NACA TN 3844

@ https://ntrs.nasa.gov/search.jsp?R=19930084623 2020-06-17T19:01:17+00:00Z

CASE FILE ''*= ™%

COPY
AT/C B/)7098
NATIONAL ADVISORY COMMITTEE
FOR AERONAUTICS
veB 16196

TECHNICAL NOTE 3844

THEORY OF SELF-EXCITED MECHANICAL OSCILLATIONS
OF HELICOPTER ROTORS WITH HINGED BLADES
By Robert P. Coleman and Arnold M. Feingold

Langley Aeronautical Laboratory
Langley Field, Va.

Washington
February 1957

WA SWET AT I ST D e g




NACA TN 3844

THEORY OF SELF-EXCITED MECHANICAL OSCILLATIONS

OF HELICOPTER ROTORS WITH HINGED BLADES

By Robert P. Coleman and Arnold M. Feingold



NACA TN 38Lk4 iii
FOREWORD

During the early part of World War II, some of the helicopters
designed for military use were observed during ground tests to exhibit
a violent oscillatory rotor instability which endangered the safety of
the aircraft. This instability was at first attributed to rotor-blade
flutter, but a careful analysis indicated it to be caused by a hitherto
unknown phenomenon in which the rotational energy of the rotor was con-
verted into oscillatory energy of the blades. This phenomenon was
usually critical when the helicopter was operating on or near the ground
and, hence, was called ground resonance. An oscillatory instability of
such magnitude as resulted from this phenomenon would generate forces
that could quickly destroy a helicopter. The research efforts of the
National Advisory Committee for Aeronautics were therefore enlisted to
investigate the difficulties introduced by this phenomenon. During the
interval between 1942 and 1947, a theory of the self-excited instability
of hinged rotor blades was worked out by Robert P. Coleman and Arnold M.
Feingold at the Langley Aeronautical Laboratory. This theory defined
the important parameters and provided design information which made it
possible to eliminate this type of instability. These results were
originally released by the NACA in three separate papers, as follows:

(1) NACA Advance Restricted Report 3G29, 1943 (Wartime
Report L-308) entitled "Theory of Self-Excited
Mechanical Oscillations of Hinged Rotor Blades,"
by Robert P. Coleman :

(2) NACA Advance Restricted Report 3I13, 1943 (Wartime
Report L-312) entitled "Theory of Mechanical
Oscillations of Rotors With Two Hinged Blades,"
by Arnold M. Feingold

(3) NACA Technical Note 1184, 1947, entitled "Theory of
Ground Vibrations of a Two-Blade Helicopter Rotor
on Anisotropic Flexible Supports,"” by Robert P. Coleman
and Arnold M. Feingold

These three reports present the fundamental reference material on the
subject of rotor mechanical instability but have been for some time out

of print. As a result of demands for this type of information, they are
being combined in the present volume and reissued with appropriate correc-
tions. The combined volume consists of three chapters representing the
three aforementioned papers in consecutive order.

Inasmuch as the authors of these papers are no longer with the NACA,
the task of checking these papers and incorporating such corrections as
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seemed proper was undertaken by George W. Brooks, Vibration and Flutter
Branch, Dynamic lLoads Division, of the Langley Aeronautical Laboratory.
Mr. Brooks also prepared an appendix to chapter III, which deals with

the general equations of motion for a two-blade rotor and includes the

effects of damping.

Arthur A. Regier
Head, Vibration and Flutter Branch,
Dynamic Loads Division,
Langley Aeronautical Laboratory
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THEORY OF SELF-EXCITED MECHANICAL OSCILLATIONS
OF HELICOPTER ROTORS WITH HINGED. BLADES
CHAPTER I
THEORY OF SELF-EXCITED MECHANICAL OSCILLATIONS
OF HINGED ROTOR BLADES

By Robert P. Coleman
SUMMARY

Vibrations of rotary-wing aircraft may derive their energy from the
rotation of the rctor rather than from the air forces. A theoretical
analysis of these vibrations is described and methods for its application
are explained herein.

The theory includes the effects of unequal stiffness of the pylon
for deflections in different directions and the effect of damping in the
hinges and in the pylon. Both the derivation of the characteristics equa
tion and the methods of application of the theory are given. In particu-
lar, the theory predicts the so-called "odd frequency" self-excited speed
range as well as the shaft critical speed. Charts are presented from -
which the shaft critical and the self-excited instabilities can be pre-
dicted for a great variety of cases. The influence of each physical
parameter upon the instabilities has been obtained. The comprehensive
treatment applies to a rotor that has any number of blades greater than
two. Only a brief discussion and the formula for shaft critical speed
are given for the one- or two-blade rotor. ‘

The use of complex variables in conjunction with Lagrange's equa-
tions has been found very convenient for the treatment of vibrations of
rotating systems.

INTRODUCTION

A rotary-wing aircraft that has hinged blades will, under certain
conditions, be subject to vibrations which derive their energy from the
rotation of the rotor instead of from the air forces. The term "ground
resonance" usually refers to vibrations of this type. Although such
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vibrations have apparently caused accidents in some rotary-wing aircraft
and have impaired the flying qualities of others, very little attention
has been given this problem in the literature. A theoretical analysis
has therefore been undertaken, and the purpose of the present paper is
to present the theory and to describe the application of the theory to
rotary-wing aircraft.

General vibration theory and its application to allied problems as
well as to the particular problem of rotor vibration are discussed in
references 1 to 4. A good general background for the present problem is
provided in the chapters on rotating machinery and on self-excited vibra-
tions in reference 1. References 2 and 3 treat in more abstract fashion
the topics of rotation and damping. A discussion of the variety of modes
of vibration that exist in rotors and a number of frequency formulas
obtained by considering separately each degree of freedom are given in
reference 4. This discussion does not, however, lead to a prediction of
self-excited modes of vibration.

Experience has shown that two types of mechanical vibration may
occur in rotors. The vibration frequency of the pylon 1s equal to the
rotational speed in one type and is unequal in the other. The first
type 1s sometimes called the even-frequency vibration or the one-to-one
frequency, and the second type, the odd frequency. The one-to-one fre-
quency vibration resembles the phenomenon occurring at a critical speed
of the shaft of rotating machinery and will consequently be referred to
in this paper as a shaft critical vibration. The odd-frequency vibra-
tion is properly called a self-excited vibration.

A derivation of the characteristic equation for the whirling speeds
of a three-blade rotor has been given by Wagner of the Kellett Autogiro
Corporation. By considering only the case of a pylon having equal stiff-
ness in all directions of deflection, Wagner has shortened the analysis
by considering directly the equilibrium of forces and moments under con-
ditions of steady circular whirling. Some examples of the dependence of
whirling speed upon rotational speed are given, and the formila for the
shaft critical speed is obtained. :

In the present paper, the theory also includes the effects of damping
in the hinges and in the hub and the effects of different stlffnesses of
pylon deflection in different directions. The method of analysis, partic-
ularly the use of complex variables in the equations of motion, is explained
in some detail and all the previous results are shown to be a special case
of the more general problem treated here.
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SYMBOLS
)
a radial position of vertical hinge
A1l )
Al
Mgy = Mgy

Ajo = A5 elements of the characteristic determinant (see eq. (31))

A1 = Ap;p
Ao
Agp )
b distance from vertical hinge to center of mass of blade
B damping force per unit velocity of pylon displacement
(3e - 25
2
By -By
ABr = —
Bt coefficient defined in equation (35)
BRr . coefficient defined in equation (3k4)

¢, C3, «.. Cy arbitrary constants

CT coefficient defined in equation (35)
CR coefficient defined in equation (34)
D time-derivative operator, d/dt

F dissipation function
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, 2
I monent of inertia of blade about hinge, mbb2 (l + £-§>
b

I, --- I5 coefficients defined in expressions (37)

i, k indices and subscripts used with hinge coordinates (eq. (14))
+ .
K spring constant (Kf = KX_Q_K..Z)
Kx - K
=X 7
OKe 5
oy + Iy
m ' effective mass of pylon \mp = —
Iy, blade mass
Inx -
pmp - ETY
2
M total effective mass of blades and pylon, mp + nm,
M mass added at hub for vibration test
n total number of blades
T radius of gyration of blade about its center of mass

Ry, ... R coefficients defined in expressions (37)

s stiffness ratio, Xy/Ky

t | time

T kinetic energy

Ty kinetic energy of rotation of blade about its center of mass
Ty kinetic energy of translational motion of kth blade

Tg kinetic energy of pylon

\'4 potential energy
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Bos» B1s

Co: Cl;

80, 01,

g
[
|,

displacements

values of x and y when t =0

complex displacement, x + iy
complex conjugate of z, x - iy

angle between blades, 2x/n

... P angular displacements of blades

value of By when t =0

oo gk variables representing hinge deflections when equations

are expressed in fixed coordinate system

. 8 variables representing hinge deflections when equations
are expressed in rotating coordinate system

Mywp

< Bx in application%)

( By in application;)
My

B B
?\B = TB- <—L in applications)

A = oE
-
DA = £§£
A =
bl

Tooy
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v
AZ = ———
) 2
21 + =
b
] mass ratio, T __
me + nmy,
V1, Vo expressions defined in equation (3)
W angular velocity of rotor (the dimensionless ratio w/mr is
called o 1in applications)
Wy angular whirling velocity measured in rotating coordinate
system (used in nondimensional form in applications)
we angular whirling velocity measured in fixed coordinate system
(used in nondimensional form in applications)
®p reference frequency, VKk/Mx

Subscripts:

f fixed coordinate system

a rotating coordinate system

B hinge deflection

X, ¥ component directions in fixed coordinate system

APPROACH TO THE VIBRATION PROBLEM
Stability and Instability

If a vibrator were attached to a rotorcraft, several modes of vibra-
tion could be excited at any rotor speed. Only the modes that are likely
to be excited during operation of the aircraft, however, are important.

In the present discussion, it is convenient to classify the modes
of vibration according to the circumstances required for their excita-
tion. The different types of vibration are identified analytically by
the nature of the roots of the characteristic equation. A hinged rotor
may encounter three types of vibration which, for convenience, are herein



NACA TN 38l ' .

designated ordinary, self excited, and shaft critical. At zero or slow
rotational speeds, an external force 1s required to excite vibration.
The friction always present in such systems causes the vibration to be
damped out when the force is removed. Modes of vibration requiring an
external applied force to maintain them will be called ordinary vibra-
tions. The mathematically idealized case of zero damping will also be
considered an ordinary vibration when it is understood to be an approxi-
mation to a system actually damped. Self-excited modes of vibration are
those with negative damping and are recognized analytically by the fact
that a root of the characteristic equation is a complex number which has
a negative imaginary part. A slight disturbance will tend to increase
with time instead of damping out.

When a rotating system is not perfectly balanced, the centrifugal
force of the unbalanced mass may excite vibrations that have peak ampli-~
tudes at certain rotational speeds. Vibration excited by unbalance and
in resonance with the rotation will be called shaft critical vibration.
This type occurs at the rotational speed at which the spring stiffness
- of the pylon is neutralized by the centrifugal force. 1In the analysis,
the shaft critical vibration is recognized in rotating coordinates as a
zero frequency and in fixed coordinates as a frequency equal to the
rotational speed. The critical speeds of a rotating shaft are a common
example of this class.

The purpose of a theory of rotor vibration is mainly to predict. the
occurrence of and, if possible, to show how to avoid self-excited and
shaft critical vibrations.

Choice of Degrees of Freedom

Of the large number of degrees of freedom of a hinged rotor, the
important ones for the present problem have been found to be hinge deflec-
tion of the blades in the plane of rotation and horizontal deflections of
the pylon. Other degrees of freedom, such as the flapping hinge motion
of the blades, the bending or torsion of the blades, and the torsion of
the drive shaft, are considered unimportant in the problem of self-excited
oscillations. Some motions, such as landing-gear deflection, that pro-
duce lateral deflection at the top of the pylon may, however, be important.

Physical Parameters

The theoretical results given later provide a means of predicting
the natural frequencies and, in particular, the critical speeds and
unstable speed ranges in terms of certain physical parameters, such as
mass, stiffness, and length. The successful application of the theory
depends upon the determination of the proper values of these physical
parameters for the aircraft or model being studied.
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The important parameters to be determined are:

a radial position of vertical hinge
b distance from vertical hinge to center of mass of blade
my, mass of blade (Flexibility of the blade structure may have to

be taken into account by the use of an effective value of
m, different from the actual blede mass. The effective

blade mass can be taken as the value required to make the
theory predict the correct pylon natural frequency when the
rotor has a zero or very slow rotational speed.)

I moment of inertia of blade about hinge, mbbe(l + b%)

Kp ‘ spring constant of self-centering springs, which can be deter-
mined by a force test or from the hinge frequency with the
hub rigidly supported

My, My effective mass of pylon for deflections in x- and y-directions
Ky, K effective stiffness of pylon
2.2

The effective mass of the pylon is the value of a concentrated mass
that would have the same kinetic energy expressed in terms of the deflec-
tions at the hub as the actual pylon and hub if it were placed at the
rotor hub in the plane of rotation. The effective stiffness of the pylon
is the stiffness of a spring that, if placed at the hub in the plane of
rotation, would have the same potential energy in terms of deflections
at the hub as the actual pylon. Equlvalent definitions are that, if a
simple spring and mass were imagined to be substituted at the hub in the
plane of rotation for the pylon and hub,.the natural frequency and the
change of natural frequency with added mass would be the same as for the
actual pylon. :

An experimental method of measuring the effective mass my and
stiffness Ky of the pylon is to replace the rotor by an approximately
equal, rigid, concentrated mass AM at the hub and to measure the nat-
ural frequency for two or more values of this added mass. The quantities
are then related by the equation '

Kx

a)x=mX+AM
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or

&lgf é(mx + M)

If measured values of l/hke are plotted against added mass AM and

a straight line is drawn through the points, the intercept and the slope
of the line will determine the effective values of Ky and my.

For the parameters a and b, the actual geometric lengths should be
used unless the flexibility of the hinge offset arm a 1s comparable in
magnitude with the hinge spring stiffness. 1In this case, it is recom-
mended that an effective value of a be guessed and that b be deter-
mined by subtraction from the correct geometric value of a + b.

The damping parameters may be defined by the form of a dissipation
function F. The function

n-1
2F = Byke? + Byye® + > BpBy”
k=0

is equal to the rate of dissipation of energy by damping. The param-
eters By and BY thus measure the damping force per unit velocity

referred to linear displacements of the top of the pylon and Bg 1is

the damping torque per unit angular velocity at a blade hinge. If the
damping force per unit velocity is not a constant, effective values
should be used that will represent the same dissipation of energy per
cycle as actually occurs with a reasonable amplitude,of vibration. The
amplitude of free vibration in a single degree of freedom is given in
terms of By, By, and BB by

Bx
- ==t
Xf = Xg€ oM
By
- =t
2M
Yf = yoe
Bg
21
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The damping parameters are probably the most difficult ones to
measure accurately. In practice, it is advisable to make calculations
for a given case, first on the basis of no damping and then with the
use of the estimated values of the damping parameters.

MATHEMATICAL DEVELOPMENTS

Method of Analysis

The derivation of the characteristic equation that is used as the
basis for predicting the unstable oscillations of a rotor is presented
in this section of the paper. Readers interested solely in applications
can omit this section and proceed immediately to the section entitled
"Method of Applying Theory." :

The method of analysis treats the equations of motion for small
displacements from the equilibrium condition with steady rotation. A
proper choice of coordinates leads to equations with constant coeffi-
cients. The solutions are exponential or trigonometric functions.

The mathematical manipulations involved in treating the motions of
a mass in a plane of rotation are facilitated by the use of a complex
variable. The typical disturbed motion obtained by solving the equa-
tions of motion is an elliptic whirling motion, which is represented in
terms of a complex variable 2z = x + iy. At any instant, 2z represents
the displacement of the pylon from its equilibrium position. An expres-
sion such as '

zZ = Celd)ft

represents whirling of the pylon in a circle of radius c¢ with angular
velocity wp. The sign of wp determines the sense of the rotation.

Two rotations in opposite sense with the same radius are equivalent to
a vibratory motion in a straight line and are given as follows:

z = c(eiwft + e-lwft)
= 2c cos wrt
Two opposite rotations of different radii- are equivalent to whirling in

an ellipse. A complex value of wp represents whirling in a spiral,

which may be either a damped or a self-excited motion depending upon
the sign of the imaginary part. A self-excited motion exists when the
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imaginary part of wr 1is negative, and the magnitude of 2z increases
with time. )

The displacements may be referred to a fixed or to a rotating coor- -
dinate system. If =zy and 25 are the displacements with respect to
a flxed and to a rotating reference system, respectively,

2p = zgelot
Za = cei%t
then
Zf = cei((l)a‘"‘(l))t

A whirling speed uay with respect to the rotating coordinates thus corre-
sponds to a whirling speed wp = wg + o with respect to the fixed coor-
dinates. A shaft critical vibration corresponds to w, = O in the
rotating coordinate system or to wy = w 1n the fixed coordinate system.

Example of Rotor With Locked Hinges

An example that involves a partial use of complex variables is given
on page 253 of reference 2. The problem given there of a mass particle
moving on the inner surface of a rotating spherical bowl is mathematically
equivalent to the disturbed motion of a flywheel and shaft or of a rotor
with locked hinges. The equations of motion obtained in real form in
rotating coordinates

BaXa
Xg = 20yg - w?xa = - =5 % Xg
(1)
. Baya X
;Ya+2(1))(8‘—0.)23[8“=--___Ma_M a

are combined in the single equation

g + (21(1) + %)éa + <§ - uﬁ)za =0 (2)
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where

Zg = Xg + 1y,

is the complex position vector in the rotating coordinate system. The
complete solution, if small damping is assumed, is

zaeiwt _ Cle—vl‘t+ia>r‘t + Cee-VQt-i%t (3)
where -
1 By w
vy = § -M-<l - @)
_ 1 Bg w
V2 = § W(l + z—>

The path of the motion is represented by rotations of a complex vector
in a plane.

The use of a complex varilable has thus cut in half the number of
equations to be handled and has yielded a solution from which the geo-
metric path of the motion may easily be reconstructed. The advantage of
the z-notation is not fully realized, however, unless it is used from
the very beginning of the problem. The close similarity of this problem
to the rotor-vibration problem makes it worthwhile to show the full appli-
cation of the z-notation to the preceding example. The complex variable
z5, at any instant determines the position of the mass particle relative
to the rotating coordinate system. If the position in a fixed coordinate
system is denoted by ' zg,

zp = zpel®t (1)

and 2z, can be treated as a generalized coordinate in the Lagrangian
equations of motion. The kinetic~ and potential-energy expressions can
be immediately written as

1 e
T = = Mzp2Z
> fef
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A dissipation function for damping that depends upon motion relative to
the rotating system can be written

The equations of motion are now bbtained by considering 2z and Ea as
generalized coordinates in the Lagrangian equations. Substitution in the
equation

4for \ _oT , OF L oV _ g
at\sz, AZg 3z, OZg

thus yields the equation previously given

. . Ba\ . K
Zg + <21c0+ Ya>za + (ﬁ - (D2>za =0

The same method can be used to obtain the equations of motion in
the fixed coordinate system. In this case,

l . =
T = = Mzp2
5 rzf
1 -
V = 5 Kzfzf (5)

F = % Ba(if - iwzf)(if + iwif)

/

The equation of motion in terms of zy becomes

B

o + &
Y]

@f - iwzf> + % zp = O . (6)
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and the solution for small values of damping is

SBaf @ Vi K/Mt _Baf 0 N\ K/Mt
R N O

+ Coe

ze = Cle (7)

This solution shows that the motion consists of two circular vibrations

in opposite directions and, moreover, that for > JK/M the first term
represents unstable motion; that is, the vibration has negative damping.

This example illustrates a shaft critical speed for w = VK/M~ and

a self-excited instability for w > V A discussion of the physical
picture of this instability due to damplng is given on page 293 of
reference 1.

The effect of damping in a nonrotating part of the system can be'
included in the analysis merely by adding to the previous dissipation
function the term

1 . 2
5 Br2eir
The equation of motion then becomes
Még + Beip + By (B - lazg) + Kzg = O (8)

The solution for small values of damping becomes

YW |_Be_Bs
_%_%<-M>+1K/Mt - - 2M<1+m> K/M |t (

Zf = Cle + C2e 9)

The motion is now unstable above the speed
w ((1 + 3\ (10)
M Bg

Hinged Rotor

Tnclusion of the effect of hinge motion in the plane of rotation
increases the number of degrees of freedom and the number of equations
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of motion. For example, three hinged blades and two directions of pylon
deflection give five degrees of freedom to be considered. If special
linear combinations of the hinge deflections By are used as generalized
coordinates, no more than four degrees of freedom need be considered

simultaneously. The use of complex variables reduces these four equa-
tions to two equations.

Appropriate variables in the rotating system for a three-blade
rotor are

»

1

8 = (BO + B + Bz)

w|g.

v

. 2ni byd
81 = %; Bg + Bye 5 4 Boe >

o4 Yyd 8ni
Bo = ?% Bo + B1€ E Boe 3

/

(11)

These variables and their complex conjugates satisfy~the relations

D
—
]

_92

Bo = -0

and also
8980 + 0181 + 6085 = -6,° + 2078)

The variables Py, by virtue of their meaning, are referred to a rotating
coordinate system. The special linear combinations of the Bk denoted
by 0Oy are also referred to a rotating coordinate system. The appro-

priate variables to represent the hinge deflections when fixed coordi-
nates are used are defined by

£, = Oxel®t A (12)

and Ek is the complex conjugate of (.
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Geometrically, ©7 or ¢{; is the complex vector representing the

displacement due to hinge deflection of the center of mass of all the
blades, just as 2z represents the position of the shaft due to pylon
deflection. It will be shown later that, in the equations of motion,
87 is coupled with 2z and 6y is an independent principal coordinate.

Equations (11) when solved for B;, B, and Bp become

60 + el + 92 = biBo
90 + ele'i“ + egeia' = biBl

0y + 01el® + 6pe~10 = bip,

0

Then, in a mode involving 03,

sin aht

.
O
il

= sin(wgt - a) (13)

™
—
|

= sin(wgt + a)

™
n
I

Equations (13) show that, in the 67-mode, the blades are undergoing

sinusoidal vibrations 120° out of phase with one another in a manner
analogous to three-phase electrical currents.
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General formulas for any number of blades are

1

bi Zn'l 1ok
ej = ? > Bke

ej = —en_j \ ‘ (lh)

D

]

D
(@]

'...l

n-l 2 Ne-

2 Ok = &

k=0 n %=

Br”

o

Derivation of Equations of Motion

The equations of motion and the characteristic equation of whirling
speeds are herein derived for the general case of three or more equal
blades on a pylon that may have different stiffness properties in dif-
ferent directions of deflection. The effects of damping in the blade
hinges and in the pylon are included. The equations are first formulated
in a nonrotating reference system. The required modifications are then
given for the case of isotropic support stiffness. The corresponding
equations referred to the rotating coordinates are then obtained.

Let the position of the center of mass of the kth blade be repre-
sented by the complex quantity 2k in the plane of rotation. (See

fig. 1.) Let the bending deflection of the pylon be represented by zf
in a nonrotating coordinate system and let Py be the hinge deflection
of the kth blade. Then ’ .

Zy = Zp + (a + bein)ei<ak+wt) : (15)

The complex velocity is

Zx = Zp +3[%iékeiﬁk + iw(a + vetP i\e?(ak*ﬂm) (16)
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Because only small displacements are being considered, the exponential
factors containing Bk can be expanded and only the terms that lead to

quadratic terms for the kinetic-energy expression need be considered.

Some terms can be ignored either because they cancel after summation
for all the blades or because the corresponding derivative expressions in
the Lagrangian equations vanish. The substitution

2
ein=l+in—%—

leads to the following expression for the kinetic energy of translational
motion of the kth blade: '

T - 3 i (17)
where
byly = bpip + Zgbi (B + 10y) ol (aktatt) |
éf(-bi)(ék - ink)e'i(“k*“m) + bzék2 - «Pabp?
The kinetic energy of rotation about the center of mass of the blade is
Tp = 5 mrifP | (18)

The effective mass of the pylon may be different in the xg- and in the
ye-directions. Allowance for this possibility is made by writing the
“kinetic energy of the pylon as

. . 2
Ts = %(mxxfe + Myye )

502 1 2.2
. 2 Z + 2z
= % meZeZe + Amf<}§;—zr—é;> . (19)
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where

My + My -
mfz_—_z_& Arnf=_-—2ﬂ

The total kinetic energy is the sum of the expressions for the separate
kinetic energies.

The pylon spring constant may differ in the xf- and in the
yr-directions and, consequently, the potential energy can be expressed
as

Zf2 + Zf2
V = LiKezpZe + MKp —— + Z KBBk (20)
2 2 k=0

The effect of damping will be expressed with the aid of a dissipa-
tion function. If damping exists in the pylon, in the rotating shaft,
and in the hinges, this function becomes

2 2 n-1
z + Z
szfzf + By L2 4 B2az, + § By (21)

2

The sum of the various energy expressions for all the blades,
expressed in terms of the variables =zy and Qk in the nonrotating
coordinates, becomes ' .

éfe + éfg - - . 2
——— (mf + nnm>2fzf + nmy zf§1 + 281 +

> (22)

<
"
roj -
/E"-\
h
N
Hh
N
+
Nt
o
+
)
Hh
NI
H
+
e
b
e
=
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The Lagrangian equations of motion are

d/oT\ _OT , OF , oV

dt\oze dZf OZp  OZp

43T\ _oT [ OF . oV 0
at agl agl aE agl

1]
(@]

) (23)

+
I

and similar expressions for the other variables. The equations of motion
in fixed coordinates then become

(n + nmp)Zg + Bze + Ba(éf - iwzf) + Kzp + Amgf + ABéf + ]
MKZe + nmpty = 0
nm e + 2nm, <1 + r—><§l - 2iaf; - w2§l> + —Eé(él - 1u>§1) +
' K
2 a B
P2 +—2 ot | =0
bl el T L (2h)
2\ /e B
nmy, (1 + r—2><§k - 2dafy - w2§k> + (Ck - ika) +
mbb
" K
2 a B
+o— =0

7

where €y refers to the {-variables other than {; and gn_l. The com-

plex conjugates of these equations are also obtained but give no additional
information. Each complex equation is, of course, equivalent to two real
equations. Tt is notliced that the first two equations contain only the
variables zg, Zg, and §l and that the third equation represents n - 2

equations, each containing one independént principal coordinate Ck' The

physical meaning of this partial separation of variables is that a blade
motion represented by €7 involves a motion of the common center of mass

of the blades and, thus, a coupling effect with the pylon. Blade motions
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in which the common center of mass does not move are represented by
Cos <. gn. For three blades, the only such mode is the one corre-

sponding to CO' In this mode, all the blades move in phase; the motion
is always damped and does not lead to instability.

The equations of motion of a one- or two-blade rotor are somewhat
different from equations (24). The difference is connected with the
circumstance that a rotor of three or more equal blades has no preferred
direction in its plane; whereas, a one- or two-blade rotor has different
dynamic properties in directions along and normal to the blades. Only a
brief statement and the final equation for shaft critical speed will be
given for the one- or two-blade rotor.

The equations of motion involving zf and §l can be written more
compactly by use of the notation

2
D=2 p2 = &%
and the substitutions
B B
-—f‘-z)\f B =?\B
M 2 r
myb~ (1 + —
: 2
By a
—_—= = A
o e 2 1
bll + —
b
‘ K
8¢ _ g SN
M 5 r2
mybe |l + —
B2
foluls)
13
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Then

' A
K
E2+)\fD+)\a(D-iw)+-M—fj|zf+<-A-m%D2+A)\fD+_‘iKM§)if+

uD2ty = 0

1
2
2(1 + 5l->
o2

(1)2A1+A2§l=0

Dezf + ED - iu))? + )\B(D - iw) +

or, briefly,

Apy (D)zg + M1 (D)Eg + Agp(D)ly

]
o

It
(@]

Apy (D)zg + Apo(D)8;

The Characteristic Equation

NACA TN 384k

, (25)

(26)

The general form of solution of equations (26) is an elliptic

whirling motion that can be represented by

- )
Zp = Cleid)ft + Cge-iwft
Zg = C R L N |
. t - -
cl = Caeld)f + Cle iort

(27)

Sbecial cases of this motion include whirling in a circle (Cg =Cy = O)

~and linear vibration (Cl = Cpy, Cz = Ch)' Substitution of
in equation (26) gives

equations (27)
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[All (iwf)Cl + My (iwf)Ez + A1p (i‘1>f)<33:leiwft + |}ll (-15>f)02 J

21y (1) By + Aqp (-1d) qge'ﬂ’ft =0 L
(28)

E\el (10g)Cy + Agp(iwr) cil loft E\Ql (-1@¢)co +

Apo (-i&f)cgle‘i@ft =0

/

In order for equations (27) to be a solution of equations (26), equa-
tions (28) must be satisfied for each value of t. The coefficient of

each time factor eiwft or e-lwft must therefore separately vanish.
Because each bracketed expression represents a complex quantity that
vanishes, its complex conjugate also must vanish. The condition for a
solution can therefore be expressed by the vanishing of the first
bracketed terms and the complex conjugates of the second bracketed
terms. Hence,

Apy (1) Cy - § My (10g)Co + Ay (ter)Cs =0 |
A1 (1) Cy + App (iwp)C3 =0
_ - _ _ _ » (29)
© oA (1op) €1 + App (i) Cp 4+ K1p(i0r) Ty = O
Koy (iwr)Co + Epp(1we)Ty, = 0

where Kll(iwf) is the complex conjugate of All(-i&f) and is obtained
from All(iwf) by changing iw to -iw without changing iwp. The
.characteristic equation giving the rotational speeds is the determinant

of the coefficients of C,, Eé, C3, and Eﬁ equated to zero. With the
second and third columns interchanged for symmetry, the determinant becomes

A1; Arp My -0
Asp Anp 0 0]

B _ =0 (30)
AA]_]_ 0] All A12

0 0 Ay Ano
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The expanded form of this determinant is

(d1hon - Ayohoy)(RyiFop - Kihn) - hyy Mpihpdfip = 0 (31)

where

no
+

iwphe + i)\a(cuf - w)’+ EME

[::D
£

- . K
Ayq = 4gf2 + lwphe + 1Ka(wf + “9 + 3%

= £
My = 11-'T“>f2+iwfﬁ9\f+"pr'
Aohpy = Byphp) = ——— wp = Azngt
21+r—>
o2

A22 = -((L)f - (1))2 + i)\B((Df - U)) + (.l)2Al + A2
Ko = -(cnf + w)2 + i?\B(wf + a)) + a>2Al + Ao

The roots wp of this equation are the characteristic whirling speeds
of the rotor.

For the case of isotropic supports,
M1 =0

and the equations of motion are satisfied by equations (27) with
Cor =Cy = 0.

The characteristic equation is then simply

A11App - Ajphpy = 0 (32)
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In a rotating coordinate system, the complex coordinates are 12z and
81, where

Zp = zaeiwt
¢y = eleiwt
_Then
Dz = (Dza + fl.a)za)ei‘*’t
Dgy = (D6y + 1wey)elet

If the whirling speed in rotating coordinates 1s represented by wg,

Zg

91 = Cgeia)at

The characteristic equation is then obtained by substituting wy + w
for we:

Ar1 (we + w)Agg (a)a + ) - Alg(% + w)Ap1 (wa + w) =0 (33)

The characteristic equation can thus be stated in terms of a whirling
speed in either the fixed or the rotating coordinate system.

METHOD OF APPLYING THEORY

Application Neglecting Damping

In plotting curves for use in applications of the theory, it is con-

venient to consider one of the pylon bending frequencies wp = K'X/Mx as

a reference frequency and to refer all other frequencies as well as the
rotational speed w to the reference frequency as unit. The number of
independent parameters is thus reduced by 1. All quantities in equa-
tions (31) to (33) are then expressed nondimensionally.
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The natural whirling speeds and the three types of vibration - ordi-
nary, self excited, and shaft critical - can now be predicted from a study
of the roots of equation (31) in which wp 1s considered a function of w

for fixed values of the other parameters.

The case of no damping will be considered first. Because equa—
tion (31) with damping terms omitted is of the fourth degree in wf

and of only the second degree in wz, it may be solved conveniently by
first choosing values of wy and then solving the equation for WP
Similar indirect methods can be used with equations (32) and (33).
Special methods to be used when damping is included will be discussed
later.

The meaning of equations (31) to (33) will be illustrated by exam-
ples. The real part of wp will be plotted against w for selected

values of the parameters Ay, Ao, A5, and s. The simplest case is

that in which the mass of the blades is so small that any force on the
pylon due to blade motions is negligible. The pylon motions are then
independent of the blade motions. This case is obtained by putting
Az = 0. The characteristic equation (31), (32), or (33) then factors

into expressions yielding straight lines and hyperbolas.

An example of a rotor with particular values of the parameters is
plotted as long-dash lines in figure 2. The horizontal straight lines
correspond to pylon bending and the slanting hyperbolas correspond to
hinge deflection. Each curve represents the trend of one of the real
roots wr. As A5 increases slightly from zero, the greatest changes
in the curves occur in the vicinity of the intersections of the straight
lines with the hyperbolas. Here each branch breaks away from the inter-
section and rejoins the other branch. At a gap, such as C in figure 2,
the number of real roots of the frequency equation is reduced by 2. The
missing roots are complex conjugate numbers, and one of them must have a
negative imaginary part, which implies a self-excited vibration.

Consider the interpretation of figure 2 as ® 1is gradually increased
from zero. At zero rotational speed, the values of wg are the natural
frequencies that could be excited as ordinary vibration by applied vibra-~
ting force. Positive and negative.values occur in pairs of equal magni-
tude and correspond to linear vibration modes represented in complex nota-
tion as

zp = c(em)ft + e_iwft)
As o increases from zero, the positive and negative values of wrf

no longer are equal in magnitude. The normal modes are therefore whirling
motions with angular velocities equal to the plotted values of wf.
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\

The shaft critical speed is the rotational speed at which wr = w
and hence is given by the point A where a 45° line through the origin
intersects the wp-curve. This speed corresponds to the peak for vibra-
tions excited by unbalance in the rotating system. As w increases
above the shaft critical speed, the modes of whirling are stable until,
for the case of no damping, the value of wp becomes complex at the
value of  at which a vertical line is tangent to the plotted curve.
This point B is the beginning of the self-excited range. At the point D,
the motion again becomes stable. The real part of wr 1is plotted ir the

region C as a short-dash line. The complex roots in the region C have
been calculated and plotted in figure 3.

The point E, at which wp = O, is of some interest. At this speed,
a vibration of the blades could be excited by a steady force (wf = 0,
Wy = -w), such as the force of gravity if the plane of the rotor is not
horizontal.

Because the most important information to be obtained from the fre-
guency equation is the critical value of w for the shaft critical and
self-excited vibrations, a set of charts that gives this information for
a large variety of values of the physical parameters has been prepared.
These charts are given in figures k to 6, which correspond to values of
stiffness ratio Ky/Kk(: s of 1, », and O, respectively. The use of the

charts is illustrated by a numerical example. Suppose the values of the
parameters for a certain rotor are Al = 0.07, Ap = 0.22, Az = 0.1,

s = 1, and p = 155 cycles per minute. A straight line, such as AB in.
figure 4, is first drawn to represent the function @PA + Ap. This line
intersects contours Az = 0.1 at of = 0.77 for the shaft critical point

and @® = 1.6 and 4.85 for the beginning and for the end of the self-
excited range, respectively. With a reference frequency of 155 cycles
per minute, these values correspond to actual rotational speeds of 156,
196, and 342 rpm.

A1l possible values of Ay, Ap, and A3 are thus covered by suit-

ably changing the straight line AB. The general effect of the stiffness
ratio s is not large; any case can therefore be estimated with a fair
degree of accuracy by use of figures 4 to 6.

Possibility of Avoiding Occurrence of Vibration

Figures 4 to 6 can also be used for the inverse problem of finding
the values of the parameters that are required to obtain given values of
critical rotational speed. These figures show that to eliminate entirely
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the self-excited instability requires that A be equal to or greater

than 1. The shaft critical instability can be entirely eliminated only
with a value of A; in a small range near 4 and with s = or s = O.

These values of Ay differ radically from pfesent designs in which a
typical value is 0.07.

The satisfactory requirement of keeping the instabilities outside
the operating range of rotational speed is found by first picking a
reasonable value of the pylon frequency VKX/MX to fix the scale unit
for ® and by then observing the combinations of Ay} and Ap that
can be used to avoid the critical Az-contours.

Effect of Damping

The effect of damping has been included in equation (31) through
the parameters Ap, OAp, MNg, 2nd kBu A method of computation similar

to that used in flutter theory appears preferable to attempting to solve
the egquation directly for wr. The beginning and the end of an unstable
range can be found by the following method: At a limit point between a
stable and an unstable speed range, the value of wg 1is real. Equa-
tion (31) is first separated into real and imaginary parts with ws con-

sidered real. Each part is considered a functional relation between wr

and o and is plotted for a given set of values of the parameters. The
intersections of the real and the imaginary equations give the rotor
speeds and frequencies corresponding to the beginning and the end of the
unstable ranges. In the computations, it is preferable to choose values
of wf and to solve the equations for the corresponding values of w.

The explicit form for computation in the simplest case of isotropic
supports, with damping in the pylon and in the hinges but not in the
rotating shaft ()a = O), is obtained from equation (32) rearranged as

follows:

For the real eguation

@2 - 2Bgw + CR = O (34)
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where
AeA
BR:lu)f 1+ fBK
- N 2 2+_£)
(“’f M
and
s = - o2 [, Mo Azwr2 + Aehg
l-M “TE -wfe + Ei
M
For‘the imaginary equation
wf - 2Byw + C1 = O (35)
where
1-1n 2Arwp
and

1 (™ K
C1 = - = (-wp2 + —i> + 2 4+ A
e ) (o )

The real and imaginary equations for the most general case of equa-
tion (31) can be written, respectively, as follows:

%az(l - Al)eué + [%l(l - A.l)2 + %aQR%]wh + (R1R3 - I)Iz + XagRg - R5)w2 +
"RRp - ;T2 - Ry + Az%0e8 = 0 (36)
[11(1 - A1)2 + ?‘aZIBJ wt +_(R115 + RsI] + A2Ip - I5>u)2 +

RyIp + RpIy - Iy = O | (37)
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where

e S o ) e

Ml 2 K Yy ) My (we? + & My
Ro = (-(nf2‘+ A2)2 - (1)f27\£32
I, = 2(-wf2 + Ag)a)f)\B

Ry = -2 (1 - Al) (-a>f2 + A2) - bawop? + Ng2

Iz = -2(1 - Al)“f)‘ﬁ + llzafo)\B '

Ry = 2wg*As [(-wfz + %:) (wp2 + n2) - xP(ne + M)Xq
I, = awf4A5‘§4nf2 + %?)aTXB + wf(hf + )%)(-ayz + [@%}

R = 2a>f“A5 L- (1 - Al) (—wf2 + %—) - Nalg

e ;- (2 - m)ae(re + %) - éxam%'

’

Examples of calculated cases with damping are shown in figures T
to 9. The presence of small amounts of damping in both the pylon and
the hinge degrees of freedom does not greatly change the predictions
that would be made from the equations with no damping. The plot of the
real equation ie practically the same as the plot obtained when damping
is neglected. The intersections of the curves of the imaginary and the
real equations with any reasonable value of %f/%B are near the points

that would be considered the limits of the unstable range if damping
were neglected. Increasing the amount of damping decreases the gap

I5=2wf
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between the limits of stability until the unstable range is finally

eliminated. An approximate solution for the amount of damping required
to eliminate the self-excited instability is obtained by requiring that
the damping be at least large enough to make the curve of the real equa-
tion pass through the point where wp =1 and ® 1s the value given by

the equation

l=m—\’a)2Al+A2

The values required in the case of s = «» have been computed and plotted
in figure 10. The elimination of self-excited vibration by damping thus
looks promising and merits further study with reference to specific
application. '

LIMITATIONS AND FURTHER DEVELOPMENTS OF THE THEORY

Polar Symmétry

An important idea in the rotor vibration theory is the concept of
polar symmetry. This concept implies the absence of a preferred direc-
tion in the plane of the rotor. A rotor of three or more equal blades
has polar symmetry. A rotor of two blades or one with unequal centering
springs does not have polar symmetry. A pylon for which Ky = Ky,

By = By, and my = my, has polar symmetry. The possibility of solving
the rotor vibration problem in terms of exponential or trigonometric
functions depends upon the existence of polar symmetry in the rotating
parts or in the nonrotating parts or in both. The general case of no
polar symmetry would lead to Mathieu functions or something similar.

Two Blades

A brief comparison between the two-blade and the general case is
presented herein. Polar symmetry of the pylon is assumed. The shaft
critical speed is obtained by substituting wg = O in the character-
istic equation as expressed in a rotating coordinate system. For one
or two blades, the equation obtained is

<_(02+K_f>, 2+_Kl-uwh(-w?+K—f>=o (38)
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The first bracketed factor gives the beginning of a self-excited range
and the second factor gives the end of the range.

Equation (38) can be compared with the following equation for the
shaft critical -speed of a rotor with three or more equal blades ‘and
polar symmetry:

(_(Dg+i§f_>a,2%+%>_%w”=o < (39)

A useful chart based on equation (39) is given in figure 11; some experi-
mental results of tests of a simple model are given in figure 12. These
tests demonstrate the essential difference between the two-blade and the
general case.

Langley Aeronautical Laboratory,
National Advisory Committee for Aeronautics,
Langley Field, Va., August 2k, 1956.
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Figure 1l.- Simplified mechanical system representing rotor.
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CHAPTER IT

THEORY OF MECHANICAL OSCILLATIONS OF ROTORS

WITH TWO HINGED BLADES

By Arnold M. Feingold
SUMMARY

The mechanical stability of a rotor having two vertically hinged
blades mounted upon symmetrical supports, that is, of equal stiffness
and mass in all horizontal directions, is investigated ard reported
herein. The frequency equation is derived and shows the existence, in
general, of two ranges of rotational speeds at which instability occurs.
The lower region of instability is bounded by two shaft critical speeds.
At rotor speeds within this region, self-excited divergence of the rotor
takes place analogous to the instability exhibited by a rotating shaft
that is elliptical in cross section. Within the second instability
range, the rotor system undergoes self-excited oscillations. Charts are
presented giving the boundary points of both instability regions for a
large variety of values of the physical parameters. The effect of
damping is also .included in the analysis.

INTRODUCTION

In reference 1, Coleman gives an analytical study of the mechani-
cal stability of a rotor having three or more vertically hinged blades,
mounted on flexible supports. It was shown that, in addition to the
usual shaft critical speeds, self-excited vibrations occurred over a
range of rotational speeds. Experiments with rotary-wing aircraft have
confirmed the soundness of the analysis.

The present paper is an investigation of the stability of the two-
blade rotor mounted on symmetrical supports. As will be shown later, the
results differ from those for a three-blade rotor. The reason for the
different behavior lies in the inherent asymmetry of a rotor with only two
blades. Motion of the center of mass of the blades of a two-blade rotor
with respect to the rotor hub, due to small hinge deflections of the blades,
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must be normal to the line of the blades. This restraint, which does not
appear in a rotor of three or more blades, results in the rotor system
having different dynamic properties along and normal to the line of the
blades. Therefore, with supports that have equal stiffness and mass in
all directions attached to a two-blade rotor, two principal vibration
axes of the rotor hub can still be distinguished. No preferred vibration
axes can be distinguished for a three-blade rotor mounted on symmetrical
supports. This distinction shows up physically in the shape of the vibra-
tion modes. Whereas a three-blade rotor whirls in a circle, a two-blade
rotor whirls in an ellipse, of which the principal axes are along and
normal to the line of the rotor blades.

A two-blade rotor can be expected to show, in addition to some fea-
tures of a three-blade rotor, some of the characteristics of a rotating
shaft that is elliptical in cross section. Such a shaft, mounted on
symmetrical bearings, is known to have two critical speeds, which corre-
spond to each of the two principal stiffnesses. (See, for example, ref. 2.)
For all rotational speeds between the critical speeds, the shaft is unstable
and diverges. It will be shown that an exactly similar phenomenon exists
for a two-blade rotor. The existence of this region of instability for a
two-blade rotor is predicted in reference 1, in which the formula for the
shaft critical speeds bounding this instability range is given. 1In addi-
tion to this region of instability, a second range of instability analogous
to that exhibited by a three-blade rotor is also present.

Only the case of symmetrical supports is analyzed in the present
report. In the case of asymmetric supports, the equations of motion are
linear differential equations that are difficult to solve because the coef-
ficients vary periodically with the time (Mathieu type). Similar equations
are obtained in the problem of a rotating elliptical shaft mounted on asym-
metric bearings. (See ref. 2.)

SYMBOLS
a . radial position of vertical hinge
b distance from vertical hinge to center of mass of blade
B - damping force per unit velocity of rotor-hub displacement
BB | damping force per unit éngular velocity of blade displacement
about hinge
D time-derivative operator, d/dt

F dissipation function
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XosYo
X1,Y1
X2,¥2

Bl)Bg

8o =

2
moment of inertia of blade about hinge, mbb2 (l + 52-)
b

spring constant of rotor-hub displacement

spring constant of blade self-centering spring

effective mass of pylon

effective mass - of rotor blade
total effective mass of blades and pylon, m + 2my

radius of gyration of blade about its center of mass

~arbitrary parameter

time
kinetic energy

kinetic énergies of rotor blades

kinetic energy of rotor hub
potential energy
displacements of rotor hub in rotating coordinate system

rotating coordinate axes

fixed coordinate axes

values of x and y when t =0

displacement of first rotor blade in fixed coordinate system
displacement of second rotor blade in fixed coordinate system

angular displacements of blades about their hinges

_ (B + Bp)

2
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o . 2Py - B2)
1 2
01 value of 07 when t =20
o
A = B
Mooy,
B
)\B=_‘3
Iwr
A = a
12
bl + —
2
K
B
o= 13
oy
Ity
Ax = — 9
5 2
ML+ &
be
w angular velocity of rotor (the dimensionless ratio QVU& is
called « 1in applications)
Wy, natural frequency of rotor system observed in rotating coordi-
nate system (used in nondimensional form in applications)
wf natural frequency of rotor system in fixed coordinate system
(nondimensional in applications)
Wy reference frequency, \/K/M

MATHEMATICAL ANALYSIS

Four degrees of freedom of the system are considered - horizontal
deflection of the rotor hub in the x- and y-directions, and hinge
deflections By and pp of the blades in the horizontal plane of the

rotor hub. The rotor is assumed to rotate at a constant velocity w.
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Deflection of the rotor hub may be due either to the bending of a
flexible pylon or to a rocking of the rotor craft upon its landing gear.
Ground-resonance vibrations usually involve landing-gear flexibility.
The mathematical treatment is the same in both cases, but the values of
several of the physical parameters will depend upon which mode is being
investigated. Throughout this paper, the terms "rotor supports" and
"pylon" will be used interchangeably to denote the nonrotating structure
coupled with the rotor blades. -

The mathematical treatment herein differs from that in reference 1,
in which are used the complex notation and the notion of "whirling speeds, "
that is, directional frequencies resulting from the use of complex numbers.
Although the method of reference 1 is valuable for systems, such as the
three-blade rotor on symmetrical supports, which have circular modes of
vibration, it offers little advantage for the present problem, in which
the rotor performs elliptical motion. Rectangular coordinates accordingly
are used in the present report and frequencies are used instead of whirling
speeds. In comparing the results of the present report with those of ref-
erence 1, care should be taken to distinguish between frequencies and
whirling speeds. Whirling speeds have directional significance; whereas
frequencies are essentially positive quantities and do not give any imme-
diate information concerning the direction of whirl of the vibration.

The equations of motion are set up in a coordinate system rotating
at the velocity . Let the deflection of the rotor hub be represented
by x and y in rotating coordinates. (See fig. 1 in which the inter-
section of the coordinate axes represents the undisturbed position of the
rotor hub.) The disturbed positions of ‘the two blades in fixed coordinates
are .

X1 = (x + & + b cos Bl)cos ot - (y + b sin Bl)sin wt

+

¥y1 = (y + b sin By)cos wt + (x + a + b cos B1)sin wt

‘and

(x - a - b cos Bo)cos wt - (y - b sin Bo)sin wt

Ny

"
I
—~
<
}

b sin Bo)cos wt + (x - & - b cos Bo)sin wt
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The kinetic energies of the two rotor blades are

Ty = %mb[%le + &12 + r2(w + él)%]

and
Ty = é—‘mb[x 24 }"22 + 2w+ éz)e]

The kinetic energy of the pylon is
Tg = %m[%g + 72 + of (%2 + ¥3) - 20(ky - xjﬂ

Because only small displacements from the equilibrium position are
considered, the trigonometric expressions containing f; and B, may be

expanded as power series and only the terms that lead to quadratic terms
in the energy expressions need be retained. Thus

sin By = By
cos B} =1 - E%E
and
sin 32.= 62
cos B =1 - Egé

New variables introduced to replace Bl and 32 are
80 = 2(By + Bp)
b
8 = §(Bl - Bo)

where 6, represents the shift, due to hinge motion, of the center of mass
of the two blades with respect to the rotor hub. The introduction of 8g
and 07 results in a partial decoupling of the equations of motion.
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The total kinetlic energy of the system is

T=T1+T2+TS

Only the quadratic terms will be retained in the kinetic-energy expression,
because the terms of lower degree vanish in the Lagrange equations of
motion. Then '

T=%M>'<2+ 72+ of(x2 + ¥2) - 2u(ky -X}"z' + m, (2587 + 2w2y9]_+

2
3 ’ r 5 2 1.2 afq 2 2
2007 - 2wxOq + (l + —)(eo + 67 ) - w2 g(eo + 81 )]
The potential energy of the system is

K
1, 2 B 2 2
V = -2-K(x + y2) + -2——(Bl + Bg )

K
%—K(x‘? + y2) + ;g-(eoZ + 612>

Two types of damping of the rotor system are assumed to exist:
(1) damping in the rotor supports, which is proportional to velocity
displacements of the rotor hub in a fixed coordinate system, and (2)
damping in the blade hinges. The dissipation function F then becomes

Bg ;. .
F = iB|%° 4+ y2 + w2(x2 + y2) - 2w(xy - xy)] + —5(902 + 612)
2 b2

where B 1is the damping force per unit velocity of rotor-hub displacement
and BB is the damping force per unit velocity of a rotor-blade displace-

ment about the blade hinge.
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The Lagrange equation of motion for the variable x 1is

Q[T _ 3T, A, ¥F
dt(a)'c) x Tt °

The use of simllar expressions for y, 6g, and 81 lead to the following
equations of motion:

4m
2 2 . B K b B - '
(D - o +ﬁD+M)x-TnDel—(2wD+ﬁw)y—O (1)
2 B K
2wa+<l+r—>D2+ P D+—B+§w291+(n2-w2)y=o (2)
b mbb2 m-bb2 b

<2wD+§(o)x+%(Dé-a>2)el+<D2—w2+b%D+b%y=0 (3)

2 B
<l+%>D2+——p—2-D+a!2%+ B2eo=o (4)
b mbb b
where
D = i D2 = _6‘2_
dt dt2

Equation (4) can be solved independently of the others because it
is an equation in only one variable 6g. Equation (4), which also was
obtained in the study of the three-blade rotor (ref. 1), represents blade
motion with the blades moving in phase, uncoupled with pylon motion.
Motion in this mode is damped and does not lead to instability.
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Assuming solutions of the form

i A
X = Xoe (uat
iont
Yy = Yo€ “a > (5)
iwat
1 =910

and substituting these solutions in equations (1) to (3) gives the charac-
teristic or frequency equation

-0)8_2—w2+i?\ma+l l(.ABama 2uwy -1 Aw
20y, —(L)a2+i7\Bwa+A2+Ala)2 -a)a2 -0 =0 (6)
20my -1k -2h5(weP4a? ) -ugP-aPritagsl

where the nondimensional parameters



52 ; NACA TN 38L4k

A = B
My,
foﬁ_
T,

have been introduced, and the rotational veloecity w and the frequency
wy have also been made nondimensional by using Wy =,/K/M as reference
frequency.

The frequency w, generally is a complex number, of which the real

part is the frequency of the vibration and the imaginary part determines
the rate of damping of the vibration. If the imaginary part of a, is

negative, the vibration increases in amplitude with time and the rotor is
unstable.

DISCUSSION OF FREQUENCY EQUATION

Case of Zero Damping

If the damping parameters A\ and %B are neglected, the frequency
equation (6) may be expanded to

2A5(u€+a)a2-i)+[}a)2ma2-(we+

w2 - 1)2] E2A5(w2 +oap® + l) r w2 - Ay - Al‘“{] =0 (1)

where «, 1is the natural frequency of the rotor system in a coordinate
system rotating with the rotor. (Although equation (7) 1is a cubic
equation in both «f and aaz, rectangular hyperbolas of the form

uhe = of + s, where s 1s an arbitrary parameter, intersect equation (7)
at only two values of «w?. For purposes of computation, therefore, equa-

tion (7) can be reduced to a quadratic equation in of by replacing aaZ
with of + s.)
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The solutions for zero damping (equation (5)) represent motion of
the pylon in an ellipse expressed relative to the rotating coordinate axes.
In fixed coordinates, the pylon would move in an ellipse precessing at the
velocity w. This motion can be resolved into simultaneous circular motion
at the two frequencies |w+ ay| and |w - wy|, in which the vertical

lines indicate that the quantity inside is to be considered positive. If

the pylon is subjected to a harmonic force in the fixed coordinate system
of frequency we, resonance will occur at each of the frequencies

or = [0 * g

The frequency e will be referred to as the hatural frequency of the
rotor system in fixed coordinates.

The graph of the frequency equation (7) for a typical set of values
of the parameters is given in figure 2 in rotating coordinates and in
figure 3 in fixed coordinates. For zero coupling between the blades and
rotor hub - that is, when Az equals zero - equation (7) factors into
straight lines and a hyperbola, which are shown as long-dash lines in
figures 2 and 3. The straight lines represent hub motion and the hyper-
bola represents blade motion. A small increase in A5 results in a
breaking away of the curves at their intersections to form two self-
excited regions. It is interesting to compare figure 3 with figure U,
which is the graph of the natural frequencies of a three-blade rotor
having the same values of A, Ny, and Az

The shaft critical speeds, or natural frequencies that would be in
resonance with an unbalance in the rotor system, are found by putting
w; =0 1in equation (7). Figure 2 shows two such speeds, at points A

and B (shown also in fig. 3), that bound a regibn in which a, is a
pure imaginary nuMber. If a, is a complex root of the characteristic
equation, the complex conjugate of w, Wwill also be a root and one of

the two roots will have a negative imaginary part implying instability.
The rotor system will thus be unstable for all rotational speeds between
the two shaft critical speeds. Because wy 1is a pure imaginary number
in this region, the frequency of the resultant self-excited vibration is
zero in a rotating coordinate system - similar to the shaft critical
speeds - and will appear as a self-excited divergence of the rotor.

The equation of the shaft critical speeds is

[(1 - a)z)(Az + Ala>2) - 2A3wb'] (1 . wz) =0 (8)
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The first factor gives the lower shaft critical speed. The sécond factor,
which depends on only the reference frequency, marks the end of the range
of instability and is the second shaft critical speed. Formula (8) and
an experimental verification of it are given in reference 1. A convenient
graph of equation (8) is given in figure 5. It will be noticed that it is
impossible to remove the two shaft critical speeds or the instability
region between them by any possible change of the parameters Ny, Ny, Or

Az; that is, without the introduction of damping, self-excited vibrations
will always occur below the rotational speed w.. '

Instability also occurs in a range of rotational speeds greater than
wp. This range 1s shown in figures 2 and 3 as the region bounded by the

points C and D and is similar in origin to the self-excited region
exhibited by the three-blade rotor. In this region, the roots of the fre-
quency equation are complex and self-excited vibrations will take place.
Unlike the three-blade rotor, however, the rotor hub will be seen from a
stationary position to be simultaneously executing self-excited vibrations
at two different frequencies. Physically, of course, the rotor is moving
in an ellipse at the frequency u, while precessing at the velocity w.

A chart showing the lower and upper limits of this instability
region for a wide choice of values for the parameters Ag, Ay, and Az

is given in figure 6. The chart is used by drawing a straight line that
represents the function (1 - hA5)a? plotted against Alu? + Ay. The
intersections of this straight line with the proper A5-curves give the

desired values of w. The short-dash line on the chart illustrates the
" method for the parameters of figure 2.

The position of the instability région is very sensitive to the
values of A5. (See fig. 7.) As A5 increases, the region of insta-

bility occurs at greater rotational speeds and moves to infinity for

A3 = %(1 - Aj). For values of A3 greater than %(l - A1) - that is,

when the total effective mass of the rotor blades is greater than the
effective mass of the rotor supports - the self-excited region does not
appear.

At certain rotational speeds, we = O. At such speeds resonance may

be excited by a steady force, constant in direction, acting on the pylon
or blades - for example, gravity acting on a tilted rotor. The two-blade
rotor has two such speeds, shown as points E and F in figures 2 and 3.

The mathematical condition for such points is that wy = O or ahe = of

in equation (7). The equation giving.the rotational speeds at which this
condition may occur is
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(mae? + AQ)(LHD‘? - 1) a?E?(u - 16n5) - i] -0 (9)

Equation (9) is plotted in figure 8, which is used similarly to figure 6.
If A, =0, then point E occurs at w = 0. If A3 2 %(l - M), as

pointed out in reference 3, then point F occurs at o = .

Effect of Damping

The effect of damping will be determined in the same manner as for
the three-blade rotor in reference 1. When the damping parameters A and
)\B are retained, equation (6) in expanded form can be separated into

powers of «a, having real and imaginary coefficients. - The terms of equa-
tion (6) with real coefficients are

2A5(w2 + cnaz - l) + Em)ewa2 -

(w2 + wa2 - l>2:| [—2A5(w2 + a)a2 + l) + cuae - A - Alwe:l +

G (-a)a2 + A + Alu)2) (u)2 - a)ae) - 27\7\3%2(032 - a)a2 + l) _ (10)

The terms with imaginary coefficients are
i7\BcL>a 2%— |:(032 - wa2 + l) (Ala)2 + Ay - “3&2) +
B

Aj(Bwl‘L - 2(»2(»&2 - cual*)] + w)+ + cuau + 1 -

2fay? - 20,2 - 2 - (a2 - o?) (1)
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At a boundary between stability and instability, w, is real.

Such points are the intersections of the equations formed by setting
expressions (10) and (11) separately equal to zero and plotting them on
the same coordinate axes. Figure 9 shows a calculated case of damping.
The imaginary equation is plotted for several values of the ratio of the

damping parameters X/AB, with A2 assumed to be negligible, It is
seen that, for large values of K/kB, the boundaries of the higher range

of instability are not far different from the boundaries found by neg-.
lecting damping. Small values of A %B - that is, when most of the

damping is concentrated in the blade hinges - lead to a beginning of the
instability at lower rotational speeds.

For small amounts of damping, the plot of the real equation is prac-
tically the same as when damping is neglected. By introducing sufficient
damping, however, the higher instability region may be eliminated. (See
fig. 10.) The two shaft critical speeds and the instability region
between them can also be removed by putting enough damping into the rotor
supports, although a large amount of damping is required.

Brief Description of Vibration Modes

If damping is neglected, the shape of the free vibration modes can
be found from the equations of motion (equations (1) to (4)) and the
form of the solution (equation (5)). The rotor hub generally moves in
an elliptical path in rotating coordinates although, at certain speeds,
the motion may become circular or linear. At zero rotational speed, two
of the three modes involve hub motion normal to the line of the blades,
with concomitant blade motion. In the third mode, the blades do not
move about their hinges and the rotor hub moves in a straight line parallel
to the line of the blades at a frequency equal to w..

At the first shaft critical speed, the rotor hub diverges in a direc-
tion normal to the line of the blades; whereas, at the second shaft critical
speed, the hub diverges parallel to the blades.

The forced responses of the system to a vibrator attached to the
pylon can also easily be determined and show that those responses lying

closest to the lines afe = 1 are the strongest. When the coupling param-
eter A5 is zero, no response occurs along the lines wp = |2w t l|. This

last conclusion is, of course, necessary if the theory is to give the cor-
rect results for the degenerate case of massless rotor blades.
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CONCLUSIONS

The mechanical stability of a rotor having two vertically hinged
blades mounted upon symmetrical supports has been investigated and
reported herein. This investigation indicated that the main features of
such a rotor system may be summarized as follows:

1. The vibration modes are generally elliptical, as opposed to cir-
cular for the three-blade rotor. The ellipse precesses at a speed
~as observed from a fixed position; the result is six resonant or natural
frequencies in a fixed coordinate system for a given rotor speed as
against four natural frequencles for the three-blade rotor.

2. The asymmetry of the two-blade-rotor system gives rise to a range
of rotor speeds in which self-excited divergence of the rotor occurs.
This instability region is bounded by two shaft critical speeds. A
three-blade rotor, in contrast, has only one shaft critical speed with
no associated instability region.

3. The two-blade rotor has a second region of rotational speeds at
which self-excited vibrations occur.

Langley Aeronautical Laboratory,
National Advisory Committee for Aeronautics,
Langley Field, Va., July 27, 1956.
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Figure 2.- Natural frequencies of a two-blade rotor in rotating
coordinates for case of A; = 0.05, Ay, = 0.20, and A3 = 0.10.
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Figure 3.- Natural frequencies of a two-blade rotor in fixed coordinates
for case of Ay = 0.05, Ap = 0.20, and Az = 0.10.
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CHAPTER III

THEORY OF GROUND VIBRATIONS OF A TWO-BLADE HELICOPTER
ROTOR ON ANISOTROPIC FLEXIBLE SUPPORTS
(REVISED)

By Robert P. Coleman and Arnold M. Feingold

SUMMARY

An extension of previous work on the theory of self-excited mechanical
oscillations of hinged rotor blades has been made. Previously published
papers cover the cases of three or more rotor blades on elastic supports
(such as landing gear) having either equal or unequal support stiffness
in different directions and the case of one- or two-blade rotors on sup-
ports having equal stiffness in all horizontal directions. The missing
case of one or two blades on unequal supports has been treated.

The mathematical treatment of this case is considerably more compli-
cated than the other cases because of the occurrence of differential equa-
tions with periodic coefficients. The characteristic frequencies are
obtained from an infinite-order determinant. Recurrence relations and
convergence factors are used in finding the roots of the infinite
determinant.

The results show the existence of ranges of rotational speed at
which instability occurs (changed somewhat in position and extent) similar
to those possessed by the two-blade rotor on equal supports. In addition,
the existence of an infinite number of instability ranges which occurred
at low rotor speeds and which did not occur in the cases previously treated
is shown.

Simplifications occur in the analysis for the special cases of infi-
nite and zero stiffness in one of the axes. The case of infinite stiffness
in one axis is also of special interest because it is mathematically equiv-
alent to a counterrotating rotor system. A design chart for finding the
position of the principal self-excited-instability range for the case of
infinite support stiffness in one direction is included for the convenience
of designers. It is expected that designers will be able to obtain suf-
ficiently accurate information by considering only the cases of infinite
and zero support stiffness along one direction together with the cases
treated previously.
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INTRODUCTION

It is known that rotating-wing aircraft may experience violent vibra-
tions while the rotor is turning and the aircraft is on the ground. It
has been found that these vibrations .can be explained without considering
aerodynamic effects and that they are due to mechanical coupling between
horizontal hub displacements and blade oscillations in the plane of rota-
tion. A theoretical analysis of this vibration problem is given in ref-
erences 1 and 2. Reference 1 deals with rotors having three or more equal
blades on general supports and reference 2 deals with two-blade rotors on
supports having the same stiffness in all directions.

Although in actual two-blade rotary-wing aircraft, the stiffness
of the supports along the longitudinal direction is certainly different
from the lateral stiffness, the equality of the stiffnesses was assumed
in reference 2 becausé it permitted the mathematical simplification of
dealing with differential equations having constant coefficients and it
was believed that a theory employing such an assumption would be suffi-
cient to indicate the nature of the most violent types of ground
instability-

The present paper gives a theoretical investigation of the general -
case of a two-blade rotor mounted upon supports of unequal stiffness
along the two stationary principal axes. It thus generalizes the problem
of reference 2, and rounds out the studies of ground resonance begun in
reference 1. As was shown in reference 2, a two-blade rotor possesses
different dynamic properties along and normal to the line of the blades.
Equations of motion with constant coefficients for the problem treated
in reference 2 could be obtained by using a coordinate system rotating
with the rotor. This procedure succeeded because the supports were
assumed isotropic (equal stiffness in all directions). When the supports
are anisotropic, however, it is impossible to avoid the appearance of
periodic coefficients in the equations of motion.

The present method of solving the differential equations of motion
follows closely the process employed in reference 3 for a vibration prob-
lem in two degrees of freedom. The form of solution is expressed by an
exponential factor times a complex Fourier series. Substitution of the
formal solution into the equations of motion yields an infinite set of
algebraic equations and an infinite-order determinant for the determina-
tion of the Fourier coefficients and the characteristic frequenciés.

The subsequent analysis is concerned with methods of finding the roots
of the infinite determinant.

Although the present chapter does not include the effects of damping.
on rotor instability, Mr. George W. Brooks has prepared appendix B to
indicate how effects of damping may be included in the analyses.
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It is expected that designers will be able to obtain sufficiently
accurate information by considering only the cases of infinite or zero
support stiffness along one direction together with the cases of refer-
ences 1 and 2. 1In order to avoid the necessity for extensive calcula-
tions, a design chart is included giving the location of the principal
self-excited-instability range for the case of infinite support stiffness
in one direction. S :

DERIVATION OF THE EQUATIONS OF MOTION

The symbols used herein are defined in appendix A.

The equations of motion are obtained from Lagrange's equations and
from the expressions for kinetic and potential energy. Four degrees of
freedom of the rotor system are considered: components of deflection of
the rotor hub in the plane of rotation, and hinge deflections of the two
rotor blades about their vertical hinges. All motions are thus assumed
to occur in the plane of the rotor. The rotor is assumed to rotate at
a constant angular velocity w. The analysis can be applied to rotors
without hinges by assuming an effective spring stiffness and hinge posi-
tion to represent the elastic deflection of the blade.

The pertinent physical parameters are:

a radial position of vertical hinge .

b distance from vertical hinge to center of mass of blade
my, mass of rotor blade

m effective mass of rotor supborts

r radius of gyration of blade about center of mass

Kx» Ky spring constants of the rotor ;upports along the X- and

Y-directions, respectively

KB spring constant of hinge self-centering spring

Let the origin of the X,Y-coordinate system be placed at the undis-
turbed position of the rotor hub. At time t equal to O, the line
through the blade hinges and rotor hub is assumed parallel to the X-axis.
After a time interval +t, let the rotor hub deflection be =z and hinge
deflections be B3 and Bo, respectively, where 2z 1is the complex posi-
tion coordinate measured in a coordinate system rotating with the rotor.
(See fig. 1.) Then the positions of the centers of mass of the two blades,
as measured in fixed coordinates, will be, respectively,
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zy (z + a + belBl)ei‘ljt

; (1)

22

(z - a - beiae)eith

The kinetic energy of the rotor system T can be written as

T=21m 5.3, + 2,2, + 1o +'2+ + 8,)2 + 2 m(z + iez) (2 - i02)
= 5% 1%l D20 w+ By <m Bg) > z + iaz)(Z - iaZ

(2)

The first term in equation (2) represents the kinetic energy of the rotor
blades, including the energy due to rotation, and the second term is the
contribution of the rotor hub.

Upon expanding equation (1) into power series -in By and Bp (only

small deflections from equilibrium being considered) and substituting
into equation (2), there is obtained

T =

n =

M(% + iaz) (% - 10Z) + %mb[-(al - Bp)(icPbz - 1aPbz + abi + ubz) +
(B1 - o) (bi} + abz + apZ - biZ) + (b2 + r2) (12 + p2°) -
abaP(B12 + [322)] ‘ (3)

where only the terms that are quadratic in the variables have been
retained, and M represents the total mass of the rotor system.

The potential energy of the system V 1s given by

V= Ifzﬁ-(ﬁlz + 1322) + I—é— 27 - %{-(z%?iwt + Eee‘2i“’t) (4)
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where K 1is the average stiffness and /K 1is a measure of the dif-
ference of the two principal stiffnesses; that is,

Ky + Ky
2

Ky-Kx
2

X =

As in references 1 and 2, simplifications in the analysis are intro-
duced by replacing the hinge variables B3 and Bp by the following new

variables:

D
o
I
\vilep

(131 + 132)

o1 = E(Bl - B2)

In terms of these new variables the expressions (3) and (L) become,
respectively, '

—(z + iaz) (z - iwZ) + mb[ - iaz)(i69 - o9y) - (2 + iwz) (189 + wBq) +
of

(“ié)(éo“el) oforend] 2
and

V= % zZZ + I—{‘B—i/eog + ef) - %( e2iat 4 72e- 21&St> (6)
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By use of the Lagrangian form of the equations of motion

dt(B:‘c) % O

the following equations of motion for the rotor system are finally
obtained:

Bo + (wQAl + A2>90 -0 ' (7)

(D + iw)2z + ip(D + iw)%0q + 1% z - X ze-2iat - ¢ (8)

(D - i) - iu(D - i¢)2el + % 5 - % ze2iat = o (9)

(D + iw)?z - (D - iw)%% + 2i (1 + %)(DE + AjoP + A2>91 =0 (10)
- b

where the notation

has been used, and the following combinations of the original parameters
have been introduced:
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Equations (7) to (10) do not include damping terms. The general
equations for the damped case are derived in appendix B and it is shown
that both the case for no damping and anisotropic supports, which is
treated in the present paper, and the case for damping and isotropic
supports, which was treated in reference 2, are readily obtained as
special cases of the generalized equations by neglecting appropriate
terms. ‘

Equation (7) can be solved independently of the others since it is
an equation in 8p alone. The equivalent equation appeared also in ref-
erences 1 and 2, and its solution represents in-phase motion of the blades
with no resultant reaction (except torsion) at the rotor hub. This motion
will not be further considered herein.

The problem is thus resolved into the solution of the three simul-
taneous equations (8) to (10). It will be noted that the terms with

periodic coefficients in equations (8) and (9) disappear if % = 0, that

is, if Ky = Kx. Equations (8) and (9) are thus reduced to the problem

treated in reference 2.
FORM OF SOLUTION OF EQUATIONS OF MOTION

The equations of motion (egs. (8) to (10)) are similar in mathematical .
properties to Mathieu's equation, which occurs in the analysis of vibrating
systems of one degree of freedom with variable elasticity. (See ref. k.)

A generalized form of Mathieu's equation was solved analytically by Hill.
(See ref. 5, pp. 413-417.) An extension of Hill's method has been applied
in reference 3 to a problem involving two degrees of freedom, and a fur-
ther development of the method of reference 3 is followed in the present
paper.

Equations (8) to (10) constitute a system of linear differential
equations with periodic coefficients. Three second-order equations possess
six linearly independent solutions that, according to the Floquet theory
(ref. 5, p. 412), are of the form of an exponential factor times a periodic
function of time. Particular solutions are of the form ) ‘

~

2 = elaatp(t) + e~ 10atG(¢)

z = elaptq(t) + e-1WatB(t) ) (11)

01 = e-lwatr(t) + e-10atR(t)

)
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where gy 1is known as the characteristic exponent, and P(t), Q(t),
and R(t) are‘periodic functions of period ﬁ/w.

‘Since P(t), Q(t), and R(t) are periodic functions of t, they
can be represented by complex Fourier series, and equations (11) become

N

[+2] 0
21 it = -(2lwrdy)it
Z=ZAze( when) +ZwBle (21wrag)
=00 -

Z = i B_Le(2lcul-ua) it 4 i Ale—(21w+6>a)it r (12)

[e o] N oo - .
0y = Z C_Le(Ele»a) it Z C_le-(2'£wi-a)a) it
-00

-00

J

where A;, By, and C; are complex constants.

Equations (11) and (12) show that, when the rotor system is stable
and ag 1is real, the motion not only is not simple harmonic as was the

case in references 1 and 2, but, in general, is not even periodic. The
motion can be said to consist of a fundamental frequency w, plus

"harmonics" of frequency wa + 2lw where 1 is any integer. From equa-
tions (12) it is seen that the value of wy is not uniquely determinate,
since wg + 2lw also satisfies equations (12). (The imaginary part of

wg 1is definite, however.) It can be shown furthermore that, corresponding

to each value of g, -wa 1is also a solution. Only those three values
of gy for which the real parts lie between O and « need therefore

be considered. These values will be referred to hereinafter as the three
"principal" values of ay. These values of -wy differing from the prin-

cipal value by 2ilw, or having opposite sign, will be referred to as
"harmonics" of the corresponding principal value.

Since =z has been defined as a position coordinate in a rotating
frame of reference, the values of a, can be interpreted as the natural

frequencies of the rotor system in rotating coordinates.



NACA TN 384k 77
SOLUTION OF EQUATIONS OF MOTION

Determinantal Equation

If the formal solution (egs. (12)) is combined with the equations
of motion (egs. (8) to (10)), and the coefficients of each exponential
time factor is separately equated to zero, an infinite set of homogeneous
equations is obtained. These equations can be separated into two inde-
pendent sets. Each equation of one set is the conjugate of an equation
of the other set, and only one set need be considered. Thus

K 2 X . 2
- I:a)a+ (21 + Vo] f A - S Bl - p.l[(.ua+ (21 +l)a€] C; = O
(13)
K. [wa + (21 - 1)(1)]2 B, - a1+ pi[% + (21 - i)a)]zcz =0
M ' Mol
(14)

2 2
_[aa + (21 + l)a):l Ay + [u)a + (21 - l)w] By + 21(1 + EE)[_(% + 2zm)2 +
Maf + A2:|Cl =0 (15)

where 1 takes on all integral values from -« to0 .

In order that the values of A;, B, and C; not equal zero, the
determinant of the coefficients of A;, By, and C; must be zero. This

determinantal equation is
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t a.'h’;-h a'“’:‘} 0 ° °
. ..83 483 383 O °

0 8.3 8.p,.28-2,-1 0

0 0 &;3,223,1 81,0
0 0 0 8,1 8,0
) 0 0 0 =
0 0 0 0 0

0 0 o] o] 0

o o o o o

where

ISD
N
"
=
il
oF
1
N
e
SN’
no

Wy, - 2w

29,1

83,1

e

[0}
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0 0 0
0 0 0
0 0 0
0 0 )
o) 0 0 .« ] =ANa) =0 (16)
81,2 [¢] (¢}
g2 %3 ° -
83,2 83’5 B,B,i* . .
RO S T TS
AP + Ap
ag,0 = -1 + 5
Wa,
2
Wy + W
80,1 = B
1,0 = 83 .
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AP
P P L
’ (an - 20)2
g - W 2
3‘3}"‘2 = (1)a - 2(1)
a_z’_5= A5

K/M
8._2,_2 = -1 + ———-—2‘
(wa - )
K/M
a =
"2t (wn - )2
XM
bR (g - ®)°
—l, 1= =1 + __ISLI\E_E
(g - ®)
a_1,0=83
2
_ (%a -
80,-1 ~ o

81,2

8p,2 =

8.2’3 =

#3,2 7.

a3’3 =

a3,k =

a)_‘_,3 =

B, ) =

4 KM

(e + )%

2
u)a.+a)
(aa+2w>

-1

ag + 3(1))2
wy + 20
Az

14 K/M

AMaP + Ay
* >
(g + 2w) A

2
(g + 3w)

9
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The determinant has been somewhat simplified by multiplying and -dividing
the rows and columns by various quantities, and the parameter Az has

/2
1+ (r/b)2

been substituted for its equivalent

Let this infinite determinant be A(wa). The problem consists in
solving the equation A(wy) = O for its roots ap. These roots will be

infinite in number, consisting of the three principal values of a, plus

all their harmonics. The values of Uhﬁ’K/ s as a function of"a/ K/M,
are seen to depend only on the values of the three nondimensional param-

eters Ay, ﬁg—, and Az and the stiffness-ratio parameter AK/K.

K/M

A determinant of infinite order has meaning only insofar as it is
defined as the limit of a determinant of finite order. Define An(da)

as the determinant of order 6n - 3 formed from a square array of Aluwg)

A
_l+_ld£jl\2_,

aaz

associated with Cp in equation (15), will be referred to hereinafter

as the "origin" of the infinite determinant A(w,). The choice of this
term as center of A(wa) is purely arbitrary, and it was selected solely
for reasons of symmétry.

centered on the term This term, which originally was

Thus

Nag) = lim Ay(aa) (17)
. n%m

The limiting values of the roots of the equation

- My(wm) =0

as n Dbecomes infinite will be the values of the roots of the equation

Nag) = 0
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The method of calculating the roots of A(wa) = 0, by successively
calculating the roots of An(ay) = O for larger values of n, is entirely

too tedious. Instead, the method reference 3 will be followed. This
method involves the calculation of the value of A&ah) for several spec-

ified values of ag. The roots of Alag) = O can then be obtained from
a trigonometric equation involving the roots and the calculated values
of Alay).

Auxiliary Determinants and Recurrence Relations
for Calculating Alwe)

Before the trigonometric equation is derived, it is convenient to
have a systematic numerical procedure for determining the value of A(ah).

As . n Dbecomes infinite, the terms of An(ay) extend to infinity both

above and below the origin. "By expanding /M(wy) in terms of the ele-"

ments of the column containing the origin, it can be expressed in terms
of auxiliary determinants that extend to infinity in only one direction.
Recurrence relations can then be obtained that give the value of these
auxiliary determinants.

The auxiliary determihants are minors of M(wg) and are defined

as follows:

Cn(aa) determinant of order 3n - 2 consisting of the terms below

and to the right of the origin; that is, determinant having
first row and column beginning with term -1 + ———EZM———
(wn + w)2
Dp () determinant of order 3n - 3 formed from Cp(wm) by omitting
last row and column
Ep (wg) determinant of order 3n - 4 formed from Dp(wg) by omitting

last row and column

Ln (wg) determinant of order 3n - 3 formed from Cn(uwg) by omitting
first row and column
Mn (ag) determinant of order 3n - 4 formed from Ip(wg) by omitting

last row and column

formed from Mp(wg) by omitting

]
N

Np(ag) determinant of order 3n
last row and column
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The following three determinants will also be needed:

Gn(ag) determinant of order 3n - 4 formed from Lp(ay) by omitting
first row and column :

Hn(awy) determinant of order 3n - 5 formed from Gp(ws) by omitting
last row and column

I, (wa) determinant of order 3n - 6 formed from Hp(wy) by omitting
last row and column

Determinants similar to the foregoing can be formed in the same
manner from the upper half of An((ba) . Denote these determinants by the

subscript -n instead of n. It is seen, however, that their values can
be obtained from the values of the determinants already defined from the
lower half of /n(ag), by merely replacing ay with -ag (for example,

C-n(wa) = Cn(-aa))-

Expanding An(wa) in terms of the elements of the column containing

the origin gives

AMaf + A - oV
My(awg) = (-1 + —1—2—2' Cn(wa)Cn(-wm) - A3 (iha w) Lp(-wa)Cn(aa) +
g,
W, + c
. L (wg) Cn( -ag) (18)

The auxiliary determinants Cp(ws), Dn(aw), and Ep(ws) satisfy

the following recurrence relations (obtained by expanding each in terms
of the elements of its last row): .
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] - q2
_ K/M ag + (20 - Vo
Cn(wg) = -1+ [+ (o0 - l)a;J2?Dn(U>a) - A3_wa e En(awa)
. _ _2 '
A10)2+A2 - a>a+(2n-5)w
Dn(wa) = {-1 + Tom s (20 - 2)0;]21En(¢0a) - A3L_d)a ¥ (& - 2)o) Cn-1(aa) $(19)
2l K/ o (x/m)®
E,(wa) { 1+ CE 3)CIEIELCn-]_(CDa) [U)a T (2o - 3)(1;'4 %-1(%)

J
The determinants Ly(ag), Mn(ws), and Np(we) - and also the system
Gn(ag), Hn(aw), and In(we) satisfy the same recurrence relations as
Cn(UE)) Dn(da); and En(wa); respectively.

The values of these nine determinants can be found from the recur-
rence relations (eqs. (19)) and the following initial values, obtained
directly from equation (16):

Cl(ma) L (Cl)a + (L))e |
kM 1% (/)2
Es(wg) = | -1 -
2% [ * (wg + w)2} - (ag + ¥
Nolay) = -1 + — KM
(wp + )2 |
| | AR + A + oV
M();l_L/M_ 1__]‘____2_A<a>a' > ; (20)
2% [ (a>a+a))2J{ (a»a+2a))? 30)a+2'a)
H2(‘Da) = -1 + ﬁl_afi_Ae_
A (wg + 203)2
eole) = |1 - Ma? + Ny 1 K /M i A5<a)a + 3a>‘>2
(ma + 2(»)2 (‘Da + 5(1))2 Wy + 20
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By use of the initial conditions (eqs. (20)), the recurrence rela-
tions (eags. (19)), and equation (18), the value of /My(up) can be cal-

culated. The value of A(ag) will then be the limiting value of An(ay)

as n .becomes infinite.

The Behavior of A,(ws) for Large Values of n

So far it has been tacitly assumed that the determinant A(wg), as
defined in equations (16) and (17), is convergent, and further, that it
remains a function of wy in the 1limit as n becomes infinite; that

is, it is not identically equal to zero, independent of the value of ay.
It will now be shown that the function An(wy) does become zero in the
limit, independent of y, but that when Ah(aa) is divided by an appro-
priate function of n, a new function Fn(aa) will be obtained which will
be convergent and remain an unambiguous function of w, in the limit.

The derivation of the appropriate function by which to divide A, (ay)

evidently depends upon the behavior of An(aa) as n becomes very large.
As n Dbecomes infinite, the recurrence relations (egs. (19)) become

Cn = -Dn - A3En . (21a)
Dp = -Ep - A3Cp-1 (21b)
En = -Cp-1 ., (21c)

with identical equations for Ly, Mp, and Np and for Gn, Hp, and 1In.

Equations (21) are readily solvable since they constitute a system of dif-
ference equations with constant coefficients. They are satisfied by solu-
tions of the form

Cp = Cok , (22a)

where Cp is some arbitrary constant and k is a constant to be deter-
mined. From equations (2lc) and (21b), respectively,

By = -Cok?~1 (22b)



NACA TN 384k ~ 85

and

- n-1
Dn = Cok™t - AsCok

]

Co(1 - Az)kB-L (22¢)

Combining equations (22a), (22b), and (22c) with equation (21a) and
dividing through by CokR-1 gives

k=203 - 1 (23)

Thus, by use of equation (18), it is seen that for large values of n,
An(aa) varies as k0. Since by definition A5 must have a value

between O and 1/2, k? must lie between O and 1. Thus, in the limit,

lim sn(ag) = O
n——ow

independent of wy.

Consider the function

_ n(an)
k2n .

Fn(ﬂa)

The equation Fn(aa) = 0 will obviously have the same roots for Wy,
as does In(ay) = 0. The function Fp(ay) has the advantage, however,

as is seen from the preceding discussion, of remaining an unambiguous
function of wy 1in the limit as n becomes infinite. Define this

limit as
F(aa) = lim Fn(da)
n—-yoo .
= 1lim éﬁ_@a_) (24)

n—s>oo k2n
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The primary problem can now be redefined as the problem of determining
the roots, infinite in number and consisting of @a,; Gay and aa3

and all their harmonics, of the equation
F(wg) = 0 (25)

Evaluation of Roots of Equation (25)

The following trigonometric expression for F(wg) will now be

. derived:
. Oplay)
Flwy) = lim
n—so 0
Wy,
e
s w
> = - (26)
Wy

The function F(w,) is seen from equation (24) and equation (16)
to be periodic of period 2w, to have roots t(aal + 2sm), *(dhg +t 2sw),

and t(aEB t ESw) where s 1s any integer, to have second-order poles

at g = +2sw, and to have fourth-order poles at g = (s + 1)w.

ILiouville's function theorem states that a function of a complex variable
(in this case, ay) that is analytic everywhere in the complex plane,
including the region at infinity, must be a constant. It will be shown
that F(ug) is finite at infinity (except if ay proceeds to infinity
along the real axis). If the poles along the real axis could be elim-
inated by forming a suitable function of F(wg), without at the same time
introducing new poles, then that function, by Liouville's theorem, must be
a constant.

Such a function of F(agy), which is analytic everywhere in the com-
plex plane, is

(27)
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where Way, Yays and wa5 are the three principal values of ay. The

function J(wy) 1is therefore a constant. The value of J(awa) found by
making g approach infinity along the imaginary axis is

J(ae) = F(=)
where F(w) 1is the value of F(um), 85 wg becomes infinite.

The value of F(») can be found by letting wg—>» in An(ay)
and then letting n—~. From the form of An(w)' it follows that

M=) = Npp(w) = -Cop(w)
The recurrence relations defining Cp(») are the same as equations (21).

The expressions Dp and E, may be eliminated from equations (21), and,
therefore, Cp may be given as follows:

Cn = -(1 - 2A3)Cp-1

The initial conditions (eqs. (20)) reduce to Cy = -1, from which it
follows immediately that

2n-1
My(e) = -(1 - 243)
_ xan-1
from equation (23). Therefore
2n-1
F(w) = lim M=) _ g5 k =1 | (28)
n—>yw k2 n—»» k k

Thus equations (27) and (28) lead to the evaluation of équation (26).

After equation (26) has been obtained, the problem of determining
aal, aag, and Uh3 may be considered theoretlcally complete inasmuch
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as equation (26) is really an identity in w,. Suppose that ap is
assigned any specific value in equation (26) and F(ay) is computed to

a certain degree of accuracy. If these computations are made for two
more values of ay, all different, equation (26) will have yielded three

equations in the three unknowns Ways Qans and (1>a3- These equations

can then be solved for the principal values of wy. Any degree of accuracy
may be achieved by carrying out the computations for F(uy) to a suffi-
ently large value of n.

The foregoing procedure can be systematized by rewriting equation (26)

3 Ty .
®a TT |sin? i) Y b5
K<TD—> j:'l sin <2m> sin <2a)>

= kF(ma)sine(Z—%)cosu(ﬁ—aé) (29)

as

M

2w

A convenient choice for the three arbitrary values of wy is ay = O,

w, and /2. The explicit definitions of K(0), K(1), and K(1/2) then

become
N

T, Ty, | Ty,
K(0) = -sin2<——l>sin2< 2>sin2<—1>
2w 2w 20
Ty, Ty, Ty,
- {1 - sin?|—2 - sin2[——2 Cein2 3
K(1) = |1 - sin <2(1)> 1 - sin <2w> 1 - sin < 2&) F (30)

K(1/2) - [%_ i mg("%lﬂ E i Siné(ﬂ:?)}[% i sin2<"T“aéﬂ

The equations for evaluating K(0), K(1), and K(1/2) are

€
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; K(0) = %EJ:O kF(wa)sinECZa)c%u(zZa)-
K(1) = ah}i:w _kF(ua)sin2<g§?>cosu<gz;>— ? (31)
K(1/2) = 1lim H(ag)sm2<“—%)cos“<“ﬁ>
wp—>w/2 2w w
| )

Carrying out the limiting operations indicated in equations (31) and
using the auxiliary determinants Cp(wy), Dp(ws), and so forth, give

2 |(A1aR + Ap)Cp2(0) - 2A (0)cy(0)
<(©) = 1in ﬂ[(l + Ap) Cy2(0) 30PLy n]
n—-e _%2(1 - 2A3)2n'1
—'ﬂh Ky }_(hig Gng(—w) . _
K(l) = lim J——W > (32)
n—ﬁw{}al- 2a3) "

([ o el - ool et

K(1/2) = 1lim 1- —

n—>® . -8(1 - 2a3)

where the quantities in brackets are conveniently represented by K(O)p,
K(1)p, and K(1/2)p, respectively. The quantities K( ), are used in
numerical computations as approximations to the functions K( ).

The formulas (32) for K(0), K(1), and K(1/2) converge slowly
. with increasing n. The convergence can be speeded up greatly by making

- use of the concept of convergence factors used in reference 5. A con-
- vergence factor for K( Jn 1is a function of . n approaching the limit 1

as 'n becomes infinite, which, when multiplied by K( )n, gives an expres
sion which converges rapidly with increasing values of n to the values
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of K(. ). The details of the derivation of an appropriate convergence
factor for K(O)n will be found in appendix C. "Convergence factors

for K(1)p, and K(1/2), are derived in a similar fashion. The resultant

expressions are

_ )
K(0), sin® Egg
k() = Ef: 2q b=l 2
n © g ol Q,
—_ 1 - =
=19
- o
’ K(1), cos® igé
K(1) = 1im - 5 s (33)
n—yc n- '
G
J=1 (23 - 1)
' i K(1/2 ]
K(1/2) = lim — i [2)n cos 7|2
n—yw = 1. )"'Q,
=1\ (25 -1)2
) =)

where

2 5(1 - A3) + A10P + A2 + 2AzaP

Q =
(1 - 2A5)

For a given value of n, the quantities in brackets are found to be
better approximations to the respective values of K( ) than K( n

alone.

The method of obtaining the values of wy may be summarized as
follows. By use of the initial econditions (egs. (20)) and the recurrence
relations (egs. (19)), the values of the determinants Cp(0), Ln(0),

Gn(-w), Cn(w/2), cn(-0/2), In(a/2), and Lp(-w/2) can be computed for
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increasing values of n. With the substitution of these values into
equations (33) and with the use of equations (32), approximate values
of K(0), K(1), and K(1/2) can be computed. - The process appears to
be rapidly convergent with n, especially for large values of aJVE7ﬁ.

The values of Ways Ways and aa} can then be found from equations (31),
the definitions of K(0), K(1), and K(1/2).

Conditions for Stability

From equation (13) the condition for stability of the system is seen
to be that all three values of «y must be real numbers. If any one of
them is complex or pure imaginary, then one of the terms in the solution
(egs..(11)) will increase indefinitely with the time, the motion therefore

Ty,
being unstable. This condition implies that the expression. sin2< 5 ]>,
w

w w
equal to 1. The conditions for stability can be expressed directly in
terms of K(0), KX(1), and K(1/2) by means of their definitions
(egs. (30)). The three equations (30) are formally equivalent to a
single cubic equation

W, ﬂ¢a5
sin® L and sin? 5 all are real positive numbers less than or

%) + bx2 + cx +d =0

T, QUCEPN
the roots x Xn, and xz of which are sin2 ) sin? , and
1 2 5 2w 2w

so forth, and the coefficients b, c, and d of which are functions
of K(0), K(1), and K(1/2) where

2b = 4K(0) + LK(1) - m(%) -3
2c = -6K(0) - 2K(1) + 8K<%> +1
a = K(0)
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After some manipulations involving the Descartes rule of signs, the nec-
essary and sufficient conditions for stability are found to be

N
0< k(o) €1

0SS K(1) s
’ (34)

1< &(1/2) €1

A= 18bcd - b3 + b2e2 - kel - 2730 2 0

)

The quantity A 1is the discriminant of the cubic equation.
SPECIAL CASES OF GENERAL THEORY

Three special cases of the general theory are of interest. These
cases are the cases for which one of the principal stiffnesses Ky is

respectively zero, equal, or infinite in magnitude in comparison with
the second principal stiffness Kx.

Case of Ky = Ky

The case of Ky = Kx has been treated in reference 2. If Ky = Ky,

equations (8) to (10) reduce to the equations of reference 2. In this
special case, the motion of the rotor system becomes simple harmonic,
since all the coefficients A;, Bj, and Cp - in equations (12) are

identically zero except Agp, Bg, and Cy.
Case of Ky =0

The special limiting case of Ky = O is of interest in the case of

a pylon of which the stiffness is negligible along one principal directicn
with interest centered on the frequencies involving the other principal
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stiffness. 1In the case of Ky = 0, the function K(1) as given by equa-

tions (32) becomes identically zero. This result is also evident from
the original definition of K(1) as given in equation (28), because one
of the values of ay, say @z, is of necessity equal to tw. (It will

be recalled that ug is the frequency as measured in rotating coordinates.
In fixed coordinates it would be zero.)

It is possible to give much simpler stability criterions for this
case because there are only two K-functions, K(0) and K(l/2), and
two values of «y, Way and Way s to be determined. The new K-functions

may be defined as follows:

Ty, Ty
sin2<——j§sin2<i——%> = -K(0)
' 2w 2w

/ﬁaal> 2<naa%> 1+ 2K(0). - 8K(%)
jcos =

2
cos \ -~ 5

Ky

Y (35)

Ko

In terms of K3 and Kp, the criterions for stability become

0K, s1 (36a)
0L KyS 1 (36b)
VKL + (K2 51 (36c)

Given the values of Kj; and Kp, the values of W, and Wp, can

be determined from equations (35). A graph of the relation in equa-~
tions (35) is given in figure 2 by means of which the real values of Way

and @y, can be read off directly once K; and Kp are known.

A graph showing the variation of K; and Kp with , for

Kx[M
the typical parameters A; = 0.1, Ao = 0, Az = 0.1, and Ky =0, is

shown in figure 3. By use of figure 2 the values of Waqy and gy cCan
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be obtained. These values are shown iﬁ figure 4 plotted against u%/leM.
Calculations are carried down to v_ﬂl_.= 0.5. The general behavior below
Ky |M

this speed is discussed in the section entitled "General Behavior of Rotor
System as a Function of Rotor Speed."

Case of Ky = ®

The formulas for the limiting case of Ky = o cannot be obtained

- conveniently from the general theory. Instead of carrying out the limiting
process, it appears preferable to begin by treating the problem as one of
only three degrees of freedom (two hinge-deflection coordinates and one
hub-position coordinate x) and by developing the theory along lines
similar to those used for the general treatment. 1In this way a system

of two simultaneous equations with periodic coefficients is obtained,

with the variables 67 and x. These equations are solved in a manner

similar to that for the general case, the treatment being simpler, how-
ever, since the solution has only two principal values of wy.

The details of the solution of the equations of motion, together
" with the final formulas for the K-functions, including convergence fac-
tors, are given in appendix D. It is found that the same K; and Kp

occur as for Ky = O. 'The criterions for stability are exactly the same
as those for Ky = O, the conditions of equations (36). Figure 2 can
also be used to determine the values of wy from the values of Kj

and K2.

A graph giving the variation of X; and Kp with EQE— for the
' X
parameters A} = 0.1, Ap = o, Az = 0.1, and Ky = «» 1is shown in fig-

ure 5. In figure 6 the values of aalﬁ’leM and aa2ﬁ/KX]M are shown

plotted against Q%VKX/ .

DISCUSSION OF RESULTS

Types of Instability

Instability may occur as a result of the violation of any one of
- the stability criterions of equations (34). Violation of each condition
is associated with a different type of instability, which would show up
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differently in the motion of the rotor system. Experience with computa-
tions indicates, however, that the criterions of most practical importance
for helicopters are

AZO0
-k(0) 2 0

K(1) 20

Similarly, the importanf criterions in the limiting cases of Ky = O

and Ky = o are

VK +\ke S 1
Ky 20
Ko 2 0

If the condition AZ 0 or Ole + JKg §31)is violated, the other

conditions being satisfied, then Wy and wgo Wwill be complex con-

jugates, and the rotor system will execute self-excited vibrations at
frequencies, in general, incommensurate with the rotor speed. (Higher
harmonics will also be present.) This type of instability will be
referred to hereinafter as a "self-excited vibration."

If the stability condition -K(0) 2 0 (or K3 2 0) alone is violated,
then one of the values of ay will be a pure imaginary number. Physically,

the rotor system will execute self-excited vibrations having a basic fre-
quency, as seen in rotating coordinates, of zero. This behavior is sim-
ilar to the ordinary critical-speed behavior of a shaft. Frequencies at
higher harmonics 2nw will also be present. This type of instability
will be referred to as a "self-excited whirling." :

The third stability condition K(1) Z 0 cannot be violated since
K(1) as given by equation (32) cannot be negative. However, K(1) can
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be exactly equal to zero. (A similar statement applies to Ko.) At such
a point, where the rotor system is on the border line between stability
and instability, one of the values of wy will be equal to +w. In
fixed coordinates this result means that the rotor system will have a
natural frequency equal to zero. The rotor system will, therefore, be

in resonance with a steady force - a force of zero frequency. The ampli-
tude of the zero-frequency term for the hub motion in such a situation
can be shown to be zero, but the blades will oscillate. Also, higher
harmonic terms, notably the term of frequency 2w (in nonrotating
coordinates), will show up in the hub motion. This type of vibration,
which is a resonance phenomenon and not a self-excited vibration, will
be called a "steady-force resonance" vibration. -

Each of the vibrations described - self-excited. vibrations, self-
excited whirling, and a steady-force resonance vibration - appeared in
the discussion of the two-blade rotor on equal supports (ref. 2); how-
ever, there the motions were simple harmonic, no higher harmonics being
present. . :

CGeneral Behavior of Rotor System as a

Function of Rotor Speéd"

The approximate location of the instability regions can easily be
found by examining the limiting case of Az = O, that is, the case of

zexro éoupling between the blade and hub motions. For simplicity, the
discussion is also restricted to the case of free hinges (A2 = 0) and

Ky = ~. The K1 and Kp functions become

)
sin2<’§‘\]1T1>éoSe (;_w J% >
cose<’é ‘FE)smE(;_de_Yx ) ( (37)

/

K1

Ko

Eliminating the rotor speed w from equations (37) gives

K K
T, 2 -1

éinz(gdﬁ> c032<’—;-dxl>
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vhich considered as an equation in the variables K; and Kp represents

a straight-line segment (one of the lines in fig. 2) terminated by the
Ky and Ko axes. -The segment can be shown to be tangent to the curve

\/Kl +\/K2 = 1. As w decreases, the representative point moves up and

down the line segment, performing an infinite number of such oscilla-
tions as w approaches zero. Whenever Kj = O, the point is at a self-

excited-whirling speed. The corresponding speed is

2s + 1

where s represents any positive integer. Thus a self-excited whirling
will occur when the rotor speed is approximately equal to 1, 1/5, 1/5,

1/7, and so forth of the natural frequency of the hub KX/M. Similarly

it can be shown that there will be a steady-force resonance vibration when-
ever the rotor speed is approximately equal to 1/2, l/h, 1/6, and so forth

of the hub natural frequency \/KX/M. Finally self-excited vibrations will
occur at rotor speeds approximately equal to
.
\ Kx /M
28 + 1 - in

w =

Figure 7 shows the general pattern of response frequency plotted
against rotor speed for a small value of the mass-ratio parameter A3.

Along the horizontal parts of the curves, Blade motion predominates over
pylon motion. Pylon motion predominates along the slanting parts.

Although the foregoing discussion was developed for the case of
Ky = o, it is believed to apply equally well to the case of Ky =0

and also to the general case of Ky # K, if the rotor hub is considered
to have two natural frequencies dKX[M and “Ky/M, each frequency having

associated with it an infinite set of instability ranges located at approxi-
mately the speeds given.
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Comparison of Results for Different
Values of Ky/Kx
Figures 4'and 6 give the principal values of aa/ KX/M plotted

against the rotor speed w Kx/M for Ky = 0 and Ky = o, respectively,
both calculated for the same set of parameters A), Ap, and Az. The

calculations have been carried down to L = 0.4. The similarity

: Kx|M
between the two curves is striking. So far as the calculations have been
carried, each system shows the presence of one self-excited-vibration
instability range, one self-excited-whirling instability range, and one
steady-force resonance speed A. If the calculations were carried to
lower values of , further instability ranges and steady-force resonance
speeds would appear.

For comparison, the response frequenciés of a two-blade rotor on
equal supports (Ky = Kx) for the same set of parameters is shown in fig-
ure 8. The frequencies were calculated from the formula in reference 2.

w
\fixc
addition it shows one range of rotational speed at which self-excited-
vibration instability occurs, one range of rotational speed at which
self-excited-whirling instability occurs, and one range of rotational

speed at which a steady-force resonance speed occurs. Figure 8 differs
principally from the figures for Ky ¥ Ky in that it shows no further

Down to = 0.5, this chart is very similar to figures 4 and 6. 1In

instability ranges at low values of w.

In references 1 and 2 charts are presented giving the location of
" the self-excited-vibration instability range for various values of the
parameters A3y, Ap, and A5. A similar chart for the case of a two-

blade rotor with Ky = « 1is given in figure 9. In using the chart, a

straight line is drawn representing the variation of with the
Ky /M ‘
. Ala? + Ap . . . . . /
function ——Ef7ﬁ———. The intersections of this line with the appro-
X

priate Az curves give the beginning and end points of the instability

range. The dashed line in figure 9 indicétes the stability ranges for
the parameters of figure 6.

Some observations concerning the relative location and extent of
the various instability ranges in figures 4, 6,.and 8 appear to be appli-
cable to a wide range of values of the parameters Ay, Ap, and, A3. Thus
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the self-excited-vibration instability range in the case of Ky = Ky

(fig. 8) is wider (and hence the vibration probably more severe) than
the corresponding ranges in the cases of Ky =0 and Ky = =. (See

figs. 4 and 6.) Also, this instability range occurs at lower rotor
speeds in the case of Ky = « than it does in the cases of Ky = Kx

and Ky = 0. The self-excited-whirling instability range is considerably
narrower for Ky = « than it is for the Ky = Kx case, and it is still
narrower in the Ky = O case.

In the general case of Ky ¥ Kx the location and extent of the

instability ranges can be found fairly accurately by considering the
problem ‘as the superposition of two problems, one of finding the signifi-

cant rotor speeds referred to WKQEM as reference frequency with Ky

assumed infinite and the other of finding the significant rotor speeds
referred to VEY/M as reference frequency with Ky assumed zero. With

the foregoing discussion as a guide, sufficiently accurate design informa-
tion can be obtained without extensive calculations for each value of
Ky/Kx encountered in practice.

Effect of Damping

Although the effect of damping has not been examined mathematically,
because complications would be introduced in the analysis, several infer-
ences .from the damping investigations in references 1 and 2 can probably
be safely applied to the rotor-system studies in the present report. The
numerous instability ranges occurring at low rotor speeds, which are very
narrow and represent a mild type of instability, are probably completely
eliminated by the presence of a slight amount of damping in the rotor
system. The primary self-excited-vibration instability range can probably
be narrowed and eliminated by introducing sufficient damping into both
the rotor supports and the blade hinges.

APPLICATION TO DUAL ROTORS

It is easily shown that the analysis for the case of ,Ky = o applies

also to the case of a counterrotating rotor system consisting of two equal
two-blade rotors revolving at equal speeds and acting equally upon the
same flexible member. The rotors may be on the same shaft or on different
shafts so long as the nonrotating flexible member is the same for both
rotors. The supports, moreover, may have unequal stiffness in the X-

and in the Y-directions, provided that the undeflected blade positions
make equal angles with a principal stiffness axis.
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The proof consists in showing that the energy expressions for the
dual-rotating system can be separated into two independent sets of terms,
- each of which is of the same form as for a single rotor with Ky = o,

The resulting equations of motion will thus also be the same.

The separationlis accomplished by introducing new variables

_ 1

€1 = g(elpos - elneg)
_1fg

g0 = 5(901)03 - eoneg)

and

=1 ,
M1 = 2<elpos + elneg)

. l N
T]O = E(eopos + eoneg)

where the subscripts pos and neg refer to the 0's defined for the
rotor turning in the positive direction and for the rotor turning in the
opposite direction, respectively. The energy expressions become

N
1 - _/. .
T = —2-M)'(2 + omy —2xkgl sin at + wkq cos a)t) +

2\:p :0) a o
(l * %)(gla + goz/‘ - %a?(glg + §02) +

%Mye + 2my 2;;r<ﬁl cos at - an sin a5t> + > (38)

re\f- 2 , -2} _a 2 2)
\

2K

B, 2 2 2 2 1 2, 1
F(gl ¥ eSS+ +no>+§Kxx +2Kyy2

Y

where M 1is the total mass of the system (M = m + lmy).
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From equations (38) it is seen that ¢ is .coupled only with x
and 1 1is coupled only with y. Equations (38) yleld equations of motion
of the same form as equations (D2) and (D3).

The stability properties for the dual-rotating case are thus exactly
the same as in the case of Ky = « for the single-rotating two-blade

rotor. In particular, figure 9 can be used to find the location of the
primary self-excited-vibration instability range. The value of Az for

2m
the dual-rotating rotor is defined as A3 = b rather
(m + hmb) (1 + r—2—>
2
b
M
than Az = as for the single-rotating rotor. All other

(m + 2m,0><1 + —2)

parameters are the same for both cases.

The quantity &7 sin wt can be interpreted physically as the

x-component of the displacement of the center of gravity of the blades
due to hinge deflections. The quantity 1y cos wt is the corresponding

y-component. The separation of the variables means, physically, that the
motion of the system can be separated into two independent modes, each
of which involves linear motion of the supports along one of the prin-
cipal stiffness axes.

Similarly, the stability of counterrotating rotor systems of six or
more equal blades can be determined from the results of reference 1 with

Ky

= oo,

CONCLUSIONS

The following conclusions are indicated by the results of an investi-
gation of the problem of vibration of a two-blade helicopter rotor on
supports that have different stiffnesses along the two principal stiffness
axes: .

1. Many speed ranges are found in which self-excited oscillations
can occur. These oscillations are of two types - self-excited vibration
and self-excited whirling. There are also many speeds at which steady-
force-resonance vibration may occur. '

2. A stability chart which shows the self-excited vibration, self-
excited whirling, and steady-force resonance speeds of the highest rotor
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speed for each support natural frequency for a two-blade rotor on aniso-
ropic supports is similar in appearance to a stability chart for a two-
blade rotor on isotropic supports. However, for the same rotor parameters,
the instability regions are changed somewhat in position and extent.

3. Mild self-excited-whirling speed ranges exist at rotor speeds
approximately 1/5, 1/5, 1/7, and so forth of each support natural fre-
quency. Steady-force resonance speeds exist at approximately 1/2, 1/4,
1/6, and so forth of each support frequency. Self-excited vibrations
also occur at certain low rotor speeds. All these mild instability ranges
are probably eliminated by the presence of moderate amounts of damping
in the system. '

4. A familiarity with typical results of limiting cases of the
support-spring constants Ky = o, Ky = Ky, and Ky = O should enable

a designer to avoid extensive calculations of cases of unequal support
stiffness. In the general case of unequal support stiffness, the loca-
tion and extent of the instability ranges can be found fairly accurately
by considering the problem as the superposition of two problems, one of

finding significant rotor speeds referred. to one support frequency KX/M
as reference frequency with Ky' assumed infinite and the other of finding
the significant rotor speeds referred to the other support frequency

MK&IM as reference frequency with Ky .assumed'zero.

5. The analysis of a four-blade counterrotating rotor system in
which the rotors cross along the principal stiffness axes of the rotor
supports leads to the same equations as those considered for the special
case of Ky = =, and the 'stability properties are given by the investi-

gation of that special case.

Langley Aeronautical Laboratory,
National Advisory Committee for Aeronautics,
Langley Field, Va., August 24, 1956.
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a
80,05 20,1s and so forth
Ay, By, Gy

Ki) El"ei

Cn((Da) ’ Dn(&)a) , and
. so forth

D

F(aw) = 1im Fp(ay)

n—>cw
Fn(aa) = %—;%J
j, n, s

J(wa) '

k= 205 - 1
K(awa[w)

K(0), K(1), K(1/2)
Ky, K2
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APPENDIX A
SYMBOLS

radial position of vertical hinge

elements of determinant defined in equa-
tion (16)

Fourier coefficients in equations (12)

complex conjugates of A;, By, and Cg,
respectively

distance from vertical hinge to center of
mass of blade

minors of the determinate An(ay)

time-derivative operator, 5%

integers

function of F(ug) defined by equation (27)

function of wgfw defined in equation (29)
functions defined by equations (30)
functions defined by equations (35)

spring constants of the rotor supports along
the X- and Y-directions, respectively
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A Ky + Kx
K average stiffness of rotor supports, —
K= Sy - Kx
2

KB spring constant of blade self-centering spring

m -effective mass of rotor supports

my, mass of rotor blade

M total mass of two-blade rotor system, m + 2my

P(t), Q(t), R(t) periodic functions defined in equations (11)

P(t), Q(t), R(t) complex conjugates of P(t), Q(t), and R(t),
respectively

Q constant defined in equations (33)

r radius of gyration of blade about center of mass

t time

T kinetic energy

A ‘ potential energy

X, ¥ deflection of rotor hub measured in fixed
X,Y-coordinate system

Xps Yy deflection of rotor hub measured in rotating
X,Y-coordinate system

X, Y fixed rectangular coordinate axes taken parallel to
the principal stiffness directions of the rotor
hub

z complex position coordinate of the rotor hub in

rectangular coordinate system rotating with angular
velocity, xy + iy,

z : complex conjugate of 1z, Xp - iyr
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By, B2
A
A(wa)

Al(ua)

0o = g(al + B2)

8 = g(sl - B2)

N

I

A3

él) 50’ M1 T]O

2
21 + =
b2

“105

angular hinge deflections of rotor blades, respectively
discriminant of cubic equation x5 + bx2 + cx +d = O
determinant of infinite order defined by equation (16)

determinant of order 6n - 3 formed from Aay)

blade variables for counterrotating rotor

. 2y |

mass ratio, —

constant angular velocity of rotor

characteristic exponent or natural frequency of rotor
system as viewed in coordinates rotating at angular
velocity w

principal values of ax
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APPENDIX B

THE GENERAL EQUATIONS OF MOTION FOR TWO-BLADE ROTORS

By George W. Brooks

General Case

The present report, although it generalizes the theory of ground
vibrations of two-blade rotors by treating the case of anisotropic
supports, does not consider the effects of damping. Reference 2 treated
the case of isotropic supports or equal pylon stiffness in all horizontal
directions and included damping. The more general case is one which
involves the treatment of the two-blade rotor with anisotropic supports
and damping. The equations of motion for this case, derived in the com-
plex coordinate notation of the present report, are given here.

The equations for the kinetic and potential energies of the rotor
system are given by equations (5) and (6) of the text as follows:

T = b—;-(z + daz) (2 - 102) + mp|(Z - iaZ) (181 - ad1) - (2 + iaz)(ib1 + wB1) +

2 . 3
{1+ 1’—2\(902 + el2> - %u?<902 + 912) (B1)

\  v2/
K, N .
v=E.z4 —13-<602 + 912) - A—i{-(z%ewt + z2e'21‘*‘b> (B2)
2 .

Two types of damping of the rotor system are assumed to exist:
(1) damping in the rotor supports which is proportional to the transla-
tional velocity of the rotor hub and (2) damping of the rotation of the
blades about the drag hinges. The damping dissipation function is then

F = -]23[22 + P27 + io(zd - Ezﬂ ¥ P%(éOQ + é12> | (B3)
b
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where B 1is the damping force per unit velocity of rotor-hub displace-
ments and BB is the damping torque per unit angular velocity of blade
motion about the drag hinge.

By using the Lagrangian form of the equations of motion

4 /or\ dT , OF _ oV _ (BY)
at\ox/

and using as variables 6gp, 2z, z, and 67, respectively, the following
equations of motion for the rotor system are obtained:

<D2 + DA\g + (1)2Al + A2>60 =0 (B5)

f(n + i0)2 + ND + iw) + %:lz - A—;I{ ze-2iat 4 iu(D + iw)01 = 0  (B6)

. % zeliot 4 l:(D - 1) + MD - iw) + b%z - ip(D - iw)2y = 0 (BY)

(D + iw)?z - (D - iw)%Z + 21(1 + %><D2 + DAg + Mof + A2> 61 = 0 (B8)
b

-where two additional combinations of parameters have been introduced,
namely,

Bg

and

>
]
21w
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Special Case - Zero Damping

If damping is neglected, %3.= A =0 and the equations of motion,
(B5) to (B8), reduce to

(D2 + aPA] + A2)8G = O _ : (B9)
[(D + iw)2 + g]z - %( =210t 4 1,(D + 1w)%01 = O (B10)
- % ze2iwt 4 |(D - iw)® + bﬂi - 1u(D - iw)28y = 0 (B11)

(D + iw)%z - (D - iw)°E + 2i<l + E%)(D2 + Alof + A2)81 = 0 (Bl12)
b

which>are the equations of motion for the case treated in the present
report, that is, equations (7) to (10).

Special Case of Isotropic Supports

If Ky = Ky, then /A = O .and equations (B5) to (B8) reduce to

(D2 + DAg + aPAL + Ap)60 = O (B13)
5
&D + iw) + ND + iw) + nlia z + iu(D +.ig))291 =0 (B14)
' N
[(D - i0)2 + ND - iw) + % z - (D - iw)%6y = 0 (B15)

\

(D + iw)ez - (D - i0)°z + 21(1 + %}(1}2 + D7\|3 + AjuP + Ap)6] = 0 (B16)
b ‘
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Equation (Bl3) involves only the in-phase motion of the blades, can
be solved separately, and will not be further considered here. If =z
and Zz are expressed in the equivalent notations x + iy and x - iy,
respectively, and equations (Bl4) and (B15) are added together, equa-
tion (1) of reference 2 is obtained. Equation (2) of reference 2 is
obtained by direct substitution and equation (3) is obtained by subtrac-
tion of equation (B15) from equation (Bl4). Thus the equations of motion
for the case treated in reference 2 as well as for the case treated in
the present report are shown to be special cases of the general equations
of motion, equations (BS) to (B8), for a rotor mounted on anisotropic
supports with hub and blade-hinge damping.
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APPENDIX C
DERIVATION OF THE CONVERGENCE FACTOR FOR K(0)

A convergence factor for K(0) is found by finding a simpler func-
tion Gp that changes with n in nearly the same way as K(O)n, Then,

if G denotes 1lim Gp, the expression
n—>cw

K(O)nG
Gn

for a given value of n is a better approximation to K(0) than is
K(0)p alone. A suitable form for Gn is found from a study of the

behavior of K(O)n for large values of n.

The behavior of K(0), is studied by first observing the behavior
of Cp(0) and Lp(0) for large values of n and then inferring the

behavior of K(O)p from the appropriate relation of equations (32). 1In

the discussion of equations (22) it was shown that, as n becomes infi-
nite, the ratio Cn+1/Cn approaches the value k (eq. (22a)). A closer

approximation to the value of this ratio can be written as
C 0
Corl0) B @ (o)
Cn(0) n L2

where P and Q are constants to be determined.

Equations (19) become, for ay = O,

2
Car1(0) = -1+ — X __[5 (o) - A5<én > l) En(0)

(2n + 1)%R an

—

: 2

MaP + Dy <2n - 1>

-1 _— 0 - A Cn 0] ? c2
+ ( )2 En(0) 3 (0) (c2)

Dp+1(0)

Ens1(0) = |-1 + KM Cn(0)

i (on - 1)2a2
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where the second term in the equation for En(wg) in equations (19) has

been neglected as being of higher order in powers of l/n than the terms

retained. Eliminating E(0) and D(0) from the equations (C2) results
in .

%ﬂ@.: |:_l+_L [_l+£]lu)2—+1.\_2 _l+_L/M_ -
Cn(0) (2n + 1)%P (2n)2? (2n - 1)%uR

\2 2 B . .
A3 (20 - 1) 1 K/M . <2n + 1> 14 KM |

\ 20 (2n + 1)%2 (2n - 1)%2]

Upon expanding this expression into powers of l/n and retaining terms
up to and including those in 1/n?

‘ K
Cps1 (0) 1 g+ AP + Ap
—_= -1+ 2A5 - - -

Cn(0)

(2)2 R +2A3(Z2ﬂ") ‘)
2n

Comparing equation (C3) with equation (Cl) .results in

P=0"

. 2 ﬁ(l - A3) + AlAQ + Ap + 20307

(1 - 2n3)

Similarly

Iny1(0) _ () _ _@Q
Ln(0) (2n)2

Therefore, from equations (32)

K(O)n+l _ /l Q 2
KO)n K ) un2>
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Hence, an approximate value of K(0) can be obtained from

k(0) _ K{Onyy K(O)pyp K(O)pys5
K(0), K(0)y K(0)pn41 K(O)pnyo
o 2 sin2<5!§>
ST (-2 2
L L 452

21

2
1.9
432

NACA TN 3844

(k)

The right-hand side of equation (Ck), which is seen to be of the form

G/Gn, is a convergence factor.
in equations (33).

This convergence factor is the one used
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APPENDIX D

MATHEMATICAL ANALYSIS FOR THE CASE OF K, =

In terms of the variables 8g, - 87, and x, the expressions for the
kinetic and potential energy are

2\ /. .
p=Ms2 pm |1+ E) (607 + 61°) - R Z(eg” + 81°) -
.2 b2 : b

2x(87 sin wt + wBy cos th

]

K K o
V= = x2 ¢ B 902 + 912>
2 b2

The three equations of motion are

B + <w2Al + A2> 60 = O ' (D1)
‘ ' .. Ky 2
. . X+ —x - g—-—(91 sin aﬁ) =0 (D2)
- ate
- ¥ sin at + 81 + <w2A1 + A2>61 =0 (D3)
1+ r—2- :
b

Equation (D1) is identical with equation (7). Equations (D2) and (D3)
constitute a system of two linear second-order differential equations
with periodic coefficients.
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Equations (D2) and (D3) are satisfied by solutions of the form

\

w .
X = :g Alel(aailaﬂt

1=-0
- (Dk)
o=, Bl+1el‘ [ua+(l+l)w']t

7,:—(”

y

where 1 takes on all odd integral values and A; and By, are con-
- stants to be determined along with the two principal values of gy
(wal and ¢a2>- The constants A; and By,; . in equations (D4) are,

of course, different from those in equations (12).

Combining equations (D4) with equations (D2) and (DB)‘and setting
the coefficients of the various exponential time factors equal to zero
give

Kx M 38
-1+ ———[—— Ay - E("Bl‘l + B~L+l> =0

(aa + Iaae
12
1 oy + (1 - 2o wy + lo
- - Al_e + AZ +
oif1 4+ 22 oy + (1 - Do wg + (1 - Do| J
b2
u?A1+A2
-1+ 5 1.1 =0
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The determinantal equation is then equal to

. a_3, _5 a_3, _2 O o 0 O O
ap .3ap.pap.1 O Y 0 0
0 a_l’ -2 a_l’ -1 a_l,o 0 0 0
= A(aa)
0 © @,-1 a, 2,1 O ©
° 0 0 8,0 #,1 a,2 o
O O . O O 8.2’1 3,2’2 a2,/3 .
0 0] 0 0 0] 83,2 a3 3

where

Kx{M AoP + Ao
a.3,-3= -1+ 80,0 = -l + ———>—

il

Az ' Wy + W 2
a_5~’_2 = - ' ‘ ap,1

8.2,-3

1l
T
& | &
] ]
W
e
m
-
o

|
l\)l >
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PN + A Ky /M
S eppe s IR a1 = 2 M
(g - 2w) (g + w)
. 2 : A
By - @ : 3
. a.2,-1 = <"'—"> 41,2 = 7~
wy - 2w/ 2
: 2
B A5 _ [wg + w
*1,-27 3 : 2,17 (o7 2
KX/M WPy + Ap
a_1..1 = -1+ a = -1+
’ 2,2 2
(g - w) (wg + 2w)
o A3 , wy + 3w
-l;O = = 8.2 3 =
' 2 . ’ (g + 2w)°
N2
_ (e - L
ao’_l - g 3)2 - 2
| K
a = -1 + —
3’3 . 2
(g + 3w)™
. afhy + Ao T
The term -1 + —2——-— will be taken as the origin of- the determinant.
Wy , .

Define Ay(wg) as the determinant of order Un-1 formed by ta.king
a square array from Mag) centered on the origlin. Then

Mag) = linm' 2n(aw)

n—o
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Define auxiliary determinants from M(wg) as follows:

Cn(aa) determinant of order 2n-1 consisting of the terms to the
right of and below the origin term

Dn(wg) determinant of order 2n-2 obtained from Cp(ay) by omitting:
its last row and column '

Mn(ag) determinant of order 2n-2 obtained from ‘Cp(wa) by omitting
its first row and column i

Nn(ag) determinant of order 2n-3 obtained from Dp(ag) by omitting

its first row and column

The determinants Cp(wg) and Dn(ay) satisfy the following recur-
rence relations:

\
Ky [M
Cnlam) = -1+ — > Dn(wa) -
|aa + (20 - 1)o]
) )
Azlay + (20 - Lo (e
2w + (20 - 2)o n-1{ce)
’ (D5)
aPAy + Ay '
Dp(wa) = <-1+ 5 Cn-1(um) -
| ow + (20 - 2]
Az|®y + (2n - 3w
S (2 - D Dn-1(ca)
J

. The recurrence relations (eqs. (D5)) are also satisfied by - Mn{ay) and
Nn(aa), with M and N replacing C and D, respectively. The initial

values are
K /M
Cl(%) = -1 + _XL

(wg + @)°
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.
Ky |M aPA : A 2
R PR L | Mt _5<w>
WPA, +
i - 2T
: (a;a+2a.))
aPA] + Ap Ky /M Asfan + 30\
Mo(we) = |1 - 21- — - A=
(wg + 2w) - (g + 30) %a + 20

Expanding M(ag) in terms of the elements of the column containing
the origin gives -

WPA \
Mlae) = {-1 + —ﬂ Cn(-aa)Cnlay) -
ua2
A5 |fan - @’ | w + oY
.E-- Cn(%)Mn(-ag) - Cn('U)a)Mn(dk—l)

\

As n becomes infinite, or as wy becomes infinite, the recurrence
relations (eqs. (D5)) approach

Cn

A
-Dn - 2? Cn-1
) (D)

Il

Az
Dn = -Cpn-1 - = Dp-1

Py

Equations (D6) are satisfied by a solution of the form

Cp = CkD ' L

N
= -C(k + —2>kn'l
2

(D7)

g
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!

where k satisfies the equation

As2
k2 - (1 -A3)k+%= 0 ' (D8)

The larger root of equation (D8) will be denoted by k and the smaller
root by kj. Although the complete solution of equation (D6) is of the

form

Cn = Ck! + C'ky"

for large values of n the term in kj; becomes negligible compared with
the term in k.

With the same values for k, Mp and Np will have solutions similar
to those of equations (D7). Thus as n becomes infinite An(ay) will

vary as the quantity k2R,

Define the function

F(wg) = lim Fp(ag) = lim =10
n—>w . n—o k

The function Flag) is periodic in gy of period 2w, has roots
t(aal + 2sw>, t(aag t 2sw), and secqnd—order poles at _(wa + sw) for
all integral values of s. Furthermore, . F(ah) approaches the limit

E= lim F(ay) = lim Fp(x)
Wg—r® . N——yoo
- Cop(w) k2
= lim = :
n—>w kN k2 - k2

as wy becomes infinite in a direction other than along the real axis.
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Form the function

sin2<n—waf'-> :
(D9)

Wy, \ [nwy
sin( %2 _ sin2{—1}| |sin?(Z%) . sin2< 2
2w 2w 2(1)) 2w

3(aw) = Flua)

The function J(wg) is an analytic function of ay everywhere. Hence,
by Liouville's theorem, J(ag) 1is a constant. By letting wg—> + «
along the imaginary axis, it is seen that J(wg) = -4E.

Substituting -4E for J(wa) into equation (D9) results in

RV

lim
Ken

n—-

I

o)

—
&

Introducing K functions defined similarly to those used for the

case Ky=0 gives
Ty, Wy,
sin2( l\sin2< 2>
20/

20 2w

sin2<’tiw)a-)F(wa)

-LE

: 3

/. Kl

lim
wa—>0

> : (D10)

=

n

I

(@]

o]

w0
/m\
a
2| &
=

(¢}

(@]

[6)]

AV
;-\:\
Pl &
N
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Carrying out the limit processes indicated in equations (D10) gives

'Ky lim Xy, -

n—o

n2(<u2Al + A2>bn2(o) - A3n2afCp(0)N, (0)

n—>w ~barCop ()

Ko

lim K2,
n—s>w

K.
e = an2(-(D)
. M ;
= lim
n—3|  _4afCopy()

Finally, upon introducing appropriate. convergence factors, the

. following quantities needed in equations (36) are obtained:
) Kln Sm2(§)
Kqp = lim 5
n—yw| 2p2 _ 0 f 2
7“R H 1 - Re ‘
I A
( 3
K2n cos2(“2—R)
Ko = lim ﬁ - 3
n—>yco n_ | R2 2
].. ]. l =
=1 (25 - 1)2
\ J
where
Ky .
—I\T+U.¥2A1+A2+(L)2(l+kl-k) .
R2 =

u)2(k - kl)
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Figure 3.- Graph of Kl and K2 as functions of rotor speed w for
A =0.1, Ap =0, A3 = 0.1, and Ky = 0.

Get



2.0

1.6

N

|
|
|
|
|
Steady-force ,/ A :
resonance speed / / I
AL A !
> ///, |
7 . .
|
/ L |
|
Instability /] ! Instability
T range ! range
Ly | | |
1 1 1
L .8 1.2 1.6 2.0 2.4 2.8 3.2

Figure 4.- Principal values of wgy plotted against rotdr speed w for

w

&

case of Ay = 0.1, Ap =0, A3 = 0.1, and Ky = 0.

9c1

#hee NI VOVN



NACA TN 3844 | , 127

.8
\
-7 ‘\
\ .
6 A,
\
> e \

BEaN)
Ko ;s o
/ J\'x&\
IRT|NABLS
.671 ‘Q\
.2 \ | \\\§ .
1 5 \ 26 \13\ T~
\ N
. X 3 \ 8
-.1 0 1 2 S I 5 6
K
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