorded frequently during the 
experiments. The results for the unyawed plate are shown in figure 13(a), 
for the 300 yawed plate, in figure 13(b), and for the 450 yawed plate, 
in figure 13(c). The differences in pressures near the leading edge 
indicate slightly different positions of the stagnation point, which 
caused no measurable differences in the velocity profiles downstream. 
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Since the primary purpose of this investigation was to determine 
the effect of yaw on the growth of the boundary laYer, it seems important 
to consider here the possible effects of variations of pressure distribu­
tion from plate to plate (figs . l3(a) to l3(c)). The effect of these 
small pressure gradients may be estimated by use of the Buri form of the 
integrated momentum e~uation (see, for instance, ref. 6) as follows: 

For simpliCity, and since the measured pressure distributions 
exhibit a tendency toward periodicity, let 

U = U1 + Ue sin ax = U1 (1 + ~: sin ax ) 

where 

free-stream velocity 

amplitude of velocity variation 

~ = 2n where A is wavelength of velocity variation 
")\' 

Using this value for U and noting that the value of 

small compared with 1, give 

is 

For transition artificially fixed at the origin, 

hence, C = O. Using these conditions, expansion 
term (neglecting higher order ~uantities) yields 

Xo = 0, ~o = 0, and, 
of the exponential 
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For the case of zero pressure gradient and artificially fixed transition 
at the origin, the Buri equation reduces to 

Forming the ratio between tlx and tlx yields 
0 

~x Ue { 4 . ~;/ (cos ax - ll} -- = 1 - - 3. Sln a.x+ 
tlx Ul 

0 

This relation has been eval uated for the unyawed and 450 yawed cases 
using wavelengths and UE determined from figures 13(a) and 13(c). The 
calculated change in tl due to the differences in the pressure distri ­
butions is less than 2 percent. This effect is therefore believed to be 
within the experimental accuracy of the boundary-layer measurements. 

Two-Dimensionality and Flow Direction 

Checks on the two- dimensionality of the flow (in x,y,z coordinat es) 
were first made by doing spanwise traverses with the rake . As has been 
mentioned, stiffeners and external bracing were added to the 300 yawed 
plate to improve the two-dimensionality of the flow. In the course of 
these changes, however, only very minor effects were observed in the 
velocity profiles along the streamwise center line , which indicates that 
adequate two-dimensionality was attained. On the unyawed plate no diffi­
culty in this respect was encountered. 

The mean flow direction in the boundary layer was measured carefully 
on the 300 yawed plate at distances of 15 . 9 inches, 31 . 9 inches, and 
47.9 inches from the leading edge in the streamwise direction. In the 
outer part of the layer, between z/o = 0.2 and z / o = 0 .1, there was 
no measurable deviation from the potential flow direction. For z/o < 0.2, 
as the yawhead entered the steep velocity gradient near the wall, the 
flow-direction reading became critically dependent upon whether the flat­
tened yawhead was exactly parallel to the wall. In this region the results 
are necessarily less accurate , but it was determined that the mean flow 
did not deviate by more than ±lo from the potential flow direction. 

The flow direction in the boundary layer of the 450 plate was the 
subject of intensive investigation in connection with the question of pos­
sible divergence or convergence of boundary-layer flow in the test region. 
At the time of the completion of the growth curves, Clauser ( see ref. 7) 
pointed out that small changes in the flow direction in the boundary layer 
might result in large errors in a measured growth curve. For this reason, 
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extensive measurements of flow-direction profiles W~7 undertaken, and 
the value of the mixed momentum thickness -auv was determined at several 
stations blanketing the test region. The results of these measurements 
are shown in figures 14, 15, and 16. Figure 14 shows a typical flow­
direction profile obtained from the calibration curve of the yawhead. 
In figures 15 and 16 the distributions of -auv over the test region are 
displayed. 

The significance of these results is discussed in appendix A, but, 
for emphasis, it is noted here that congruent velocity profiles are not 
sufficient to assure two-dimensional flow. The angles of yaw in the 
boundary layer, although small enough to be undetected by pitot-tube 
traverses, may result in a net flow into or out of the test region which 
would result in important changes in the rate of growth of the boundary 
layer. 

Velocity Profiles 

The measured velocity profiles for the three flat plates are shown 
in figures 17(a), (b), and (c). A table of values of the displacement 
thickness 0*, the momentum thickness -a , and the shape parameter H, 
computed from the velocity-profile data, is included in each of the 
figure.s. In all runs, the Reynolds number per foot (based on the free­
stream velocity) was adjusted to the value of 250,000 noted in these 
figures. 

A reduction of the velocity profiles to nondimensional form as 

for each plate is shown in figure 18. For comparison, the 

nondimensional velocity profile measured on the fixed wall of the tunnel 
(fig. 7) is also plotted. It is seen that the effects (if any) of yaw 
on the velocity profile are quite small. 

Virtual Origin 

The experiments of Klebanoff and Diehl (ref. 3) have shown that, when 
sandpaper is used to promote turbulence in the boundary layer, the con­
ditions downstream of the point where the velocity profile has returned 
to normal are the same as if the layer had developed from a natural tran­
sition . If a growth law is specified, this leads to the definition of a 
virtual origin for the boundary layer. The boundary-layer growth in 
these experiments is measured in terms of displacement thickness 0* 
because of the difficulty in defining and measuring the actual thick-
ness o. The method of finding the virtual origin for the unyawed plate 
is as follows: 
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It is assumed that 
~ k(~ + ~o) 

5* 
Rel / 5 

where 

k constant, 0.046 

~ distance from leading edge of plate 

~o distance from virtual origin to leading edge 

Ul(~ + ~o) 
Re = 

v 

This growth law follows the form of the empirical law mentioned previ ­
ously. No claim is made that this is an exactly correct law for 5*, 
but it certainly gives nearly the correct dependence on streamwise dis ­
tance and Reynolds number (ref . 6, p. 362) for Re < 3,000,000. Hence, 
it is satisfactory to use this law for comparing the boundary-layer 
thicknesses on the yawed and unyawed plates. To determine the virtual 
origi~ (see fig. 19), the curve 

5* 
kX 

where X is the distance from the vertical origin, is first plotted . 
The experimental points are fitted to this curve by shifting them along 
the X-axis . The position of the virtual origin is then given by 
So = X - s. In this way So was found to be 9 inches for the unyawed 

plate. 

Virtual Origin for Yawed Plates 

It is obviously necessary to find the virtual origin for the yawed 
plates by some other method, since the growth law on a yawed plate is 
not known but, instead, is precisely what is to be determined in the 
investigation. The exact effect of yaw on So is unknown, but the fol ­
lowing limits can be established: 

(1) So may depend only on the streamwise flow; that is , the vir­

tual origin is 9 inches (in the streamwise direction) ahead of the 
leading edge. 
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(2) ~o may depend only on the chordwise flow; that is, the virtual 

origin lies 9 inches (in the chordwise direction) ahead of the leading 
edge. 

These assum~tions are based on experiments regarding the effect of 
sandpaper for the production of turbulent boundary layers en unyawed 
plates. These experiments are discussed in appendix B. 

The growth of the turbulent boundary layer on each of the three plates 
tested is shown in figure 20 (a). This figure represents the raw data, as 
computed from the measured velocity profiles, no corrections having been 
made for the location of the virtual origin. As before, the Reynolds num­
ber per foot (based on free-stream velocity) was kept constant at 250,000. 

If the above assumptions regarding the virtual origin are applied to 
the data, figures 20 and 21 are obtained. Figure 20(a) (with the abscissa 
shifted 9 inches) represents assumption (1), while figure 20(b) gives the 
result of assumption (2). Figures 21(a) and 21(b) are logarithmic plots 
of the same data as are given in figures 20(a) and (b), respectively. In 
each of these figures, two curves marked "Independence principle" have 
been drawn. These curves represent the data from the unyawed plate plotted 
against the appropriate streamwise coordinate (~ = x/cos A) for the two 
cases A = 300 and A = 450

• It is evident, as far as the applicability 
of the independence principle is concerned, that the difference in the 
virtual origins given by assumptions (1) and (2) is of no consequence. 

Boundary-Layer Growth 

The conclusion at this point is unmistakable: The independence prin­
ciple cannot be applied to the case of turbulent boundary layers on yawed 
flat plates . The measured growth curve, for the cases A = 300 and 450 

is thicker than that for the unyawed-plate case, while the independence 
principle predicts a thinning effect of yaw. 

The logarithmic plot of figure 21(a) is of special interest. Note 
that a virtual origin of 9 inches for each case has been assumed; straight 
lines with slope equal to 4/5 have been drawn through the experimental 
data . The values of the constant C (see fig. 21(a)) for these straight 
lines for the three angles of yaw have been noted in the figure. They 

are very nearly in the same ratio as cos2/ 5A. From a purely empirical 
standpoint, then, the curve of figure 22 (a) may be drawn. Note that the 
data are reduced to a single curve by the inclusion of the empirical 

cos 2/ 5A factor. This is shown also in the Cartesian plot of figure 22(b). 
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The empirically determined growth law is given by 

5* 
0 . 046 ~o + ~ 

cos2/ 5A Re~1/5 

15 

The growth law which is given by the assumption of the independence prin­
ciple is 

5* 
3/5 ~o + ~ 

0.046 cos A 
Re~1/5 

where in each of the above expressions 

Re~ = Ul(~O + ~~v 
Thus, the two growth curves differ by a factor equal to cos A. In the 
case of the plate yawed 450 this represents a large difference, more than 
can be explained on the basis of any known experimental inaccuracy. 

It must be emphasized, however, that the empirical growth law noted 
above is the result of only three experiments and thus should be consid­
ered as merely a tentative result until more extensive experimental con­
firmation is available. 

Results of Young and Booth 

Prior to the present investigation, the only experimental data 
available regarding the turbulent boundary layer on yawed flat plates were 
those obtained by Young and Booth (ref. 4). In their experiments, which 
were stated to be preliminary, a single plate, with a boundary-layer trip 
Wire, was rotated to angles of yaw of 20°, 30°, and 450 and the boundary­
layer thickness at a single chordwise station, as well as the total drag 
of plate and Wire, was measured. The principle results of their investi­
gation may be stated as follows: 

(a) The independence principle does apply. 

(b) The flow in the boundary layer is in the direction of the 
free stream. 

The results of the present investigation are in direct contradiction 
to the first of the Young and Booth results. Since Young and Booth have 
not presented the complete details of their experiment, it is difficult 
to assess the exact source of the discrepancy. The present authors feel 
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that a likely origin of error in any boundary-layer investigation of this 
nature is departure from two-dimensionality of the flow. As pointed out 
previously, the presence of divergence or convergence of the flow in the 
boundary layer can have important consequences on boundary-layer-thickness 
measurements. 

Another possible source of error is the effect of yaw on the action 
of a trip wire in causing transition. The wire presumably lies in an area 
of laminar flow; hence, its significant Reynolds number varies as cos A 
in the experiments. It is known that transition does not occur at a trip 
wire but some distance downstream. The influence of a considerable var­
iation of Reynolds number on this distance, and therefore on the virtual 
origin of the turbulent layer, is not known. Although this effect was 
found in the present investigation (appendix B) to be negligible for sand­
paper transition strips, the same may not be true for a trip wire. 

CONCLUDING REMARKS 

The results of measurements in the turbulent boundary layer on three 
flat plates yawed 00

, 300
, and 450 indicate that the boundary-layer dis­

placement thickness increases in the stream direction at a slightly 
greater rate on the yawed plates than it does on the unyawed plate. 

An empirical growth law, including this effect of yaw, has been 
determined. It is emphasized that this law may apply only to the experi­
mental setup described. 

The effects of yaw on the direction of flow within the boundary layer 
have been measured . These effects are, in general , small. 

Cornell UniverSity, 
Ithaca, N. Y., March 22, 1954. 
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APPENDIX A 

EFFECT OF FLOW DIVERGENCE ON MEASURED BOUNDARY-LAYER GROWTH 

The incompressible-flow boundary-layer momentum equation in the 
direction of the x-axis is given by '(see, for instance, ref. 8) 

o 1° 2 0 1° 0 1° 0 1° - U dz - Ul - U dz + - UV dz - Ul - V dz = ox 0 Ox 0 dy 0 oy 0 

17 

Transforming this equation to momentum-thickness terms and assuming 
a flat plate (zero pressure gradient) give 

Note that this equation is the same as that normally used to determine 
the wall shear with the addition of mixed-momentum-thickness terms. 

In order to ascertain the effect of the non-two-dimensionality of 
the flow (represented by figs. 15 and 16), the derivatives in the above 
equation can be evaluated from the experimental data. This is most easily 
accomplished by recourse to the skewed ~,E coordinate system shown in 
figure 26. In this coordinate system, 

~ x - y tan A 

E Y Icos I\. 

Hence, 

0 0 
ox o~ 

0 1 0 
- tan I\. 

0 
= -----

Oy cos A O€ o~ 

The equation for the x-momentum in the new coordinate system is then 

O'l'luu + _1_ O'l'luv _ tan A O'l'luv = ~ 
o~ cos I\. OE o~ Pu1

2 
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The terms on the left-band sidt of the equation were evaluated at 
~ = 36 inches and € = 14.85 inches which represents the center of the 
presumed two-dimensional test region. The results are presented as 
follows : 

-3.75 x 10 -5 1.85 x 10-5 

Inserting these values into the equation for the x-momentum, and 
noting that A = 450 , shows that the error involved in neglecting the 
mixed-momentum-thickness term is approximately 3 percent. 

Although the correction in this case is small, it must be stated 
that large errors can be the result of apparently small changes in flow 
direction, since the value of the derivative can become quite large. In 
an experiment where boundary-layer growth curves are measured, it is easy 
to see that changes in the flow direction within the boundar~y layer can 
give erroneous results by adding air to or exhausting it from the test 
region. It is felt that the calculation just described indicates that 
the measured boundary-layer growth curves reported herein are substan­
tially correct. 
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APPENDIX B 

THE EFFECT OF YAW AND ROUGHNESS ON VIRTUAL ORIGIN AND TRANSITION 

OF AN ARTIFICIALLY THICKENED BOUNDARY LAYER 

Effect of Yaw on Virtual Origin of Artificially 

Thickened Boundary Layer 

Before any conclusions could be drawn regarding the effect of yaw 
on the turbulent boundary layer itself, it was necessary to consider the 
effect of yaw on the sandpaper used to thicken the boundary layer. While 
a complete experimental analysis of the situation was beyond the scope 
of the present investigation, several simple experiments were performed 
which served as a basis for the assumptions in the body of this report. 
These assumptions depend on the following limiting cases: 

(l) Assume that 

yawed plate, then, ~o 

width of l in./cos A 

~o depends upon the streamwise flow. For the 

is determined by Ul/v = 250,000 and a sandpaper 

and should be taken in the streamwise direction. 

(2) Assume that So is determined by the chordwise flow. For the 

yawed plate, then} ~o is determined by Ul/v 250,000 cos A and by a 
sandpaper width of l inch and should be taken in the chordwise direction. 

Experiments were carried out on the unyawed plate to determine how 
~o depended upon sandpaper width and upon Ul/v. Figure 23 shows that 

doubling the width of sandpaper at Ul/V = 250}000 had a relatively small 

effect in thickening the boundary layer. For a l4-percent increase in 
sandpaper width, as in assumption (l)} then, it can be said that ~o 

would be unchanged within experimental accuracy limits. Figure 24 shows 
the results of varying Ul/v for a constant sandpaper width of linch. 

The curves are plotted assuming that So was unchanged from the value 

given in fi gure 19. The experimental points lie very close to these 
curves except f or the lowest value of Ul/v. It seems safe to assume} 

then, that for Ul/v = l77,OOO(=(Ul/v)cos 450
, the lowest possible value) 

~ is still 9 inches . With this evidence, therefore, the assumptions 
o 

of a virtual origin for the yawed plate are, as stated previously, (l) the 
virtua l origin is 9 inches in the streamwise direction ah 'ad of the 
leading edge, or (2 ) the virtual origin is 9 inches in the chordwise 
direction ahead of the leading edge. 
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Use of Sandpaper to Produce Artificial Transition 

In experimenting with turbulent boundary layers it is frequently 
necessary to use some method of artificially inducing transition from 
laminar to turbulent flow. The purpose may be to thicken the boundary 
layer, as in reference 3, or to make transition occur along a given line, 
as in the present investigation and in reference 4. For either of these 
purposes sandpaper roughening has the particular advantage that the 
boundary layer returns to normal in a relatively short distance downstream 
(ref. 3). 

Figure 25 shows a determination of the virtual origins for results 
given in reference 3 where a strip of sandpaper 24 inches wide was used. 
Because of the different range of Rex it was necessary to use a dif-

ferent boundary-layer growth law from that used in the present report 
(fig. 14). The growth law used is derived directly from the Karman­
Schoenherr formula 

1 

C 1/2 
f 

by observing that, for a flat plate, 

and, hence, 

A quantitative comparison of these results with the results obtained 
in the present investigation is difficult, but the following observations 
may be of interest: 

For the 24-inch strip of sandpaper, 

(1) The boundary layer returned to normal 66 inches downstream of 
the trailing edge of the sandpaper. 

(2) The layer was "overthickened" immediately behind the sandpaper 
and hence approached the normal growth curve frOID above. 

(3) As the free-stream velocity was increased, the virtual-origin 
distance increased. 
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For the l-inch strip of sandpaper, 

(1) The boundary layer returned to normal 10 inches downstream. of 
the trailing edge of the sandpaper. 

(2) The layer thickened more rapidly than normal immediately behind 
the sandpaper and approached the normal growth curve from below. 

(3) For a similar increase in free-stream. velocity the virtual 
origin did not shift proportionately as much as for the 24-inch strip of 
sandpaper. 
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Figure 1 .- Coordinat e system for yawed boundary layer . 
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Figure 2 .- Coordinate system for yawed plates . 
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(b) Mounted; view from back of plate . 
L- 86494 

Figure 10.- Continued . 
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unyawed flat plate. Re = 250,000 x; (; in feet); for ; = 40 inches, 

5*(2 inches sandpaper) = 1.04. 
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Figure 24.- Effect of Reynolds number change on virtual-origin distance. 
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Figure 25 .- Virtual-origin location. Data obtained from reference 4. 
24-inch no . 16 floor sanding paper at leading edge. 

xl / 2 = 5.85~1/2 log(2 Re~). 
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Figure 26 .- Skewed coordinate system use d in evaluating three - dimensional 
X-momentum derivatives . 
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