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TECHNICAL, NOTE 3805

CATLCULATION OF THE FORCES AND MCMENTS ON A
SLENDER FUSELAGE AND VERTICAL FIN
PENETRATING LATERAT, GUSTS

By John M. Eggleston
SUMMARY

A theory is presented for calculating the varistion with frequency
of the lateral-force and yawing-moment coefficilents due to sinusoldal
side gusts passing over the profile of & simple fuselage—vertical~fin
combingtion, The analysis is based on slender-body theory and is there-
fore applicable to both subsonic and supersonic airspeeds, provided the
local flow angles between the profile and the airstream are small,

The force on eny element along the length of a slender body (or flat
plate) penetrating a gust is found to depend only on the body shape, the
rate of change of body shape, and the local flow angle. However, when
the same distribution of local flow angle is obtained by bending of the
body, the force on "the body depends both on these same functions and on
the rate of change of local flow angle along the length of the body.

The present method of including the penetration effect of the fuse-
lage and vertical tail In calculating alrplane side force and yawing
moment due to side gusts 1s believed to be more accurate than the use of
a simple lag concept to account for the difference in time of penetration
of the gust by the fuselage and the vertical fin,

INTRODUCTION

In calculations involving the lateral forces and moments of an air-
plane striking a lateral gust, 1t has been usual to neglect the penetra-
tion effects and to estimate the forces and moments by consldering the
changes in flow angle to be constant over the configurstion. For more
sccurate analysis of the motion of an airplane passing through gusts, it
would be desirable to consider the penetration effect and the resulting:
phase variation of the forces and moments produced by components of the
airplane which enter the gust at different times. An approximate method
of accounting for such phasgse variations due to penetration was described
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in reference 1, where the effectlveness of several autopilots in contin-~

uous atmospheric turbulence was analyzed. The approximetion of reference 1 -
involved a linear +time lag between the fuselage contribution, which acted
at the center of gravity of the airplesne, and the tail contribution, which
acted at the quarter-chord point of the mean serodynemic chord of the tail.
A more refined method would be to define the pressure or 1lift distribution
over the sirplane due to a genersl gust distribution and to compute the
forces and moments as the gust moves along the body. Such an analysis,
based on slender-body theory, ls presented in this report.

-

Slender-body theory was introduced into the calculation of the forces
and moments of bodies of revolution and narrow pointed wings in steady
flow by Munk (ref. 2) and Jones (ref. 3), respectively. Numerous discus-
sions of the theory, its assumptions, physical concepts, and limitations
mey be found in the literature (see, for instance, the work of Miles in
ref. 4) and will not be restated herein,

A generalized solution for a slender body or flat plate in unsteady
flow was briefly outlined by Gerrick in an appendix to reference 5, In
his enelysis, Garrick considered a slender alrfoil of low aspect ratio
performing arbiltrary vertical transletory or bending motlons while passing
through an inviscid fluid at uniform velocity. Such an analysis lends -
itself to the inverse case of a rigid and nonrotating slender lifting o
surface passing st a uniform velocity through a tramsverse veloclty fluc-
tuation. By using a slender body of revolutlion end a flat pointed plate
to represent the fuselage and vertical fin of an ailrplane, a solution
for the forces and moments due to the penetratlon of arbiltrery gusts may
be found, and it is with this particular application that this paper is
concerned, '

The solution as derived herein is found to be in failrly simple form,
and the frequency distributions of the lateral forces and moments are
easlly computed. This method of analysis is belleved 4o be more accurate
than methods which assume no penetration or which assume a linesr leg due
to penetration of an arbltrary gust by an sirplane.

The theory and specific results of this paper may be identified with
the so-called "Kiissner effect." Kissner (ref. 6) derived an expression
for the 1lift on a two-dimensional airfoll as 1t penetrates & sudden
vertical~gust regilon without change in direction, The theory was extended
to finite-span airfolls by Jones in reference T by means of thin-alrfoil
theory. In an appendix to reference 8 are given the indicial response
and sinusoidal-gust response of several wing plan forms of very low aspect
ratio., By properly relating the 1ifting surfaces analyzed in reference 8
to represent a fuselage—vertical-fin combinstion, results for the forces
due to gusts may be obtained which are in agreement with those obtained -
in the present paper.
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SYMBOLS

wing span

pressure altitude

JT

reduced -frequency parameter, ax/U
1if't per unit length dx

tall length between alrplane center of gravity and quarter-
chord point of mesn aerodynsmic chord of vertical tail

static pressure
dynamic pressure
semiwidth of profile along x (see sketch a)

dimenslions measured from sxis of symmetry (see sketch b)

wing ares of airplane
time

free-streem velocity
transverse or side velocilty
coordinate in direction of free stream

fuselage and fin coordinates (see sketch b)

coordinate normal to free-stream and transverse velocities
trim angle of attack
lateral flow angle

density of air

Mass
pSb

airplane relative~density coefficient,

circular frequency
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Mz yawing moment sbout center of gravity
Fy slde force

Cn yawing-moment coefficient, MZ/qu
Cy side-force coefficient, Fy/qS

Cr, 1ift coefficilent based on wing area
Subscript:

vt vertical tail

The absolute value of a complex quantity is denocted by | |.

ANALYSIS
Tift on & Flat Pointed Plate or Slender Body
Due to Arbitrary Guste
The following sketch shows a flat pointed plate of width 2s inclined

to the relative wind at an angle B and subjected to transverse velocity
v(x,t):

U

Sketch (&)
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In reference 5, I. E. Garrick glves an expression for the lift per unit
streamwise length of a flat plate of increasing area (but high fineness
or low aspect ratio) subject to unsteady 1ift. In terms of v(x,t), the
expression for the 1lift per unlt length of the flat plate shown in
sketch (a) becomes:

1(x,t) =ﬁ(x,z,t)dz

7P sz(x)]-])J—t v(x,t) + 2npU s(x)%_xE v(x,t) (1)

where the totel derivative, within the approximastlions of slender-body
theory, is a function of time and streamwise distance only:

]—%=%+U-§; (2)

As derived, then, the 1ift per unit length is a function of body
shape s(x), the rate of change of body shepe ds/dx, the local transverse
velocity v, and the rate of change of the local veloclty DV/D'!:. Where
the 1lifting body is a nonrotating flat plate (or of such shape thet it
may be considered a flat plate in two-dimensional transverse flow) and
the transverse velocity is considered to be some arbitrary gust distri-
bution, an interesting simplification of eguation (1) occurs. Since the
gust at any instant of time is a summation of waves moving in the
x-direction at & uniform velacity U, the general form of such a gust
is defined by the reletlonship

v(x,t) = v(Ut-x) (3)

It may be observed that this relationship is in the form of D'Alembert's
clessic solution to the generel wave equation, which may be found in the
literature. It 1s assumed herein that the gust velocity does not very
with time as it travels down the 1lifting body; as in D'Alembert's solu-
tion, it is assumed that the wave shape does not change with time as it
moves along the coordinaste x.

For a gust wave, then,

D
- v{x,t
= v(x,t)

(-a% + U ?;) v(Ut=x)
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end the first term of equation (1) is likewise zero. Thus, on the flat
plate or slender body here considered, which is subjected to a gust whose
velocity does not change with time while it is passing over the body, the
1ift per unit length is a function of the local flow angle only and not
a function of the local rate of change of flow angle. Thus

1(x,t) = 2npU s(x)%% v(Ut-x) (&)

Some general impressione may be drawn from this development. Since
the gust velocity does not very with time as it travels down the 1lifting
body, only the shape of the body determines the change of momentum of
the flow. If the body is an uncambered narrow plate of uniform width or
8 cylinder of uniform diameter, then on these sections of uniform area
there is no change in momentum of the flow and no forces sre developed.

On the other hand, with a curved cylinder in a steady flow end & straight
cylinder in a tunnel with wavy walls, the momentum of the crossflow would
change with time and forces would be produced by the 1lifting surface.
Where the nose sections of the lifting surfaces Just dlscussed are polnted
narrow alrfoils or slender bodies of revolution, the 1ift is defined by
equation (4).

Sinusoidal Gust Waves

Although any hsrmonic function having the form of equation (3) might
be employed to represent a gust of arbitrary shepe and msgnitude, probably
the simplest and most femilier hermonic function is the complex exponen-
tial. The gust velocity written in terms of this complex exponential 1s
glven by

DUt
iU(Ut x)

v(x,t) = Upe (5)

where it may be seen that, for a constant flow angle, v = UB and the
expressions for 1ift in the preceding section reduce to the result of
Jones (ref. 3) for a flat, uncambered airfoil in steady flow.

Side~Force and Yawing-Moment Coefficients
for a Simple Airplane Profile
Since the theory i1s applicable to ailrfoils with aspect ratio less

than 1 end to slender bodies of revolution, a simplified version of the
generel shape of present-day aircraft must be employed. This simplified
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fuselage—vertical-fin shape is hereinafter referred %o as a profile.
This profile, applicable to & large number of aircraft and also capable
of trestment by the present theory, is used to compute the side force
and yawing moment of a fuselasge—vertical-tail combination.

The profile consiste of a nose section of increesing ares terminated
at the center of gravity. That part of the fuselage downstreasm of the
center of gravity will be neglected. Although the theory should apply
to the contracting portion of an isolasted fuselesge, the flow separation
effects and the interference due to a wing located in the vicinity of
the center of gravity meke it doubtful that the theory would apply in
this region. The major contribution to the forces and moments downstream
of the center of gravity will be considered to be derived from the vertical
fin, Thus the two components of the simplified profile will be considered
as Independent 1lifting surfaces, any effects due to interference or cross
flowv being neglected.

In line with the foregoing discussion, a simple profile composed of
& half-ellipse for the forward part of the fuselage and s right triangle
for the vertical fin is employed. The major axis of the ellipse is alined
with the x-axis of the fuselasge, and the center of the ellipse 1s coineci-
dent with the center of gravity of the airplane. The centrold of the
right triangle 1s assumed to0 be coincident with the center of pressure of
the vertical fin. This profile is shown in the following sketch:

Z

L. 1

8
i.\:p\.\\ ] 1
7777
Zzer -~ I
|——4—~—X X ! '
0 1

Sketeh (b)

The shape of the profile is defined analytically by
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The expression for 1ift per unit length of the profile is glven by
equation (4), and for a sinusoldal lateral gust defined by equation (5)
the section 1ift becomes

N
1(x,t) = -EJ'CpUeB( >2 iQ(Ut-x) (—xo < x¢g o)
o Y (8)
- B -x)
1(x,t) = ﬂpUZB - :0) (x - xl)eiU(Ul.: x)— (xl§ x< x2>
Xo - X1 J

Since the derivations of equations (1) and (4) were based on a symmetrical
plan form, the contribution of the vertical taill is multiplied by a factor
of one-half. In doing this, it 1s assumed that the horlzontal taill or
fuselage acts as an end plate on the half-delta vertical fin, and no other
correction factor is necessary,

With the lateral gust referenced to the center of gravity,

ilwt

%(t,x=0) = Be (9)

The 1ift at each streamwise station due to & lateral gust of velocity %
having a unit amplitude is given by the expressions
W
Bn\2 -18 o
1(x,w) = -21er2(§g-> xe U (-xos xS O)
> (10)
2 42
1(x,0) = ner2 (x - xl)e U (xl§ x< x2)
Xo -
J

The side-force coefficient and yswing-moment coefficient due to a unit
side gust are given by the Integrasl over the X dimension of the profile:
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_L _
cyle) = L5 fp o Moo

2 pno & B8, -8)\2 px _
=l‘—“—°>f xeide-a"M> fa(x-xl)eis%dx

S xo %, S x2 - xl %,

2g 2 S = 8-\ 2 _ 4
nkE [l'(l'ik")eikﬂi_:-—kg e )]

(11)

n

Cplw) —l—f x 1(x,w) dx
aSb Jprorile

2 no e 8, - 8 b's _qax
%’5(5—0) f x*e U ax + %(L_O f 2 (x - xl)xe U ax
&0, -Xg Ko % X

ik %.%f[@ko - 1g? v 12)et™0 g LX) - 2",

N (e - 1)’
[(21;2 - Xy - 12 - flkp + 1k0)e T2 - - 12 e"ikﬂ (12)

where the notstion

% (=01, 2)

kn=

has been employed to refer to the reduced frequencies based on the physical
dimensions of the profile shown in sketch (b). The minus sign eppears in
the expression for the side-force coefficient to agree with the generally
accepted concept that a positive side gust (moving from starboard to port
of the airplane) will produce a negative side force at zero fregquency.

Equations (11) and (12) may be thought of as expressing the in- and
out~of-phase components of the side force and Yawing moment due to a unit
slde gust oscillating at some specified frequency. At zero frequency,
equations (11) and (12) reduce to
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CYB = CY(OFO) = - %[2802 + (Sl - Bo)ﬂ (15)
Cng = Cn(w=0) = %"S—g -280%xg + (81 - 50)2@2 + 3‘215‘ (1k)

NUMERICAT. EXAMPLE

In this section the profiles of three airplenes of various sizes,
with confilgurations typlcal of some current designs, are used to illus-
trate the variations of side-force and yawing-moment coefficlents due
to unit sinusoldel side gusts of varilous frequencies. The profile
dimensions used in the calculations, together with the flight conditions
and the pertinent alrplane dimensions on which the profiles are based,
are given in table I. ’

In a2pplying the theory of this paper to ectual eircraft, certain
practical conslderations are Involved. Since the expresslons for the
side force and yswing moment depend only on the configurstion, it is
recognized that wing-fuselage interference and other detalle of a parti-
cular design may have effects on directional stability which can be
determined accurately omly by wind-tunnel tests or f£light measurements.
Therefore, in order to esdjust Cy and C, +to the particular flight
condition chosen, slight modifications in the profiles of the exsmple
airplenes were made until the theoretical coefficlents at zero frequency
were equal to values of CYB and CnB for the example mlrplanes as

determined by flight tests. This modification consisted in one case of
8 Blight reduction 1in tall area and in another case of tripling the fuse-
lage contribution to allow for two large engine nacelles and propellers.,
In general, whether these adjustments are required depends on the air-
plane configuration,

The variations with frequency of Cy end C; due to unit side
gusts have been plotted In two forms for each of the three example air-
planes: as in-phase end out-of-phase components, and also as the ampli-
‘tudes and phase sngles relating the unit side gust to the latersal
coefflclients., These variatlons are shown In figures 1 to 3 for a range
of frequencles from O to 30 radlans per second.

A second set of results is also shown in these figures iIn order to
1llustrate the difference between the proflle theory of thils paper and
the so-called linearized-lag theory. This linearized-lag concept, as
used In reference 1, for example, considers the wing-fuselage contribu-
tion to act at the center of gravity and the tall comtribution to lag



NACA TN 3805 11

behind the center of gravity as a2 function of the time required for the
airplane to travel a distance equal to the tail length. Expressions
generally used for this lag are:

an(w) ~ Cpgll - 1

This linear-lag concept has been appllied to the three example a.:l_fplanes s
and the results are plotted in figures 1 o 3 in the form of dashed lines.

Noted on each figure is the natural freguency of the Dutch roll mode
of motion of the exasmple airplane, For the particular ailrplanes consi-
dered here, the difference in the parameters (side force and yawing
moment) as obtained by the two methods is small up to approximstely twice
the Dutch roll frequency. At higher frequencles, however, the flow angle
variation over the airplane has a grester effect, and the linearized-lag
theory is no longer valid. This effect might be important on ailrplanes
in which the Dutch roll frequency is higher In terms of fuselage lengths,
thet is, on airplanes of low density and high directional stability. It
may be seen that, for en alrplene of short tail length (airplene A,
fig. 1), both theories ere in fair agreement over the entire range of
frequencies shown. However, for alrplenes of longer teil lengths, the
theories agree only at the lower frequencles, Although the variation
with frequency of the side force is not generally as important as that
of the yawing moment, 1t 1s interesting to note that the side-force
lineerized theory predicts an increassing amplitude with frequency, whereas
the present profile theory agrees with physical reasoning thet the ampli-
tude should initislly decrease with frequency.

It is believed, then, that although the frequency veriation of these
parameters might differ somewhat with the choice of profile shape, the
trend obtalned by considering the 1lift distribution over the profile
glves results more nearly correct than & theory which doeg not conmsider
this aspect. In cases where it is desirable to extend the lateral forces
and moments to higher frequencies than the valld range of the linearized-
lag theory, the present theory offers a refinement. Since both theories
require only failrly simple calculations, the computetion time should not
be a factor for considerstion.
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CONCLUDING REMARKS

A simple profile of a fuselage-——vertical-fin combinatlon has been
used to derive s formula for the varlation with frequency of the side
force and yawlng moment of an airplane penetrating a gust, and numerical
exemples of the results ere presented.

In deriving the forces on any element along the length of a slender
body or flat plate penetrating a gust, it was shown that the force depends
only on body shape, rate of change of body shape, and the local flow
angle. However, when the same distribution of local flow angle i1s obtained
by bending of the body, the force on the body depends both on these same
functlons and on the rate of change of local flow angle along the length
of the body.

The present method of Including the penetration effect of the fuse-
lage and vertical tall in cslculating airplane slde force and yawlng
moment due to slde gusts 1s believed to he more accurate than the use

tion of the gust by the fuselage and vertical fin.

Langley Aeronautical Laboratory,
National Advisory Commlttee for Aeronautics,
Langley Field, Va., June 14, 1956.
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TABIE I
FLIGHT CONDITIONS AND PHYSICAL CHARACTERISTICS
OF EXAMPLE ATRPLANES

Airplene A Airplane B Airplsne C
Flight Conditions:

hy £t « ¢ v ¢« ¢ & e s s e o o s 30,000 4,000 35,000

U, ft/8€C o ¢« ¢« ¢« ¢ o o & . o e 696 318 700

Ugy radlens o+ o ¢ o . 0 0 4 e e 0.0586 0.0325 0.0823

p-'b oooooooooooo e o 50 1019 51.85

S S « o o 0.242 0177 0.443

Physicael characteristics:

b, ft « @& o & & o 8 ° & & e e 35.25 70 116

Sy BALE v s 6 o v o 0 0 o o o 250 540 1,428 .
Syty BA Lt ¢ o 6 ¢ 6 e 0 e a0 55 TL.35 230 —
Zt’ ft . s e & @ e @ L ] L L ] a . lll'ls 27-6 )+6.6

XO, ft ------- * e o s @ : 18 15-25 )'|'8u5 *
X9 BB 0 0 o o e e a0 e . 5.7 22.0 36.6

30, ft e o = e e . . . e & o o : 2-7 300 5-3 -
sl, ft [} - L] L] L] L ] L] L ] L ] L] 805 1006 18l5 -
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determined by profile and linearized theory.
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