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TECIHKKMLNOTE3525

VORTEXRUNWWENCE ONSLENDER

ByAlv5nH. Sacks

Formulasaredevelopedfortheforcesandmoments(exceptdrag) due
tovortexinterferenceonslenderw5ng-body-tailccmibinationsofgeneral
crosssectionintermsofthepositionsad strengthsoftheshedvortices.
Theanalysisisapplicableto steadymotionandtomotionswhichcanbe
consideredtobemadeup ofa successionof steadystates(i.e.,quasi-
steadymotions).In orderto Wlustratetheapplicationoftheanalysis,
theinterferenceliftofa planewing-bcdy-tailcombinationin steady
straightflightisdeterminedby utilizingvortexpositionsobtainedby
numericalmethds.

It isfoundthattheimpulseof eachshedvortexanditsimage
vortexina transformedcircleplsneentersintoalltheinterference
forcesandmomentsontheairplane.A simpletheoremisgivenforthe
interferenceforcesinsteadystraightflightwhicharefoundtodepend
onthisimpulseevaluatedonlyatthewingtrailingedgeandatthebase
oftheconfiguration.

INTRODUCTION

Ithasbeenrecognizedforsometimethatinterferenceamongthe
variousairplanecomponentscanbe veryimportantindeterminingtheaero-
dynamiccharacteristicsof slenderconfigurations.Theuseof slender-
bodytheoryfortreatingentirewing-bodycombinationsisnotnew(see,
e.g.,refs.1, 2,and3), andforcasesfsllingintothiscategorycon-
siderablesimplificationhasresulted.Thecalculationofinterference
effectsduetow5ngwakes(wing-tailorwing-afterbcdyinterference),on
theotherhsnd,isnotsoclear-cut.Unlikethewing-bodyproblem,this
calculationbecomesmoredifficultastheeffectsbecomemoreimportant,
sincetherolling-upanddisplacementofthewingvortexsheetscannot
be ignoredforlongslenderconfigurations.

Vsriousauthorshavetreatedcertainspecificcasesofinterference
duetowingwakesby assumingsimplifiedwakeshapes(e.g.,refs.4 to7).
Thepresentpaper,however,is concernedwithdevelopingformulasfor .
calculatingtheforcesandmomentsduetowingwskesforslenderwing-
b~y-tailcombinations;theformulasdevelopedme intermsofthe

.. _____ —— ..———— -- . .——.——— — —_ _



2 NACATN 3525

strengthsandpositionsoftheshedvorticesandthemappingfunctions
.

oftheairplanecrosssections.Sincethepurposeofthisreportisthe
presentationofthederivedformulasratherthanthepresentationof cal-
culatedresults,onlythesimplestexamplewillbe calculatedhere.
Specifically,theinterferenceliftofa planewing-bcdy-tailcombination
willbe determinedby makinguseofa numericalanslysisforthevortex
strengthsandpositionsatthetail.

ANALYSIS

ItisgeneraXLyrecognizedthatinthevicinityofa slenderbody
thewaveequationinthreespacedimensionscsnbe approximatedby the
two-dimeqstonslLaplaceequationinplsnesnormsltothebodyaxis,
providedthefrequencyofthemotionis smallcomparedwiththeflight
velocitydividedby thelengthofthebody. Hence,theclassicalmethods
ofhydrodynamicscanbe appliedto quasi-steadymotionsof slenderbodies
ina compressiblefluid.Theanslysisofreference8wasthecounterpart
ofa methodduetoH.Blasiusforobtainingtheforcesandmomentsona ,.
two-dimensionalbodyinm incompressiblestream,andthebodycross
sectionwasmappedontoa circleinorderto expresstheslender-bcily
stabilityderivativesintermsofthemappingfunctionsofthecross-
sectionalshapes.Thepressuresonthebodywereexpressedintermsof
thetwo-dimensionalcomplexpotentialandthetotalforcesandmoments
werecalculatedby integratingthosepressuresroundthebodycross
sectionandoverthebodylength.Thecomplexpotentialwasexpressed
ina Laurentseriesoftheform

andtheintegrationswerecarriedoutby themethcdofresidues.Inthe
presentanalysis,itwXIJ_be shownthatby a simpleextensionofthe
resultingformulasofreference8fortheforcesandmomentstheeffects
ofwingwskescanbe includedsothatWing-body-tatlcombinationsmaybe
treatedinthesamefashion.

Theextensiontobe madewillconsistofadmittinganynumberoffree
vorticesetiernaltothebodycrosssectionalongwiththeircorresponding
3magesinsidethebody. Theboundsryconditionssreunchanged,then,and
theonlyfundamentalchangeliesintheexpressionforthecomplexpoten-
tialwhichentersintosomeofthecontourinte~alstobe tskenround
thebaiycrosssectionsforthedeterminationoftheforcesandmoments.

Itwillfirstbe observedthatallthevorticesintheflowfield
externalto thebodywillbe freevortices,representingwingwakes,and

—-



NACATN 3525 3

thereforecanthemselvessustainnoforces.Hencetheintegralsforthe
forces,whenevaluatedroundeachexternalvortex,mustvanish.b view
ofthisfact,theresultingexpressionsfortheforcesandmomentswill
be thesamewhethertheintegalsareevaluatedat thebcdysurfaceor
onanyothercontourenclosingthebodycrosssection.Theinte~als
involvingthepotentialcanthereforebe evaluatedatlsrgedistances
fromthebodysothat,justasinreference8, thecomplexpotentialwill
be expressedasa Laurentseriesvalidatlargedistances,andthecon-
tourintegrslswillagainbe evsluatedby themethcdofresidues.

Theformofthecomplexpotentialwillbe exactlythesameas equa-
tion(1)sincethesametypesof singularitiesareintroducedby the
additionofexternslvorticesandtheirimages.Therefore,anycontour
integralswhichwereidenticallyzerobeforetheadditionofthevortices
will.remainzero.Furthermore,itwasfoundinreference8 thatall the
forcesandmoments(exceptdrag)srelinesrinthepotential.Henceit
ispossibleto calculatetheforcesandmomentsduetovortexinterference
alone(byusingonlytheadditionalpotentialduetothevorticesand
theirimages)andthentoaddthesedirectlytothosecalculatedwithout
interference.Thepresentanalysiswillthereforebe concernedwiththe
determinationoftheadditionalpotentisllduetotheshedvorticesad
theirimagesandwiththeassociatedinterferenceforcesandmoments.

z
Ifoneconsidersa slenderwing-

body-tailcmibinationas shownin q
sketch(a),it isnotedthatthe
netcirculationinplanesperpen-
diculartothe x axismustbe -
zeroforsllvaluesof x. Hence
iftheairplanecrosssectioninthe
physicalplane { = y + iz istrans-
formedtoa circleofradiusr.
(centerattheorigin)inthe a
planeby thetransformation

Sketch(a)

m

IK=f(u)=a+ bn~
n.o (2)

thentheadditionalcomplexpoten-
tial F’ duetotheshedvortices
andtheirimagescanbe expressed
intheplaneofthecircleshrply
as (seesketch(b))

f plane u plane

Sketch(b)

--- .— . .._—_____ .. ———-——.-. ——. -—-— ._ __



NACATN 3525

where m isthenumberofexternal(free)vorticesandmaybe a function
of x. AU othersymbolsofthepresentanalysisaredefinedinAppendix
A. Now,sincethetransformationofequation(2)leavestheflowfield
atinfinityunchanged,theresidueM thecompl&potentialisthesame
ineitherplane.Thus,expand5ngequation(3) forlarge u,onefinds

m

F’(E)=F=’(u)= -&
1(

Uk ~ uka
rkhCf-y -g~-””” )

+
k=l

m

1<

4
i roz 1 r.r ln~-—-–—-.. .
s tik 2 @~2 )

(4) “
k=l ./

sothattheresidueAlt isseentobe

(5)

where ~ representsthedistancebetweenthe kth freevortexandits
imageinthecomplexu plane.Itis interestingtonotethatthe
quantityrk~ isproportionaltotheimpulseofthevortexpairmade

up ofthe kth externalvortexanditsimageinthe u plane.

Accor~ toreference8 thetotalforcesandmomentsona slender
configurationwhosetrailingedgesalllieinthebaseplanex = Z are
givenby

(6)

*

— .—_.
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Puo

[ 1(x- cl)& s(7i+2iPrc)+uo& (SKJ ‘x -
0

J’
2

J
1

2Jcipp (x- c~)I=dx- ipp (x-C,)(E+ ip’Q)s‘x (7)
o 0

.

(8)

whereR denotesthered.part,-1 denotesthehaginaryp-, =d P
istherateofroll.aboutthebodyaxis.Now,inordertowritethe
correspondingexpressionsfortheairplaneof sketch(a),itwillbe
convenienttodividetheairplanelengthintothetwose~nts shown.It
shouldbementionedthatthepresentanalysiswillbe restrictedtowings
withtrailinnedgesnormsltothe x cads.However,ifthewingtrai13ng
edgesdonotalllieinthesaneplanex = c-tit, furtherditision
willof coursebe necessary,buttheprocedurewillbe thessme.Equa-
tions(6), (7), and (8) canbe applieddirectlyto eachsegmentofthe
airplaneofsketch(a)to givethetotalforcesamdmomentsincluding
vortexinterferenceifwereplaceF by (F+ F!)and A=by (A=+ A=?),
whereF! smdAl? aretheadditionalcomplexpotentislduetotheshed
vortices(andtheirimages)andtheresidueofthatadditionalcmplex
potential.Thus,makinnuseofequation(5) for.theresidueA=!,and
stipulatingthattheinterferenceforcesactonlyonportionsofthe
airplanebehindthewingtrailingedge,weftidthattheadditionalforces
andmomentsduetovortexinterference(snddenotedby thesubscriptI)

. ——— ____ —“ — -— —— .—.



6 NACATN 3525

d’(’-’$~-~ (lo)

TE ,=1

m!

EL‘,0 d.
%

(n)
,=1

where %53+
Inasmuchas
(eq.(3)) it
inte~ationsofe@ation(n) inthe a pl=e, particularlysincethe
integralsbecomeanalyticinthatplaneduetotherelationW = ro2
onthecircleboundary.

refersto a stationimmediatelybehindthewingtrailingedge.
F: hasbeenexpressedinthetransformedcircleplsne
@lJ_,ingeneral,be convenientto csrryoutthecontour

Forthespecialcaseofsteadystraightflight,equations(9), (10),
and(n) reduceto r 1

(12)

.—
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(13)

- m k=l

smditisinterestingto

calculationsh muchthe
stabilityderivativesof
equation(12)canbe stated~ theformofa stiletheoremforthe
determinationoftheinterferenceforces.

m

notethattheqyantity
I
rk~~

k=l
samemannerastheapparentmass
ti-body combinations(seeref.

entersthe

entersintothe
8). In fact,

THEOREM:Thelaterslforce Y1 + ~ dueto eachvortexof
strength1? shedfrana forwardwingofa slenderwing-baiy-
tailcmibtiationin steadystraightflightisequaltothe
change,frcuawingtrailingedgetobaseoftheairplane,of
thequantityipU#Ur where Ur isthe(caaplex)distance
betweenthevortexanditsimageintheplaneinwhichthe
bodycrosssectionismpped ontoa circle~fhileleavingthe
flowfieldatinfinityunchanged.

An importantpointtonoticeinreg~m to eqyation(12)andthe

I
abovetheoremisthatthequantitypUol& I’kakrevaluatedatthewing

k=l
trailingedgeisequslto the15.ftoftheairplsnesegnentlyingaheadof
thewingtrailingedge.Hencetheinterferenceliftinsteady~traight

flightisequaltothedifferencebetweenthequmtitypUoll
Q) rk~

andthelfltoftheairplanesegmentaheadofthewingtra~g–~dge.
X=2

Thus,

where
lying
itis

M wewriteforthetotalliftoftheairplaneofsketch(a)

L=&+Lb+~

La and~ aretheliftsoftheisolatedsegmentsoftheairplane
aheadsmdbehindthewingtrailing’edge(i.e.,withno interference),
cleerthat

---- ——.—. —.—_.
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L= La+ Lb+

ThetotslItitof
isolatedatiplane

theairplaneisthereforeequsltotheliftofthe
segmentbehindthewingtrailingedgeplusthequantity—

puo

f)
I
rka~ .

k=l
X=2

slender-b~ytheory
theliftisalready

Thelift ~ canoftenbe calculatedby ordinary

andformanyinterestingconfigurationsthispsrtof
tiown. Theabovestatementsareindependentofthe

forminwhichthe~ortexsheetleavesthe%dng,butthisW ofcourse
determtnethepositionsandstrengthsofthevorticesatthebaseof .

theconfiguration.

It canbe seenfromequation(12)andtheassociatedtheoremthatin
steadystraightflighttheinterferencesideforceandinterferencelift
dependonlyontheshapesofthecrosssectionsatthewingtrailingedge
andatthebaseoftheconfigurationandonthestrengthsandpositions
oftheshedvorticesatthesetwostations.Thisstatementclosely
psrslllelsthecorrespondingstatementforslenderwing-bdyccmibinations
thatthesideforcesmdliftdependonlyontheshapeofthebasecross
section(seeref.1) andontheangleitmakeswiththeflightdirection.
Theforcesandmomentsincludinginterferenceeffectswill,however,
be nonlinearwithrespecttotheanglesofattackandsideslip.

It isevidentfromeqyations(9), (10)and(n) thatthecalculation
oftheinterferenceforcesandmomentsrequires,inaJJcases,a knowledge
ofthevortexstrengthsandpositionsasweKlasthemappingfunctionsof
theairplanecrosssections.Thecalculationoftheforcesandmoments
withoutvortexinterferencerequiresonlythelatter.

APPLICATIONTOA - WING-BODY-TAILCOMBINATION
z

In orderto illustrate
u theapplicationofthefore-

U goinganslysis,a simple
exsmplewill.be treatedbriefly.
Inthisexampletheinterfer-
enceliftwillbe determined
by meansofequation(12).
Considera plsmewing-body-tail
combinationinsteadystraight
flightatanangleofattacku

Sketch(c) as showninsketch(c). The

—.
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crosssection
mountedalong

istakenas
a diameter.

a circlewithsymetricslflat-platewings
Thecomplexvsriableisthengivenby

r

() a2
and ro=~s+~ where a

isthebodyradiusand s is
thelocslsemispanofthewing
ortail.Itwillbe assumed
thatthetrailQgvortexsheet
isfullyrolledup intotwo
vorticessomewhereaheadofthe
tailtrailingedgeWhichlies
intheplanex = 2. Thus,
denotingthestationx = Z
by thesubscript1,we have
at x = Z (seesketch(d))

~ plane u plane
(x-u (x-z)

Fm=s]
Furthermore,sincehereby symmetry

and

it follows that

r2 = -r==“-r

Sketch(d)

/K%TW+

-———— . .—. —— —.— .—
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Now,fromequation(12),

andthesecondtermhasalreadybeenidentifiedastheliftoftheair-
planese~entaheadofthew5ngtrailingedge.Forthepresentproblem,
ifthevortexsheetleavesthewingtrailingedgeasa flatsheetfrom
eachMng panel,thisliftisknowntobe (see,e.g.,ref.1)

()co

,UOR
I ‘kU,r
k=l x=~+

where”% andso arethebody

( %32%7=YC,uo2m3021 - ~ + y
‘o =0

radiusandwingsemispsmat x = h..

.

Therefor~,the&terferenceliftfortheplanewing-l%dy-tailcoti-tiation
ofsketch(c)is

anditisclearthat r andcl (thestrengthsndpositionofrolled-up
vortex1 at x = Z)mustbe specifiediftheinterferenceliftistobe
calculated.

Beforeanycalculationsme performed,itistiterestingtonote
thatifthereslpartofthesqusrerootinequation(15)vanishes,then
theinterferenceliftisequalandoppositetotheliftoftheairplane
segmentaheadofthewingtrailingedge.Thiscondition.issatisfiedif

(’+3‘s‘ed“ ‘ess‘m@ ‘%3-‘tcm‘asi’ybe‘how
thatthisrequiresthat cl be reslandlessthan S1. In otherwords,
iftherolled-upvorticesintersectthetailanywherealongitstrailing
edge,thentheinterferenceliftjustcancelstheliftforwsrdofthe
wingtrailingedge.It canthereforebe concludedthat,fora wing-body-
tailcmbtiationhavingcrosssectionsofthetypeshowninsketch(d),
ifthelocationandspanofthetailaresuchthattherolled-upvortices
passthroughthetailtrailingedge,thetotalliftoftheconibinationis ~+
unchangedby removingtheportionoftheairplaneforwardofthewing

—. — .—
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trailingedge.Thisresulthasrequiredno assumptionsregsrdingthe
influenceofthetailonthevortexpathsbuthasrequiredtheassumption
of inviscidvortices(nocores).Whiletheaboveresultwouldbemodified
by thepresenceofviscouscores,eqpation(15)wouldstillapplyatangles
ofattackatwhichthevortexcoresdonottouchthebodyorthetail.

Inreference9,numericalcalculationswerecsrriedouttodetermine
thepositionsofthevortices.atvariousdistances
severalplsme’wing-bodycombinations.In orderto
calculations,we shslllconsidera specificslender
ad a specifictaillength.Thuslet

behindthewingsof
makeuseofthose
wing-bcdyconibination

%)—=0.6 and &=10so

Also,to insurethevalidityoftheslendernessassumption,we choosethe
casetreatedinreference9 for A = 2/3,M = 2where A isthewing
sspectratioand M isthefree-streamMachnuniber.Thebodyiscylindri-
calbehindthewingtrailingedgesothat al= ~, anditwillbe assumed
thatthevortexpositionsarenotinfluencedby thetail.Thusfrom
figure10 ofreference9

r = 1.27u@tso

andthepositioncl ofthevortexatthebaseplanex = z isgivenby
Cl= Y1+ izl ~~hereyl andZ1 areobtainedfromfigureT(a)ofrefer-
ence9 snd Z1 istransferredtobcdyaxesby addingad tothevalues
inthefigure.

Theaboveinformationcanbeputdirectlyintoeqmtion(15)to
determinetheinterferenceliftasa functionoftheratiooftailspan
towingSpsn s1/so forallanglesofattackforwhichreference9 has
suppliedthevortexpositions.Theresultingcurvesfortheinterference
liftcoefficient,basedonthegrossT- srea,me showninfigurel.l
It csmbe seenthattheinterferenceliftisnonlinesrwithrespectto
thesngleofattackandbecomesmorenegativeastheratiooftailspan
towingspanincreases.At sl/so = a/s.= 0.6,thereisno tailand
theinterferenceliftisthelfitonthecylhxlricalsfterbcdy.

CONCLUDINGREMARKS

Theanalysisreportedinreference8 hasbeenextendedtopermitthe
calculationofthetotalforcesandmomentsexceptdrag)forslender

ll?hiscalculationreqtirestakingtherealpti ofthesquareroot
indicatedinequation(15).Sincethisprocessisnotentirelystraight-
forwardifambiguitiessretobe avoided,theprocedureisgivenin
AppendixB.

———— ———_ ~ ..—._ ._.
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.
wing-baly-tailconibinationsofgeneralcrosssectionperformingquasi-
stationarymaneuversina compressiblefluid.
developedtithepresentpaperfortheforces
Wluence ofwingwskes”ontheotherairplane
tionswereusedto calculatetheinterference
tailcotiination.

Expressionshavelieen
andmomentsduetothe
components,andtheseequa-
lfftofa planewing-b@y-

The essentislquantityreqdmd forthecalculationsisshownto
be proportimalto theimpulseofeachshedvortexanditsimagevortex
ina transformedcircleplsne,anditisdemonstratedthatthecalculation
oftheinterferenceliftin steadystraightflightrequiresthedetermina-
tionofthisquantityonlyatthetrailingedgeofthewingandatthe
baseoftheconfiguration.

AmesAeronautical.Laboratory
NationalAdvisoryCommitteeforAeronautics

MoffettField,Calif.,Sept.9,1955

——— —— —.
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APPENDIXA

LISTOFIMPORTANTSYMBOLS

.

An
1coefficientof y terminLaurentexpsnsionofthecamplex
c

potentialF(c)withnovorticesh thefield

Ant coefficientof terminexpansionoftheadditionalcompl=
+

potentialFJ(~)dueto shedvorticesandtheirimages

a

B

c1

D

d

F

F?

z

L

Lt

M

m

N

P

~

R

r

baiyradius
Uo as

coefficientof h ~ inexpansionM F(c);B=~-

distance fromairplanenosetopivotpoint

a functionof x andt whichcontributesnothingtotheforces
andmomentsconsideredherein

taillength,Z - ~

complexpotentislp + iv withnovorticesinthefield

additionalcomplexpotentisldueto shedvorticesandtheir-es

lengthofairplane

forceinthe z direction(appraximatelylift)

rollingmomentaboutthe x axis

pitchingmomentaboutpivotpointx = c1

nmiberofexternal(free)vortices

yawingmomentaboutpivotpointx = c1

rollingvelocityaboutthe x axis

pitchingvelocityaboutthe y axis

yawingvelocityaboutthe z exis

————-. -—.. —-–—. —.— — -——..
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ro

s

s

so

91

t

Uo

Vo

v
Wo

w

Y

“X,y,z

%3
CL

P

rk

radiusoftransformedcirclecorrespondingto airplanecross
k

section

cross-sectionalmea”oftheairplane

locslsemispanofwingortail

maximumsanispn ofwing(at x = ~)

maximumsemispanoftail(at x = Z)

time

componentofflightvelocityalongnegativex axis

componentofflightvelocityalongpositivey sxis
(Vo=uop if P=o) .

V. - r(x- cl)

componentd flightvelocityalongpositivez axis
(WO= -u@xH p = o)

Wo- q(x - cl)

forceinthe y direction(sideforce)

Cartesiancoordinatesfixedinthebody(x rearward,y to
starboard,z upward,originatthebodynose)

distancefromairplanenosetowingtrailingedge

angleofattack(anglebetweenarbitrarilychosenxy plane
andflightdirection)

sngleofsideslip(singlebetweenxz planeandflightdirection)

circulationstrengthof kth external(free)vortex,~ositive
counterclockwise

fluidmassdensity

y+iz

complexcoordinateof centroidof cross-sectionellarea

positionof &h external(free)vortex

complexcoordinateintransformedcircleplane

. .—
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@ positionof kth exte~alvortexh transfmmedcircleplane

% positionof kth externslvortexrelativeto itsimageinthe
ro2

tr~sfo~edc~clePl~e7 % .—
*

9 velocitypotential

v streamfunction

SpecisJ.Notations

I subscriptindicatingvortexinterference

f
contourinte~altakenonceroundthebodycrosssectioninthe
positive(counterclockwise)sense

I imaginsrypat

R real psrt

(-) complexconjugateof ( )

. .- —— -——— . . ..— — _——
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APPENDD B

EVALUAJEION@ THEREALPART@ A COMPIEXSQUAREROOT

A COM@eX

s isreslhas
factoredform

square
branch

rootd thetype ~~2-s’ where ~=y+i.z and
pointsat ~ = &s andcanbe writtenb its

n=d(c - S)(K+ s)
z

Noweachfactorcanbe writtenin
polarcoordinatesreferredto oneof

f
thebranchpoints.Thus(seesketch
(e))letr,

~ - s = r=ei7; ~ + s = rzeiA
-s s Y

where 7 andA arebothlimitedto
a rsmgeof,say,O to Zh (togive
thepropersignchangesthroughthe
linese~entshown).Thisis comnonly
calleda bipolsrcoordinatesystem
andenablesonetowrite

Sketch(e)

so that therealpartis

()

7+?I
RJW’JECOS y=J-

where

rl = J(y - S)2+ 22 I

r,= ~1

()7 = tan-l+
Y

%)
A=tsn- *

.
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Thesignofthereal.partofthescymrerootisthereforedeterminedby
thequadrantsof 7 andA whichdependonthePositionOfthePo~t ~
relativetothebranchpoints~ = ts andalsoontherangeof 7 and
h specifiedabove.

.

---.— . —~—.—— . --—— —— —. –— —-— — —.
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