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EFFECTOFTMNWZRSEBODYFORCEONCHANNEL

Thesteady,

FLOWWITHSMALLHEATADDITION

By SimonOstrachandFranklinK.Moore

compressihl”e,inviscidchannelflowtowhichheatis
addedata cross-sectionalplaneandwhichisalsosubjecttoa trans-
versebodyforceisanalyzed.Theprimeparametersgoverningtheflow
area dimensionlessheatparameterandtheMachandl?roudenumbers.So-
lutionswhicharequalitativelysimilarareobtainedforthecasesin
whicheithertheMachnumberis smallortheJRcoudenumberislarge.If
theheatisaddeduniformlyovertheplane,thestreamlinesaredis-
placedinthedirectionofthebodyforce,anddownstreamoftheheat
additiontheflowisfoundtobe a shearflow.Iftheheatadditionis
concentratednqarthecenterofthecross-sectionalplane,a strongvor-
texmotionappearsdownstreaminadditiontotheshearflow.Inthe
firstpartoftheanalysis,thethrough-flowMachnumberisconsidered
small. Subsequently,thealternateassumptionoflargeFYoudenumber
ismade. ForlargeRroudenumbersitisfoundthatan increaseinllach
numbertounityincreasesthemagnitudeofthebody-forceeffects.

Theconfigumtionstudiedcanbe consideredtobe an idealization
of,foremmple,theflowina ramjetmountedat thetipofa whirling
helicopterrotorblade.Theeffectsofthetransversebodyforceare
importantinthisexample.Actually,eveniftheRroudenumberis
large,thevortexmotionduetoanynonunifomnityofheatadditionmay
be quitevigorous.

JIVTRODUCTION

Itiswelllmownthatthemotionofa fluidinwhichthere=e den-
sityvariationsisalteredby theactionofbodyforcesonthefluid.
Untilrecently,suchbuoyancyeffectshavebeennegligibleimpractical
applications,becauseboththedensityvariationsandthebodyforces
wererelativelysma~. However,considerationsofpresent-daypropul-
sionsystemswiththeirassociatedlargeheatadditions,rapidlyrotat-
ingcomponents,ortheiroperationin suddenmaneuversathighspeeds

.— .. ...—.—— _ —. ..___—— _ ——.—— —--—— —..—— .
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suggesta reevaluationoftheseeffects.Ofprhneimportanceinthis
respectistheeffectofthebodyforcesontheinternalaerodynamics ~.

of suchpropulsionsystemsortheircomponents.Theinfluenceofthe
bodyforceshasbeenstudiedforchannelflowswithuniformheataddi-
tionandwiththebodyforceparalleltothedirectionofmotion(see
ref.1,e.g.).‘Theflowwithheatadditioninpipebends,through
rotor-tipcombustorsofhelicopters,orthroughramjetsinabruptma-
neuversrepresentsconfigurationsofinterestinwhich,ontheother
hand,thebodyforceistransversetotheflowdirection. m. .

Configurationsofthelattertypewillbe consideredherein.More Em
specifically,inthepresentanalysisa steadyuniform(invelocityand
temperature)flowina channelsubjecttoa transversebodyforceis
assumedperturbedby a steadysmalladditionofheatata cross-
sectionalplane(fig.1). Thefluidisconsideredtobe inviscid.The
neglectoftiscosityisincontrasttotheanalysisofreference1. The
reasonforthisdifferencecanbe explainedas follows:

J,

Importantbody-forceeffectsa~ear inregionsoflargetemperature L
gradientstmnsversetothebody-forcedirection.h internalnatural-
convectionflowprobl- (ref.1,e.g.),thelargesttemperaturegL&M-
entsoccurintheviscousheat-conductinglayersof fluidnexttothe
channelwalJs;accordin@y,a parameter(Grashofnuuiber)comparimgvis-
cousandbody-forceeffectsgovernsthesolutionsoftheseproblems.
Inthepresentproblem,thehportanttempem.turegradientisnotasso-
ciatedwithviscouswalleffects,but,rather,withtheadditionofheat
at a flamefrontor combustionzone.Therefore,thefltidmaybe con-
sideredinviscidinthisproblem;andtheRroudenumber,whichcompares
inertiaforcesandbodyforces,andnottheGrashofnumberisofchief
@ortance. ~ addition,ofcourse,a psrameterspecifyingrateofheat
additiontothefluidandtheMachnumberarealsoof significance.

Ifheatisaddeduniformlyoverthecrosssection(fig.2(a)),the
suddenreductionofdensityat x = O (forsmallthroughMachnumber)
wouldbe expectedto causethestreamlinestohavea tendencytorise
inthevicinityoftheheataddition.Perhapsthemostinterestingef-
fectsmaybe expectedwhenheatisaddedoveronlypartofthecross
section,asin figure2(b).Then,thedifferenceinbuoyancybetween
theflownearthecenterandtheflowneartheedgesofthechannel
wouldbe expectedto resultintheformationofvorticeswithaxes
alinedwiththethroughflow.

Witha viewtostudying_&eseflowpatterns,solutionsaresought
fortheperturbationeqmtionsfurthersimplifiedbytheassumptionof
smallMachnumberor,alternatively,oflargeI@oudenumber.

_..—— .— —
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ThecooperationofMr.JuliusP.Pelineonpartofthedetailde-
velopmentoftheanalysisreportedhereinisgratefullyachowledged.

D~ EQUATIONSANDBOUNDARYCONDITIONS

BasicEquations

Thedifferential.equationsgoverningthesteadyflowwiti’heatad-
ditionofa compressible,inviscid,nonconductingfluidwhichis subject
toa bodyforceare,inrectangularCartesiantensornotation,

* (P”j)= 0 (la)

(lb)

P–=RT
P

(id)

(Acompletelistofthesymbolsusedhereinispresentedintheappen-
dix.)Equations(la)to (lc)express,respectively,theconservation
ofmass,momentum,andenerg;eqpation(id)isthestateequation.
ThemorefamiliarnotationU,V,W and X,Y,Z insteadof U1)U2)U3
a.RdX1,X2,X3willbe usedintheremainderofthisreport.

BoundaryConditions

Particularconsiderationisgiventotheconfigurationillustrated
infigure1: Farupstream,thereisa flowwithuniformvelocityand
temperatureina straightchannel,sothat

U(-CO,Y,Z}= U- (aconstant) (2a)

V(-,Y,Z)= W(--,Y,Z)= o (2b}

T(-m,Y,Z)=!& (aconstant) . (2C)

.
— — —— —.—.— .—. -
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Thechannelhasa uniformrectangularcrosssection,sothat

V(X,O,Z)= V(X,H,Z)= O (3a) o
W(X,Y,O)= W(X,Y,L)= O (3b)

Thefluldis subjectto a transversebodyforce f~ actinginthe
directionofpositiveY. Thus,fl and fz aredefinedtobe zero,
and fz isa negativequantityifthebodyforceactsinthedirection mal
illustratedinfigme1. Theactionofthebodyforceleadstopressure mm
anddensity~dients inan equilibriastate.Thisequilibriumwillbe
disturbedbytheadditionofheattothefluid.

Thustwospecificproblemsaretreatedhereinaccordingtothe
specifieddistributionofheataddition.Ifheatisaddedunifomil.y
(fig.2(a)) overthecrosssectionat X= 0,theproblemistwodi-
mensionalin X and Y. A three-dimensionalproblemwillalsobe
treated,inwhichtherateofheatadditionat X= O varieswith
thecoordinateZ,whichistransversetothedirectionofbodyforce
(seefig.2(b)).-

However,theanalysiswillbe carriedforwardas faraspossible
withanarbitraryfunctiontorepresentheataddition.

LinearizationofEquations

Inthepresentanalysis,a perturbationprocedurewillbe employed.
Accordingly,theactualrateofheatadditionperunitvolumeQ at
x= O isincludedinthedimensionlessquantity

m(x)y>z)= ~ ~:’T
empal

wherethefunctionq isofunitorderand e isa
As a consequenceofthesmallrateofheataddition,

(4)

smallparameter.
theflowisassumed

,1

.

tobe disturbedonlyslightlyfromtheuniformconditionsprevailingfar
upstream(eqs.(2)).Thedisturbancesareassumedtobe oftheorder
e,andthefollowingdefinitionsaremade:

7

u=u.(l+.$u),v=.um; v,w=.um:w
\

T=T=(l+ ET),P=P@ -I-@r~, P= p=+&PrX I

(5) “

-——— .—
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where pr isa constantreferencedensity.Also,dimensionlesscoordi-
natesaredefinedas

X,y,z z X/H,Y/H,Z/H (6)

respectively.

Substitutingequations(5)and(6)intoequations(1)yields,to
zeroorderin e,

sothat

Q& Y-M:—=- —w P=fi2

P=(y)= RTPm(y)

1

Pm= prexp(-yM~y/1%2)

and

Pm= Pr eq(-~m%/fi2)

TheseexpressionsinvolvetheRcoudeandMachnumbersdefinedby

Clearly,eqpa.tions(7)expresstheconditionsof
densityandpressurewithbodyforce,ifnoheat
case,thepresenceofa uniformthroughvelocity
thisequilibrium.

(7)

(8)

stiticequilibriumof
isadded.h sucha
u= wouldnotaffect

Thefollowingequationstothefirstorderin e resultuponelim-
inationof a,T,and X fromtheequationsobtainedbycmbjfig (1),
(5)and(6}:

% -Wn=o (9a)

‘-%-v= -+x(~+vy-twz)=o (9b)

(l- M:)~+vy +Wz+A(r-l)M~=q (9C)

_—. —. .. -— -. . — .Z ——..—-.— ..— .———— - -— .
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whereX = l/lkc2and,hence, representsessentiaJJytheratioofbody
to inertiaforces.

Inorderto reduce
function~ isdefined

Han ecyxations
tion ~ isrelated

Then,inviewof
maybe extracted

,,

Definitionofa Potential

thenuniberofvariablesofequation~(9),a
suchthat

(lo)

(la),(5),and(10)itmaybe shownthatthefunc-
totheperturbationindensity:

T.“ -~

equations(2)and(10),theCauchy-Rimannconditions
frcmequations(9)intheform

.

‘% .Wx=c) 1y(v+=o
Wy-(v+z=o

(n)

Accordingly,a potentialq maybe definedsothat

u= ~~

1

V-+zpy

w= q)z

“ (12)

Equations(9c)and(10)to (12)yield.

V% - M~qn + (r- @&Qy = q - Ty - (Y- l)m~ (13a)

Equations
tionstowhich

$= - WY= N% (m)

(2),(5), 6),(10),and(12)@eld theboundarycondi-
[equations13)aresubject: .

d-m>yJz) = ~(-->yJz) = o (Ma}
.

—.
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Qy(x,o,z).t~(x,o,z)=qy(x,l,z)+*(X,1,2)= o (14b)

Oz(x,y,o)
()

= (pZX,y,:= o (14C)

Hereinafter,theheatadditionwillbe assumedto occurabruptlyat
x= o. Thatis,

9.= 5(x)q*(y,z) (15)

where 5(x]istheDiracdeltafunction.

SOLUTIONSOFSPECIALPROBLEMS

EklJ.MachNumber

Equations(13),whilelinear,arenotespeciallysimple.There-
fore,resultswillbe obtainedunderfurthersimplifyingassumptions
IftheMachnumberissufficientlysmallsothat Ma<< 1 andthe
lMoudenumberisofunitorder,then,inplace

,= x~ti~x.(x).%=

ofequations(1.3),

Xxl(x)q* (16a)

(16b)

wherel(x)istheunitstepfunction.

Quiteevidently,equations(13)mayalsobe simplifiedby theas-
sumptionof small(butnonvanisbing)X. Thisapproachwillbe discussed
inthesubsequentsection,LargeIYoudeNumber.

Reductionofpotentialproblato fsmiliarforms.- b orderto ob-
taina morefamiliarproblemofpotentialtheory,equation(16b)maybe
solvedintwoparts,defining

where

. al =q = 5(x)q* (m)

.

\
\

-— . .. . . _ .._ . ._ ___ . \.—— .—..
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A functionwhichisa particularintegralofequation(17c)for
‘>ois

Q3= -Axl(x)h(y,z) (18a) ~mm

where h(y,z)satisfiesPoissoD’sequation

‘~+hzz=q~ (18b)

butisotherwiseunspecified,asyet. Then,ifthedefinition

~z=Q3+94 (19) u

ismade,substitutingequations(18)intoequation(17c)yields

V%4 = Xb(x}h(y,z) (20)

Exceptpreciselyat x = OJ ~1 =d ~4 satisfyJkplace’seqpa-
tion. SolutionsofLaplace’sequation,validfor x c O and x > 0,
aredenotedby superscripts- and +,respectively.Integrating
equations(17b)and(20)acrossthediscontinuityinthepkme x = O

~ yieldsthecompatibilityconditions

G.-Q&o=
Ihadd.itiontoeqyations(21),theboundary
be satisfied.

Thus,afterthesingulsrsolution(eq.

P (21a)

Ah (21b)

conditions(eqs.(14))must

(Ma))is extracted,there-
mainingdifferentialequationsare.siruplyLaplace’sequation(applied
independentlyfor x > 0 and xc 0) subjectto thejmp conditionsof
equations(21)andPoisson’sequation(18b)intwodimensions.

1%

.

——. .—.. ———
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Fourierseriessolutionfor q*= q~z). - Theforegoing
mayreadilybe solvedby Fourieranalysis,if .q* isassumed
functiononlyof z (fig.2),representableas”

q*(z)= E ~cos nnaz
n=o

‘9

eqpations
tobe a

(22)

where a= H/L. A solutionofIaplace’sequationwhichalsosatisfies
equations(14a),(14-c),and(21a)is

Becauseq$= o)it ispermissibleto

em%os nnaz

take

(23a)

(23b)

az ()sinh7rnay-$
h(y,z)= Qn Cosmla.zma (24)

o ma cosh—2

asthepropersolutionofequation(18b).Inviewofthedefinitionof
~ (eq.(16a))andofequation(22),thischoiceprovidesthat q3 (eq.

(18a)) satisfieseq!xation(14b).Also,‘equation(14a}remainssatisfied.

Thefunctionq4 mustbe foundsothatitisconsistentwithequa-
tion(21b).Also,ofcourse,q4 mustsatis~equations(14a)and(14c)
andtogetherwith ~ mustsatis~equation(14b).

Beingantisymmetricaboutthepkne y = 1/2,they-dependenceof
h(y,z)inequation(24)isrepresentedby theFourierseriesinorder
thattheboundaryconditionscanbe satisfied.Thus,

Qn )=~%cosw ~
m=o

(25a)

— —---- ....— ..— —. —.——... -— ——. —-— --- -—— .-— --—--—
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where,by Fourier’stheorem,

~=o (m zerooreven)

}‘-+% ‘mod’)

Then,equation(24)becomes
al

G-
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“

(25b)

(26)

and,l%omequation(21b),theproperequationfor 94 mustbe

~

Cosq Cosmm (27)
+

satisfyingequation(21b).

To recapitulateequations(17a),(la), (19),(23),(24),and(27),
theresultPor Q is

- 55’/+&”e--co. ~ cm laluz

IL=olbo

(28)

Resultforuniformheataddition.- Inthe
addition(fig.2(aj), q*( z) . ~ from equation
beingzero.Then,incorporatingeqution(25b)
ruleyieldforequation(28):

instanceofuniformheat
(22),withallother~
andusingL‘Hospital’s

7

.

.

.— .
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Also,fromeqmtion(16a),

v = Axl(x)% (291))

Thevelocitycomponents,fromequations(12),are

J=LI
J (30a)

+.-
m eq2j+l)fix

z sin(2j+ l)ny (30b)
~>~ (2J+1)

=

forverticalvelocity(eq.(30b))indicatesthatfluid
displaceddownwardastheytraversethesectionwhere

Theresvlt
streamlinesare
heatisaddedinproportiontothesmountofheatadded ~ andthe
l?roudenumber(throughA). Sucha streamlineisshownin sideview
infigure3(a). Inasmuchas eqyation(30b)is symmetricalin x, one-
halfthedisplacementoccursupstresmoftheheataddition.Thetotal
displacementofa streamlinenearthecenterofthechannel(y= 1/2)
isapproximately,fromeqqations(4),(5],(7),and(30b),

wheretheintegralis,
unitarea.

(31)

essentially,thetotalrateofheatadditionper

occursina distanceoftheorderof H andisThisdisplacement
ina downwardsense..Figure3(a)showsthatdownwarddisplacementis,
infact,consistentwitha buoyantforceactingat x = O. Thestream-
linecurvaturewhichisnegativefor x < 0 andpositivefor x >0
suffersanabruptupwardincreaseat x = O. Of course,therestraint
imposedby thewallsat y= 0,1 determinestheparticularstreamline
patterntoaccompanytheupwardbuoyantaccelerationat x = O.

TheresultforthedhensionlessthroughvelocityU/U=,fromequa-
tions(5)and(30a),isindicatedinfigure3(b).Farupstream(station
1)theflowhasa dhensionlessuniformvelocity1. Fardownstream
(station4),theaveragedimensionlessvelocityishigherby e%

.

.——.—— ._.—_ .-



.

12 NACATN 3594

.
becauseoftheheataddition.1 Becauseofthebuoyancyeffect,theve-
locityprofilehasa uniformshearof sucha magnitudethatthedimen-
sionlessvelocitydifferencebetweenthebottomandtopofthechannel
is &@. Forlargedistancesdownstream,thisisthedominanteffect
ofFroudenumber.Thesenseoftheshearis suchthatthethroughflow
ismorerapidintheconstrictedflowin,thelowerpartofthechannel
(cf.figs.3(a)and(b)),andlesstitheexpandedflowatthetop. “
Thisresultisinaccordwiththeusualbehavicrofone-dimensionallow-
speedflowina channelofvaryingarea.

%
Ihviewofequation(21a),theactualvelocity@np at x = O must

lom
be independentof y and z. Thisrequirementismetby thepotential
flowdescribedby theseriestermsofequations(30).Evaluatedat
x . 0, tiese terms field the dashed-lineprofilesinfigure3,whichare
parallelanddifferby theconstant~, betweenstations2 and3.

Thepotential-flowtermsattenuateexponentiallyindistancesof
a

theorderof H,bothupstresmanddownstreamfrcmthezoneofheatad-
dition.At largedistances,themostpersistentoftheseriestermsis .
thefiystone,yieldingcontributionsto u and v proportionalto
exp[%x][cosKY]and exp[%x][sinYW],respectively. .

Resultforcosine-waveheataddition.- Forthe
waveheataddition(fig.2(b)),

Thus,fromequation(22),~=~~, Q2= “- $ Q,and,

problemofcosine-

(32)

fromequation(28),

7

-%he factorpr/pm isomittedhereandin similarexpressionsin

thissectionon smallMachnymbers,becauseitsvalueisunityto con-
sistentorderinMachnumber(seeeqs.immediatelyfollo~ eq.(7)).

u

.

__—_ . ..— —-—
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c)!mcow

.

and,fromequation(16a),

V=hl(x); (l - Coszmz] (33b)

Again,partofthesolutioninvolvespotentialfunctions,attenu-
atingat distancesoftheorderof H and L upstreamanddownstream
ofthestationx . Ojwhereheatisadded.

Onanaverageacrossthe
ward,as inthepreviouscase
componentswhichdominatefor

channel,streamlinesaredisplaceddown-
of constantheataddition.Theveloci~
largerx are,fromequations(33]and

Equations(34)representan incompressible
simplecontinuityequation~ + Vy+ wz=
lesscomponentsofvorticity

52X=Wy - Vz=’A&CL

Qy=tlz-wx?

(34b)

434C)

vortexmotion,satis~ the
O,andhavingthedimension-

SinZfla.z (35a)

o (35b}

CosZflaz) (35C.)

Equation(34a)definesthepart,oftheprofileof u (fig.4)which
correspondstotheshearflow(eq.(31))occurringinthecaseofuni-
formheataddition(station4, fig.3). Thisportionoftheprofile
doesnotvarywith x. Infact,fromeqpations(35b)and(35c)there-
latedvorticiticcmiponents$.‘~y,tid Qz arealsoconstantwith x. Of
course,equations(34b),(34c)y,,d(35a)arevalidO- formode~+e
x, inasmuchas,thepresent~~sisisrestrictedto smallperturbations.
Since,physicaQy,thevortic$s,mustbe finiteeventardownstreamthe
conditionsfarfrgrntheplaneofheatadditionmustbedeterminedfroma
morecompleteanalysis.

.——.——z — ——— _..
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Inthepresentthree-dimensionalcase,thereisa tendencyto form
strongvorticeswithaxesalinedwiththeflow.Thesevorticesarein-
dicatedbythestreamlinepatternfora crosssectionshowninfigure5.

,f

Theaxialvorticity~ increaseslinearlywith x,as eqyation(35a)
evidences;theamountof circulationineachhalfofthecrosssection
is foundtohe equalto eX6U#x.

Anotherviewofthevortexmotionisobtainedby tracingthevortex
filamentsoftheflow.Eachfilamentliesina planeofconstanty
(Qy= O,fromeq.(35b))andishorseshoe-shaped,withtheopenend %u)
downstream. Thevortexfilamentslyingintheplane y = 1/2 areshown m

as dottedlinesinfigure5. Ifthehorseshoesarespacedequallyin x
(thisisrequiredby thefactthat Qz isindependentof x, fromeq.
(35c)),thenumberoffilamentspassingthrougha crosssectionappar-
entlyisdirectlyproportionalto x. Accordingly,Qx mustincrease
linearlywith x.2 Theseresultsare,ofcourse,for ~ essentially
equalto zero.TheeffectsofMachmniberwill.be determinedinthe
subsequentsection.

LargeltcoudeNumber

As hasbeenstated,simplificationofequations(13)canalsobe
.

obtainedbyassmingthatthelRroudenumberislargesothat A = ~
.

rather’thantheMachnumberis smallrelativetounity.
expanding9 and ~ ina lhclaurinseriesin X as

Q = $0) 1+Aqm+.. .
lJ= I@-+X*(1J+. . .

yieldsto zeroorderin X

I?w
Therefore,

(36)

(37)

2T!hevortexsystemillustratedinfig.5 suggestsa
thesystemofboundvorticesofa low-aspect-ratiowing,
edgeat x=O andwithaspanof L. Thesenseofthe
~resentproblemcorrespondstoa wingwithne~tivelift

comparisonwith
witha leading
vorticesinthe
distribution,

n

.

~ndt~s-iSComistent-withthedown~d inckhiationoftheflowwhich
haspreviouslybeendiscussedas occurringinthevicinityoftheheat
addition.

.
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(38)

andto firstorderin X

(40)

Theboundaiyconditionsforequations(37.)to (40)are

(41a)

(i)(x,o,z)+ $(i+x,o,z)= qy(+X,1,2)+ *(+X,1,2)‘Y = O (41b)

[)W(x,y,o) = OJpX,Y,+ = oz (41C)

where i isO and1 forthezero-andfirst-orderequations,respec-
tively.Inviewofequations(36),thezero-ordersolutionsdescribe
theflowwithheatadditionandnobodyforce,andthefirst-orderso-
lutionsrepresentthecontributionsduetotheactionofthebody
forces.Thus,inorderto findtheeffectsofa transversebodyforce
ontheflow,thefirst-ordersolutionsmustbe determined.However,
inthecaseofthesmallMachnumberpreviouslytreated,thebody-force
effectsareevidentfromthezero-order(inMachnumber)solutions.
Thus,forsmallMachnmbers,thebody-forceeffectscanbe ofthesame
orderofmagnitudeastheeffectsofheataddition;whereas,forsmall
k,thebody-forceeffectsmustbe smallrelativetotheheat-addition
effects.Thesolutionsoftheprevioussectionare,therefore,perhaps
moremeaningful,butthepresentsectionservesto showhowtheMach
numberaffectstheflow.

Fourier’seriessolution.- l?comtheboundaryconditionsandeqpa-
tion(38),itisevidentthat

@= o (42)
.

..
‘.

-———-—-—— —z
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Thisfacttogetherwiththetransformations

<=X

q=PY

~=pz

~=m ~In
for M~.c1 reducesequation(37)toa Poissonequationlikeequation m

(n%),exceptthattheindependentvariablesare ~, ~,and [ andthe
coefficient1/~2 appearsontherightsideoftheequation.Forheat
additionofthetypespecified-byequations(15)and(22),Q(o)satis-
fiesI@_ace’sequationeverywhereexceptpreciselyat x = O. Thus,

*

~(o)mustalsosatisfythecompatibilitycondition

Thezero-ordersolutionthenis
X,y,z systemcanbe writtenas

similarto equations(23)andinthe

{43a)

(43b)

.

Thissolutionisiqdqendentof y as expected,sincetothezeroor-
dertheeffectsofthebodyforcearenotincluded.Recallthatthe
restrictionME < 1 hasaheadybeenimposed.Therefore,thefactors
B and ~2 in-thedenominatorsofequatl.ons(43)andothersintbis
sectionshouldcauseno concern.

.
In orderto solvethefirst-ordersystm,substituteeqtitions

(37)intoequation(40),integrate,andapplytheboundaryconditions m
toyield

(44) -

—
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Since q* isindependentof y, jr(1)isalso,andequation(39)becomes

v2f#-). M2@)=() (45)-xx

(IWomequations(41b)and(44),thesolutionfor Q 1, involvesthere-
movalofthesingularityat x = O,Sustas inthesmallMachnumber
casepreviously~scussed.‘l?herefo~,ina mannersimilartothepre-
viousmethod(eqs.(41b)and(44)),let

where h isgiven
and(46)yields

Jl)=& ~@y($O)- xl(x)h(y,z) (46)

by equation(24).Combiningequations(41),(45),

$2GZ+ii. +izz= [ 1S(X) <yq*+@2h(y,z) (47)

q-.-,y,z}= o (Ma)

qx,o,z} +y(x,l,z)= o (48b)

()@z(%Y)ol= @z X)YJ:= * (4SC)

(24)andthepreviously
systemto equation(47)

giventransformationtothe
yields

(49)

n=o m=o

Iaplacianoperatorfortheindependentvariables
theFourierseriesrepresentation

mxCmcos y=[ 1@+!&4i4
Yma

m=o mm cosh—2

-.—... .———.— — .- —— -—. ~— —
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(Ill= o) (50a)

= o (m even) (50b)

[

4% Ma 2
=.— —

1
(inodd)~2m2 + (m2+pa2n2) (50c)

isusedinorderthattheboundaryconditionson ~ canbe satisfied.
Thesolution5 onceagainsatisfiesLaplace’sequationexceptpre-
ciselyat g = O sothatthefollowingcompatibilityconditionmust
alsobe satisfied:

Hence,inthe X,y,z Qstem

Thus,fromequations(36),(43),(46),(24),and(51)thefunction
forlargelEroudenumbersistothefirstorderin x

(52)

..

.

—.—.
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wm
u)w

ForzeroMachnumber,thissolutionreducestothatgivenforsmallMach
numb~sby equation(28).

Resultforuniformheataddition.- Foruniformheataddition,as
showninfigure2(a),equation(22)becomesq*(z)= ~ withallother
~ beingzero.Thenusingequation(50)andapplyingL’Hospital’srule
to equation(52)yield

[

. ~-

Q+
1

= ~ *(1 -‘y+*)+ ~~e(,j ,~)3 cos(zj+ l}YW

(53)

Also,fromequations(36),(42),and(44)

M+)xl(x)
-if= .3 (54)r

IEromequations(12),(53),and(54)

r

L.

Exceptfor
equation(55b),
increasingMach

thevelocitycomponentsare

~z@s.k
e P
(2ji-1)2 1

cos(2j-1-1))-ty

~dw.k
m2/’eB

+=-— z sin(2j-i-l}my

*2$ j=o
(2j-1-1]2

{55a)

thefactorl/P inthecoefficientandexponentof
thisequationandequation(30b)areidentical.With
number,then,andlargeIYoudenumber,thetotaldown-

warddispl..acaentofa streamlineremainsthesameas intheamalJ.Mach
numbercase;however,the-al distanceoverwhichthedisplacement
occum isdecreased.

Thejumpacrossx= O inthedhensionlessincrementofthrough
velocityu is,fromequation(55a),equalto ~/P2;thus,theMach
numberincreasesthejump.Theseriesterminequation(55a),which,
ashasbeenpointedout,correspondstoa potential,alsoisincreased
withMachnumberbutdiesoutbecauseofMachnumbereffectsat shorter
distancesoneithersideoftheplane x = O.

.— —
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representsa shearflowdownstreamoftheheatadditionand,again,is
increasedbyMachnumber.

heat-sourcedistributionis
by equation(32).Forthis

Resultforcosine-waveheataddition.- Ihorderto findtheef-
fectsofnonuniformheatadditionina planetransversetothethrough 3
flow,a cosine-wave

[

m
assumed(fig.2b)), m

and q*(z)isgiven case,equation52)
becomes

and,fromequations(36),(42),and(44),

Thevelocitycomponents,determinedfromequations(I-2),(56),and(57);
onceagainarecomposedofpotentialflowswhichvanishat distancesof
theorderof H and L upstream
zoneandthefollowingcomponents

[[

1
6 1 ~ Y-2u=- — - — -2 ~2 pz

anddownstreamoftheheat-addition
whichpersistforlargex:

.

,,
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Gk ()
sinh21ray-;

w=-— 2 coshfia sin2Yraz (58c)

The v and w componentsareidenticaltothosefoundintheprevious
section(eqs.(34b)and(34c))andareindependentofMachnumber.The
onlyeffectsofMachnumberareapparentinequation(58a),whichde-
finesa shearflowinthiscasewhichcorrespondsto thatdeterminedfor
uniformheataddition.TheMachnumber,however,increasestheaverage
(overthechannelwidth)shearflowascomparedwiththatforsmallMach
number(seeeq.(34a)).Thejumpinaxialvelocityisalsoincreased
withMachnumber.Equations(58)satisfythesimplecontinuityequation
~+vy+wz = O andrepresenta vortexmotionhavingcomponentsof
vorticiliy

$2X= -flbaAsin2Yraz (59a)

Qydl “ (59b)

(59C)

Thex-componentisidenticaltothatgivenbyequation(35a)forsmall
Machnumbers,butthez-componentisdecreasedby theMachnumber.
Therefore,althoughthecross-sectionalstreamlinepatternisunchanged
byMachnumber(seefig.5),theslopeofthevortexfilamentsQzl%
is infiniteatthewalls,as shownonthefollowingsketch,insteadof

c/’-//-//’/’y “’’’’/”i x

//////////////// ///

t
z

extendingindefinitelydownstream,as infigure5.
“

— — .———. — —.—... -—...——___ ... . . .
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HelicopterRotor-TipRam-JetCanbustors

Thesolutionsoftheprevioussectionsarealllinearlydependent
on x. Therefore,theorderofmagnitudeof X wi3J_be determinedin
a practicalproblem.Forthisdetermination,considerationisgiven
to therotor-tipcodm.storsofhelicopterramjets.Itmust,ofcourse,
be realizedthattheconfigurationanalyzedhereinisonlyan idealiza-
tionofanactual.unitofthiskLnd. Thus,

where UT isthetipspeed,r istherotorradius,and U.,ofcourse,
isthespeedofthegasat,whichcombustionistotakeplace.Itis
clearthattheratio H/r willbe smallina practicalcase(H/r= 1/16 “
wouldbe a possiblevalue),whereas‘T/”.awillbe large,assumingthat
theflowat theinletmustbe diffusedto lowvelocityinthecombustor
(adiffusionratioof ~@==4 wrmldbepossible).Thus,valuesof
A ofunitordermagnitudearenotunreasonable.Actually,evenif k
is small,theanalysisindicatesthatvortexmotionscanoccurwith
nonuniformheataddition.

Forthecaseofuniformheataddition,theorderofmgn.itudeof
thenonuniformityoftheresultingflowcanbe estimatedfromtheratio
ofthevelocitydifferencebetweenthebottomandtopofthechannelD
to thejumpinvelocityacrosstheplaneofheatadditionAU. Thisra-
tio D/M is justequalto X. Fornonunifomnheataddition,theratio
r/(2H+ L)~ wiJJ_yieldan orderofmagnitudefortheflownonuniformi-
ty wherer isthecirculationinhalfthechannelcrosssectionand
thebarover AU indicatesthatthisistheaverageover z. Thus

Therefore,inbothcasesthenonunifomni~intheflowevidentlywill
be ofthesameorderas X andhencecanbeappreciableas iscWnon-
strated

All

hereinforhelicopterram-jettipcombustors.

SUMMARYOFRESULTS

analysisofthesteady,compressible,inviscidchannelflowto
whichheatisaddedata cross-sectionalplaneandwhichis subjectto
a transversebodyforceshowedhowtheflowdependsonthe~ch -d
IYoudenumbersanda dimensionlessheatparameter.Solutionswere

——
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obtainedforuniformornonuniformheatadditionata cross-sectional
planeunderthesimplifyingassumptionofeithersmallMachnumberor
oflargefioudenumber.ForsmallMachnumbersanduniformheataddi-
tion,theflowwasdisplacedinthedirectionof.thebodyforcewith
theveloci~profilebeingoneofuniformshear.Nonuniformheatad-
ditioninthecross-sectionalplaneinthiscaseleadtothesuperpo-
sitionof strongvortexmotionsontheshearflow.

ThesolutionsforlargelRroudenumbersyieldedflowswhichwere
qualitativelythesameas forsmallMachnumbers.ForlargeIYoude
numbers,theshearcomponentincreasedwithMachnumber,andthe
streamlinedisp~caentwasmoreabruptathigherMachnumbers.

Theflow.ina rotor-tipcanbustor
consideredasanexample,and,theflow
affectedby theactionofa transverse

LewisFlightPropulsionLaboratory

ofa helicopterramjetwas
wasshowntobe appreciably
bodyforce.

Nati~nalAdvisoryCommitteeforAeronautics
Cleveland,Ohio,November10,1955

—. ._ .. ..—— .._ . . ———. —— — -.
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APPENmx- SYMBOLS
Thefollowingsymbolsareusedinthisreport:

%n
%n
%
Cv

D

I%

fi

H

h

L

M

P

Q

%

6

%9?

R

r

T

u,u~,v,w
U,v,w

constantsdefinedby eqs.

constantsdefinedby eqs.

specificheatat codtant

specificheatat constant

(25)

(50)

pressure

volume

velocitydifferencebetweenbottomandtopof channelfor
uniformflow

-wFroudenumber,U

channelheight

functiondefined

channelwidth

bodyforceper

by eg.(18b)

Mch number,U/~

pressure

rateofheatadditionby sourcesperunitvolume

constantsdefinedby eq.(22)

constantdefinedby eq.{32)

dimensionlessheatparameters

gasconstant

rotorradius

temperature

velocitycomponents,i = 1,72,3

d3nensionlessperturbationvelocitycomponents

UUit IIISSS, i = 1,2,3
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x,q,Y,z dimensionlesscoordinates,i = 1,2,3

X,y,z

l(x)

a

P

r
, . T

‘c

dimensionlesscoordinates

unitstepfunction,
f

5(x)dx=1 for x> O,= O for
a

X<o

lehgth”ratio,H/L

w.
circulation

ratioof specificheats

{1

o+
o X+o

Dtiacdeltafunction, ) b(x)ax=l1
m X=!()

o-

smallparsmeter(seeeq.(4))

dimensionlessparameter,l/l%r2= (-f2)H/U~

transformeddimensionlesscoordinates

densi~

dimensionlessperturbationpressure

dimensionlessperturbationtemperature

potentialfunction

potentialfunctiond.efinedbyeq.(46)

potentialfunctionsdefinedbyeqs. (17),(18a),(19),and
(20)i = 1,2,3,4

potentialfunctionsdefinedbyeq.(36)

dimensionlessperturbationdensity

densityperturbationfunctiondefinedbyeq. (10)

25
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Q

Ji) densityperturbationfunctionsdefinedby eq.(36)

Qx8yJ~z dimensionlessvorticitycomponents

Subscripts:

r referencecondition

T tip

m upstreamcondition

FW?ERENCE

1.OstrachJStion:CauibinedNatural-andForced-ConvectionLaminarFlow
andHeatTransferofFluidswithandwithoutHeatSourcesinChan- 3
nelswithLinearlyVaryingWall.Temperatures.mm TN3141,1954.
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(a) Uniform heat addition~ q*= ~.
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(b) Non:niform heat additionj

q*. ; (1 - Cos 21LZ.Z).

Figure 2. - Croa6-sectionalpattern of heat addition at x = O. Dark areae represent heat
Bolu’ce8.
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;3

,-

., (a)Pathoftypicalstreamlineincenterofchannel;sideview.

Y

u/urn

k—l—J--Ly%N
(b) Profilesofvelocity.

Figure3. - Resultsforheataddeduniformly
channel.Station1,farupstream;station
downstream;andstation4, faxdownstream.

at
2,

plane x = O intwo-dimensional
justupstream;station3, just

— .. ... —-—.— ——



Y

I

NACATM 3594

/
z

Figure4. - ProfileofIncremsntinthroughvelocityatlargex
addition.Machnuniberverywch lessthan1;lengthratio,1.

fornonunifomnheat
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Figure 5. - Vortex fllnmnti ad mmxiatd atramlim pe.ttirngmmmtul by mmmifom heat addition, tih nmbar
very much 109s than lj length ratio, 1,
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