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SUMMARY 

An analysis based on mixing - length theory is presented which 
indicates that surface blowing associated with transpiration cooling 
systems produces large reductions in both the heat - transfer and skin­
friction coefficients for a turbulent boundary layer on a flat plate. 
The numerical results are restricted to the case of air blowing into 
air. The effects of blowing are indicated to be similar for high-speed, 
compressible flow to those for low- speed, incompressible flow. 

INTRODUCTION 

The frictional heating of the outer surfaces of high-speed aircraft 
has become a major problem in the design of these aircraft. Without 
thermal protection and at equilibrium conditions, the surfaces of these 
aircraft will begin reaching intolerable temperatures at Mach numbers 
even as low as 2 . The designer , therefore) must provide thermal 
protection for his aircraft ' s skin . This protection can be achieved in 
several ways; for example, by altering the aircraft's shape to avoid 
sharp or pointed frontal surfaces, by providing a cooling system for the 
skin, and by providing a protective thermal insulating layer between 
the hot air in the boundary layer and the skin. A transpiration cooling 
system, one in which the coolant passes through small pores in the skin 
and into the outside boundary layer, has the advantage of providing both 
cooling of the skin and a protective insulating layer of coolant. It 
appears that these advantages make a transpiration cooling system most 
effective (ref. 1) . It is noted that the advantage of evaporation can 
also be incorporated into a transpiration cooling system. 

Much of the available work dealing with transpiration cooling is 
restricted to analyses dealing with the laminar boundary layer. The 
literature is quite extensive and references 2 and 3 represent examples 
of these analyses. I nvest igations which are more allied to the work 
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presented in this paper are represented by references 4, 5, and 6.1 

These analyses treat the case of the turbulent boundary layer by divid­
ing the boundary layer into two parts, a laminar sub layer and a fully 
turbulent outer region . The end r esults of these analyses, in effect, 
relate the coefficient of heat transfer under conditions of transpira­
tion with two parameters; name ly, (1) the velocity at the interface of 
the sub layer and outer turbulent portion and (2) a Reynolds number based 
on the distance of this interface from the surface with properties 
evaluated either at the wall or free - stream temperature . The rate of 
transpiration acts as an independent variable in the latter relation. 
Because it is known that both of these parameters are dependent on the 
local skin friction for the case of zer o transpiration, it would be 
expected that their partial dependence on the local skin friction would 
continue even under the conditions of transpiration . In effect, then , 
the results of these analyses are modified Reynolds analogies r e lating 
heat transfer and skin friction when blowing occurs . A similar analysis 
compri ses a portion of this report; however, it is modified to also 
include the frictional dissipation occurring in the high-speed air flow 
over the surfaces of aircraft . 

Several experiments have been performed concerning transpiration 
cooling in tubes or channels having turbulent boundary layers (refs. 5, 
7, and 8). Although the results point out the advantages of transpira­
tion cooling, the geometry of the tests and the low velocities employed 
in the boundar y layer make the r esults of these tests too s pecific to 
apply in the general case of aircraft. The experiment described in 
reference 9, although also empl oying low air speeds, provides data on 
a f l at plate , which is a fundamental aerodynamic shape. These data will 
be compared with the present analysis in a later portion of this report. 

From this brief r eview of literatur e dealing with transpiration 
cooling , it is apparent that there is no information about the influence 
of transpiration on the behavior of a compressible , turbulent boundary 
layer, such as exists on the surface of a high- speed aircraft. The 
purpose of the present report is to present an approximate analysis for 
determining the effect of transpiration on a high-speed turbulent 
boundary layer . Because of the many uncertainties inherent in the 
analysis., it mainly has heuristic value . Experimental data will be 
required befor e the value of the analysis as a means of interpolating 
or extrapolating limited amounts of data can be assessed . 

lA simultaneous investigation, essentially the same as is contained 
i n portions of the present report, has been reported recently in an 
article by W. H. Dorrance and F. J . Dore, entitled "The Effect of Mass 
Transfer on the Compressible Turbulent Boundary Layer Skin Friction and 
Heat Transfer . " Jour . Aero . Sc i., vol. 21, no . 6, June 1954 . 
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SYMBOLS 

- 1 

specific heat at constant pressure 

local skin- friction coefficient 

ratio, ~ defined by equation (10) 
cff2' 

elliptic integral of the first kind 

exponential term defined by equation (A33) and (A34) in 
Appendix A 

function defined by equation (6) 

local heat - transfer coefficient defined by equation (A78) 

thermal conductivity 

parameters of elliptic integral of first kind (see eqs . (A66) 
and (A68)) 

mixing length parameter, L = Ky 

mixing length 

Mach number 

I-lCp 
Prandtl number, 

k 

€MC p 
turbulent Prandtl number, 

EH 
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local heat - transfer rate per unit area 

local temperature recovery factor (see eq . (A8o).) 

Reynolds number based on distance along plate and free-stream 
fluid properties 

Reynolds number based on momentum thickness and free-stream 
fluid properties 

h local Stanton number, 
P1U1Cp 

temperature 

velocity component parallel to plate 

velocity component perpendicular to surface of plate 

coordinate parallel to axis of plate 

coordinate perpendicular to surface of plate 

parameter defined by equation (A58) 

parameter defined by equation (A59) 

ratio of specific heats, 1.40 for air 

eddy thermal conductivity, defined by equation (All) 

eddy viscosity, defined by equation (A10) 

constant relating transpiration rate with local skin-friction 

coefficient, PWVW!P1U1 
Cf/2 

momentum thickness 

viscosity 

mass density 
-1 

parameter defined by equation (A60) , S 

local shear stress 

parameter of elliptic integral of first kind 
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exponent in viscosity - temperature relationship 

Superscripts 

instantaneous fluctuating quantity 

quantity averaged with respect to time 

dimensionless quantity (see eqs. (A26) and (A27)) 

dimensionless quantity (see eq. (A19)) 

Subscripts 

interface of laminar sub layer and outer turbulent region 

coolant fluid initial condition 

temperature recovery condition, Te 

surface 

outer edge of boundary layer 

ANALYSIS 

~2 
T~ + r 

Restrictions on Analysis 

The present analysis has several restrictions which have been 
imposed because of inherent difficulties or for purposes of simplifica­
tion. These restrictions are as follows: 

1. Only the compressible, turbulent boundary layer is considered 
(usual boundary-layer assumptions). 

2. The boundary layer is on a flat plate placed parallel to the 
free-stream direction. 

3. The coolant fluid is the same as the boundary-layer fluid and 
enters the boundary layer at the temperature of the surface 
of the plate (no diffusion). 

5 
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4. The boundary layer is idealized to be composed of two distinc·t 
sections: a laminar sublayer next t o the surface, and a 
fully turbulent outer layer. (Note: It is assumed that 
velocity, temperature, heat flux, and shear are continuous 
at the interface of the two layers .) 

5. In the fully turbulent outer layer, the transport of heat is 
proportional to the transport of momentum. 

Parts of the Analysis 

For relative simplicity the analysis is divided into two parts. 
The first part contains a determination through the use of mixing-length 
theory of the effect of transpiration on skin friction and heat transfer 
in a compressible turbulent boundary layer when the Prandtl number is 
unity . The assumption Pr = 1 greatly simplifies this portion of the 
analysis. The second part contains a determination of the effect of 
transpiration on the relation between the coefficients of skin friction 
and heat transfer when the Prandtl number is not unity . An expression 
for temperature recovery factor is also found in the second part. 

A combination of the results of the two parts (the product or cf 
when Pr = 1 and Stlcf when Pr f 1) allows the determination of the local 
heat-transfer coefficients under the conditions of transpiration when 
Prandtl number is not unity. To permit this combination, it is necessary 
to employ the premise that the l ocal skin-friction coefficient is 
relatively independent of Prandtl number. For the case with no tran­

,spiration, this premise is good for a Prandtl number which corresponds 
t o air (ref. 10). It is not expected that small amounts of transpiration 
should alter the basic premise. 

Description of Method of Analysis 

Tbis description of the analysis is intended to point out its 
salient features without introducing the complexities of the detailed 
mathematics. The mathematical details may be found in Appendix A. 

The basic equations that are used in this analysis are the Navier­
Stokes equations representing conservation of momentum, the conservation 
of energy equation, and the continuity or conservation of mass equation. 
When all the quantities in these equations are represented as the sum 
of a time averaged quantity plus an instantaneous quantity, these 
equations can be made to apply to turbulent flow (ref. 11). When these 
"turbulent flow" equations are time averaged and the usual boundary­
layer assumptions are imposed, the r esulting boundary-layer equations 
are (ref. 10): 
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~ (pu) + ~ (pv + p'v') := 0 
dX dy 

( 1) 

dU dU d 
p u - + (pV + p' V') - := 

dX dy dy (
- dU --) 
Il dy - PU'v' 

d 
( cpT + ~2) + (pV + p 'V' ) d 

(cpT ~) d (k dT pu + 
dy 

- + 
dx dy dy 

dU - - ---) ( 3) IlU 
~- pcpv'T' - upu ' v' 

Barred quantities represent time averages, while primed quantities 
represent instantaneous values of fluctuating quantities. While the 
specific heat is maintained constant, the fluid properties of density, 
viscosity , and thermal conductivity are allowed to vary with temperature . 
Frictional dissipation is also included . 

Equations (1) through (3 ) are intractable at present, because of 
their compl exity and because the behavior of the turbulent fluctuating 
components in shear flow is not known . Certain nonrigorous simplifica­
tions are necessary to achieve a solution useful from an engineering 
viewpoint . 

The first simplification necessary in achieving an engineering 
solution to the problem is t o as sume in equations (1) through (3) that 
the variations of the dependent variables with respect to x are 
negl igible compared to their variations with respect to y in the 
evaluation of the local velocity distribution . This allows replacing 
partial differential equations by much more easi l y s olved ordinary 
differential equations , with y as the independent variable. The above 
assumption is based on experience with the low- speed, incompressible 
skin- friction problem without transpiration . It has been found that 
this assumption combined with a group of assumptions concerning the 
mechanism of turbulence and the structure of the boundary layer together 
with certain mathematical simplifications can be made to yield skin­
f riction coefficients which agree well with the experimental results . 

At this point it is necessary to define the Prandtl number as it 
is used in this report . In the conventional definition Prandtl number 
is the ratio of kinematic viscosity to the thermal diffuSivity of a fluid 
where the transport of momentum and heat is promoted by molecular means . 
This Prandtl number is then a controlling variable for processes con­
taining laminar flow where molecular transport phenomena occur. When 
the flow is turbulent, however , the large - scale transport of momentum 
and heat is promoted by the eddying motion, and the conventional Prandtl 
number does not govern ttis mechanism. In order to relate the turbulent 



8 NACA TN 3341 

transport Df momentum and heat transfer, it is necessary to define a new 
term which has the same characteristics as Prandtl number, except that 
properties defining the term are based on eddying motion. To distinguish 
this term from the conventional Prandtl number, it is called the turbulent 
Prandtl number . A turbulent Prandtl number of unity is equivalent to 
the Reynolds analogy. 

When the basic equations are reduced to ordinary differential 
equations, they are applied to the fully turbulent outer layer by 
omitting all the terms which are based on molecular transport. In the 
laminar sub layer , however, all the terms based on eddying transport are 
omitted. Thus, two sets of equations are employed, the solutions of 
each being matched at the interface of the two layers. Experience has 
shown that this two-layer model of a turbulent boundary layer is quite 
good as long as both the Prandtl number and turbulent Prandtl number are 
close to unity . 

At this stage, the analysis is divided into two parts. In the 
fir st part it is assumed that Prandtl number and turbulent Prandtl number 
are both equal to unity, which results in a direct relationship between 
the temperature and velocity. Because of this relationship, it is not 
necessary to solve the energy equation. The momentum equation is solved 
together with the continuity equation to yield the velocity (and tem­
perature) distribution through the boundary layer with the local surface 
shear as a parameter. The velocity distribution is then substituted in 
the integral expression for the momentum thickness . As this integral 
is not readily solvable in closed form, the first term of a series 
solution is employed. The first term represents an asymptotic solution 
for the case of extremely low values of the skin-friction coefficient 

and low rates of transpiration; that is, ~Cf/2« 1 and 

~(PWVW/P1Ul)« 1. Thus, a relationship is obtained between the local 

skin-friction coefficient and Reynolds number with the momentum thickness , , 
as the characteristic dimension. When the von Karman momentum-integral 
equation is integrated using the relationship cf(Re), there results an 

expression for the local skin-friction coefficient in terms of a Reynolds 
number using the length along the plate as the characteristic dimension. 
This latter integration is also not made in closed form, the first term 
of a series expansion again being used as an asymptotic relationship 
for small values of the skin-friction coefficient and the transpiration 
rate . The first part of the analysis, consequently, results in the 
determination of the effect of transpiration on the relationship 
cf(Rx) when Pr and Prt are both unity . 

It is known that the local heat-transfer coefficient is dependent 
on Pr and Prt . To evaluate this dependence, the second part of the 
analysiS is performed to determine the relationship between the local 
stanton number and the local skin-friction coefficient under conditions 
of transpiration when Pr and Prt are not unity. This is achieved by 
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taking the ratio of members of the energy equation to corresponding 
members of the momentum equation. The ratio of the members forms an 
ordinary differential equation relating total energy and velocity. When 
the differential equation is integrated in closed form across the bound­
ary layer , there is obtained a relationship between Stanton number and 
the local skin-friction coefficient. An ancillary result is an expres­
sion for the local temperature recovery factor. 

A combination of the two parts of the analysiS provides St(Rx) 
under conditions of transpiration for Prandtl numbers other than unity. 

Summary of Results of Analysis 

The results of part I of the analysis can be summarized as 
follows: 

G 

or 

where 

( 4) 
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( 6) 



For the values of K, y~, and ua to be used in the above see "DISCUSSION" (note 

The results of part II of the analysis can be summarized as follows: 
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The end results of the analysis, as represented by equations (4) 
through (8), are entirely general unti l specific values of K, u~, and 
y~ are selected . This means that before numerical answers can be 
determined from this analysis, information other than that contained in 
the analysis must be employed . This information, that is, the values 
of K, u~, and y~, must be determined from experiment. Thus, the 
numerical results of this report can at best be as good as the experi­
ments used in selecting K, u~, and y~. 

Low- speed case with no transpiration.- For the incompressible, zero 
transpiration case K, u~ , and y~ can be evaluated in three ways. The 
first way is from velocity-distribution data, where K is a measure of 
the rate of increase of the velocity with distance from the surface, 
and u~ and y~ are the conditions at the interface of the sub layer and 
outer turbulent portion . The second way is from cf(Re) data. In this 
evaluation the terms K, u~, and y~ lose some of their physical signi­
ficance in that they may be considered as arbitrary constants which 
absorb some of the inaccuracies introduced by the mathematical simpli­
fications employed in evaluating the momentum thickness from the 
ve locity -distribution data. The third way is from cf(Rx) data where, 
again, K, u~, and y~ are treated as arbitrary constants, absorbing 
still other mathematical simplifications. 

The experimental velocity-distribution data can be plotted in the 
dimensionless form u+ vs. y+ when local surface shear stresses have 
been obtained simultaneously . By choosing K, u~, and y~ appropriately, 
the analysis can be made to fit portions of the boundary-layer data very 
well. If the quantities K, u~, and y~ are adjusted so that the inner 
portion of the turbulent layer is well represented, the analysis, how­
ever, will not fit the data in the outer portion of the layer, and vice 
versa . This lack of agreement between analysis and experiment is not 
entirely surprising when it is recalled that the analysis is based on 
a primitive mixing-length theory and that several mathematical simpli­
fications have been imposed. 

Before the experimental data of cf(Re) or cfCRx ) can be used to 
evaluate the arbitrary quantities , it is necessary to relate u~ and y~ 
analytically. This is necessary because the skin-friction data will 
only supply either K and u~ or K and y~ with sufficient accuracy. 
For the incompressible, no transpiration case, a comparison of the 
quantities evaluated in the three different manners is shown in the 
foll owing table : 
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K 
u+ = y+ 

a a 

From velocity 
survey data 

(inner portion of 
turbulent layer) 

0.400 
11.5 

0·352 
12.6 

0 ·392 
13·1 

13 

~hese values were evaluated from figures of data summarized in reference 
12. It is apparent that the values of K and u~ given by the alterna­
tive methods do not agree, the extreme values of K differing by about 
14 percent and the extreme values of u~ also differing by about 14 per­
cent. These differences, undoubtedly, are due to the inadequacies of the 
mixing-length theory and the mathematical approximations imposed. 

For the purposes of the present report, however, the chief concern 
is adequate representation by the analysis of cf(Rx )' In figure 1, 
there has been reproduced a figure from reference 12 showing available 
data of cf(Rx )' The curves given by the present analysis are represented 
by solid lines. The analytical line based on cf(Re ) data differs from 
the cf(Rx) data by less than 7 percent. The analytical line, based on 

velocity-distribution data, is about 12-percent higher than the cf(Rx) 
data. From this it can be inferred that no matter which method is 
employed to obtain K, u~, and y~, use of these values to obtain cf(Rx) 
will result in answers adequate for engineering purposes. 

Low-speed case with transpiration.- There exist insufficient data 
to define precisely the effect of transpiration on K, u~, and y~. The 
data of reference 9 do not allow these determinations even though they 
include temperature-distribution surveys, velocity-distribution surveys , 
and measurements of local heat transfer. The temperature-distribution 
data were not used because evaluating K, u~, and y~ from temperature­
distribution surveys and local surface heat-transfer measurements 
requires making assumptions concerning the analogy between heat transfer 
and momentum transfer. Examination of the velocity-distribution data 
revealed that local skin-friction coefficients were more than 20 percent 
higher than the values in figure 2 for the case with zero transpiration. 
These high values were attributed to surface roughness effects. Since 
it is not known how roughness is affected by transpiration, it is 
believed that the velocity-distribution data may include the effects of 
both. Because heat transfer in turbulent flow seems to be affected by 
roughness to a much lesser extent than is skin friction (ref. 13), it 
was decided to employ the heat-transfer data in the evaluation of K, 
u~, and y~. As the data are not suffiCiently precise to do this 
directly, it was necessary to employ the alternative approach of postu­
lating values of K, u~, and y~ and then of comparing the end results 
with the data of reference 9. Physical considerations were employed in 
guiding these postulates. 
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From the physical viewpoint it would be expected that u~ and y~ 
should be consistent wit h the ve l ocity-distribution ,curve within the 
sub layer , equation (A25). In addition it would be expected that the 
Reynolds number at the outer edge of the sublayer, based on the thick­
ness of the sub layer and equal to u~y~, should be nonincreasing under 
the disturbing influence of transpiration. Consequently, the two 
assumptions investigated are : 

(a) u~y~ == (13.1)2 solved simultaneously with equation (A25) and 

u~ == + 13 ·1 and Ya from equation 

The first of these represents the case of a constant sub layer Reynolds 
number, while the second corresponds to a Reynolds number which becomes 
smaller as the transpiration rate is increased. A comparison of the 
individual results based on these assumptions provides an indication of 
the influence the assumptions concerning the sublayer may have. To 
examine this point further, other numerical results were obtained using 
the condition that u~ == y~ = 13.1, identical with the no transpiration 
case . It should be noted that this latter condition is inconsistent 
with the sublayer equation (eq . (A25)). 

Besides the question of the boundary conditions at the outer edge 
of the sub layer , there exists the problem of choosing a value of K, 
the mixing- length parameter, under the conditions of transpiration . Only 
well-defined experiments can answer this problem and, at present, the 
only recourse available is to assume it is unchanged by the transpiration; 
namely, K = 0 . 392 . In addition to these assumptions, the conditions 
M = 0, TW/T1 = 1, Pr = 0.72, and Prt == 1.00 are imposed on the analysis 
to make it conform with the test conditions of reference 9. 

Comparison with Data 

A comparison of the data and analysis is shown in figure 2 for the 
case where the transpiration rate, PWVW/P1Ul' is equal to zero. The 

local stanton number is plotted as a function of Reynolds number with 
the distance along the channel wall used as the characteristic dimension . 
It appears that the data of run H-l correspond to a laminar boundary 
layer; the data of runs H-2 and H-3 correspond to a boundary layer which 
is laminar at the lower Reynolds numbers and transforms to one that is 
turbulent at the higher Reynolds numbers; and the data of run H-4 
correspond to a boundary layer which has become turbulent very close 
to the leading edge of the channel wall. When the data of run H-l are 
compared with Pohlhausen's theoretical result for laminar flow, it is 
noted that the data are generall y about 20-percent higher than theory. 
Since Pohlhausen's theory was checked experimentally in the past by Fage 
and Falkner (ref. 14), some doubt is raised concerning the accuracy of 
the data with laminar flow. The data corresponding to turbulent flow, 
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however, agree fairly well with the well-known empirical Colburn curve, 
reference 15, or with a curve derived from the present analysis (note 
for case where PWVW/PlUl = 0, various postulates about the sublayer are 

identical). The deviations shown by the high Reynolds number data for 
each of runs H-3 and H-4 are not considered. 

For the purpose of the present paper, the main point is considera­
tion of the agreement of the data corresponding to turbulent flow with 
the results of the present analysis. It should be emphasized that for 
comparison purposes the data should actually be plotted against a Reynolds 
number in which the characteristic dimension is the effective length. of 
a fully turbulent boundary layer . The effective length is defined as 
the distance along the flat plate where a boundary layer, fully turbulent 
from the start, would have the same Stanton number as the actual boundary 
layer for which transition from laminar to turbulent flow has occurred 
downstream of the leading edge. The data given in reference 9 are 
insufficient to define precisely the effective start of turbulence, so 
it is necessary to resort to estimates. Because the Stanton number 
approaches infinity as Reynolds number approaches zero, any of the data 
points corresponding to turbulent flow having a finite value of Stanton 
number are downstream of the effective starting point of the turbulent 
boundary layer. Thus, if the effective starting point of a fully tur­
bulent boundary layer is chosen as the point where the data indicate 
transition has just ended and the flow is completely turbulent, the 
effective-length Reynolds number so determined would certainly be smaller 
than the true effective Reynolds number. When this extreme correction 
is applied to the data, that is, 1.8xl0 5 is subtracted from the Rx 
for run H-2, 9X104 is subtracted from the Rx for run H-3, and the Rx 
of run H-4 are left unchanged, it is found that the data cluster near 
the analytical result with a spread of about 20 percent as shown in 
figure 3. The results based on the correct effective starting length 
would undoubtedly lie between those shown in figures 2 and 3 and would 
be in good agreement with the proposed analytical method, considering 
the inherent scatter in the data . 

Before a comparison of the proposed analytical method and the data 
can be made under conditions of transpiration, it is necessary to discuss 
aspects of the variation of the transpiration rate along the surface of a 
plate . If it is assumed that both conduction within the porous surface 
and radiation are negligible. a heat balance on a portion of the porous 
surface results in the following equation: 

Because St varies with x, it is apparent that if Te and Tc are 
constant with respect to distance along the plate, the only condition 
compatible with a constant surface temperature is PWVW/PlUl = ESt 
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where E is a constant of proportionality. On the contrary, if 
PWVW/P 1Ul = constant, the surface temperature TW will vary along the 

surface of the plate. 

In the present analysis it is quite inconvenient to treat the first 
of these cases exactly . This arises from the fact that the analysis is 
divided into two parts, that is, the local Stanton number is determined 
from a local skin- friction coefficient that was determined for the 
particular case of Pr = Prt = 1 and a prescribed variation of 

PWVW/P1Ul. Thus, to make PWVW/P1Ul = ESt would require an iteration 
process . For convenience, and because it does not produce a large 
error in the practical case, the relationship 

St ( ( c:) = f s; f Pr, Prt, ( 10) 

will be assumed . This assumption implies that the Reynolds number 
dependence of the function f is negligible . It will be shown later 
that although this is not exactly true, the assumption only introduces 
an err or of about ± 4 percent over the Reynolds number range of the 
experiments in reference 9. When equation (10) is introduced into 
equation (9) there results: 

= (~~:~) 

Thus letting PWVW/P1Ul = S(cf/2 ) results in essentiall y a constant 

surface temperature, where S is a constant of proportionali t y . 

( 11) 

For the case where the fluid properties are essentially constant, 
that is, low- speed flow with small temperature variations, it is possible 
to apply the analysis directly to the case where PWVW/P1Ul = constant . 
Some error will occur because of negl ecting the effec t of axial 
variati ons in the surface temperature on the convective heat transfer . 
For the case with zero transpiration, it is known that continuous 
variations of surface temperature have l ittle effect on heat transfer 
in a turbulent boundary layer (ref. 16) . It is not expected that small 
amounts of transpiration should markedly alter this . Thus, the results 
provided by the analys is f or P wvw/ Pl Ul = constant should be applicable 

for comparison with the data of refer ence 9. 
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Comparisons of the analytical result s with the data of reference 9 
are presented in figures 4, 5, 6, and 7. Figures 4 and) correspond to 
constant PWVW/PlUl' and figures 6 and 7 correspond to 

PWVW/PlUl = S(cf/2). In these figures no corrections for the effective 

starting length have been made for the Reynolds numbers of the data. 

In figure 4 the variation of Stanton number with l~ngth Reynolds 
number is shown for PWVW/Pl Ul = 0 . 002 . The analytical results based 

on the assumed conditions of K, ut, and y~ are also included . It is 
surprising how well either postulate compatible with the sub layer 
equation compares with the data . The analysis with either of these 
postulates gives about the correct order of magnitude for the reduction 
in Stanton number due to transpiration and, in addition, indicates the 
larger variation in Stanton number with changes in Reynolds number. The 
differences in the analytical results and the data are shown much more 
clearly in figure 5 where P WVW/PlUl = 0 . 006 . In this figure neither 

analytical result based on e ither postulate agrees well with the data, 
however, both analytical results indicate a large reduction in St 
and a larger variation of s t with Rx , as is exhibited by the data. It 
is interesting that the two anal ytical r esults bracket the data. In both 
figures, however, the postulate wher e the sub layer is considered unchanged 
by transpiration leads to analytical results which exhibit the poorest 
agreement with the data . Another point of interest is a confirmation 
that variations in surface temperatures affect the data to a small 
degree. This is seen from a comparison in figure 4 of runs 17b and 20b 
with runs 16a, 17a, and 20a, where the differences between a constant 
surface temperature and a variable surface temperature are masked by 
the scatter of the data . The results of figure 5 further substantiate 
this pOint . 

In figures 6 and 7 the variation of Stanton number with length 
Reynolds number is shown for PWVW/PlUl = S(Cf/2). In view of the 
previous results, only the analytical results based on postulates 
compatible with the sub layer are compared with the data . To agree with 
the experimental values of S the values of S for the two cases are 
1.04 and 1.15, respectively, in figure 6 . The corresponding values of 
S in figure 7 are S = 2.68 and 3 -34 . Although the data scatter 
markedly, a comparison of the data and analysis is quite favorable when 
consideration is made of the probable effective starting point of the 
data of run H- 10. 

From the above comparison of data of reference 9 with the results 
of the present analysis, it can be concluded that for the low speed, 
incompressible case, answers sufficiently accurate for e~gineering 
purposes can be provided by the analysis when the arbitrary constants 
of t he analysis are set equal to: 

~~-- ----
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K 0 · 392 

13 · 1 

and y~ is determined from equation (A25) . It will be noted that a 
postulate considering the sub l ayer Reynolds number variable is employed 
in preference to a postulate where i t is considered constant . This is 
done from the viewpoint of providing a more conservative answer (i . e . , 
l ess reduction i n St with transpiration ) than is exhibited by the bulk 
'Of the data . 

Examples of Results of Analysis, Including Extensions 
to High- Speed, Compres s ible Flow 

Examples of the effect of transpi rat ion on the local skin- friction 
coefficient, the ratiO of Stanton number to the skin- friction coefficient, 
and the l ocal recovery factor are shown i n figures 8, 9, and 10 . These 
curves include cases of Mach number equal to 0 , 2 , and 4. The curve s 
shown are subject to the fol l owing conditions : 

( a) K = 0 ·392 

(b) u+ R = 13 · 1 -a Tl 

( c) y~ is determined from equation (A25) 

(d) w = 0. 8 

For figure 8 the conditions for Prandtl number are : 

(e) Pr = l. 00 

( f ) Pr t = l. 00 

In figure s 9 and 10 the conditions for Prandtl number are: 

(g) Pr = 0. 72 

(h) Pr t = l. 00 

In all the figures, the 

transpiration parameter 

parameter of the curves is the dimensionless 

r __ (P\<lVW/P1U1 ). 
~ Thi s condition of constant 

( cf/ 2 ) 

implying a varying transpiration rate along the surface , was chosen for 
the examples from the practical v i ewpoint that it requires a smaller 
amount of transpiration air to maintain a certain maximum surface 
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temperature over a region than does a constant transpiration rate 
system . Two surface- temperature conditions are presented: the first, 
is where the surface is at the total temperature and the second is where 
the surface temperature is at the free - stream static temperature. These 
surface temperatures are certainly the extreme limits of the range of 
temperatures likely to be encountered on the surface of a cooled aircraft . 

Conditions (a) through (c) are essentially the same as postulate (b) 
(page 14) defined previously, except that u~ is based on fluid prop ­
erties evaluated at the surface temperature . This accounts for the 
temperature - ratio term in (b). Condition (d) represents the viscosity 
exponent corresponding approximately to conditions occurring in flight . 
Conditions (e) and (f) were chosen for purposes of mathematical simpli ­
fication while (g) corresponds to air and (h) implies an exact Reynolds 
analogy in the outer turbulent layer . 

It is apparent from figure 8 that transpiration has a very strong 
effect on lowering the value of the local skin- friction coefficient at 
all the Mach numbers considered and at both surface - temperature con­
ditions . As an example, at M = 4 where TW = Tl , the local skin-friction 
coefficient at Rx = 107 is reduced to around 15 percent of its original 
value by a blowing rate of PWVW/P l Ul ~ 0 . 003 (s = 20) . 

From figure 9 it is seen that the effect of transpiration at all 
the conditions considered is to increase the ratiO of Stanton number 
to the local skin- friction coefficient when Pr = 1. This increase is 
of a much small er magnitude than the decrease in the local skin- friction 
coefficient, with the net result being that the Stanton number is also 
markedl y reduced by transpiration . For example , at the point previously 
considered, the Stanton number falls to about 21 percent of its original 
value . 

In figure 10 there is shown a series of curves for the local 
recovery factor at M = O. This figure is representative of all the 
other conditions considered , and the following discussion applies in 
general . From the figure it is noted that transpiration also affects 
the recovery factor ; however , it can be observed that the effect of 
transpiration is not too large . In fact, the transpiration effect is 
much l ess than'the apparent effect of Reynolds number for the zero 
transpiration case . Since it is known from experiment (ref. 10) that 
the recovery factor at zero transpiration is r e latively independent of 
Reynolds number , doubt is shed on the validity of the recovery-factor 
determinations of t his anal ysis . From a consideration of relative 
results , all that can be conc l uded is that transpiration probably does 
not affect the recovery factor by a large amount and that a value of 
r ~ 0.9 should suffice in design calculations . 
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In appl ying the results of this analysis as expressed in figures 8 
and 9, it is convenient to express the parameter S in terms of the 
temperatures controlling a given cooling problem . If an effectiveness 
of cool ing is defined by 

E (12) 

for a surface where a heat bal ance (eq . (9)) applies, it is possible to 
relate s and E by 

Thus , once 
determine 

E 

E is specified for a given deSign , it is possible t o 
S and, consequentl y , cf' s t, and PWvW for given flight 

conditions and surface temperature . 

CONCLUDING REMARKS 

It can be concluded from the results of the present analysis that 
a transpiration cooling system is highly effective, even at high flight 
speeds . Not only does the cool ant absorb a maximum amount of heat by 
attaining as its end temperature the temperature of the surface that it 
is cooling, but it has the further advantage that the effect of the 
transpiration great l y reduces both the skin friction and the amount of 
heat enteri ng the surface. 

Ames Aeronautical Laborator y 
National Advisory Committee for Aeronautics 

Moffett Field, Calif . , Aug. 12, 1954 
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APPENDIX A 

DETAILS OF ANALYSIS 

When it is assumed that changes in the x direction are negligible 
compared to changes in the y direction, equations (1) through (3) 
become 

d (pv + p'Y') 
dy 

o (AI) 

(A2) 

(pv + p'Y ') d (cpT + u
2 

) = ~ (k dT + ~u du _ pCpY'T' + UPU'Y') 
dy 2 dy dy dy 

These equations can be simplified by integrating equation (AI). The 
integral of equation (AI) is 

PY + p 'Y' constant (A4) 

At the surface of the plate 

and 

p'Y' = 0 (A6) 

Therefore, 

Equations (A2) and (A3) thus become 

du d (- du --) PWYW - = - ~ - - pU'Y' 
dy dy dy 

(A8) 
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It is convenient, at this point , to introduce the concepts of eddy 
viscosity, eddy thermal conductivity, and turbulent Prandtl numb er . The 
eddy viscosity and eddy thermal conductivity are defined as: 

- - -

EM 
_ pu 'v' 

(AIO) 

(~~) 
and 

- --
EH = 

pcpv 'T' 
( All) 

(~~) 
The usual definition of Prandtl number is ~cp/k, where the fluid 

properties are based on the molecular transport of momentum and energy. 
In this analYSis there is also employed the analogous quantity EMcP/EH 

in which the properties , in effect, are based on the turbulent transport 
of momentum and energy . This quantity is called the turbulent Prandtl 
number and is given the symbol Prt. 

When equations (AlO) and (All ) are introduced into equations (AS) 
and (A9) there resul ts 

(A12 ) 

(A13) 

Note that the bars representing time -average quantities have been dropped 
in the e equations as all the terms are mean values , the fluctuating 
terms no longer appearing . 
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1. - SKIN-FRICTION RELATIONSHIP FOR Pr = Prt 1 

Temperature -Velocity Relationship 

For the case where Pr = Prt = 1, equation (A13) becomes 

PWvW ~ (CpT + u
2 

) = ~ [( ~ + EM) ~ ( CpT + u
2 

)] 
~ 2 ~ ~ 2 

23 

(A14) 

Equation (A14 ) has the identical form of equation (A12) . Thus, if u 
is a solution of equation (A12), then 

is a solution of (A14) since it is linear. The terms a and bare 
constants to be evaluated at the boundary conditions : 

T ul. (outer edge ) 

T = TW at u = 0 (surface) 

When t hese boundary conditions are employed, equation (A15) becomes 

where 

T 
TW 

A2 = 

1 + 

r - 1 ~ 
2 l. 

( ;~ ) 
/ - 1 M~ 

(A16) 

(A17) 

B 2 
- 1 (A18) 

(~: ) 

'" u 

Because of equation (A16), it is only necessary to integrate the 
momentum equation (A12) to obtain both the velocity and temperature 
distribution in the boundary layer . To perform this integration, it is 
assumed that the boundary layer is divided into two parts : a sublayer, 
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adjacent to the surface, where momentum transfer is by molecular means 
alone ; and an outer portion of the boundary layer, where momentum 
transfer is by eddying motion alone . 

Velocity Distribution in the Sub layer 

In the sublayer, equation (A12) is written as 

(A20) 

Since PWvW is not a function of y , equation (A20 ) can be integrated 

directly to yie ld 

du 
PWvWu = ~ -- + constant 

dy 
(A2l) 

The constant in equation (A2l) can be evaluated by employing the boundary 
conditions 

y o u = 0 

Equation (A2l ) becomes 

Integration of equation (A23 ) yields 

du 
TW = ~ dy 

(A22) 

(A24) 

It was shown in the Discussion that the extent of the sub layer under the 
condit ions of blowing is not well known . In view of this, extreme rigor 
in the integration of the right member of equation (A24) is not mandatory . 
For simplicity, then, l et ~ = ~W and the resulting integration yields 

y+ 
nG~2W 

In 
PWvW 

(A25) 
PWvl{ 

P1Ul 



M 
NACA TN 3341 

where 

'" u 

Velocity Distribution in the Outer Turbulent Portion 

In the outer turbulent portion, equation (A12) is written as 

d 
dy ( E dU) 

M dy 
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(A26) 

(A27) 

(A28) 

(A29) 

By employing Prandtl's mi xing- length concepts EM = p7,2 

7, = Ky, equati on (A29 ) can be rewri tten in the form 

(~i) and using 

..Q.. 
dy 

(A30) 

Because PWvW is not a function of y , equation (A30 ) can be integrated 
directly to yield 

p~r (~~)2 + constant (A31) 

At the interface of the sublayer and outer turbulent portion, it is 
required that the velocity on the laminar side match the velocity on the 
turbulent s ide . In addition, a matching of the laminar and turbulent 
shears is also required. By comparison of corresponding terms of equa­
tions (A21 ) and (A31), it is apparent that the matching of the velocities 
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and shears requires the constants to be the same . Thus, equation (A31) 
can be rewr i tten as 

Integration of equation (A32 ) results in 

y (A33 ) 

It will be convenient later to represent the exponential term in 
equation (A33) by the symbol g, thus 

y = Ya g (A34 ) 

Because the primary concern of this analysis is t he determination of 
skin friction and heat transfer at the surface , it is not necessary to 
perform the integration indicated in equation (A33 ) at this stage of the 
analysis . 

Substitution of Velocity Distribution Into 

von ~rm~n Momentum Equation 

The von ~rm~n momentum- integral equation for the case with surface 
blow.ing at constant pressure can be written as 

d fO dx pu (Ul-U) dy 
o 

Equation (A35) can be made dimensionless by dividing through by P1Ul2. 

It is also cOhvenient to replace the variable of integration y by u. 
The resulting equation is 

(A36) 

The integral in the term on the right represents the momentum thickness B. 

---- -~----
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To evaluate the momentum thi ckness rigorously in equation (A36), it 
would be necessary to divide i t into two parts . The first part, with 
the lower bound as 0 and the upper bound as Ua , would represent the 
contribution of the sublayer . The second part, with the lower bound as 
ua and the upper bound as 1, would represent the contribution of the 
outer turbulent portion . I n the first part (dy/dli) would be evaluated 
from equation (A23 ), while in the second part it would be evaluated from 
equation (A33) . For the incompressible case without blowing, these 
integrations can be performed very simply in closed form . It is found 
that this two - part system can be approximated very closely (less than 
I - percent difference in Cf(Re) curves ) by the integral of the second part 
in which the lower bound is set equal to zero . It would not be expected 
that the introduction of compress i bility and blowing should markedly 
alter this behavior ; consequently, the simpler one - part system will be 
used in the present analysis to determine e. 

When (dy/du) is evaluated from equation (A33) , the expression for 
momentum thickness becomes 

[ l( )3/2 
e = KYa 0 ~ u ( 1-u) (A37 ) 

noting that 

du 
g (A38) 

Equation (A37) cannot be solved in closed form ; however, if the condition 
of compressibility is removed , a closed form solution for e can be 
obtained easily . It is found from the solution for the incompressible 
case that the first term resulting from an integration by parts yields 
results which have the same form as the results of the complete integra ­
tion . Since we are primarily concerned with the form of the solution, 
absolute magnitudes can be adjusted by slight changes in u~ and K which 
are arbitrary constants ; only the first term resulting from an integration 
by parts of the compressible case will be used in this analysis . 

To perform the integration of equation (A37), 
u as the variable of integration by g . replace 

dg 

K (p~)1/2 
--;========== g du 
j PWvW '" c f -- u + -

P1U 1 2 

it is necessary to 
From equation (A38 ) 

(A39 ) 
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Substitution of equation (A39 ) into equation (A37) yields 

e 
gel) 

Ya J ~) U (l-u) dg 
g(o) 

NACA TN 3341 

(A4o) 

Because the pressure acrOss the boundary is assumed to be constant) the 
perfect gas law and equation (A16) indicate that 

Equation (A4o) then becomes 

( ) 

g (l.) "'( "' ) 
= Tl f u l -u dg 

e Ya T '" 2"'2 
W g(o) l +BU-A u 

When equation (A42 ) is i ntegrated by parts ) there results 

1-2u+(A2 -B)'U2 du 
(1+ro_A2 u2 )2 

(A41) 

(A42) 

From an examination of equation (A38 ) it is apparent that both gel) 
and g( O) are finite; consequently) the first term on the right of 
equation (A43) vanishes at the bounds . If g is again substituted for 
u as the variable of integration) equation (A43 ) becomes 

Again) integrating by parts results i n 

e 
(

T )1/2 
Ya ~ 

TW 
K 

+ additional terms } 

g 

'" U=l 

'" u=o 
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When the additional terms are omitted and the limits of integration are 
introduced 

( Tl)l/2 [() JC f PWvW 1 Ya -- g 1 -- + ----
e TW 2 P l u l + g( 0) fCi 

K (1+B_A2 )1/2 J2 

For practical cases g(l» > g(O)j therefore, 

Ya .:...l. 
c f PWvW --+ --

K 

2 ~ul 

(1+B_A2 )1/2 
g(l) 

(
T )l/2 
TW e 

Employing equation (A26) 

Y~ 
If g(l) 

Equation (A49) can be manipulated into the form 

Re K 
= /l 

K (~l)l/2 
In 

(PWVw) PWvW '" ua ---- u + 
P l u l + P l ul 

Ya (cf/2 ) 

dU' 

cf --
2 

(A46) 

(A48 ) 

(A49) 

(A50) 

Before integrating the right member of (A50), it is preferable to obtain 
the relationship of cf in terms of the length Reynolds number. 
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Equation (A36) can be rewritten as 

(A51) 

when equation (A49) is employed. On integration, neglecting the effect 
of laminar sub layer 

(A52 ) 

Integration by parts yields 

Rx + additional terms (A53) 

For large values of Rx the first term predominates. Also g(l) is 
finite j therefore, 

or 

K 
In -

Y~ 
cf (c f + 
2 \ 2 

(A54) 

(A55) 

It is apparent that the right members of equations (A50) and (A55) are 
identical . This does not mean that the left members are equal, but just 
that the K and u~ (also y~) used in each of the equations are different 
(see Discussion) 
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The integral appearing in equations (A50) and (A55) can be written 
as 

du 
(A56) 

when equation (A16) is employed. The integral (A56) can be rewritten as 

du 
(A57) 

J (u+<J )(u-a.)( fJ-u) 

where 

B - J~+4A2 
a. = 

2A2 
(A58) 

fJ 
B + j s2+4A2 

2A2 (A59) 

(cf /2 ) 
<J 

= (PWVw) 
Plu1 

(A60) 

Letting 

sin2 cp = c (fJ-\1) (A61) 

then du = - ~ sin cp cos cp dcp and the integral (A57), on transforming 
c 

the variable of integration from u to cp, becomes 

( T )1/2 1 2K .2:. 
JCP(l) 

- cos cp dcp 
TW rc (A62) m A -- <P(ua) j~~+O) -~ sin2 cp] [( fJ -a.) - ~ sin2cp] Plu1 

If is set equal to 1 then integral (A62) becomes c 
fJ+<J 
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rep (~ )--;::===d=ep===== 

~(Ua) ) 1 i3+cr . 2 m - - Sln 't' i3 -a, 
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(A63) 

Since Legendre ' s standard form of the elliptic integral of the first kind 
is 

F(k, cp) = fep dcp 

o J l -~ sin2 cp 

Integral (A63) can be rewritten as 

where 

and 

( 
T )1/2 

2K --..l-
TW 

~ - f3+cr < 1 
m - f3-a, 

(A64) 

(A66) 

If c in equation (A62) is set equal to l/f3 -a, integral (A63) becomes 

(
T )1/2 

2K ~ 
TW 

where 

~ 
f3 - a, 

= f3 +cr <1 

(A68) 

sin2 ern (u) = f3 -u 
f3-a, 
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11 .- SKIN FRICTION - HEAT TRANSFER RELATIONSHIP FOR Pr f 1. 

This part of the analysis begins with the integration of equations 
(A12) and (A13)J resulting in 

and 

( 2) C E) de T d ( u

2) 
pvc T + ~ = ..!.:.- + ~ - p- + (~+E) \2 + c2 (A70) 

W w p 2 Pr Prt dy M dy 

where cl and c2 are arbitrary constants. At the surface y = OJ we 
have 

U 0 o 

T TW 

TW = ~ ~; I w 

qw = - k dT I __ ~ dCpT I 
dy W - Pr dy W 

At the surface} equations (A69) and (A70) thus become 

(A7l) 

(A72) 

When the arbitrary constants evaluated from equations (A7l) and (A72 ) are 
substituted into equations (A69) and (A70)J there results 

(A73) 

[ 2 J ( ~ EM) dCpT du PWvW cp(T-TW) + u2 - q = - + - -- + ( ~+EM)u -W Pr Prt dy dy 
(A74) 
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Divi ding the terms of equation (A74) by the terms of equat~on (A73) 
yields 

Pwvw [Cp(T-rr,w) + ~J -qw 

PWvWu + TW 

dCpT 
--+ u 

du 

It is convenient in the processes which f ollow to introduce the following 
symbol s : 

P 
( f.l + EM) 

(~ + EM ) 
Pr Prt 

s ~ 
P1u1 

Equation (A75 ) can then be written as 

In the range 

dE 

'" du 
PF 

E (l-P ) 

F 
PWvW 
P1u1 

E u2 

cp(T-TW) + 2" 

(A76) 

P Pr 

P 

Equation (A76) must then be integrated in two stages with the results 
combined at the interface where U = ua. The integration, with the use 
of an integra ting factor, is straightforward. After some algebraic 
manipulation , there results back in the original notation 

( cpTw -

- 1 

If we define the heat - transfer coefficient as 

h (A78) 



the final relationship relating heat transfer and skin friction is 

St 
cf 
2" 

(
PWVW) 
PIUI 

( )
l - pr ( JPr

-
pr 

t ) pr cf PWvW u
a

' + c f (PWVw + c f t _ c f 
2 PI Ul 2 Plul 2 2 

The expression defining t he recovery factor is 

(A79) 

r 
(

PWVW) (PWVW +.;r) (2 -Pr) (2 -Prt) _ ( 2 -Pr) ( PWVW +.;r)2 + (PWVW ua + .:r)2-prt(PwVW + Cf)pr\prt_pr) 
PIUl Plul c:. PIuI c:. Plul 2 PI Ul 2 

1 - 2 ~P V )2 
~ ( 2 - Prt)(2 - Pr) 
Plul 

C )
2 -Pre )pr-prt C ) pr t 

) 
Cf PWVW "" Cf PWVW Cf 

Prt - -- Ua + - -- + -
_ 2 2 (PWVW )~u, 2 P,u, 2 

PIUI (2 - Prt)(2 - Pr) 

(2 -

(A8o) 

~ o 
;t:> 

~ 
w 
w 
+:­
I-' 

W 
\Jl 
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Figure 1.- Direct measurements of local skin friction in low-speed flow compared with analytical 
results based on alternative choices of arbitrary parameters. 
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Figure 2.- Data of reference 9 for incompres s i ble flow, no transpir at ion case compared with 
resul ts of present analysis. 
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Figure 3.- Data of figure 2 overcorrected for effective length Reynolds number. 
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Figure 4.- Data of reference 9 for incompressible fl ow with uniform transpiration 

compared with present analysis . 
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Figure 5. - Data of reference 9 for incompressible f l ow with uniform transpiration 

compared with present analysis . 
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Figure 6. - Data of reference 9 for incompressible flow with varying transpiration rate 

pwvw s( ;) compared with pre sent analysis . 
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( a ) M = 0 ; Tw = free - stream stagnation temperature. 

Figure 8.- Effect of transpiration rate on local skin - friction coefficient . 
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( b ) M 2; TW = free - stream static temperature . 

Figure 8.- Continued . 
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(c) M ~ 2; TW free-stream stagnation temperature. 

Figure 8.- Continued. 
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(d) M ~ 4; Tw ~ free-stream static temperature. 

Figure 8.- Continued. 
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(e) M = 4; TW free-stream stagnation temperature. 

Figure 8 . - Concluded . 
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Figure 9.- Effect of transp iration rate on local rat io of Stant on number t o ski n - friction 
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( b) M 2; TW = free - stream static temperature. 

Figure 9. - Continued. 
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( c ) M = 2; TW free-stream stagnation temperature. 

Figure 9.- Continued. 
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Figure 9.- Continued. 
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Fi gure 9.- Concluded . 
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Figure 10.- Effect of transpiration rate on local temperature recovery factor at Mach number 

of 0 when -- = S - • PWvW (C f ) 
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