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SPIRAT, ROLL-SUBSIDENCE, AND DUTCH ROLL MODES
FOR DETERMINING LATERATL STABILITY DERIVATIVES
FROM FLIGHT MEASUREMENTS

By Bernard B, Klawans and Jack A. White
SUMMARY

A method for determining lateral stabllity deriveatives from flight
measurements is obtained by arranging the lsteral equations of motion in
such form that information from each of the three modes of lateral motion
mey be utilized. This method permits determination of all the important
derivatives without requiring an estimation of any of the derivatives.
The results of an error anelysis are given to show the effects of errors
in the measured quantities on the accuracy of each stability derivative

for three representative airpleanes.

INTRODUCTION

Calculated and measured wind-tummel values of the aerodynamic lateral
stability derivetives are necesseary in the design of any modern airplane.
Because of the uncertainty of determination of many of the derivatives
from theory or from wind-tummel tests, however, flight measurements of
the derivatives are desirsble to check the values assumed in the design
and to provide g basis for further improvement of the aerodynamic

characteristics.

Several methods have been proposed for determining lateral stebility

derivatives from flight tests by analyzing transient or frequency-response
data. (For example, see refs. 1 to 3.) These methods allow determination
of all the important derivatives. One method, known as the vector method
(ref. 3), allows some insight into the effect of errors in the flight
measurements on the sccuracy of the derlvatives. In this method, which
utilizes data from the Dutch roll mode alone, two of the derivatives must
be estimated or assumed in order to evaluate the others.
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The purpose of this paper is to present a method in which the char-
acterlstics of the spiral and roll-subsidence modes as well as those of
the Dutch.roll mode are utilized in an effort to obtain all the important
derivatives. In general, separate flight tests are needed 4o measure as
sccurately as possible the characteristics of the three modes. An error
analysis is mede to show the accuracy of flight meassurements reguired to
produce g desired accuracy of each stabllity derivative for three repre-
sentative eirplanes.
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ng 3B
Cy lsteral-force coefficient, L&teral force
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2
cy, = o
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CYB JB
D differential operator, d/ds
Dy Duteh roll root
Dl,r real portion of Dutech roll root
Dl,i imaginary portion of Dutch roll root
Do root of roll-subsidence motion
D3 root of spiral motion

(%) ,(m) s (gé) ratlio of nondimensional rolling velocity to angle of
1 2°\B /3 gideslip in Dutch roll, roll-subsidence, and spiral
modes, respectively

(EE) ,(]-31) ,(BIE) ratio of nondimentional yawing velocity to aengle of
1°\B /2 3 sldeslip in Dubtch roll, roll-subsidence, and spiral
modes, respectively -

h altitude, ft

Kn constants, functions of measursble flight quantities
(n varies from 1 to 39)
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nondimensional radius of gyretion in rollégbout longitudinal
2 —_

k
stebility axis, \/(—X;-g) cose'r] + (.]iz_b:_(l) sineq

+®L

nondimengional radius of gyrastion in yaw gbout vertical

Ky, 2 k 2
stabllity axis, —i;g) coszn + —Q%Q sinen

nondimensional product-of-inertia parameter,
X 0V (%x,0\°
-\ —] + —‘-’-—) sin 1 cos 7
b b
redius of gyrestion in roll sbout principal longitudinal
axls, ft

redius of gyretion in yaw sbout principal verticel axis, ft

mags of alrplene, slugs

rolling engular velocity, d@/dt, radians/sec

yawing angular velocity, dy/dt, radiens/sec -
wing area, sq ft

nondimensional time parsmeter, based on span, Vt/b

time, sec

sirspeed, ft/sec

lateral velocity, ft/sec

welght of airplane, 1b

stabllity coordinste axes (defined in fig. 1)

angle of sideslip, %, radians

inclinastion of principal longitudinal exis of airplane
with respect to flight path, positive when principal
axls is above flight path at nose, deg

relative density factor, m/pr
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o mass density of alr, slugs/eu ft
¢ angle of roll, radians
¥ angle of yaw, radians

DEVELOPMENT OF METHOD

Equations

The present method for determining latersl steblility derivatives
from flight measurements depends on srranging the lateral equations of
motion in such & form that information from each of the three lateral
modes of motion may be utilized. In this section the originael equations
of motion are given in standard form and then in modified form.

Assumptions.~ The ususl assumptions of lateral stability theory are
made:

(1) There are only three degrees of freedom: sideslip B, roll ¢,
and yaw ¥

(2) After the airplane is disturbed, all aerodynemic controls are
fixed in their trim position

(3) The disturbed motions sre assumed to be small.

Modifications of standard equations of lateral motion.- The linear,
second-order, simultaneous differential equations of lateral motion
referred to stability axes (see fig. 1) for the condition of controls
fixed 1n level flight are as follows:

Side force:
B(z;m - CYB) + gz!(-cL - %—CYPD) + w(epn - %oyrn) =0 (1)
Rolling moment:

ﬁ(—CzB) +¢ (@KXZDQ - %CIPD) + W(-ZquzDz - %CzrD) =0 (2)
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Yawing moment:

2

(o) 9t o) + vl o) -0 0

Equations (1) to (3) are expressed in a form best sulted for deter-
mination of the resultant motlions (B, ¢, and ¢) from known system
constants. The present paper 1ls concerned with the converse problem,
that of determination of the system constants (stebility derivatives)
from measured resultent motions. In this procedure, the known quantities
are the values of period aend demping, or time constants, of the various
modes of motion expressed mathematlically as certain values of the
operator D and ratios of the measured quantities @, ¢, and B in
each mode of motion. If equations (1) to (3} ere each divided by B
and the terms regrouped, the equations are obtained in a form suitable
for the present enalysis.

Side force:

-GYB-%CYP%Q-%C E‘E+2ub_(1+i)-ch=o (1)

Rolling moment:

~Cig - %Czp %ﬁ - oy %[‘f + @D(%g Ky - DF* sz) =0 (5)
Yawing moment:
ng - o Y - o B v 203t - Pg) 0 e

Basgis of the Method

The present method 1s based on certain relations developed in the
theory of linear differential equations with constant coefficients. These
relations are proved in most textbooks on differentiasl equations.

The operator D mey be handled as an algebraic quantity in the
equations of motion. Im the usual process of solving these equations,
the roots of the characteristic equation are obtained (ref. 4). A
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complex value of D corresponding to one of these roots represents an
oscillatory mode, the fregquency of which is related to the imaginery
part of D and the damping to the real part. A real value of D
represents an exponential convergence or divergence. In the case of

the lateral equations of motion, a small real root represents the spiral
mode, a large negeative real root represents the roll-subsidence mode,
and a complex root represents the Dutch rolil mode.

In each mode of motion, the varisbles ¢, ¥, and B malntain given
ratios. In the case of nonoscillatory mode, these ratlos are real quanti-~
ties. In the case of osclllatory modes these ratlos are complex quentities,
the moduli of which give the amplitude ratios between the variables, and
the angles of which give the phase angles. These ratios may also be
treated as algebralc quantities in equations (L), (5), and (6). This
procedure was polnted out in reference 5. _

If the alrplane is disturbed in any masnner and the controls returned
to the trim position, the transient motion may be expressed as the sum of
contributions of the three modes of motion. Because the equations of
motion are linear, the principle of superposition gpplies. This principle
states thet, if any transient responses which satisfy the equations of
motion are added, the resulting response also satisfies the equations of
motion. Since any response which sgtisfies the equations of motion con-
sists of contributions of the three modes, each of these modes must
separately satisfy the equations of motion. This result 1s used in the
present analysis by substituting into equations (L), (5), and (6) the
meagured values of certain characteristice of each mode. 1In this way,

a number of simultaneous equations are obtained from which the stability
derivatives may be cobtained. The details of the procedure are now
described.

Method of Solution

Tabulation of known and unknown guantities in the equations.- It is
possible to make ground measurements of all pertinent mass charscteristics
of an airplane. (See ref. 6.) Furthermore, the alr density and the trim
1ift coefficient are easily obtained. Theoretically, all the character-
istics of each mode of motion could be measured in flight. This informa-
tion includes the value of the root D and the ratios @/B and /B or
some derivetive of these quantities. These values may be substituted into
equations (4), (5), and (6) to yield three equations for each nonoscil-
latory mode. The Dutch roll mode yields six equations inasmuch as the
real and imaginary parts of the equations must equal zero separstely.
Under these conditions, 12 eguations could be written to determine the

nine unknown stebllity derivatives, nsmely, CYB, CnB, CIB, Cy Cnp’
P
CIP’_ CYf’ Cnr, and Clr‘ Because the number of equations available is
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greater than the number of unknowns, several alternatlive procedures may .
be used for determining the unknowns. Some of the equations may be omltted
from the analysis or some of the quantities measurable in flight describing
the modes of motion mey be eliminsted. In practice, not all the flight
measurements can be made with egual ease or accuracy. Elimination of the
meaguremente which yield the least accurate results would therefore appear
to be desirable. TFor the present, one particular set of measurable quenti-
ties is assumed in order to illusirate the meéthod of solution. Further
investigation to determine the set of measurgble quantities which ylelds
the most accurate results would be desireble. The assumption 1s made thet
all the characteristics of the Dutch roll mode will be used but that, for
the roll-subsidence and spiral modes, only the roots and not the ratios

of the varisbles willl be utilized. The following quantitles are consldered
as knowns and unknowns:

Type of measurement Known quentitles Unknown quantities

Dutch roll Dl,r,Dl,i:(D¢/B)l’(D¢/5)l None

Roll subsidence Dy _ (Dg/B) 2, (DY/B) 5

Spiral motion Dy (D¢/B) 5, (DY/B) 5

General KXE,Kza,KkZ,u,CL - None

Stebility derivatives | None : CYB’Cnﬁ,CZB’Cyf,
Cnp’clp’CYr’Cnr’
Czr

Thus, there are 13 unknowns and 12 equations.

Solution of equatlions.- Since in the case under consideration the
number of equations is less than the number of unlmowns, some assumption
is necessary to reduce the number of unknowns. Experlence has shown that
the values of CYP and CYr may often be neglected in calculating the

lateral motion. It 1s therefore assumed in the present analysis that
these quantities equal zero. A calculation to show the errors introduced
by this. essumption is given in a later section.

Substitution of the known quantities into equations (4) to (6) ylelds
12 relations, but one of these, the side-force equation for the Duitch roll
imaginary quantities, is neglected lnasmuch as 1t involves only known
quantities 1f CYP and Cy,. &are assumed to be equal to zero. The other
11 equations suffice to determine the 11 remalning unknowns. The method
of solving the equations is arbitrary, but the procedure outlined in the
following section has been found to be convenlent in practice.
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For the purpose of the present report, actual flight measurements
were not used to obtain the values of the "known quantities" listed in
the preceding teble. Instead, numerical values were chosen for the sta-
bility derivetives, mass paremeters, and operating condltions of three
representative alrplesnes. These values are listed in table I. These
selected values were then used to calculste the characteristics of the
resultant modes of lateral motion. These characteristics, glven in
table II, were then used to supply the "known quantities" listed in the
preceding table asnd were used as the starting polint in the determination
of the derivatives by the present method. This procedure assures that a
consistent set of known quantities are used and, in the subsequent error
analysis, allows study of the effects of errors in one measurgble quantity
at a time, The practical problems of developing procedures for making
flight measurements and for working up the desired characteristics from
flight data are not discussed in the present report.

The procedure for solving the 11 simultaneous egquations is now dis-
cussed, Usually the equations wlll be solved numericelly rather than in
symbolic form. A numerical exemple is given in the appendix. In the
following equations, algebralc combinations of known quantities have been
represented by Kn (n varies from 1 to 39) for the sake of brevity.
These K +values have been worked out in terms of the known quantities,
but because the resulting expressions are long and because they are not
needed in & numerical solution, they are not presented here. The fol-
lowing procedure in terms of algebralc symbols should be used simply as
an outline of the order to be followed in solving the equations. The
numerical example given in the appendlix shows the actual procedure and
iliustrates how the numerical resuits may be cbtained without specific
expression for the K values. From the Dutch roll mode, the following
relations sre obtained:

Equations for imasginery pert of Dutch roll mode:

- %1 - 01,1 +Kp = O (7)
L 1 =
-E%P-Ecan5+Kh—0 (8)

Equations for resl part of Dutch roll mode:

-CYB + K5 =0 (9)
-C1g - 301K - FKy +Kg = O (10)
~Cng - %Cnng - n K10 + K11 = 0 (1)



10 NACA TN 4066

From these equations, the derlvative OYB is found and the values of
CZB, CnB’ Czp, and Cnr may be determined in terms of Czr and Cnp
ag shown 1n the appendix.

The solution of the Dutch roll equations is very similar to the
vector method of reference 3. In the method of reference 3, values of
two of the derivatives such as Cnp and Czr are assumed. The remaining

derivatives may then be determined by plotting vector diagrams representing
the equations of motion for the Dutch roll mode. The closure of the vector
diagrams is the graphical equivalent of setting the real and lmaginery
parts of the Dutch roll equations equal to zero. In the present method,

by using the roll-subsidence and spiral as well as the Dutch roll character-
isties, all the important derivatives are evaluated.

The equations fram the roll-subsidence mode msy be put in the fol-
lowing form. In these equations, the K-values are functions only of the
known quantities, and the previously derived relations have been used to
express CzB, Cnﬂ’ Czp, and Cnr in terms of Czr and CnP:

(%2)2 + Klz(%t)e + K13 = 0 (12)
(%)E(K“C’r *Has) ¢ (%Y)z e, + Kig) +KugCy +Kag=0  (13)

(), o 1) (3 i + ) i, v =0

The values of (22)2 and (2&) mey be eliminated from equations (12),
2

B B
(13), and (14) to obtain a relation between Czr and cnp
C1, + Kpuln + K5 = O (15)

Iikewise, the equations from the spiral mode may be put in the following
form:
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(%)3 ¥ K26<%lk)3 + Koy = 0 (26)

<'Dég)3 (cnp + K33) + (%5)5(1{31;0% + K35) + K36Cny, + K37 = O (18)

The values of (%?)3 and (%¥)3 may be eliminated from equations (16),
(17), and (18) to obtein another relation between Cp . amd Cp

Cz, * Ks8ln +Ksg = 0 (19)

Equations (15) and (19) may be solved simultaneously to cbtain C
and Czr. Finally, the derivatives CIB, CnB, CIP, and Cnr may be
determined from the equations derived from equations (7) to (11).

DISCUSSION

Probeble Errors in Measurements

The entire discussion to this point has been based on the premige of
precisely determinable values. Since flight research at best is an
inexact science, some knowledge of the errors likely to be involved in
the measurement of the so-called "known" quantities appears to be in
order. The errors depend, of course, on the accuracy of instrumentation
employed, the reading accuracy, and the technique of making the flight
measurements.

The spiral root is usually the most difficult to measure. A method
of measuring the characteristics of the spirsl mode is given in refer-
ence 7. The spiral root for & fighter airplsne, for which the time to
double amplitude was gbout 30 seconds, was measured tO an estlmated
+9-percent error; however, it would be expected that, as the root
approaches zero, the percent error would increase. Errors in the measure-
ment of the spiral root are expected to be more of an absolute type of
error than a percentage error.

In. order to make a preliminary assessment of the results, the fol-
lowing ranges of errors, based on flight experience with the type of
instrumentation employed by the NACA, may be used as & rough gulde.
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Quantity - B ‘ Error
Duteh roll period, percent +5
Dutch roll dampling, percent . +3
Amplitude ratios, (Dy/B); and (D@/B);, percent +5
Phase angle of (Dy/p); end (D¢/B)l, deg +6
Roll-subsidence root, percent ' +6
1, deg +1
Mass and inertia characteristics, percent +2

The mess end inertia characteristics can be measured accurately on
the ground for a known loading condition, but in flight they are subject
t0 uncertainty because of errors in the measurement of fuel consumption.

In order to determine the effect of errors in the flight measurements,
calculaetions were made for three sirplanes of low, medium, and high rela-
tive densities. The stability derivatives, operating conditions, and mass
perameters which were chosen are typlcal of the particuler class of air-
plane. These values are listed in table I. These selected values were
then used to calculate the characteristics of the resultant modes of
lateral motion. (See tsble II.)

Each flight or ground measurseble guentity in turn was veried from
the correct value and used to recalculate the stability derivatives by
the method given. The results of these calculations are shown in fig-
ures 2 to 8. Thus, for example, in figure 2, a 5-percent error in u
alone (with all the other measursble flight quantities correct) causes
Cy,, tobe calculated as -0.73 rather then -0.69 and CnP to be calculated

as =0.03 rather than as -0.025 for the airplane with the low relative
density.
Errors in Derivatives

Staetic stabllity derivatives.- Examination of figures 2 to 8 shows
that the static stabllity derivatives CYB, CZB, and CnB are, in general,

not unduly sensitive to errors in the measured data. The percent error in
these derivatives is usually &bout the same or less than that in a given
measured quantity. The errors usually increase somewhat as the value of

# increases. One exception 1s the relatively high senaltivity of GY

to the phase angle of Dy/p for the Dutch roll mode (fig. 6).

A surpriging result is the insensitivity of CnB to the frequency of

the Dutch roll Dl,i' (See fig. 7.) The frequency is usually considered
to be proportional to the squere root of CnB for constant values of the
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other derivatives. TIn the present example, the large simultaneous varia-
tions of the other derivatives, especially Cnp: probably account for the

small varistion of CnB. Tt is not known whether this result would be
found in all cases.

Damping derivetives.- The damping derivatives CZP and Cnr become

progressively more difficult to determine as the value of | increases.
This result is related to the fact that the demping derivatives have less
effect on the motion as p 1increasses. Accurate determination of these
derivatives is therefore less importent at higher values of . For the
renge of p considered, reasonsbly accurate measurements of Czp were

obtained. The value of Cnr can be determined only for the airplanes
with low and medium relative density.

Cross derivatives.- The cross derlvatives Cz and Cnp are evi-
r
dently the most difficult to obtain accurately. The value of Czr is

well-defined for the airplane with the low relstive density but rather
poorly defined for the eirplanes with medium and high relative density.
The vealue of Cnp is not determined with reasonsble accuracy for any of
the cases. It is greatly affected by errors in Dutch roll periocd and
in the phase angles of D¢/ﬁ and D?/B-

Effect of Side~Force Rate Derivetives

A check was made to determine the effects of variations In the side-
force rate derivatives CYf and CY? which were assumed to equal zero

in the previous analysis. 1In practice, the values of Cy, e=nd CY? may

lie in the range from sbout 0.3 to -0.3. The values of all the other
derivatives were calculated with these values for Cyf and CYP. The
results of these calculations are shown in figure 9. The derivative CY
r
has very little or no effect on any of the other derivatives. The deriva-
tive cY? has a small effect on GYB and. CnP for all three airplanes

and a small or no effect for the other derivatives. In view of these
results 1t appears that a slight improvement in accurscy could be gained
by using an estimated value for CY? in the analysis rather than by
agssuming it to be zero.

Effect of an Error in B

The separate errors assumed in the quantities D@/ and Dy/B msy
be considered as errors in Df and Dy. If it is assumed, however, that
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an error exists in the maegnitude or phase angle of f, both D¢/B and
Dy/B will be affected in the same way. Additional calculations have been
made, therefore, to determine the effects of the combined errors in these
quantities which would result from an error In B and the results of
these calculations are given in figure 10. The derivative CYB is highly
sensitive to the phase angle B but shows little sensitivity to the magni-
tude of 8. The derivatives Czr, Cnp, and Cnr become progressively

more sensitive as the value of p increases whereas C; , Cy , and Cp
B P

for all three asirplanes show very smell or no sensitivity to B.

Improvements in the Method

Measurement of CYB.- A deficlency in the method described 1s the
sensitivity of Cyﬁ to an error in the phase angle Dw/B. (See fig. 6.)

The source of this error may be seen by examining the side-force equation
for the Dutch roll mode. (See eq. (4).) Since CYB is the only unknown

Involved, thls equation alone is requlred for 1ts determination.

- Dy _cf® - 20
Org * BPL,r + QN(B )l,r CL(B):L,r ° (20)

Since D$/B is slmost a pure imsginary quentity (see table II), changes
in the phase angle affect the real part of this quantity direetly. This
value is then multiplied by the lerge factor p which introduces errors
in CYB.

An alternate method of determining CYB, pointed out in reference 3,
is to measure lateral accelerstion 8y by means of an accelerometer.
The value En_a.% gives the sum of the terms 2uD + 2;;(%’-’) - CL(%), which

Q

according to equation (20) equals cYﬁ' In addition, the use of this

procedure may allow determination of Dy/B to a higher degree of accuracy
than would be possible by measurements of Dy and B directly.

Alternate sets of flight measurements.~ The set of flight measurements
discussed in the present report is not necessarily the best for any particu-
lar airplane. Since determination of Cnp by the present method requires

extreme accuracy in the measurements, it is likely that the use of addi-
tionel data, such as the value of D@/ for the roll-subsidence mode,
would allow more accurate determinetion of_ugnp. Preliminary celculations
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indicate that greater accuracy in the measurement of Cnp can be obtained
by this method.

Another possibllity which may prove desirable in some cases is elimina-
tion of measurements of the spiral mode and substitution of more complete
data on the roll-subsidence mode. Accurate determination of the spiral
characteristics is difficult in some airplanes because of the changes in
lateral trim caused by motion of fuel in wing tanks or becsuse of the
tendency of wings to take a slight twist. due to structural hysteresis
following application of lateral control.

CONCLUDING REMARKS

A method is presented for determining lateral stablility derivatives
from flight measurements. This method utllizes data from each of the
three modes of lateral motion and allows determinatlon of all the important
stability derivatives. An error analysis 1s made to show the effects of
errors in the measured guantities on the accuracy of each stebility derive-
tive for three representative alrplanes.

The statle stability derivatives CYB, CZB,

mined with good accuracy by the proposed method. The damping deriva-
tives CIP and Cnr become progressively more difficult to determine

and CnB mey be deter-

as the value of the alrplane density factor pu increases. The values of
the cross-rate derivatives Czr and CnP are the most difficult to obtain

accurately. The value of Czr 1s well-defined for low values of 1 bub
is poorly defined at medium or high wvalues of . The value of CnP
is not determined with sufficient accuracy for any of the cases studied.

The proposed method may be modified to utilize different sets of
flight measurements without changing the basic procedure. Improvements
In the accuracy of determination of some of the derivatives might result
from the use of different sets of flight measurements.

Langley Aeronautical ILeboratory,
National Advisory Committee for Aeronautics,
Langley Fleld, Va., May 7, 195T.
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APPENDIX
NUMERICAL EXAMPLE

The data given for the fighter ailrplene in tebles I and II are used
in the example. Vealues are substituted into equations (4), (5), and (6)
of the text.

Imaginery Part of Dutch Roll Mode

The side-force equation dilsappears because the two unknowns CY?
and CYE are assumed to be equal to zero. The rolling-moment equation

is:

- .%czp(o.loai) - %Czr(-O-EOEi) + 2(13) (-0.0354 + 0.30u4) [(-0.211 +

0.10%1) (0.0171) -~ (0.0100 - 0.3021) (o)] =0

In the products (0.0%54 + 0.3041)(-0.211 + 0.1031) and (-0.0354 +
0.3041) (0.0100 - 0.3021), only the imaginary parts are used.

-0.0515101P + 0.151101r + 0.03021L = O

Czp =-2.90Cy, - 0.58_5 (A1)
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The yawing-moment equatlon is:

| nfE) ) 2o (B - B

o

- %Cnp(o.lOBi) - %Cnr(-O.BOEi) + 2(13) (-0.0354 + o.3ohi)[(o.01oo -

0.3021) (0.0k92) - (-0.211 + 0.1031)(0)] =0

Again, in the products (-0.0354 + 0.3041)(0.0100 - 0.302i) and
(-0.0354 + 0.3041)(-0.211 + 0.1031), only the imsginary parts are used.

~0.05151Cn, + 0.151iCp, + 0.01751 = O
Cn,, = 0.340Cp - 0.116 (a2)

Real Part of Dutceh Roll Mode

The side~force equation is:

o ulf), - ali), ol ), - of), -

If the following equalitiles are used, the substitution in the side-force
equation may be followed with ease.

¥ = Dy
D 1 = = 2uD
2 l;rl: + (B)l,r] 2 l,r + a"’(B )1,1-
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Substituting the values 1n the slde-force equation gives:

_ ) _ =0.211 + 0.1031 -
%ﬁ+o+o+2uﬁ(&®%)+ﬂbﬂamw) &w{mﬁﬁh+&m“) °

-0.211 + 0.1031
-0.0354 + 0.3041

In the quotient of ( ), only the resl part is used; thus,

- - 0.69=0
Cyq 2
Cy, = =069 (A3)

The rolling-moment equation is:

oy #off) -l w3 -

‘Czﬁ - %Czp(-0-21l) - %czr(o.01oo) + 2(13) (-0.0354 + o.3ou1)[§-o.211 +

0.103i)(0.0171) - (0.0100 - 0.5021)(0)] =0

In the products (-0.0354 + 0.3041)(-0.211 + 0.103i) end (-0.0%5k +
0.3041) (0.0100 - 0.3021), only the real parts are used; thus,

-C + 0.106C - 0.005C - 0.0105 =0
15 I iy
Substituting the value of Clp from equation (Al) glves:
-C, + 0.106(2.90C, =~ 0.585) - 0.00 - 0.0105 = 0O
15 (.90c;_ - 0.5 5) 5Cq,, 5

cZB = o.3oocIr - 0.0720 (AL)
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The yawing-moment equation is:

b)), o3 ()] -

-an - %cnp(-o.zllj - %cnr(o.01oo) + 2(13) (-0.0354 + o.3ohi)[(o.01oo -

0.3021) (0.0492) - (-0.211 + 0.1031)(0{] =0

In the products (-0.0354% + 0.30ki) (0.0100 - 0.3021) and (-0.0354% +
0.3041) (-0.211 + 0.1031i), only the real parts are used; thus,

—CnB + 0.106C,, - O.OO5Cnr +0.116 = O

p

Substituting the value of Cnr from equation (A2) gives:

“Cpy + 0.106; - 0.005(0.3k0Cn, - 0.116) + 0.116 = 0

p

C

ng = 0.103C,, + 0.117 (45)

p

)
Roll Subslidence

The side-force equation ls:

- off, bl 2l ) (B

) Dy _ Eg 0.071 -
0.69 + 0 + 0 + 2(13) (-0.499) + 2(13)(E3)2 (B )2(_o.h99) 0

(Eﬁ) _ 183(21&) - 86.5 (46)
B 2 B 2
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The rolling-moment equation is:

- ol - ), oo - () -

o, - Lo (M) - (@) _ <22) _(BE -
Cag ?al-czp(ﬁ)2 %czr 32+2(13)(o.l+99) 52(0'0171) ‘3)2(0) 0

Substitutions from equations (A1), (AL), and (A6) give:

~(0.300C7,, ~ 0.0720) - %(2.9oczr - 0.585) [183(%‘15)2 - 86.5] -

%Czr/%k) + 2(13) (0.499) [ 185(%‘2) - 86.5] (06.0171) = O

2 2

(12.8 - 265011‘)(%)2 - 5.95 +125C;_= 0

=5.95 + 1250,

o) -
(B)g -12.8 + 26501r (A7)

The yawlng-moment equation is:

R R

o, -3 (P8) |1 2&) ] (R‘k) () -
an EC“p(B )2 -2-Cnr(‘3 , + 2(13) ( o.lp99)[ 5 2(o.ol+92) 2‘?2(0) o
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Substituting the values obtained from equations (A2), (A5), and (A6)
glves:

_(0.1030% + 0.117) - %'»%[183(%‘!5)2 - 86.5] - %(%‘E)a(o.%ocnp - 0.116) +

) (13)(-0.499)(%*) (0.0492) = 0
2

Dy _
(-91.70np - 0'58)(?)2 + 15.301,p - 0.117 = 0

~0.117 + 43.3
(%), =
s 0.58 + 9L.7Cn,

Substitute the value of (Dy/B), from equation (A7) into equation (A8).

-5.95 + 125czr -0,117 + h3.30np

-12.8 + 26507, © 0.58 + 91.7TCn

105.5Cq  + 8.63cnp -k495=0 (49)

Spiral Motion

The side-force equatlon is:
o o (), - B3] <o+ ()] - off -

0.69 + 0 + 0 + 2(13) (-0.0000725) + 2(13)(9Y) - <__0_-_0_7_1_\(2Q‘) =0
B 3 -0.0000725/\B /3

26(%3{)3 + 980(%) +0.688 = 0

3
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(ﬂ) = -37.7(%) - 0.0265 (A10)
3 B3

The rolling-moment equation is:

oy i8] -] 208 - 8]

oy 8 5f3),

2(13) (~0.0000725) [(Qﬁ) (0.0171) - (3‘1{) (o)] =0
B s B )5

Substituting the values obtained from equetions (Al), (Ak), and (A1O)
gives:

..(0.300011~ - 0.072) - %(:2.9007,r - 0.585)(%2)3 -

Dy ] (y i}
%c;r[-57.7(-§-)3 - 0.0265J 0.00188 B)3(0'0171) =0

(17.00Zr + o.292)(¥) - 0.300C; + 0.0720 = 0

3
(D¢) 0.0720 - 0.300C;_
2 = (A11)
B /5 -0.292 - 17.0C;
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The yewing-moment equstion is:

ol B, o )50 ()] -

o, - () |1 m:) . (&«) , (2@) -
Cng ECnP(B)3 Ecnr(s ,* 2(13) (-0.0000725) }{ =2 3(0 492) - {3 3(0) 0
Substituting the values from equations (A2), (A5), and (A10) gives:

-(0.1030np +0.117) - %cnp(-;—'gf)j - %(o.ahocnp - 0.116) [37.7(%) -

3

0.0265]- 0.00188{-37.7(%51) - 0.0265J(0.0492) = 0
3

(5.hcnp - 2.20) (%2)3 - 0.099Cp | - 0.119 = 0

-0.119 - 0.099C.
B w
3

B 2.20 - 5.hOCnp

Substitute the value of (D¢/B)3 from equation (A1l) into equation (A12)
to obtain

0.0720 - O.BOOCZr -0.119 - 0.099Cnp

Pp

-0.292 - 17-007,,_, 2.20 - 5.40C

-2.68C, - 0. 0.12h = 0
2.660; - 0.k20C, + 0.12k

Cq, = -o.157cIlP + 0.046 (A13)
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Substltute the value of Clr from equation (Al3) into equation (A49)

103.5(-0.15701,:9 + o.oué) +8.63Cn, - 4.95=0

-7.670np - 0.19=0

On, = -0.025

Substitute the value of Cnp into equation (A13)} to obtain

Cy, = ~0.157(-0.025) + 0.046
Cl = 0.0a)
r
Substitute the value of czr into equation (Al) to obtain

01P = 2,90(0.05) - 0.585

CZP = -0.hkL

Substitute the valuve of Cnp into equation (A2) to obtain

Cn, = 0.34(~0.025) - 0,116

Cnr = «0.125

Substitute the velue of Cy, into equation (Ak) to obtain .

C3, = 0.30(0.05) - 0,072

B

Gz = =0.057
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Substitute the value of cnP into equation (A5) to obtain

an = 0,103(-0.025) + 0.117

Cng = 0.115

25



26

2.
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TABLE T

CHARACTERISTTCS OF REPRESENTATIVE AIRPLANES USED IN CALCULATTONS

Characteristic Fighter Medium Bomber High-altitude fighter
e o o o o o o @ 13.0 31.83% 182
K « « o « « « «| 0O.0ITL 0.0311 0.01557
. Ky o« o o v o« .| 0.0492 0.072 0.156
KRz, o o ¢ o o o « 0 0 0.0020
Cr, . . o . 0.071 0.443 0.49
- hy £ ¢ « o o« o & 0 35,000 50,000
V, fofsec . . . . 700 700 776
b, ft o« o . . . 41.6 116 25
GYB ® ¢ s & o » o -0-69 —0161 -0-58
sl z
Y . . e @
r
cZB c e e e e . o] =0.0573 -0.1k4 -0.18
cIP « e e e e e ~0. 4k -0. 4k ~0.33
czr ] . . . . [ 0¢05 01111'9 0-22
Cnﬁ ....... 0.115 0.12 0.25
cnP e e e e -0.025 0.0276 -0.049
Cn, e e ~0.125 -0.156 -0.68




TABLE II

CALCULATED CHARACYERISTICS OF THE RESULTANT MODES FOR THE REPRESENTATIVE ATRPLANES

[m roots are given in nepAimensional form, |

Roots of characteristlic eguation D’/ﬁ Dt/ﬂ
Mrplane | p

Dutch roll Bl Spiral Dutch roll | To1t | Spirel Dutch rol1 | Bl | Spirel

BuUbDAlaence BOT10n f_ Qi st mRal.ir HDLL 0 D WD L WL | __sJriRaivy

Fighter | 13.0|-0.0354 + 0.3039L -0.1993 | -0.0000725 | -0.2115 + 0,10281| 2h.T7 —-0,0h947 1 0.01003 - 0.30221| 0.3375 1.6%
¥edluw | =) g3 | .0.0045T £ 0.16791| -0.128: |-0.000419 |-0.215 + 0.28281 L.36 -0.095 |0.00684 - 0.1591 | ~o.;u7 | 1.5
Hlgh-~
alpituda | 182 | ©0.00258 & 0.0665L| -0.0410 |-~0.0007TT0 |~0.197 + 0.37h51 2.75 ~0.k9 |0.00325 - 0.06221] -0.0%08 | 0.8%6
Tighter .

gc

990H NI VOVN




NACA TN 4066 o9

Principal axis
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Yawing moment
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Figure 1.~ Stabllity sxes system employed with positive direction of
forces, moments, and displacements shown.
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Flgure 2.- Variation of the stability derivetives produced by errors in .
the relative-density factor and the nondimensionel redius of gyration
in yaw about the vertical stabllity axis.
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Figure 3.~ Variation of the stabllity derivatives produced by errors in
the nondimensional redius of gyration in roll gbout the longitudinal

stability axis and the 1ift coefficient.
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c, 2 }_ o = . Hghter
........ Nediw bomber
o ———— - High altitude fighter
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Figure 4.~ Variation of the stability derivatives produced by an error
in principal-axis ti1lt.
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Figure 5.~ Variation of the stability derivatives produced by errors in
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Figure 6.~ Variation of the stability derivatives produced by errors in
the smplitude and phase angle of the Dutch roll ratio Dy/B.



NACA TN 4066 . 35

CYB -4 —

[ ——t— L A= =]
——

™

Cay

.
Error in DJ#-’ percant Error 1n Dz pearcent

Flgure T.- Variation of the stabllity derivatives produced by errors in
the real and imaginary parts of the Dutch roll root of the character-
istic equation. ’
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