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suMMARY

Theeffectofsmalldownstreampressuredisturbancesontheposition
ofa normalshockina ducttithareavariationisanalyzed.Forthe
as is,thegasflowis treated as quasi-one-dimensional,sndboun~
layerisneglected.Theanalysisshowsthatthereisa first-orderlag
relationbetweenshockpositionandsmalldownstreamdisturbancesin
pressurewhichoccuratfrequenciesbelowa givenlimit.
stantsndthegainofthislagareexpressedh termsof
timeconstantthatdepends.onlyonthesteady-stateMach
shcck.

IN’’TRODUCTION

The time con-
a dimensionless
numberof the

Whenstudyingthedynsmicbehaviorofpropulsionsystemsforsuper-
sonicflight,numerousproblemsarisethatinvolvethemotionof shock
wavesinducts.h saneoftheseproblems,theshockdeftiesonebound-
aryconditicmofthetrsnsientflowbeingsnalyzed.Thiscondition
occurs, forexsmple,whentheproblemis oneofdeterminingthedynsmics
of inletdiffusersforcontrolpurposes.b otherproblems,it isthe
shocktransientitselfthatisofprimaryconcern.Suchisthecasewhen
an inletdiffusertithseverebuzzcharacteri.sticsisinvolved.

Severalpresentationsofthebasictheoryof shockmotionaretobe
foundintheliterature;reference1 is,perhaps,themostcomprehendive.
Inreference2,however,thediscussioniscenteredontheproblemsof
ductflows. Inthisreference,a linearizedeqmtiongovernimgshock
motionisformulatedforthecaseofa normalshocksetofffrcxnits
equilibrimnpositionh an otherwisesteadyflow. Therelsxationtime
forthereturnoftheshockto equilibriaisthusdeterminedandisused
ina discussionofshock-wavestabilityindivergingorconvergingducts.

b thepresentreport,a linearizeds.nslysisismadetodefinethe
transientimposedona normalshockby anunsteadydownstreamflow. The
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forcingvariableof titcrestisthepressuredownstreamoftheshock. .
Thepurposeistopresentthedynamicrelationbetw--tb ‘shockposition
anddownstreampressureina formreadilyusableinthestudyofengine
dynamics. 0.

lntheanalysis,whichismadeforsmallperturhationsoftheshock,
thegasflowistreatedas qmsi-one-dimensionalandboundarylayeris
neglected.Thetreatmentoftheunsteadyflowdownstreamofthemoving
shockissimplifiedby *OS tiga frequency‘ltiitonthepressuredisturb-
ance.Therel.ationsoughtisderivedas a Z&placetrsnsferfunction,
whichisconsideredthemostconvenientformformostuses.
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SYMBOLS

areaofduct —

specificheatat constantpressure

specificheatat constantvolume

substantialderivative,& +“8

ga~

Machnumber

totalpressure

staticpressure

entropy

complexoperator

time

gasvelocity

shockvelocityrelativeto duct

positioncoordinate(positiveindownstreamdirection}

ratioofspecificheats

.
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w
P density

. a timeConstsmt

~~ dimensionless

m frequency

Subscripts:

Ss steadystate

r reference(or

t~ constant

datum)values

.

.

t totalconditions(i.e.,stagnatimconditimsifgasisbrought
to restisentropically)

o enteri.ngshock

1 leavingshock

2 atfixedstation

Superscript:

justdownstreamofsteady-stateshockposition

3

* criticalconditions(i.e.,conditionswheregasvelocityisequal
to sonicvelocity)

ANALYSIS

Becauseof itsextremethinness,a shockwavemsybe treatedas a
discontinuitywithaccuracy.Withsucha treatment,ofcourse,theun-
steadytermsvsnishfromthefundamentalrelationsacrosstheshock.
Flowconditionsdownstreamofa m-g shock,therefore,canbe related
to thoseupstream
usedarerelative
velocityv tith
itsrerelatedas

by steady-stateequations,~rovided%&atthevelocitie.s
to theshock.Hence,fora normalshmk, movingat a
respecttotheduct,thepressuresonthetwosidesof
follows:

(1)

whereallvelocitiesareconsideredpositiveinthedownstreamdirection.
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Considerationisnowlimitedto small@rturhationsfranthesteady-
*

statecondition.Whentermsofhigherorde~th~ thesep=rt~bationsare
neglected,equation(1)yields .. .

(2)

whereonlythe A qyantities,whichrepresentthesmallpertuxbations,
aret= dependent;thecoefficientsofthese~ar~blesaresteady-state
values. Theomissiaofthehigherordertermsistantamountto imposing
thefollowingconditions:

+&<<l

%—<<1
%
APO
—<<1
P(-J

TIE gas flowupstreamoftheshock,ofcowse,isn~ affectedby a
downstreamdisturbance.Thevariables~ snd Apo ineqwtion(2),
therefore,dependonlyontheareaoftheduct;andiftheareav=iation
isfixed,theyarerelatedto theshockpositionx.0asfollows: .

~=(a(%)‘0Ss Ss

Apo=

Thevelocityoftheshockcan
tionsince

wherethepositioncoordinate
direction.

.
——

alsobe expressedintermsof shockposi-
—

d(A@
Av=~–

x ispositiveforthedownstream

.

*
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Withtheuseoftheseexpressionsfor ~, ApO,and Av,equation
(2)becomes

(3)

The shockmovement
change41. ~is
themovingshock.
anteof interest:
downstreamofthesteady-statepositimoftheshock.Thisfixedsta-
tionwillbe referred.to as station2.

Axo,therefore,isdefinedintermsofthepressure
pressurevariationoccursatthedownstreamfaceof
TheprocedurenowistorelateApl tothedisturb-
a pressuredisturbanceoccurrtigat a statimjust

Therelationbetween41 and Ap2 canbe determinedfrauthecon-
ttiuity endmcmentumequtims ofunsteady
dimensionalflowofa nonviscousgas(with
tionsare

gas fbw. Forthequasi-one-
no externalforces},theequa-

Continuity:

%Y’W
Mcmentmu

%+%+: %

Frauthesefundamentalequationsandtherelation

thefolJmwtigsetof

1
p;-b

+(u+a)

[
~a+ (u-a)p=

eqmtionscaabe derived: \

(4)
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Downstreamofthemovingshock,ofcourse,eachparticleofgasmaintains
a constantvalueof itsentropy(althcughdiff&rent>articleswillhave
differententropies). Thesubstantialderivat~veofentropy,therefore,
vanishes:

DsTt=o
Inaddition,iftheareaoftheductisnottimedependent,thesubstan-
tialderivativeofareareducesasfollows:

DA
—=%Dt

Withthesesimplifications,equations(4)become
\

1
p +(u+a) 2] { 1+*+(u+ a)*

;t

1
p 3] [+(u-a) x-a*:t 1+(u -a}*

(5)

Inlinearizingequations(5),itisconvenienttomakeanassumption
thatappearsconsistentwiththequasi-one-dfi-ensionaltreatment.It is
assumedthatpartialderivativeswithrespecttopositim x forthe
steady-stateconditionareoftheorderofthesmall-perturbationquanti-
tiesbefigconsidered.!lhatis,thesreavariationoftheductisassumed
tobe gradual.Uponlinearizing,therefore,forsmallperturbationsfr~
thesteady-stateccndition,equations(5)beccune. \

where,onceagain,only the A quantities~ th dependent.,—

Forthepurposesofthepresentanalysi:, equations(6)maybe
greatlysimplified.Thissimplificationresultsfrornthefactthatthe
bracketedquantitiesintheseeqwtionsrepfisentclifferentiationalong
themathsofthesonicwaves.Iftheanalysis,therefore,islimitedto
trsn~ientsthatareslowinrelationto
thepartialderivativeswithrespectto
pathderivatives.Sucha limitation is

“

.-

.-

—

—

,

.=

—

the~iins.ittimes”forsonicwaves,
time.maybe omittedfromthewave-
notOverlyrestrictiveforthe .-

.
+

.
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problemconsideredherein.Therefore,
(6)My be writtenas

&*-.( .-.)

7

withthislimitimposed,equations

azuWAe=--rx-
efup!+

aF=—— ) (7)

/

Multiplyingthesecondofequations(7)by ~ andthenaddingthe

resultto thefirstofequations(7)yieldsthefollowing:

(8)

Whenequation(8)istit iplied by dx ad no distinctionismadebetween
thesteady-statecmditionsofstations1 and2, itcanbe inte&gatedto

whichcanbe putintothefollowtigfomn:

(9)

(lo)

wheretheltiitcm nowbe defined,frequenc~se,as

Therela.tion between41 sad AP2havtigth~ ~eendete~tied~ ‘he
equationrelatingshmk POSition Ax. tothepressuredisturbanceof

interestAP2 cannowbe formlated.Thisformulationisdoneby co?.ibin-

ingequation(10)withequatiau(3};themanipulationyields

(Ii)



Frm eqpation(11)
danain,thefirst-order

it canreadily
lagrelation
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be verifiedthat,intheLaplace .

exists.Thetimeconstut o andthegain
a dimensionlessqus.utitya‘ asfOhm– :

7 An

.
.— (12a)

k szedefinedh termsof

(12b)

(12C)

—

(12d)
.

Equatim(12d)csmbe reducedtoa simplerfonnby usin
functionsof ~ thatdefinethepare.meters_ ~ #o, A~~ ~$:

~o/Po~and ~ (ref.3)andby considering

()POA To

To tobe equaltothecorresponding
A —*
Ao s.

is as follows:

at=

.

derivatives.Thereducedform
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.

Thus,thequantitya‘, whichiscalledthedimensionlessshocktime
constant,isdependentonlyon thesteady-statevslueoftheshockMach

. nudoer~. A curveshowingthevariatimofthedimensionlesstimecon-
stantwithshockMachnumberispresentedinfigure1. (Indetermining
thiscurve,a valueof7/5wasusedfor y.) As canbe seenfromthe
curve,a’ variesonlyslightlyfora widerangeofMachnunibers;it is,
therefore,a convenientparsmetertouse.

Withthecurveoffigure1, itbeccunesa simpleprocedureto calcu-
latethetimeconstanta andthegain k thatdeftietheshockdynsmics
fora givenductandinitialcondition.As canbe seenfrcmequation —

()

AA~
(12bj,thevalue of u will be positivefora divergingduct —>0

()

4<0
%

andnegativefora convergtigduct — Thesefacts,ofcourse,
‘o -

areconsistentwithobservedstabilityphenomenaofnormalshocksand
withtheconclusionsofreference2.

()
‘o ~Forthespecialcaseofa constsnt-areaduct — =&o , eqvations

(12b) and(12c) showthatboththeshocktimeconstanta andthegain
k areinfinite.Forthiscase,therefore,a moreusefulfozmofequa-
tion(12a)isas follows:

.

.

.

.

which,forinfinitea

Ina constant-areaduct,

and

Axo(s]z@J=L+l.s
kk

k, gives

Axo(s)

“’%=%?7
I therefore,an integratoractionexistsbetween

shockPOSitionanda downstreamdisturbanceinpressure,theintegrator
ratebeing

In otherwords,theshockwave
anteispresent.This,again,
observations.

centinuestomoveas longasthedisturb-
isconsistentwithexperimental
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CCXW2LUDINGREMARKS .

Accordingto thesmall-perturbationanalysis,a downstreamdisturb-
anceinpressure(withina specifiedfrequencylimit)causestheposition

.

ofa normalshockina ductto changeinfirst-orderlagmanner.The
timeconstantandgatnofthislagarefunctionsofsteady-statecmdi-
tionsupstreamoftheshock,theconfigurationoftheduct,anda dimen-
sionlesstimeconstantthatdependsonlyonthesteady-statevalueofthe
shockMachnuniber.Forthes~cialcaseofa constfit-areaduct,this
lagreducesto an integratoraction. .-

LewisFlightE&opulsionLaboratory
NationalAdvisoryCommitteeforAeronautics

Cleveland,Ohio,July12,1957
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