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ByMurrayTobak

SUMMARY

RESPONSES

A theoreticalstudyismadeofthemotionsexperiencedbyaircraft
inre~nsetosharp-edge,harmonic,andrandomgusts.Forthesharp-
edgeandharmonicgusts,exactresponsesinnormalaccelerationand
pitchingvelocityarepresentedfortherectangularwingflyingatMach
number1.2.Thesearecomparedwithappro-te solutionsbasedon
comnonlyusedassumptions,andthevalidityofeachoftheassumptions
isassessed.Itisdeterminedthattheuseofstabi~tyderivativesin
placeofindicialfunctionsintheequationsofmotiondoesnotsi@fi-
cantly@air theaccuracyofsolutionsfortransientandharmonic
response.

Theproblemofalleviatingtheairplxmefsresponsetorandomgusts
iscastina formamenabletotreatmentbytheWieneroptimumfilter
theory.A derivationisgivenofthetheoreticalrequirementsofa
compensating-forcesystemthatminimizesa linesrcombinationoftheair-
plane~smean-sq~enormalaccelerationandmean-sqparepitchingvelocity.
Resultsofcomputationsarepresentedwhichtidicatethesystemmaybe
successfulincausingsignificantreductionsofbothmotions.

lZfTRODUCTION

Formanyyears,aerodynamicistshavestudiedthemotionsandloads
whichaircraftexperiencewhentheyencounterverticalgustsintheir
lineofflight.Thereasonforthiscontinuedinterestisreadilyunder-
stoodwhenitisrecalledthatthestressesimposedbygustsmaybeamong
themostseverethatsmaircraftstructureisrequiredtowithstand.The
gustloadingconditionisthereforegenerallyconsideredthecrucial
factorindeterminingtheadequacyofa structuraldesiga.Furthermore,
sincethestructuraldesignplaysa largeroleindeterminingtheair-
craft’sweight,.theinfluenceofthegustloadingonthestructural
designinturnservesasa Limitingfactoronthemaximumrangeand
speedofthevehicle.Theslightlydifferentviewpointsexpressedin
thetworeasonshaveinspiredtwofieldsofresearch,corresponding
roughlytothecategoriesofanalysisandsynthesis.Inthefirst,the
necessityofincludingthegustloadingconditioninstructuralcalcu-
lationsledtothedevelopmentofsmalytical.methodsbywhichthemotions
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md loadsimposedbyspecifiedgustscouldbepredicted..
possibilityofsavingweightbylighteningthestructuxe
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Secondjthe
inspiredefforts

todevelopaerodynamicandelectromechanicaldeviceswhichoperateto
offsettheimposedloadscausedbygusts.A briefsketchfollowsoutlin-
ingsomeofthemajordevelopmentsinthesefields.

TheearkiestworkinanalysisisthatofWilson(ref.1)whofol-
lowedtheclassicalstabilitytheoryofBryan(ref.2)andBairstow,
Jones,andThompson(ref.3). Inthistheoryitisassmedthatthe
transientbehavioroftheaerodynamicforcesandmomentsfolJmwingsudden
changesinairplanemotionorgustvelocitycanbeneglected.Asa
result,theequationsofmotiondescribingtheairplsne’sresponseto
disturbancesreducetoa systemoforiMmarydifferential.eqy-ationswhich
aregenersJ1.yreadilysolved.Becauseofitssimplicityanddatability,
thistheoryhasbeentheonemostof%enusedinsubsequentanalyses.
Latertheoreticaldevelopmentsincludetheintroductionofthetransient
Hft functions(refs.4 and~)andtheiruseinconnectionwiththeoper-
ationalcalculustodescribemorepreciselythemotionsandloadscaused
bygustsofarbitrarilyspecifiedstructure(refs.6 and7). TheawJ.-
ysisinthiscaseisexactwithinthefrmeworkofthetheoryusedto
derivethetransientliftfunctions,butcompletesolutionsgener~
involvetheinversionofintegraLequations,whichoftenrequirea for-
biddhgamountoflabor.A furtherlimitationineitherofthemethods
justdescribedisthenecessityofspecifyingmathematicaUythestruc-
tureofthespacewisedistributionofgustvelocitythroughwhichthe
airplaueflies.‘Itis,therefore,notpossibleto-dl.e~th these
methodsthemorereaMsticsituationinwhichthegustsaredistributed
randomlyintheairplaue’spath.A significantrecentdevelopmentwhich
overcomesthisMnitationconcernstheintroductionofconceptsderived
fromthefieldofstatisticaldynsmics.Here,undertheassuqtionthat
therandomprocessisstationaryandGaussi~,itiSsuffici~ttocM-
acterizetherandomdistributionofgustyairbya singlestatistical
qysmtity,thecorrelationfunction.Itisthenpossibletopredictquan-
titieslikepeakloadfactor,ormaximumaccelerationsona probabi~ty
basis(refs.8,9,and10).Thestatisticalmethodsstillrequireas
Wamental quantities,however,theresponsesoftheairplaneto6teP
orsinusoidalgustinputs,sothatratherthanbeingsuperseded,the
analysesdescribedpreviouslyforderivingthesequantitiestakeonadded
importance.Forsuccessfulapplication,thesemethodsalsoreqy.irea
depictionofthestatisticalnatureofatznosphericturbulence,andmuch
effortiscurrentlybeingdevotedtothistask(refs.11,12,and13).

~ thefieldofsynthesis,a widevarietyofproposalshasbeen
advancedforalleviatingtheeffectsofgusts.Theseincludetheuseof
spoilers(ref.14),gapsinthewing(ref.15),andthewhgtsaeroelastic
properties(ref.16)todestroyoroffsettheincrementsofliftcaused
bythegustvelocity.Perhapsthemostsuccessfulstudyhasbeenthatof
PhilJipssndfiaft(ref.17).Theseauthorsadapttheclassicalstabildty
analysisofWihon(ref.1)andslecifythatthegustvelocitydisturbance
berepresentedbya-continuous
maticalsimplificationsenable

hs%mnicfunction.The
themtostudya vaxiety

resultingmathe-
offlapand

— —.
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elevatorarrangementssuitableforoffsettingnotonlytheincrements
ingustliftbutpitchingmomentaswell..Theirresultsindicatethat
withproperselectionofgearingandphasebetweenelevatorandflap
deflectionsitispossibletoreducesignificantlytheairplsnetsrespnse
inbothnormal.accelerationandpitchingvelocitytotheharmonicgust
input. Itremainsforfurtherinvestigationstodeterminewhetherinclu-
sionofthetransientliftfunctionsintheequationsofmotionora dif-
ferentportrayalofthegustinputswouldresultinappreciablydifferent
conclusions.

Thepresentpaperhastwopurposes,thefirstpefia~g to~sJ.Ysisy
thesecondtosynthesis.First,inviewofthewidespreaduseofsimpli-
fyingassumptionsandapproximationsingustresponseanalyses,we con-
siderthemostp~evalentoftheseinthelightofmoreprecisesolutions.
Accuratenumericalresultsarepresentedfortheres~nsesinnormal
accelerationandpitchingvelocitytostepandharmonicgustinputsfor
a rectangularwingflyingatnear-sonicspeed.Theseresultsarecom-
paredwithresultscontainingtheconmonlyusedapproximationsandthe
va~dityofeachapproximationisassessed.Second,wewishtoadaptto
thegustalleviationproblema powerfulsyntheticdevelopmentinstatis-
tical.dynsmics,notyetaswidelyusedbyaerodynsmicistsasthestatis-
tical.methodsofanalysispreviouslycited.Thisistheoptimumfilter
theoryofWiener(ref.M3).Wienershowedthatifcertainstatistical
hformationisgivenaboutthecharacterofmessageandrandomnoise
inputstoa linearsystem,onecandesigna filterwhichactstosuppress
thenoisesothatamesn-squareerror,specifiedtobeameasureofthe
failureofthesystemtofollowthemessage,isminimized.Theanalogous
termsinthegustalleviationproblaareobvious:Thenoisecorresponds
tothersdomdistributionofgustyair,themessagetothedesiredpath
oftheairplane,andthefiltertothecharacteristicsofa controlling
devicewhichoperatestotiimizetheairplanesresponsetothegusty
air.Herein,theWienertheoryisappliedtothegustalleviationprob-
lemtoderivethetransferfunctionofa controlsystemwhichminimizes
a linearcombinationoftheairplane’smean-squarenormalacceleration
andmean-squarepitchingvelocity.Atrimgularwingflyingata high
subsonicMachnumberisusedasanexsmpleinnumericalcalculationsto
assesstheeffectivenessofthecontrolsysteminreducingtheairplane’s
res~nsetoa specifiedstatisticaldistributionofatmosphericturbulence.

NOTATION

A

%

%

aspectratio

liftcoefficient,~
%$

pitching-momentcoefficient,~itchingmoment
Qc
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moment ofinertia

gustautocorrelationfiction(eq.(38))

weightingparsmeterindefinitionofmean-swe error

wingrootchord

baseofnatural.logarithms

stiffnessfactor(eq.(15))

(eq.(33))

4-1

airplanemass
.

dimensionlesspitchingvelocity,$

dynsmicpressure,$ pmvz

variableofLapI-acetransforms

the

gustverticalvelocity .

Cartesiancoomiinates

distanceinroot-chordlengthsof
ofgravity

distanceinroot-chordlengthsof
gravity

angleofattack

‘g
Y

m

aerodynamiccenterfromcenter

controlforcefromcenterof

.
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Y flightpathangle

mea-squareerror

mdhensionlessinertiaparsmeter,—@cs

mV2dimensionlessmassparsmeter,—
@c

angleofpitch

reducedfrequency,~ x (angularfrequency)

dampingfactor(eq.(17))

massdensityoffreestream

chordlengthsoftravelintimet,~

Superscripts

d
~ ()

complexconjugate

@
meanvalue,definedas ~ . Mm 1

J’
f(cp)dq#+. m

-0
Whena,~,andq areusedassubscriptsa dimensionlessderivative

isindicated,andthisderivativeisevaluatedastheindependentvariable
approacheszero.Thus

—— . ———— .— .—..—— — .
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ANALYSIS

AirplaneMotionsinReslonsetoSharp-EdgeGust

Consideranairplanewhichmovesforwardinlevelsteadyflightand
suddenlyencountersa uniformfieldofverticalvelocity.Theboundary
ofthefieldisorientedparalleltotheairplane*slateralaxisand
extendsoneithersidebeyondthewidestspanoftheairplane.Thisis,
ofcourse,themathematicalidealizationofthesharp-edgegust.Asthe
airplanepenetratesthegustfront,loadingdevelopsonthatportionof
itssurfaceinfluencedbythegust.Theloadingmayberesolvedinto
ttie-var@ngforceandmomentexcitationswhichUsturbtheairplane’s
equilibriumandcauseittoundergoa plungingandpitchingmotion.Our
purpose- betocalculatethismotionasa functionofchordlengths
oftravelq,lettingq = O correspondtotheinstantwhentheforemost
pointoftheairplanejustpenetratesthegustfront.

Coordinatesystem.-In sketch(a)isshowntheIositionoftheair-
@ane ataninstantwhenonlya portionoftheairplanehaspenetrated

Sketch(a)”
“,z coordinatesystemisthegustfront.Asshowninthesketch,an x,y.

placedintheairplane,theoriginbeingfixedatthecenterofgravity.
Theinstantaneousdirectionofthepathofthecenterofgravityrelative
tostillairisindicatedbythedirectionoftheflightvelocityvec-
tor V;weassumethatthema+gitudeof V remainsconstantthroughout
themotion.Thepositivebranchofthe x axisisrearwardandaMned
withthechordldneofthewing.The y axisisperpendiculartothe
verticalplme ofsyaunetryandcoincideswiththelateralaxisrunning
throughthecenterofgravity;the z axisliesintheverticalplaneof
symmetry,perpendicularto
a tobetheanglebetween
velocityvector;theangle

the = plane.Wedefinetheangleofattack
the w planeandtheplanecontainingthe
ofpitch19istheanglebetweenthe xy plane

.——
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andthehorizontal
thehorizontaland
to e-a.Finally,

. 7

plane.Theflightpathangle7 istheanglebetween
theplanecontainingthevelocity‘vector;itisequal
thegustvelocityisindicatedby WR,andismeasured

relativetostillair.Allqwtitiesareindicatedh-sketch(a)in
theirpositivedirections.Forcesaremeasuredpositiveupward,whereas
pitchingmomentsarepositivewhentendingtoincreasetheangleofpitch.

Equationsofmotion.-Inthis.amlysis,theindicialfunctionconcept
willbeusedtowritetheeqmtionswhichdefinetheairplanemotion.
Sincethiswillinvolvetheuseoflmththesuperpositionprincipleand
theresultsofWearizedunsteady-flowtheory,theappl.icabi~tyofthe
analysiswild.belimitedbytheconditionsunderwhichtheirusecanbe
justified.Hence,forexample,disturbancesandangulsrdisplacements
mustbesmall.Itfollowsthattheeqmtionsofmotionmaybewritten
as

mV2
y 7’(Q)= Z forces“

1

(1)

()
~ V2
~ ~’(q)= z pitchingmoments

wheretheindependentvariableischordlengthsoftravelq. Theforces
andmomentstobesummedareofthreetypes,thosecaus~(1)byvaria-
tionsoftheangleofattack,a(q);(2)byvariationsofpitchingveloc-
itY~q(~);~d (3)bythegustvelocity,wg. Iftheindicialliftsmd .
momentresponsescorrespondingtostepchangesineachofthevariables
a(~)~q(~)~~d Wg me givm,theforcesandmomentsduetovariations
inthesequtitiesmaybebuiltupbyuseofthesuperpositionintegral -
(cf.,forexample,ref.19).Forthecasewg=constant,equations(1)
maybewrittenas

\

where

Q(q), %&P) indicialL1.ftmd pitching-momentresponsestounitstep
chsmgein@e ofattack,a

CLq(d, %@) indicislliftandpitching-momentresponsesto~t step
changeindimensionlesspitchingvelocity,q =~

—.
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%g(d ,%g(d i.ndicialliftandpitching-momentresponsestounitstep
changeindimensionlessgustvelocity

lug stepchangeindimensionlessgustvelocity,~

Equations(2)area pairofintegraleqyationsinvolvingtheunknown
variationsa(cp),q(q),7’(Q).Anyoneofthesemaybeeliminatedbyuse
oftheequalityEl= a+y.Weshallbeinterestedmainlyinthenormal
accelerationsandpitchingvelocitiesexperiencedbytheairplane,aud
hencechoosetoeliminatea. Further,itwillbefoundadvsmtageousto
separateoutthesteady-statevaluesoftheindicialfunctions.Thus,let

&c@ =~(w) -F,(cP)

CLq(Q)=@w) -F2(9)

%@ =%(~) -Fs(q)

~(p) =Cmq(m)-FA(cP)

ThequantitiesmJ@, C@), %@), ~f%@
valuesoftheirrespectiveindicialvariations,and

i

(3)

arethesteady-state
hencearealsoequal.

tothestabilityderivativesbearingthessmesubscripts.Substituting
theexpressions(3)in(2),carryingthederivativesthroughtheintegrals,
andusingthefactsthata(0)= q(0)= 0,at(q)= q(q)- 7~(q),weget
fortheequationsofmotion

Q
77’(~)= c~(m)J

[q(g)-y’(~)]d~+%q(~)q(~)-
0

)

.— -
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Transformedequationsofmotion.-Equations(4)
theunlmownquantitiesY:(P)andq(cp)bytheuseof. Withthenotation

m

IN’(q)]=Je-s%(q))dq
o

let

L[7’(CP)1= sr(s)

L[q(Q)l= Q(s)

L [CLg(~)1 = CLg(S)

L[~(q) 1 = c%(s)

Carryingoutthetransformations(6)inequation(4)
and Q(s),weget

canbesolvedfor
Laplacetransforms.

(5)

1
1 (6)

L[Fi(q)]= fi(s), i = 1,2,3,4

J
andsolvingfor sr(s)

m(s).—=
‘g

Q(6)=

l-%

‘EL(s)D(s)-cm&s)ds)]

A(s)D(s)-B(s)C(S)

s (s)A(s)-c~(s)C(s)

A(s)D(s)-B(s)C(S)

where

A(s)= s[~-f=(s)]+ C-@

B(s)= saf=(s)- s[CLq(w)-fl(s)]- C&(CO)

c(s)= -sf~(s)+ C-&)

D(s)= s2[~+f4(s)]- s[C%(~)-f~(s)]- C%(aJ)

(7)

.— -———-———-—. —-— ——— — ...—— .—.——.—
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StabilityderivativeanalySis.-Sinceweshallbe’interestedincom-
paringthetrausientresponsesthatresultfromsolutionoftheexact
equations(7)withthoseresultingfromapproximateformulations,itis
instructiveatthispointtoobtainthetransformedequationswhichderive
fromtheapproxhatebutmorefamiliarstabilityderivativeanalysis.In
thelattercasetheequationsofmotion(intermsofchordlengthsof
travel)maybewritten

whereC&and ~ arethe(constazrt)$tabiHtyderivativesduetouni-
formverticalacceleration.Usually,instabilityanalyses,theterms
@q(co)and~ arediscarded;theywillberetainedhere,however,in
ordertodanonstratefullythedegreeofcorrespondencethatexists
betweeneqyations(4)and(8).Further,insomegustanalyses,theindi-
cialgustfunctions~g(q)and~g(q)arereplacedbyconstants,eqyal
totheirrespectivesteady-statevalues,~(w) ad~(~). Theeffect
ofthisapproximationwillbeconsideredsubsequently.

TakingLaplacetransformsineqmtion(8),eliminatingu asbefore,
=d solvingfor sI’l(s)andQl(s),weget

srl(s) SICLg(S)Dl(S)-~(S)Bl(S)]=
lag . A=(S)D1(S)-B1(S)C1(S)

Q1(s)_ S[~(S)A,(S)-CL$S)C~(S)]

% A=(S)D=(S)-B=(S)C=(S)
1

(9)

~ihere

Al(s)= s(v+~)+ cl&

Bl(s)= -s[@q(w)+~l- ~(~)

%(s)=Cm&J)+ s%

D=(s)= S2~- s[%&)+%l&l- Cm&)

-,

andthesubscript1 isintehdedtodistinguishthequtitiesfrom
theirexactcounterpartsineqxation(7).
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.
Inordertomakecleartheapproximationsthatareimplicitinthe

useofeqpations(9)letusnowderiveequations(9)frmntheexactequa-
tions(7). Todothis,expandtheexponentiale-s~ h a powerseries
in s ineachofthefunctionsfi(s)inequations(7). Thus,for
exsmple,forthefunctionf3(s)wehave

Nowitisknown(cf.ref.20)thatthefirstterminthisexpansionis
equalto -~, thepitching-momentcoefficientproportionaltothe
motiona~(q)= constant.Bya slightextensionofthedevelopmentof
reference20,onecangoontoshowthattheremainingcoefficientsin
equation(10)arelikewisestabilityderivativescorrespondinginorder
tothemotionsa~~(q)= constant,attt(q)= constant,etc.Thesameis
truefortheotherindicialfunctiontransfoms,andinfactthefollowing
identitiescanbeshowntohold:

acL wF’—= ‘-l)nJ(n-l)!F=(q)dq;~(n)

a% me-’‘-l)nJ(n-l)!— F2(q)dg
p=

a% m ,~. F3(q)‘~
‘-l)nJ’(n-l)!~(n) =

*= w w’ “
‘-l)nJ (n-l)~F4(q)dqaq(n)

(n)

..

J

Whentheforms(10)and(lJ-)aresubstitutedinequations(7),comparison
oftheresultwithequations(9)revealsthatthelattereqgatfonsare
theresultofretainingonlytheconstsmttermsoftheexpansionsof
fl(s)andf3(s).

Oneis,temptedtoproposethatthetransientresponsesresulting
fromsolutionofeqyations(9)wouldagreemorecloselywiththoseof

[
equations7)..ifsomeofthehigher-ordertermsweretobeincludedin
equations9). Sucha proposalisincorrect,however,forthefollowing
reason:Retentionoftermsoforders andhigherraisesthedegreeof
thedenominatorsofeqwtions(9)andhencethenumberofroots.The
numberofrequirementsforstabilityisthereforealsoraised,anditcan

... —-- —.. ——. ..—. — —— — . ———
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beshownthatthesesddedrequirementsarespurious.Infact,theonly
stabilityrequirementsthatareconsistentwiththoseoftheexacteqya-
tions(7)arethosewhichexistforthefomns(9).Therefore,weshall
considerthatthecorrectformofthestabilityderivativeeqyati.onsis
thatwhichstandsinequations(9),andweshallmakeoursubsequent
comparisonsonthisbasis.1

Solutionsfor 7’(9)andq(ql).-Theinversionsofequations(7)give
thecompletehistories7t(9)andq(q)subsequenttotheairplanesfirst
penetrationoftheshsrp-edgegust.Unfortunately,formostcasesof
interest,theeqpationsfortheindicialfunctionsaresocomplexasto
precludeattemptsatdirectinversionsofequations(7).Severalaltern-
ativetechniqueshavebeenproposed.Onesuchtechni~e,whichappears
attractiveforapplicationtosupersonicspeeds,shouldbespecifically
warnedagainst.Sincethesupersonicindicialfunctionsreachconstant
valuesina finitetime,allapproxhationswhichtakethisbehaviorinto
accountresultintranscendentalLaplacetransformsofthetype f(s)e-su,
whereu isa constant.Oneisthentemptedtoexpandtheexponential
functionina seriesofpolynomialsin s. Ithasbeendemonstrated
(cf.refs.21and22)thatexpansionsofthissort,inwhichhigher-order
termsareretained,leadtofallaciousresults.Anexpansiontechnique
thatisvslidandapplicabletolmthsubsonicsmdsupersonicspeedsis
toputeqpations(7)intotheformg(s)/l+k(s),expandintheseries,
g(s)[l-k(s)+k2(s)- . . .]andinverttemabyterm.Thisgivesa series
ofconvolutionintegralswhichcanbeshowntobeequivalenttothe
LiouvilleexpansionusedbyLomaxinreference7. Themethodiseasyto
applybutbecomesexcessivelytediousifmorethanthreeorfourterms
oftheseriesarerequiredtoinsuresdequateconvergence.Ratherthan
adoptthismethod,weshallmakeuseofonerecentlypresentedbyHuss
andDoneganh reference23. Hereitisnecessarytohavetheresponse
toharmonicinputsofthesystemwiththedesiredtrsmientresponse.
Havingthisim.formation,onecan,bycomparativelys@le andrapidnumer-
icaloperations,extractthetransientresponsetosaydesiredaccuracy.
Therefore,ratherthsnattempttocalculatethetransientresponses
directlyfromeqpations(7),weturninsteadtothecalculationofthe
harmonicresponses.

AirplaneMotionsinResponsetoHsxmonicGusts

Itiswellknown(cf.,forexsmple,ref.24)thattheIEHIIOfiC

responseandthetransientresponsestostepor-ive tiputsare
close~related.HavinggiventheLaplacetransfomsofthestepresponses
inequations(7)wemaywritedowntheharmonicresponsesdirectlyfrom
thembymesmsoftherelations

.
‘Ifdesired,onecanretainthetermsaCLfiqt,~Cm@ql inequa-

tions(9)sticetheirretentiondoesnotraisethedegreeofthedenomi-
nators.Theireffect,however,isnegMgible.
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[1

s=r(6)
& (iA)= —

% S=i?l

[1

!

(12)
$ (ix). *

% S.il

whereA isthe(dimensionless)frequencyoftheharmonicgustinput.

Exactandapproximatesolutions.-Eqyations(12)arevalidunder
therestrictionthattheLap-cctr~sfo- fieq~tions(7) sr(s)/~g
and Q(s)/lagrepresentstabletr~sfer~cti~ns. Assumingthisis
true,wemsywritetheexactharmonicresponsesas

:(ix) =

-X2[cL(iX)D(i~)-%(iX)B(iA)]

A(f~)D(iA)-B(iA)C(iA) 1
) (13)Y

“A2
.-#iA)= 1c%(iA)A(iA)-c~(ifi)c(il)

‘JA(iA)D(iA)-B(iA)C(il)

where

A(iX)=

B(iA)=

“c(iA)=

D(il)=

ih[q-f=(ix)l+ c&)

-Ffa(m)- im-&@ -fI(iA)1 - ~(~)

-i7&!(i7J+ Cq&)

-A2[~+f4(iA)] - iA[~(aJ)-f3(iA)1 - Cm&)

Likewise,ofcourse,theh=ofic res~nsesasderivedfromthestabi~ty
derivativeanalysiscarryoverfromequations(9):

>

[
-?? CLg(iA)DI(iA)-~(iA)BdiA)

?2 (i~) = 1

‘g Al(iA)D1(ih)-BI(ih)CZ(il)
1 (14)

_. —. — .. . . . _.— ——. ~ — -- ——.— .—
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-,

A1(iA)=

B=(iA)=

c=(i7J=

D1(iA)=

and,asbefore,thesubscript1 dist@uishesthequantitiesfromtheir
exactcounterpartsinequations(13).

Numericalsolutions.-Withtheuseof equations(13),itispossible
tocomputeexactlytheharmonicresponsesinnormalaccelerationand
pitch&gvelocity-ofthosewingswhoseindicialliftandmomentresponses
tostepchangesingustvelocity,angleofatta~,~d pit- velocity
havebeencalculated.Forsupersonicspeeds,thenecessarysolutionsare
availableforthetwo-dimensionalwing(refs.25and26),therectangular
wing(refs.27and28),andthesupersonic-edgedtriangularwing(refs.29
and30).Foruseinequations(13)thesesolutionsmustbetransformed
tofunctionsof A bymesnsofequation(5)(withs=i~).Inorderto
facilitatetheuseofecpations(13),thetransformationshavebeen

.,

carriedoutforthethreeclassesofwings.The
AppendixA. .

comparisonofExact
Harmonic

andApproximate
GustResponses

resultsarecompiledin

Stepand

Havingsolutionsfortheexactharmonicresponsesanda ~onvenient
methodofextractingfromthemthetransientresponses(ref.23),weare
nowina positiontostudytheeffectsofsomeoftheapproximationsand
assumptionscommonlymadeingustanalyses.Inordertoexaminethese
effectsunderconditionswheretheymightbeexpectedtobe~rtant,
Gnumericalcalculationsforthestepandharmonicgustresponseshavebeen
carriedoutfora rectangularwingofaspectratio3 flyingatMachnum-
ber1.2.ThereasonforthischoiceofMachnumberwasthatitisprin-
cipallyatspeedsnearthesonicspeedthattheindicialfunctionsshow
largevariations.Hence,approxhm.tionstotheindicialfunctionswould
beexpectedtobeleastvalidthere.Therectangularwingwaschosenfcm
studybecauseofthenecessityofhavingavailablea completesetoftheo-
reticallndicislfunctionsapp~cabletoMachnumbersnearunity.ItiS
recognizedthatfortaillessairplanesthedeltaplanformwouldhave
beenamoreappropriatechoicethantherectangularwingthatwasselected. .
Thenumericslresultsarethereforesomewhatunrealistic;nevertheless
theconclusionstobedrawnhereregardingthevslidityofa~roximate
solutions
practical

mayreasonably
planforms.

beexpectedtoapplyaswell.toothermore
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Harmonicresponses.-Figures1 and2 showthewing~snormalacceler-
ationandpitchingvelocityresponsestoharmonicgustinputsascalcu-
latedfromtheexacttransferfunctions,equations(13),andfromthe
approximatestabilityderivativeformulation,equations(14).Thecon-
stantswhichdefinetheairplane’sinertialpropertiesare q’= 100,
~ . 1(X);thecenterofgravityislocatedatthewingleadingedge.It
isa~arentthatexceptinthevicinityofthepeaksofthecurves,the
approximatestabilityderivativeresultsprovideexcellentrepresentations
ofthetruevariations.Itwillberecalledthattherewereessentially
twoassumptionsinvolvedintheuseofthestabilityderivativeexpres-
sions;first,thatthecontributionsofthefunctionsfz(i~),f~(i~)
couldbeneglected,andsecond,thatthecontributionsfl(iA),f3(iA)
couldbereplacedbytheconstants-~ and-~. Ithasbeendetermined
thatsuchdifferencesasdoappearbetweentheexactandapprodmate
resultsarecausedalmostexclusivelybythesecondoftheseassumptions;
hence,neglectofthecontributionsoftheindicialfunctionsdueto
pitchingvelocityisfoundtobe.justified.Asforthediscrepancies
causedbythesecondassumption,itshouldbenotedthatthefrequency
bsmdoverwhichtheyoccurisverynarrow(approximatelyO.l<h<O.2).
Thedifferencesinareasbeneaththeexactandapproximatecurvesinthis
bandarequitesmall,andhenceonemayanticipatethatthediscrepancies
evidentonfigures1 and2 willcauseonlyinsignificantdifferencesin
thecorrespondingtransientresponses.

Stepresponses.-Figures3 and4 showthetransientresponsesin
normalaccelerationandpitchingvelocitytoa stepchangeingustveloc-
ityascalculatedfromthe.harmonicresponsesmd theuseofreference23.
Itiscleart@t inthehrportantfeaturesofthecurves,namely,the
maximummagnitudes-d thepointsatwhichtheyoccur,thedifferences
betweentheexactandapproximateresultsarenotsignificant:Thevalues
of q atwhichthemadmumvaluesofnormalaccelerationandpitching
velocityoccuraregiyenbytheapproxhateresultsalmostwithouterror;
the
the

out
use

errorinmaximumnormalaccelerationislessthan10percent,whereas
errorinmmzbmmpitchingvelocityishardlymeasurable.

Approximationsto gustfunctions.-Itmaybe instructivetopoint
thattheconclusiontobe drawnfromtheprecedingsection,thatthe
of stabilityderivativesinplaceof indicialfunctionsisvalid,is

moregeneralthanisfirstapparent.Thedenominatorsofeqwtions(7)
formthe“characteristic”partofthetransferfunctions- thatis,the
partthatdoesnotchangewiththetypeofexcitationfunction.Having
shownthatstabilityderivativesmaybeusedinthedenominatorswithout
seriousdsmagetotheresponses,wemayexpectthatsimilargoodresults
willbefoundfortheresponsestomanyothertypesofexcitation.The
effectsofapproximationstotheexcitationsthemselves,however,(in
thiscasethegustfunctions)stillremaintobestudied.

Ithasbeencustomaryinsomegustanalysestoreplacethegust
functionsC~g(q)and~(cp)withstepfunctions,equalinm~tude to
theirrespectivesteady-statevalues~(~) ad ~(~). ~us, inthe

. ...— —.. .. ..... . . .—. ___ _ .._ _ ____ ._ _
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transferfunctions,eqpations(9),the
and ~(s)
tageis,of
resultsfor

where

arereplacedbytheterms
course,thatnowequations
thetrsasientresponsesare

R(q)=

Nfvxm 3290

trsmformedgustfunctionscLg(s)
~(”)/s-%@)/s. ~e~v~-
(9)=e easytoinvert.The

* [NW(%+%)+%.%-%%]

(15)

Theseresultsarecomparedwiththeexacttransientresponsesalsoin
figures3 and4. Itisclearthatinthiscasetheerrors,atleastin
thenormsllaccelerationresponse,maybesi~ficant;themaximumvalue
ofnormalacceleration,forexample,isoverestimateedby25percent.The
errorsinpitcldngvelocity(fig.4)arenotaslarge;howeverthenature
oftheresponseforsmallvaluesof q isnotcorrectlypreserved,so
thatlargeerrorswin appearinthepitchingaccelerationresponse.As
a savingfeature,itisnotedthattheerrorscausedbythesubstitution
ofconstmtsforthegustfqnctionswilldiminishinseveritywithincreas-

,,

ingsupersonicMachnumbers,sincethegustfunctionvariationsdoinfact
rapidlyapproachstepsforlargerMachnumbers. 1
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Neglectofpitching..
areingeneralmoresevere

17

Sincetheloadscausedbynormalaccelerations
thanthosecausedbypitching,manyinvestiga-

torshaveneglectedtheairplane~spitchingdegreeoffreedomaltogether
andassumedthattheairplaneisfreetomoveonlyintheverticaldirec-
tion.Inordertoinvestigatethevalidityoftheforegoingassumption,
numericalcalculationshavebeepcarriedoutforthesameoperatingcon-
ditionsasusedabove,consideringthattheairplaneisnowrestrained
frompitching.

Theexact
bylettingthe

harmonicresponse
inertiaparsmeter

I

maybederivedfromequations(13)simply
~ approachinfinity.Theresultis

Likewise.theharmonicresponseasobtainedfromthe
formulation(eqs.(14))is-

(1.6)

stabild.tyderivative

(17)

Thecorrespondingtrsnsientresponsesmayagainbeextractedfromthese
resultsbyuseofreference23. Numericalresultsforthehsrmonicand
transientresponsesareshowninfigures5 and6.

Notefirstinlmthfigures5 and6 that,asinthepreviouscases,
thedifferencesbetweentheexactresultsd thoseobtainedfromthe
stabilityderivativeformulationarenotsignificant.Next,comparethe
transientresponseforthesingledegreeoffreedommotion(fig.6)with
theexactresponsewhenpitchingisincluded(fig.3). Itisnotedthat
neglectofthepitchingdegreeoffreedomcausesthemaximumvalueof
normalaccelerationtobeoverestimated,butbyonlyabout12percent.
Hence,useofeitherofthesingledegreeoffreedomeqpation(16)or
.(17)topredictmaximumnormalaccelerationisprobablyjustified.It
maybenecessarytoyointout,however,thateventhoughtheeffectof
thepitchingdegreeoffreedomonthemaximumvalueofnormalacceleration
issmall,theuseofeqmtion(I-6)or (17)ratherthan(13)or (14)will
generallypreventonefromobtainingthetruenatureoftheremainderof
thetransientresponsecurve.Thereasonforthiscanbemostclearly
seenbycomparingthedenominatororcharacteristicpartofequation(17)
withthatoftheequationinwhichthepitcldngdegreeoffreedomis
included,eqwtion(14).Thedenominatorofequation(17)isoffirst
de~eein A,whereasthatofequation(14)willbefoundtobeofsecond
degree.Thetransientresponsecorrespondhgtoequation(17)willthere-
forealwaysbea subsidencewhereasthetransientresponsecorresponding
toeqy.ation(14)willmostgenerallybeoscillatory.

.—-.. .—.- ————. .. -—. .—. .—— — .—. ..— — —— . . .
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Concludingremarks.-The
resultsofthisstudyisthak

NACATN3290

majorconclusiontobedrawnfromthe
theuseofthestabilityderivativeformu-

lationoftheequtionsofmotiondoesnotsignificantlyimpairtheaccu-
racyofthesolutionsfortrsmsientandharmonicresponses.Itshould
bepointedoutthatthetestcasechosenforstudyrepresentsconditions
underwhichthedifferencesbetweentheexactandapproximateformulations
mightbeexpectedtobemostapparent.Inviewoftheexcellentagreement
betweenthetworesults,itshouldbeanticipatedthatthestabilityderiv-
ativeformulationwill
ingconditionsandfor

~eld accurateresultsoveratiderangeofoperat-
manyothertypesofplanforms.

SYNTHESIS

Itisclearthatsticemostgustdisturbsmcesarersmdominnature,
thisfactshouldbeconsideredina realisticanalysisoftheairplane~s
responsetogusts.b recognition,a numberofauthorshavestudiedthe
problemandhaveshownho~Tthestepandsinusoidalgustresponsescanbe
adaptedtoserveintheanalysisofrs.zuiommotionsaswell(refs.8,9,
aud10).Themethodsarebasedonconceptsderivedinitiallyinthe
fieldofcomnmicationstheory;theiruseisvalidundertheasswuption
thatthedisturbancemechanismcaubedescribedstatisticallyasa sta-
tionaryrandomyrocess(ref.24).Asappliedtothegustproblem,the
assumptionappesrstobea reasonableoneinthelightofevidenceavail-
ablefromexperimentalstudiesofatmosphericturbulence(refs.11,12,
and13).

Thereisstillanotheraspectofcommmicationstheory,however,
validwithinthessmeassmrptionandbuildingonthessmemethods,which
hasnotyetreceivedwideattentioninaerodynamicapplications.This
istheoptimumfiltertheoryofWiener(ref.I-8).Thetheorydiffersin
mphasisfromthosementionedearlier,inthattheaimistosynthesize
a systmwhich~zes responsestounwantedrandomdisturbances;in
contrast,theaimaboveistoanalyzetheresponsesofa givensystem.
TheconnectionbetweentheaimoftheWienertheoryandofgustallevia-
tionisevident.Inviewofthegainspossiblytoberealizedbydevising
a gustalleviationsystemwhichtakesintoexp~citaccounttheactual
randomnatureofgustdisturbances,considerationisgivenbelowtothe
adaptationoftheWienertheorytothisend.

GeneralConsiderations

Inthefollowinggeneraldiscussionofthegustalleviationproblem
severalassumptionswillbemaderegardingtheavailabilityofthequan-
titieswhichareneededinordertodefineandsolvetheproblem.Itis
believedthattheseassumptionsarereasonable;however,inviewofthe
exploratorynatureofthestudy,questionsconcerningpracticalrealiza-
bilityofthequantitieswi~ notbeconsidered.
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Gustalleviationproblem.-Theproblemtobeconsideredcanbe“
illustratedbyme$ansoftheblockdiagraminsketch(b).Asindicated

r Gustmeasuring
device I Gust

i

Gust Control Control Airplane
system

*
forceand Airplane path
moment6

Sketch(b)

inthesketch,itisnecessarythattheairplanebeeqyippedwitha gust
sensingdevicewhichsendstothecontrolsystema signalproportional
tothegustvelocity.Itwillbeassumedthatinresponsetocommands
fromthecontrolsystemtherecanbesupplieda forceandamomentwhich
operateindependently.Itwild.alsobeassumedthatthestatistical
natureofthegustdisturbanceisknown,andthattheresponsesofthe
airplanetostepchsngesinthegustvelocityandthecontrolforceand
momentarelmown.Giventhisinformation,theproblemishowtodesign
theblocklabeled‘controlsystem”sothattheforceandmomentitcon-
trolswiI1.counteractasnearlyaspossibletheforcesimposedbythe
gustsoastominimizethedeviationsoftheairplanepathfroma desired
path.

Here,itwillbedesiredthattheairplaneflya straightpath,
withoutpitching.Itwillbeconsideredthattheairplsaemotionsmost
pertinenttotheproblemarethevariationsinnormalacceleration~d
pitchingvelocity.Withthesespecifications,amoreexplicit&epresen-
tationoftheproblemcan%econstructedash sketch(c).

Theblockrepresentingthecontrolsysteminsketch(b)isnowindi-
catedbythetwotransferfunctionsKFand~ whichsendconmamds,respec-
tively,tothecontrolforceandcontrolmoment.Thesecommandsarein
responsetosignalsfromthegustsensingdevice.Similarly,theblock
representingtheairplaneinsketch(b)isindicatedbythesixtransfer
functions,relatinginputsincontrolforce,controlmoment,andgust
velocitytotheoutputsinnormalaccelerationandpitcldngvelocity.
Thenetairplanemotions7!sndq areofcoursetheSUMSofthesepa-
rateresponsestotheforce,moment,andgustinputs;thisisindicated
insketch(c)bythejunctionsmarkedwithpositivesigns. .

— -—.—— . —— . ———— .
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Sketch(c)

Equationsofmotion.-Ifwe saythattheblocksin sketch(c)are
representativeoftheresponsesto stepchangesinthevariousinputs,
thenforarbitrsxyvariationsoftheinputs,thesystemrseqmtionsof
motioncanbewrittenby a straightforwardapplicationofthesuperposi-
tionintegral.Thus,asfunctionsof chordlen@s oftravelq,the

——.
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Similarly,thecontrolforce

F(q)a

M(q)=

a

andmomentvariationscanbewritten

1(19)

Thequantities&),~ (9)~ equations(M3)aretheresponsesin
~g

normalaccelerationandpitchingvelocitytoa stepchangeindimension-
lessgustvelocitYagyandhenceareidenticaltotheresponsesconsid- .
eredindetailesrlierinthisreport.Likewise,thequantitiesg (T),

@?)y*(~)y& (q)aretheresponsestostepchangesinforceand
momentinputs;theirderivationisentirelyanslogoustothatofthegust
respunses.Finally,thequantitiesKF(~),~(q) ineqyations(19)are
theresponsesincontrolfor~eandcontrolmoment,respectively,toa
stepchangeinthegustvelocity.Thesecruantitiesaretheoneswhich
aretobeconstricted“suchthattheresponsestorandomgustsare
minimized. .

TakingLaplacetransfomsinequations(U3)and(19),weget

[1

sar(s)
6r(5). ~ f(s)’+

[1

sQ(s)
Q(s)= ~ f(s)+

f(s)=
[1
“SkF(S)~(S)

m(s)=
[1
s%(s) @

[%++)+[*]++,‘
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where

f(s)= L[F(q))]

nl(s)= L~M(q)]

A@ = L[ag(q)]

ki(s)= L[Ki(Q)], i =F,M

. Thebracketedquantitiesineqqations(20)arethe“systemfunctions”of
thevariousres~onses;theyareeqyaltothetransfomsoftheresponses
to@ulsiveinputs.Thus,forexsmple,if Q(s)/ll?istheLaplace
transformoftheresponsein q(q)toa stepchangein F,then sQ(s)/lF
isthetransformoftheresponsein q(q)toanimpulsivechangein F.
Inordertoshnplifythenotation,letthesystemfunctionsbe

8%r(S)G=(s)=~
sQ(s)

E=(s).=
\

@T(S)G=(s)=~ sQ(s)H=(s)==

s2r(s)
G(s) =—

sQ(s)
~(s) =—

lag lag ‘ 1(21)

x(s)= SkF(S)
I

Y(s)= SkM(S)
J

Substitutingequations(21.)in(20)andsolvingfor sI’(s)smdQ(s),we
get

m(s)= [G1(S)X(S)+G2(S) Y(S)+@ (S)j~(S)

1

(22)
Q(s) = [Hl(s)x(s)+H2(s)y(s)+&(s)l~(s)

PerfectAlleviation

BeforeconsideringtheapplicationofWienertheorytothegust
alleviationproblemitisinstructivefirsttostudythepossibilities
ofperfectalleviation.ByperfectalJ.eviationwemeanthatthecontrol

.

.—
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systemoperatessoastoreducetheairplaneresponsesinnormalacceler-
ationandpitchingvelocityidenticallytozerofor&U, includingrandom,
gustinputs.

Reduction-ofmotionstozero.-Wenoteinequations(22)that,
irrespectiveofthetypeofgustinput,inprincipleitispossibleto
reduceidenticallytozerotheairplane~sresponseinWth normalaccel-
erationmd pitchingvelocity.Thus,for=Y ~(s),sr’(s)smdQ(s)&e
zeroif

x(s)=

Y(s)=

~(s)G2(s)-H2(s)&(s)

G=(s)H2(s)-G2(s)H1(s)

\ (23)

Hz(s)%(s)-&(s)Gl(s)
G=(s)H2(s)-G2(s)HI(s)

J

Onreflection,thisresultisobvious;ineffectitsimplyspecifiesthat
thecontrolforceandmomentsuppliedinresponsetoa stepgustmust
exactlybalancetheforceandmoment@osed bythegust.Clearly,if
thecontrolsystemiscapableofcsncehgthestepgustinputitwiKl
cancelallothergustinputsaswell,sincethesemaybeviewedmerely
assuccessionsofsteps.

Alleviationwithonecontrol.-Inviewoftheobviouscomplexityof
a controlsystemthatmightbebtiltaccordingtoequations(23)wecon-
sidernextthepossibilityofperfectalleviationwhenonlyonecontrol
isprovided.Thus,tweeliminatetheindependentcontrolpitchingmoment
Y(s)inequations(22)andconsiderthatonlythecontrolforce(andits
accompanyingpitchingmoment)isavaikbleforcounteractingtheforces
andmomentsimposedbythegust.

Withy(s)= O,eqzations(22)become

sr(s)= [G=(s)X(s)+&(s)]~(s)

Q(s)= [H=(s)X(S)+&(S)]%(s)

Perfectalleviationisstilla possibilityh theeventthat

x(s)= - %(s) ~(s)
~= HI(s)

-—

1(24)

(25)

. . . .—.—— ...———— —— .— —..—.— —
. >.;,
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Ingenersl,thiswillnot%ethecase,ascanbeseenifitisrecalled
thatinordertoprtideforperfectalleviationtheforceandmoment
tmposedbya stepgustmustbecanceledexactly.Nowtheforcedueto
a stepgustwillingeneralbuildupmonotonicallyfromzerotoa steady-
statevaluewhereasthepitchingmomentwillchangesignsometimeafter
thecenterof~avityoftheairplanehaspassedthroughthegustfront.
Therefore,sinceformosttypesofaerodynamiccontrolsthecenterof
resolutionoftheforcewillremainessentiallyfixed,thesinglecompen-
satingforceingeneralwillnotbecapableofcancelingboththegust
forceandgustmomentsimultaneously.

Onesuchcasemaybesaidtoekist,however;thatis,whenthegust
forceandmomentbuildupsorapidlyastobeessentiallysteps.Exact
cancellationisthentheoreticallypossibleifthecontrolforceisplaced
attheairplane~saerodynamiccenter.Thisresult(andalsoa result
correspondingtoeq.(23))isineffectthesolutiongiveninreference17.
Asindicatedearlierinthisreport,theste~approximationtothegust
forcesndmomentinputsshouldbecomeincreasinglyvalidastheflight
Machnumberincreasessufficientlybeyondunity,sothattheanalysispre-
sentedinreference17mayapplyevenmoreappropriatelytoflightatvery
highspeedsthanitdoesforthespeedrangeconsideredtherein.

AppMcationofOptimumFilterTheory

Althoughthesolutionsgivenbyequations(23)and(25)aresatis-
factoryfroma theoreticalstandpoint,practicallythereareseveral.
objectionstothem.First,itisclearthatthesystem~sresponsemust
bebothveryrapid@d preciseinordertosupplyforcesandmoments
matchingthoseofthegust.Second,itmaybearguedthatthereislittle
pointinattemptingtobuilda systemthatineffectcancelsgustsofall
frequencies,since,evenifnoalleviationisprovided,theairpl.mets
inertiawillpreventitfromrespondingnoticeablytogustshavingfre-
quenciesverymuchlargerthantheairplanesnaturslfrequency.Since
wepresumetopossesssomeknowledgeoftheprobabledistributionoffre-
quenciesinthegustvelocity,analternateapproachistotrytolighten
thetaskofthecontrolsystembyaskingthatitcmcelonlythosefre-
quencycomponentsofthegustvelocitythatactuallydocauselargenormal
accelerationsandpitcldngvelocities.TheattractivenessoftheWiener
theoryofopthizationisthatitspecifiesjusthowtodothisinorder
tosatisfya givencriterionofexcellence. ,

Responsesto ubitrarycontrol-forceandgustvelocitytiputs.-In
thesubsequentstudy,weagainassumethata singlecontrolforceis
availableforcounteractingtheforcesandmomentsimposedbygusts.
Further,weshallassumethatthestepapproximationtothegustfunc-
tionsisnotvsJidsothatthepossibilityofperfectalleviationis
excluded.
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Letusrewriteeqwtions(24)as

sr(s)= L=(s)%(s)

Q(s)= L2(s)J+$s) 1

25

,(26j

where

L=(s)= G1(s)X(S)+GS(S)

L2(s)= Hl(s)x(s)+&(s)

Itisclearfromtheformofeqwtions(26)thatthequmtitiesL=(s)
sd ~(s)maybeinterpretedasover-allsystemfunctions;theyrelate
theoutputsin,Yt(q)E@ q(q)tothegusti.n~utwhilethecontrolisin
operation.

A linear
tionof X(s)

where

The
the

relationshipexistsbetweenL=(s)andl&(s).Byelimina-
it maybefoundtobe

L2(s)= p(s)L=(s)+ cT(S)

Hi(s)
‘(s)“=m

‘G=(s)&(s)-Gs(s)Hl(s)u(s)=
G=(s)

quantitiesp(s)andu(s)areofcourseknown,
lmownsystemfunctionsGi(s),Hi(s).

Nowreturntothephysicaldomain.Let

21(Q)= &[Ll(s)]

22(Q)= L-l[LJS)].

R(q)= L-l[P(S)]

s(q)= L%(s)]

(27)

involv~astheydo

(28)

. - ——--.-———.— — .— — ----——. — —. .- ..— . .
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Fromequation(n)

22(9)= L-z[p(s)L=(s)+a(s)]

sothat,letting

P(q)= L-l[P(S)L=(S)]= ? R(5)Z.(q-?)dg

wehave

.

mmm 3290

(29)

(30)

(31)

(32)

J

Itwillbenotedinequations(32)thatwehaveusedamoregeneralform
ofthesuperpositionintegralthanheretofore.Thereasonforthisis
thatwewishtoinvoketheassumptionusuallymadeinrandomprocesses,
nsmely,thattheprocesshasstartedinfinitelydistantintheyast.
Consequentlyjform srbitraryoriginof 9,theedstenceofinputsfor
negativeargumentsmustbeadmitted,andthisisaccomplishedineqw-
tions(32)bylettingtheupperlimitsoftheintegralsapproachinfinity.

Theerror.-Equations(32)representthevariationsinnormalaccel-
erationandpitclringvelocitycausedbyarbitrsryinputsofgustvelocity
smdtheumlnowncompensatingforce.Itisdesiredtominimizethese
variationsaccordingtosomecriterionwhenthegustinputsarerandom.
We shalltakeasourerrorcriteriona Mear combinationofthemean-
sqmrevaluesofthevariations7Y(q)andq(q)overtheinfiniteinter-
val. Wechoosetomidmizea combinationofthemotionsinorderto
reducethepossibili~ofarrivingonlyatsolutionswhichminimizeone
motionattheriskofintolerablyincreasingtheother.Thus,weseek
tominimizethemean-squareerror

— ~~; a>O3 = (qa)+ (33)

wherea isa weigldxlngfactor,opentochoicedependingonwhichitis
●

thoughttobemoreimportanttoreduce,7:orq.
d

-.
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Thechoiceofamean-squareerrorcriterionisofcoursesomewhat
arbitrary.Criteriaotherthauthemeansquarearepossibleandmaylead
togreaterreductionsinthevariations7’(9)~ q(~). However,its
useinconnectionwiththegustaX1.eviationproblemisreasouble,h
viewofitspropertyofweightingtheminhizationinfavorofreducing
theundesirablelargeerrorswhilepermittingmanysmaUones.Also,
itsformismathematicallyconvenient,sinceitleadstoanintegral
equationthatcanbesolvedbylmowntechniques.

Integralrepresentationoftheerror.-“Substitutionofeqvations(32)
in (33)gives

~2 =

Exps.mkingtheintegrals,wehave

Nowbydefinition

Thenineqyation(35)

(34)

.

(35)

(36)

(37)

——-—.. __ _. — ———..— .———_
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The limitingphocess actsonlyon ag(p~i)sticeallothertermsare
functionsonlyof :1,~=. Wedefine

(38)

Thisistheautocorrelationfunctionoftherandomdistributionofgust
d.isturb=ces.Weassumethatthefunctionexists,sndmoreover,thatit
ishewn. Carryingtheldmitthrou@theintegralsinequation(37)and
using(%) wegetfor.themean-sqpareerror

m in

(39)

Notethatthemean-se-errordoesnotdependonthegustvelocities
themselves,butratheronlyontheircorrelationfunction.

Equation(39)csnbecastintermsofoneunknownfunctionP(q)
bymeansofeqyations(30)and(31).Thus,ineqyation(30),let

(40)

Then
al

Theupperlimitq isjustifiedheresinceP(q),Ro(cp),and21(9)are
@ulse responsessadhencemustbezerofornegativearguments.In
addition,let

(42)

Substitutingequations(31),(41),and(42)in(39),weget
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Nowin
h

w

ft

1 m E.2
& d~= P(ul)Ro(~l-al)dul

1
W(~=-~2)d~2

J’
p(c2)%(~s-crz)dUz

ao o 0
(43)

theq@irupleintegral,reversingtheorderofintegrationresults

Interchanghgdmmyvariables(~1~1, g~2), wehave

Itisclearfrmnthesecondoftheaboveforms.thattheresultofthe
doubleintegrationinvolving~(q) isa functionof (.5=-~2)alone.
Finally,usingthesecondofthefores(44),wecombinethelasttwo
termsineqyation(43);thisgives

(45)

Thebracketedqyantityin(45)canbeshownto~ossessdl the~roperties
ofanautocorrelationfunction(ref.24). Itis,infact,necessamythat
thisbetrueinorderforoursubsequentdevelopmenttohold.Letthis
functionbecalledY(3=-~2).Then,returdngtoequation(43),wefind
thatthemean-squareerrorbecames

. . _ -—.-—c __ ___ —— ——.— — -
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Integralecyiation.- SinceS,U,and‘2areknownfunctions(cf.
eqs.(28)Y (42),and(45))whileP isunlmown(eq.(30)),equation(46)
isnowofpreciselytheformconsideredbyWienerinreference18. As
shownthereinbyanapplicationofthecalculusofvariations,themean-
sqme errorisamin3mumif(an@onlyif)P(q)isconstructedsuchthat
thefollowingrelationissatisfied:

Equation(47)isImownasa Wiener-Hopfintegraleqyationofthe
firstkindfortheunknownP(q).A generalanalyticalmethodforsolving
itisdescribedinreference18(cf.,inparticular,AppendixC ofref.
M) ● Also,severalnumericalmethodsnowexist(cf.,forexsmple,refs.
31and32)whichcanbeusedtosolveequation(47)approximatelyshould
ananalyticalapproachproveimpracticable.Hence,wecanassumethatit
ispossibletoextractP(q)fromeqyation(47).HavingP(q),wemay
compute2=(9)fromeqyation(31).TheLaplacetrsmsformofthecontrol
systemnecesssxytoachievea~ mean-squareerroristhenobtainable
fromtherelation(seeeq.(26))

x(s) =
L2(s)-&(s)

H=(s)
(M)

Thisisthesought-forqyantity- thetransferfunctionoftherespmse
incontrolforcetogustin~uts.

Themidmizedmem-squareerror,whichresultswhenthecontrol-
forcesystemisconstmctedaccordingtoeqpation(48)maybefoundcon-
venientlybysubstitutingequation(47)into(46)andusingeq.tion(31).
Theresultis

. (49) -

.
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FjhdJl,inordertocompmethemidmd.zedmean-s-e errorwith
theerrorthatresultswhennoalleviationislrovided(i.e.,X(s)=0),
itwillbenecessarytohavethelatterresult.SettingX(s)equalto
zeroinequations(26)andusingequation(39),wehavefortheunmodified
mean-sqweerror

where

k(q) = L-l[&(S)]

*(Q) = L-l[%(s)]

A~licationofResults

(m)

Itremainstoinvestigatesomeofthecharacteristicsofa“contml
systmthatmightbebuiltaccordingtothespecificationsofthetheory
justpresented.Tobeacceptable,oneshoulde~ectofsucha system
atleastthefollowing:(1)adequatestability;(2)~racti.calfeasibility;
(3)a si@ificsntreductioninthemean-squareerrorfromtheerrorthat
resultswhennoalleviationis~rovided.Unfortunately,thesere@re-
mentsarenotnecessarilycompatible;inordertocheckthemnumerical
analysesmustbemade,usings~ecificairplanesandoperatingconditions.
Wehavechosenasanexamplecasea taillesstriangular-w@airplane
flyingata highsubsonicMachnumber.

Systemfunctions.-Sincewehavedeterminedinthefirst~artofthis
paperthatthestabili@derivativeformulationisa validapproximation
totheexacteqyationsofmotion,weshalluseitheretodefinethe
airplanesystemfunctions.Further,inthesystafunctionsG=(s)and
Hi(s),weshalJ-assumethatthelocationofthecontrolforceremains
essentiallyfixed.Thus,fora stepcontrolforcelF,thecontrolmoment
is -~, where~ isthe(dimensionless)distanceofthepointof
applicationoftheforcefromtheair@anecenterofgravity.Withthese
ass~tions,thesystemfunctionsmaybederivedfromequations(9)and
(21). (ThefunctionsG=(s)andHi(s)areobtainedsimplybyreplacing
CLg(S)andc%(s)inequtions(9)respectivelyby 1/sand-(~/s).)
Theresultsare

— ..— .— —-—— -——-——.- -—--—- — ...—. — —z ... . —.
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.

6%(s)Gl(s)=— .
,s%~+~+%(~+%)] -(~%+%)

lF En’[(w)2+k21

sQ(s)
+-@@+c’&-)-CLg(s,(s%+%)]

I&.(s) =— =
% 01’[(w)2+k21’

where s
.

Itrema3nsto definethegustfunctions~g(cp)and~(cp)whose
La@acetransformsapyearh G(s) sadH&(s). h theabsenceoftheo-
reticalresultsforthesefunctionsapplicabletosubsonicspeeds,we
shsllassumetheymaybeapprcc.dmatedbytheexpressions

%g(d=%J’+-=%+W)] 1(52)
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wherep andr
gull-tfunctions

areparameters.It isem@asizedthatthesearenotthe
ofanyknownWiJlg.Theyareconsideredtobephysically

reasonable,however,and,byvirtueoftheirzeroslopeat q . 0,are
believedtobespecificallyrepresentativeof~ointed-nosewings.They
arestrictlyapplicableonlytoflightatsubsonicMachnumbers,inview
oftheirasymptoticapproachtosteady-statevalues.TheprticularMach
numbertowhichthefunctionscorrespondmaybevariedby&angingk (~),.,,%l&),3, -r. AstheflightMach
numberisincreasedtowardunityp 3
shouldbereducedinvalue.The
valueof r shouldbechosensothat
~(9) ~sits greatestpositive 2
valuenearthevalueof q forwhich
theairplanecenterofgravity~asses I
throughthegustfront.Thepartic-
ularfunctionswhichwereusedin “
numericalcomputationsare@ottedin
sketch(d).

r
1 /%,

I
o 10 20 30 40 50

Ftidd.y,theLaplacetransforms Chord Iengthsof travel, #
ofequatiom(52),whicharetobe
insertedinthee~ressionsfor Sketch(d)
%(s) md ~(s),are

cLg(s)
1

= CqJm)[*

~(6) .&(m) P2(fip)-2rs

I

(53)

[ S(s+p)s1

Stabilityandthelocationofcontrolforce.-Havingdefinedthe
systemfunctions,wenextconsidertheconditionswhichmustbeimposed
onthemtoinsurethestabilityoftheairplanesmdcontrolsystm.
First,itisa necessitythatthesystemfunctionsthemselvesbestable.
Inordertoinsuretheirstability,itissufficienttostipulatethat
theirdenominatorscontainnozeroeshavingyositivereaLparts.This
willbetrueinallfourfunctionsprovidedthedampingfactorp and
thestiffnessfactor& arepositive.Theserequirementsareofcourse
theusual.onesthatariseinnesrlydl dynamicstabilityanalyses.

Inaddition,wemustinsurethestabilityofboth p(s)andits
reciprocal,sinceWth enterintothesmalysisfortheoptimumcontrol
force(seeeqs.(30)md (40)).Hence,itisa requirementthatboth
numeratoranddenominatorof p(s)befreeofzeroeshavingpositivereal
pwts. Now p(s)maybewrittenintheform(cf.eqs.(27)and(51))

---- - _. _____ ____ ___._ — -.. .—. _ __
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H=(s) 1 (S+c.)
p(s)=—= .

Gl(s) K (s%@ls+kz2) .

where

!rhenp(s)andl/p(s)arestableif cl,I.LL,andk12 =e sJJ~ositive.
Wenoteinequation(54)thatCI,I.LI.,ad k12 ~e ~ctionsof x0>the
controllocation,audhencethere@r~ents ofstabi~tyrestricttoa
greatextentthepossiblelocationsofthecontrolforce.Thus,from
equation(54)

With k12> 0,wehave

(%)
Theconditionk12>
forceallpotitsaft
k12> 0,inorderto
aftofthecenterof

O excludesaspossiblelocationsofthecontrol
oftheaerodynamiccenterxa;whereuyItith
have C7>0 wemustexcludeessentiallyallpoints
gratity;With kZ2 ~c C=ter= c’‘-~~;;~) /(c.q+%)J“

isa~ossiblelocationintheeventthat Xa<
Thiscsnnotbeconsidereda satisfactoryposition,however,sinceonlya
s~ghtshiftof ~ h eitherdirectionfrom~“ ~ causec1 tobe
negativeinonecaseor k12 h theother.Hence,we~on~ltiet~t fi
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ordertosatisfytherequirementsforstability,thecontrolforcemust
belocatedforwsxdofthecenterofgravityad sufficientlysotoinsure
thatxo<- (cm&/q’)●

Gustcorrelationfunction.-Onefurtherpieceofinformationneeds
tobesupy~edbeforethesrmlysisfortheoptimumcontrolsystemcanbe
carriedout;thatis,thespecificationofthegustcorrelationfunction
w(q). Weshalluseforthisquantityan~ressionthathasbeenadopted
byanumberofauthorsinrecentapp~cationstogustanalyses(refs.10
w 33through36),namdy

‘(’)=W-’’’)”$’”. (57)

Here,~ istheaverageintensityofthegustverticalvelocities,~,
madedimensionlesswithrespecttotheairplaneforwardspeedV. The
qpantityL isameasureoftheso-called“scaleofturbulence~(ref.34).
Comparisonsofeqwtion(57)withtheresultsofexistingexperimental
studieshaveindicatedthatthevalueof L mayvaryfromtheorderof
severalhundredfeettoovera thousandfeet.Thereaderisreferredto
references10,34,and36fora moredetail~e~lanationoftheori~
ofequation(57)andtheragesofvaluestobeexpectedofthequantities
wg2andL.

Numericalresults.-Equations(51),(52),and(57)completethe
specificationofquantitiesnecesssryforcomputationoftheoptimumcon-
trolsystemfromequation(48)smdtheminimizedmesn-sqpareerrorfrom
eqpation(49).Detailedresultsoftheanslysisarepresentedforthe
generalcaseinAppendixB. Inthissectioncurveswillbepresented
whichillustratethenatureoftheresultsastheyapplytoa singleset
ofoperatingconditions.Thenumerical.valueswhichdeftietheairplane~s
inertial.md geometricProperties,itstrsmsferfunctions,andthegust
correlationfunctionarelistedattheendofAyyendhB. Thesetof
constantsdefintigtheairplanearebelievedtobere~resentativeofthose
corres~ndingtoa fighter-typetriangular-wingairplaneflyingata high
subsonicspeed.TheconstantL usedinthegustcorrelationfunction
correspondstoa scsleofturbulenceof300feet.Theconstantag2, ,
definingtheaverageintensityofturbulence,wasleftunspecifiedsince
itappearsintheresultsformean-sqwreerroronlyasamultiplying
factor.Hence,theresultscmzbemadeap@icabletoa rangeofweather
conditionsbyappropriateselectionsofthisparameter.

Mean-sqpsreerror:Figure7 isa comparisonofthemagnitudesof
themidmizedandunmodifiedmean-squareerrors(eqs.(49)and(n))for
a rangeofvaluesofweightingfactora andseveralvaluesofforce
position.Largevaluesof a correspondtoweightingthendnimization
procedureinfavorofreducingthemean-square~itchingvelocity,possibly
attheriskofincreasingthemean-squarenormalaccelerationbeyondits

— -—————-—.——
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ummcxlifiedvalue.Forsmallvaluesof a thereverseistrue.It is
clearfromins~ectionofthefigurethatthereductions‘intotalerror
maybesignificant;theresultssretobetiterpreted,however,asindi-
catingonlythata significantreductioninoneortheotheroftheindi-
vidualcomponentsoftheman-sqme errorispossible.Itremainsto
beseenwhethersuchcanberealizedwithoutthepenaltyofincreasing
onecomponentbeyonditsunmodifiedvalue.ThisQointisclarifiedin
figure8,whichshowstheindividualcomponentsofthemean-sqpareerror
givenasratiosoftheircorrespxulingunalleviatedvalues.(Thenote
atthetopoffigure8 permitsonetoattachabsolutevaluestotheindi-
vidualcomponentsofthemean-squareerror,shouldthisbedesired.)It
isclearthateithererrorcanbemadearbitrsxil.ysmall,buteventually
attheexpenseofincreasingtheotherbeyonditsunmodifiedvslue.Of
greaterimportanceisthata rsageof a doesexistforwhichsi~ficant
reductionsinbotherrorsarepossibleatthesametime.Thus,forexam-
ple,forthecontrolforcelocatedatthewingnose(~ = -0.25),both
errorsmaybereducedtoabouth- theirunalleviatedvalueswhen a
isnesr0.1.

h addition,notethatthecontrolforcebecomesevenmoreeffective
h reducingbotherrorsasitspointofapp~cationismovedforwardof
thenose.Thiswouldsuggestthata cemrdcontrolsurfacemightbea
efficientmesnsofgeneratingthereqtiredforce.It shouldbepointed
oti,however,thattheanslysisinits~resentformdoesnottskeaccount
oftheeffectsontheliftofthemainwingofdownwashfromthecanard,
sothattheanalysisisapplicabletothecanardonlyiftheseeffects
csmbe considerednegligible.Aspreviouslymentioned,theentireques-
tionofhowto generatetherequiredcontrolforceis consideredtobe
beyondthescopeofthispaper,andthepresentresultsareofvalue
maid.yas= indicationthatmore@ensive analyses,inwhichthis
questionmustof coursebe considered,maybe justified.

Controlforce:Weexsminenextthepropertiesofthecontrolforce
thatachievesreductionsofbotherrors,usingasanexamplethecase
%= -0.25,thatis,wheretheforceislocatedatthewingnose.

Figure9 showsthetransientresyonseofthecontrolforcetoa step
gust. Thisforcecausedthemean-s~e valuesofnormalacceleration
andpitcMngvelocitytobereducedtoabouthalftheirunalleviated
values.Alsoshownasdashedcurvesinfigure9 aretheinputsinaero-
dynamicforceandmomentduetoa stepgust.Notethatthecontrolforce
needbeonlyabouta thirdthemagnitudeofthegustforceandneedbe
appliedmuchlessrapidly.Thisshouldbecontrastedwiththeproblem
ofdevisinga systemtoprovideperfectalleviation,forwhichthecontrol
forcesailmomentmustbemadetomatchthoseofthegustateveryinstsmt.

Furtherinsightintothenatureofthecontrolforcemaybegained
frominspectionoftheamp~tudesofthecontrol-forceresponsetohar-
monicgusts.Theseereshowninfigure10. Alsoshowninfigure
a plotofthegustspectraldensity,normalizedsothatitsvalue
unityatX=O. (ThespectraldensityisdefinedastheFourier

10 is
is

.



,.

transfomofthegustcorrelationfunction,eq.(57);itisameasure
ofthe“energyncontainedineachincrementoffrequencyinthegust
spectrum(cf.ref.8).)Notethat,asmightbemticipated,theamplA-
tudeofcontrolforcefallsoffwithincreasingfrequencyasthegust
spectraldensitydoes.Again,thisshoullbecontrastedtothedashed
curvewhichistheamplitudeofcontrolforcerequiredforperfectallev-
iation.b thelattercasetheforceisinde~endentofthegustcharac-
teristicsandclearlyisofsignificantmagnitudeovera widerfrequency
range.

Airplaneresponses:Fi~es 11smd12showtheamplitudesofthe
responsesinnormalaccelerationandpitchingvelocitytoharmonicgusts
withandwithoutoperationofthecontrol.Asjnfigures9 and10,the
controlforceislocatedatthewingapex.Oncomparisonoftheresults
for a = 0.1withtheunmodifiedresyonses,itisseeninbothfiguresIl.
and12thattheamplitudesoftheoptimizedresponseshavebeensi@fi-
cantlyreducedh thevicinityoftheP*S ofthecurvesandthatthe
yeaksthemselveshevebeenshiftedtotherightwherethegustspectral
density(fig.10)hasbeguntofalloff.Theeffectofbothmodifications
isofcoursetoreducethemem-squareerrors.Alsoshowninfigure11
istheres~onseinnormslaccelerationreqtiredtogivezeropitclrlng
velocityresponse(a- m)md infigure12,theresponseinpitching
velocitywtichgiveszeronormalacceleration(a+ O). Thereasonsfor
theincreasetimean-sqpareerrorofoneresponse,whichisa consequence
ofattemptingtominjmizeonlytheotherresyonse,arereadilyapparent
froma comparisonofthetwocurveswiththeirrespectiveunmodified
responses.

Asa finalpeint,itwillbenotedtifigures11and12thatthe
initialvaluesoftheoplxbnumhmmonicres~onsesarenotzero.This
meansthatthesteady-statevaluesofthecorrespondingtransientresponses
toa stepgust=e notzero.Hence,inresyonsetoa stepgust,thecon-
trolforcewillcausetheairplsneeventuallytocldmbordive.Unfortu-
nately,theworseningofthetransientresponseusudlymustbe accepted
as a consequenceof attemptingto~ze theres~onseto continuous
randomdisturbances;onemustcountonthe~robabilitythatisolatedstep
gustswillnothe encountered.

Off-designperformance:Theresultspresentedinfigures7 through12
applyonlytoa singleatm.osyhericcondition~nmly, thatcorrespondingto
a scaleofturbulenceof300feet.Itisofinteresttoaskhowthesystem
designedtooperateoptzbnaldyatoneatmosphericconditionwillyerformat
others.Toinvestigatethis,somecomputationshavebeencarriedoutfor
thecontrolforcewhichiso@mum fora scaleofturbulenceof1000feet.
Theresultsareshowninfigure13incomparisonwiththeoptimmcontrol
forcefor L = 300feet(fromfig.9). Itisapparentthat,sincethe
resultsarequitesimilar,thedesignisnotstronglydependentonthe
_itude of L. Hence,onemayexpectthata systemdesignedtobeo@i-
mumforoneatmosphericconditionwilILperformwen foroff-design
conditionsnottoodistantfromthedesigncondition.

. . . .. . —---- . ..— — . —— ._. .-— — ——.
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Theatios~hericconditionsarealsode~endentonthequtity ag2.
However,thisq.zantityoccursinthe~ressionsforkdh theminimized
andunmodifiederrorsasa scalefactor. %2 wilJhaveH~ce,~ —
thesameeffectonlmthoftheseerrorsand.theerrorsoftheoptimized
systemwill.bereducedbythessme~ercentageforallvaluesof ~.

t
ConcludingRemarks

The~recedingapplkationoftheWieneroptimumfiltertheorytothe
~roblemofreducingtheairplanesresponsetorandomatmosphericturbu-
lencehasdemonstratedthatsuchanapproachmayleadtousefulresults.
Itwasfoundthatsi~icant reductionsofboththenormalacceleration
and~itcldngvelocityresponsesmaybeachieved,andthatconstruction
ofa controlsystemwhichrealllzestheseimprovementsmaybeconsiderably
shqlerthanconstructionofonedesignedto~rovideperfectalleviation.
Nevertheless,themethodandresultsyresentedherearebynomesasmeant
tobefh.slordefinitive.Foronething,theproblemfortailedaircrtit
hasnotbeentouched;therevisionsandmmndmentsoftheaml.ysiswhich
arenecessarytoaccountforthetailsndtheeffectsofdownwashmay
invtidatesomeoftheresultsobtainedhere.Further,evenfortailless
hircraft,insomecasestheassumptionthatthecontrol~itchingmoment
is~roportionaltothecontrolforcemaynotbewarrsnted.Thiswould
yrobabl.ybethecase,forexample,intheeventthattheforceistobe
yrovidedbya canardcontrolsurfacewhoseinterferenceeffectsarenot
negMgible.Moreover,otherformulationsofthe~roblemarepossible.
Forexsmyle,ratherthsmleavethecontrolforceuns~ecifiedaswasdone
here,itmayturnouttobepracticallymorefeasibletobeginwitha
controlsystemofknowntypehaving,say,openysxsmetersaudusethe
Wienertheorytogiveoptimumvaluestotheseparameters.Themainfunc-
tionofthepresentwork- betoofferevidencethateffortsinthese
directionswillWewlse @eIiiresultsthatindicatethepossibilityof
achievingsignificantreductions
turbulence.

AmesAeronauticalLatmratory
NationalAdvisoryCommittee

MoffettField.,Calif.,

oftheairplanesresponsetorandom

forAeronatiics
June28,1957

.
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TJMNSFORMATIONSToHARMONIC.IWSF-ONSES

INDICIALFUNCTIONSOF

ANDWIDE

OF

TWO-DR4ENSIONAL,

TRIANGuTdlRwmGs

TKEEWI?ERSONIC!

REclr!AN-,

Thefollowingisa co~il.ationofthetransformationstoharmfic
responsesofthes~ersonicindicislldftandpitchtng-momentresponses
toste~changesin(1)gustvelocity,(2)angleofattack,and(3)pitch-
ingvelocity.Thetransformsareyresentedforthetwo-dimensionalwing,
therectsmgularwing,andthewidetriangularwing.Sourcesfromwhich
theMcial. functionswereobtainedareldstedasreferences25to30.

NOTATIONANDTFJ@FEROFAXES

Allcoefficientstobepresentedaregivenastransformsofdeficiency
functions;thesearedefinedasfollows:

m

f~(ix)=
1[ 1

-iAq
Cmq(rn)-@q(~)e dq

o

(Al)

..—. .—.——. ..._— ..— . —.— ~—. ___ — . —
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.

me trimsformsduetopitchingvelocityf2(iN,f4(iN~ hewe=ted
fora wingpitchingabouttheleatlngedgeortheapex.Likewise,all
~itching-momenttransformsarereferredtosmaxisthroughtheleading .
edgeortheapx. Tocalculatethetransfomnsforanaxislocationother
thanthenose,thefollow3ngtransferrelationsmaybeused:

gl(i7J = glo(m
&i(m =C330(n)+ml(n)
f~(ix)= fb(ix)

f~(ih)=f~o(iA)+&l(iA)

fs(i?J=f%(iA)-Ef~(iA)

f*(iA)= f40(iA)+Ef20(iA)-Ef30(iA)-E~l(iA)
●

(A2)

Here,~ isthenumberof chordlengthsofthenew@s fromthenose,
measuredpositivereemwardfromthenose;thesubscri@dtermsarethose
listedbelow,referredtothe-S ~ = O.

TWO-DIMENSIONALWING

Transfoms

(A3)

&o(ms%[1-2f=(M,Ti)] (Ah)

f=(ix)=+
{ }
A[fz(M,13)-fo(M,@]+i[fo(M,~-l] (A5)

fso(ix)s:
{
X[fo(M,~-f2(M,~]+i[l-2f=(M,G)]

}
(A@

f~(ix)s;
{
7&!fl(Mj~-f2(M,~-fo(M,G)]-i[l+2fl(M,~-2fo(M,@]1

(A7)
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f~o(ix)=
&{~,(”J~+(&-) “A [~1(M,73)-fo(M,@]+i[l-f2(M,~+.

3fl(M,~-2fo(M,31
} (M)

Intheabove,the f=(M,Zj)areSchwarzfunctions(ref.37),definedas

(A9)

Numerical.tabulationsofthesefunctionsfor M21.20 maybefoundin
reference38.

. IllitislValues

thetransfomnsas A+ O,we givebelowtheir

(Ale)

(All)

(Al-2)

(AJ-3)

(A14)

——._____ _ ——__ —. ---— ..—— —____ ____ ._



42 IUK!ATN3290

(KL5)

Finally,
calculatethe
thenecesssry

tion

Stabil.i@Derivatives

inordertocompletethecompilationoftermsneededto
harmonicres~onsesjeqyations(13)and(14)inthetext,
stabilityderivativesare~steabelow.

%&’) =%$=’)=*

%lJ4 =-$.
WING

(KL6)

(Q.?)

(Am) ‘ -
(A21)

Theharmonicfunctionsad stabilityderivativesfortherectangular
areeachcomposedofa two-dimensio&l.contributionplusa contribu-
deyendentonaspectratio.Listedbelowaretheasyect-ratiocontri-

butions;eachofwhichshouldbeaddedto
function,alreadygiven.Theresultsme
ofMachnumberandaspectratioforwhich

Transforms

thecorresTonMngtwo-dimensional.
validonlyforthosecombinations
$AZ 1.

(A22)
.
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[
IWS$)=-J-- A+Ai* (+ 2i me

)
-iA/m-ne-iA/n~

ws~3

Afl(ix) =

2
(,
m2e

)1
-i?Jm-n2e-iA/n

x

*[-2+ ‘($ -?+i(m-ix’m+ne-i’’”)l

43

(A23)

(A24)

[

~+ 2(M2+1)
Mg~(iA)=— —$;2 M%? (

- i% - $ m2e-i~/m+n2e-i?@.-

i
(

-me
)1

-i?Jm+ne-ih/n
A (W)

[

2(&+l)Af20(ix)=* -1+ w + i
(s -:) -*(m2e-i’’m+n2e-iA’n)l

(A26)

Af40(n)=
*-@+~[’-%+-wl+

where

n M-l=—
M

m M-1=—
M

InitialValues

3
( )

2 -iA/m+n2e-iA/n-~me

4$–~ Agl(iA)=-–— — (3M2+1)A+o 3 ~4A+6~f*

(A.27)

(A28)

.-. .-—.. ____ ___ ——.. .——. __ —
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2 2E.(3M’+1)plo A%o(iA) =~-—
$4A Is ~4A

ldm Afl(ih)= ->A(M’+l) +~A(M2+3)
A*O

Iim Afso(n) - 1 (M2+1)-;&A (M2+3)
A*Q 2134A

NACATN 3290

(A29)

(A30)

(A31)

#IaoAf’Ji7J =

Mm Af40(m =x+-o

.*A (M’+1)+ ~ = (M’+3) (A32)
30 ~4A

2 (M’+1) 1 ‘n (@+3).— -—— (A33)
15 $4A 36 fJ4A

StabilityDerivatives

M.rl#) =Mm%(”)=*A
A% =+* (M’+1)

AC% = -$A (M’+1)

2A~%(m) = - —
3$2A

WIDETRIANGULARWING

(A.34)

(A35)

(A36)

(A37)

(A38)

(A39)

.

.

.

Presentedbelowarethetransforms,theirinitialValues,S@ Perti-
nentstab~tyderivativesforthewidetriangul=wing.Resultsare

Q

applicablesolongasthewingleadingedgeissu~ersonic;henceitisa
requirementthat $A~ 4. -
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Transforms

{[ o(i,;)] -i} ‘
gl(i~)=+ ~ fo(M,G)-e-i%

*o(iA)=${~[e-itio (~,$) -fl(ll,ti)]+

[(
i 1+ ~ fo(M,@-e-i~O(*Y$’]}

f~(il).+
{[ 1
A 2fl(M,@-fa(MjZJ)-fo(M,Zj)+

[
i 2fo(M,13)-2f1(M,T$-l

1}
(A42)

45

(A@)

(A41)

f=.(ih)=*{@My~+@ -+[fommfmm]+

[
i l-2fo(Mj@+3fl(M,@-fa(M,~

1}
(A43)

f~(i~).4
3PA{ ( )[

-M2(M,~)+A +.&
1

2f1(M,6)-fo(M,n)+

i
[
-1-ZY2(M,m+2f0(Myq

11
(AU)

—. — - -——— ——. —
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()1The f. R,~ functionwhichappearsin gl(i~)- &(iX)(eqs.(Am)

d (A41))isdefinedas,

,.(;, z-)=~:$”.o(~)du(A46)

.

.

Tabulationsofthisfunctionarenotasyetavailable;intheirabsence
thefunctioncanbeevaluatedeitherbynumericalinte~ationorbymesm
oftheseriesexpmsion~(cf.ref.37)

hi-hid values

4 (24=1)13m gl(ix) =— -& (6M%5M2+2)
A+0 3P

.
inMu f*(iA)=—-—

A*O 3; 5P

Mm f40(iN = ‘-& + #
A+0

(A48)

(A49)

(A51)

(A52)

(A53)

.
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Derivatives

%&4 +@+ =;

%lJ=) =GrQ.#J)

4cu=. —
3P

%=+

%%(”) = $

%(m) = - s

(A54)

(A55)

(JE6)

(A57)

(A%)

(A59)

..
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APPENDIXB

SOLUTIONOF13TTEGRALEQUATIONFOR P(P)

Thefollowingisa compilationofexpressionswhichariseinsolving
theintegaleqyationfor-P(q),eqpation(47)ofthetext.Theeqyation
isreadilysolvedbytheuseofthetwo-sidedLa@acetransfomn(ref.39).
ForanyfunctionF(q),definethetransformas

w

‘f(s)=
J

F(@)e-sQdq

andwedenotethetransfomsthatresultfrom
~ositiveandnegativevaluesof q by f+(s)
Thus

m

(Bl)

integrationof F(cp)for
andf-(s),respectively.

f+(s)=
J

e-s%(cp)dp
o

0
f-(s)=

J
e-s?l?(q)dq

1

Thesolutionmaybeputintheform

- ~ a(q)e-sqd(p
p+(s)= 0

e+(s)

(B2)

(B3)

wherep+(s)isthetransformofthedesiredquantityP(q).Thelatter
quantityisdifferentfromzeroonlyintherangecp>O;itiszerofor
q< O,asitmustbetobephysicallyretizableasanhpulseresponse.

Thefollotigquantitiesariseinthederivationof a(q)ande+(s):

a+(s),s(q):Fromequations(27),(51),and(53)

?@%A~su+(s)=
(s+a=)(s+a~*)(*p)S

(B4)
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where

a== V, + i ~k=2-j.t=2

,. = -$ [(yq+%)+~(q’ci+~)]

~.= f (w+%%)
Theinversionof a+(s)@~es

s(q). (s~s=qts2@)e-m + s3e’alP+ ~*e-alw

where

[bs+A~sS’=L
12 (s+al)(s+al*)s=-2

d
[

?@’+?lls
sl=—

1ds (*al)(s+al*)s=-p
.

,

.

,.

49

(B5)

1 d2
[

?@’+?@
so=-—

12 ds’ (s+a=)(s+a=*)s=-p

[

?@2+A~s
s~=

1(s+p)S(s+a,*)s=-a=

.- .. —.. — ——. . ...-.——. — -—-— —.— —- - .—— .—-. — -.
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P+(s): l?romequations(27)* (Z),

S+cl
p+(s)=4K (s+a=)(s+a=*)

where

xoc&+~
c1=

q’~+~

w(s): Usingequation(57)

m

w(s) =JW(q)e-s~dq

mcAcm 325a

(1%)

(B7)

.

where

N=:

u(s),u(q):Usingequation(42)

w

u(s)=
J

U(ql)e-s?lq=C+(s)w(s) (B8) “

TofindU(q)forq> O,weevalmtetheresiduesoftheproductof
u+(s)audw(s)atpies intheleft-half@sine.Theresultis

,.
-Nq)U3*e-a~X?+(u4+u59)e

~---..<
(B9)

.
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where

u~= S2W1*(-3?)+ SIW’(-2)+ s~w(-y)

u==2s~w’(-p)+ S=w(-p)

u~= Saw(-p)

U3= ~w(-al)

U3*= ~+$w(-al*)

[
U4=~ G+(-N)-: U+T(-N)

1

U5=-u~agC+(-N)

~(s): Thetwo-sidedLa@Lacetransfomnoftheautocorrelationfunction
Y(q))maybewritten(usingeq.(45))

m

l)(s) =J’ [Y(q))e-sqdq=w(s)1+ 1
1-m W+(S)P+(-S)

= K%(s)
(s4-2y#%70q

a(c~%q

where

Thismaybefactoredtothedesiredform

$(s)= 19+(s)e-(s)
I

51

(Bll)

(B1O)

..— . ._____ —___ .._. .—. ——— . .—.— . . . .. - ._
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where

e+(s)= z (7+s)(bts)(b*+s)

(N%)=(c=+s)

e.(s)=~ (7-s)(b-s)(b*-s)

(N-s)qc=-s)

b =J3+iu

~=JT

a(q): Letting

wefinda(q)forq> O by
theleft-halfylane.Let

Then

a(q)(q> O) =

r1701’72
a.=—

2

u(s)
A(s)=— (B1.2)

e-(8)

evaluattigtheresiduesof A(s)atyoLesin

A-(s).>
e-(s)

(B14)

..

.

(B13)
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where

. ~ = U*(-P) + ulA-’(-p)-t’u~-’‘(-p)
Al=Ufi.(-p)+ 2U~-’(-3))

& =U2A-(-2)

& =UgA(-a=)

As”= U.g*A-(-aZ*)

& = U4A_(-N)+ USA-’(-I?)

A5=U5A-(-N)

P(q): Havingdetermined13+(s)(eq.(B1l.))snd a(q)(eq.(B14)),we
~ P(q)byinversionofequation(B3).we resultsmaybewritten

-b*q)p=e”79+p+-~+ p7*e

.

where

PO = -u@(-p)-Ufi’(-p)- u~’~(-p)

P= = -Ufi(-p)- 2u&&(.Q)

Pa= -u#J(-p)

Pg= -%A(-al)

Pg*= -U~*A(-al*)

1 (N-7)2(cZ-7)A (-7)P6=-–
~ (b-y)(b*-y) +

.

.

I (N-b)2(cl-b)A ~-blP7=--
~ (y-b)(b*-b)+

I (N-b*)2(c=-b~P7*---
~ (y-b*)(b-b*)&(-b*)

. .—. ..———__ ——— ———_ –c— _._._.
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A(s) . ~

lJ(s)

& & %A+(s)=— — — —
~. + (p+s)2+ (pw)S + (a~s) +

AS*;&+ A=J
al*+s N+S (IT+S)2

TAJ3UIATIONOF CONSTANTS

Givenbelowis a tabulationofconstantswhichwereusedinnumeri..
calcomputationstodescribetheairplaneXsinertialandgeometric
properties,thesystemfunctions,and.thegustcorrelationfunction.

Airplane:

Mass parsmeter ~t = 100

Inertia~arameter ( = 100

wing chord c =30ft

Centerof~atitylocatedatO.25c

Airplanesystafunctions:

~ = 3*O % = ‘“y

% = -0”75 ~ = 0.0175

%q = 2*O k = 0.0861

%
= -1.0 3?=0.20

% = -1”0 r = O.oa

Gust.correlationfunction:

.

L = 300ft
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