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SUMMARY

4,. By theuseof anintegrsltechnique,thelsminsrboundary-layer~.
equationsarereducedonthewindwsrd‘generatoroftheplaneof symmetry
toa setof simultaneousalgebraicequations.TheChapmsn-Ruhesin

* temperature-viscosityrelationanda Frandtlnmiberof1 areassumed.
ThemethodenablestheskinfrictioncoefficientsandStantonnumberto
be calculatedina muchshortertimethanwasneededtoobtainexact
numericalsolutionsfromtheboundsry-layerequations.Thesolutionsob-
tainedby thismethodare,forthemostpart,within5 percentagepoints
oftheexactsolutions.

INTRODUCTION

Somedesignsforsupersonicaircraftandmissilesindicatetheuse of
a conical noseorforebody.Fordestgnpurposesitisnecessarytoknow
theskinfrictionandheattransferontheconicalsurfaceforallpos-
sibleflightconditions.Oneimportantconditionisflightatan@e of
attack,sincetheboundary-layerflowis complicatedlytheadditionof a
crossflow,whichincreaseswithincreasingangleof attack.

Severalanalyticalpapershavebeenpublisheddealingwiththeeffect
of angleof attackontheboundarylayerofa cone.Laminarflowover
conesat smallangleof attackhasbeenstudied(ref.1)by usinga lin-
earizationof thenonlinearboundary-layerequationsfora coneasderived
inreference2. Inreferences3 and4, theresultsofreference1 have
beenextendedto coverthecombinedeffectof spinandsmallangleof
attack.In reference 5, theboundsry-1-ayerequationsforlargeanglesof
attackweresolvedby a numericalmethodbutthesolutionswerelimited
totheplaneof symmetry.Theprecedingsolutionswerelimitedtothe
insulatedcasewitha Pmndtlnuuiberequalto1.
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Additionalnumericalsolutionswerecomputedinreference6 forthe
equationsforlsxgeangleof attackintheplaneof symmetry.Heat- *-
transfersolutionswereslsoobtainedinreference6 by notingthatfor
a Prandtlnuder of1 theenergyequationintheplaneof symmetrycould
be writteninthesameformasthemomentumequationalongthegenerator
and,therefore,theenthalpyprofileisiderkicalto thevelocity
profile.inthisdirection.An approximate&orrectionfactorforheat
transferis @ven inreference6 forthecaseof a Fkndtlnumbernot
equalto 1.

.—
.*

Obtaininga numericalsolutiontotheboundary-layerequationsof !?’
reference5 isaninvolvedprocessud requiresanelectroniccomputor.
Itwasthereforedesirabletofindanap~ro~matemethodof solvingthe
boundary-layerequationsfromwhichresultscouldbeobtainedwithonly
theuseof a deskcalculator.An integralmethodispresentedherein: n“
thatresultsin a pairof simultaneousslgebraicequationsinplaceof
thenonlinearordinarydifferentialequationsofreference5 forthe
planeof symmetry. k

Interpolationoftheexactsolutionsofreference6 givesgoodre-
sultswithintherangeofvariablesstudiedjbutthemethoddeveloped
hereinenablesquickcalculationofresults-outsidetherangeofve.ria-
blesconsideredinreference6. Forthispurpose,a computationalpro-
cedureforthepresentmethodisgiveninappendixB. Thetechnique —

givenin
layeron

The

thispaperalsoindicatesa methodforstudyingtheboundary
thec;n;other

boundary-layer

thanintheplaneof symmetry.
-_

EQUATIONSOFM3TION

equationsaregiveninreference2 fora general
orthogonalcoord&atesysteminwhichthebodysurfaceis definedby
Y = 0- andthecoord&atex is definedsothatthebodycrosssections
aresimilarforvariousvaluesof x. Theseequationscanthereforebe
appliedtoa coneat angleof attackwiththecoordinatex alonga

—

generatory perpendiculartotheconesurface,and x~q onthecirc-
umferenceofthecone,where,9 isthemeridional.anglemeasuredfrom
thewindwardgeneratorontheplaneof syumi=tryand ~ isthesineOf
theconesemivertexangleTS.Figure1 she@ thiscoordinatesystem.
Sincetheflowpasta coneatangleof attackis stillconica12thereis
nopressuregradientslonga generatorofthecone.Therefore,for -
steady-stateconditionstheboundsry-layerequations”fromreference2
canbe writtenas

—=.

a-u au pwa-u pwz
Pu~ +pv&+-.@~-~= $ (’%) (la) -

.
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(lb)

(lC)

P = PRT (le)
.

Equations(la)and(lb) aremomentumequationsinthe x and Q
directions,respectively,equation(1c) isthecontinuityeqmtion,equa-
tion(id)istheenergyequation,andequation(le)istheequationof
state.AllsymbolsaredefinedinappendixA.

in

is

Thefollowingphysicalassumptions,whicharebasicsllythesameas
reference5, areusedinthispaper:

(1)A thinlaminarboundarylayeracrosswhichthestaticpressure
constantandalso ~ is constant

(2)Randtlnumberequalto1

Chapmsn-Rubesintemperature-viscosityrelation(ref.7)is(3)The

wheretheconstantC is evaluatedtomatchthe
cosity at theconesurface

1/2Te+ 198.6

()
~CT=
e Ts+ 198.6

(2)

Sutherlandvalueofvis-

(3)

(4)Theconesurfacetemperatureis constant.Thisdiffersfromthe
assumptionof zeroheattrsnsfergiveninreference5 inthatheattrans-
ferisconsidered.

For Fr= 1, equations(1)canbe combinedto givethenewenergyequation
.
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where . .

H =CPT+; (U2+ W2)

If,inaddition,thesurfacetemperatureis constantanda new
quentity@ isdefinedas

theenergyequation(4)canbe writtenas

Theboundaryconditionson theconeatangleof attackare

u V=w== @= Oaty=O

and

(5)

(6)

(7) .

(8)

u= uejv=ve=O, w= we~~=laty= 5
.

where y = 5 attheouteredgeofthebouqdarylayer.It isassumed
thatboththevelocityandthermslboun~-layershavethesamethick-
ness 5.

Combiningeachofthemomentumandenergyequationswiththecon-
tinuityequationandthenintegratingacrosstheboundarylayerfrom

—

Y= o -to-y= 5 results in

K+- Uu—-
X

.
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. where

f

6
!!Uu= p%l*(l - u*)dy

o

f
6

tUw‘ p*#(l - u*)dy
o

6
L=J ‘*w*(w: - #)dy

f

5
c~= o p*u*(w$g- “q’y

f

5
klu = o P*~*(l - @*)@

f

5
C*W= o p*w*(l - @*)dy

(9C)

(lea)

(loll)

(1OC)

(10’)

(lOe)

(lof)

Thestarredquantitiesintroducedintoequations(9)and(10)m?edimens-
ionlessquantitiesformedasfollows:

U*. u/ue P*= P/Pe

W*= w/ue P*= P/Pe

O*. G T*= T/Te

(EL)
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Equations(9)and(10)arereducedtoincompressible
transformation.

f

Y
3!~ P*dy

o

NACATN 4360

.

formby mesnsofthe

*

(12)

Therelationbetweentheboundary-layerthicknessintheyhysicsl F
coordinates5 andthethicknessinthetransformedcoordinatesA was
obtainedfromequations(5),(6),and(12).Thepressuregradientinthe
4J directionwaseveluatedattheouteredgeof theboundsrylayer.By
usingtheChapman-Rubesintemperature-viscosityrelation(2)andthe *—
dimensionless‘vsri*le

—

@

the transformedboundary-layerequations

aeuu 1 *UW %lw
--Z?-+mm+xppu2

ee

.,-

(u) -

become

b(Pe@)” 8*u
~+ T-

—

-1 .

(14a)

—

(14b)

.

.



NACATN 4380 7
*

where

-. ..’

and

f

1
QUu=A U*(1- u*)dq

o

J1
em=A #(l - u*)dq

o
.

ew=A
J

‘ T#(w: - #)dq
o

J
1

Qn=A u*(#e - w*)al-j
o

.

J’
1.

‘@u=A u*(1- @*)dq
o
.

f

A

%w =A W*(1 - @*)dq
o

Theboundaryconditionsare

U*=+

2
1 ‘e.~—
Tl 2cpTe

‘6*= Oat~=O

(15a)

(lsb)

(MC)

(15d)

(15e)

(15f)

(16}

(17)

*u= e*= I1,w* = w:

* at q=l

‘%=0
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APPROXIMATEVTIGOCITYANDENTHKLPYPROFILES

Approximatesolutionsforequations(14)usingtheboundarycon-
ditionsgivenby eq=tion(17)canbe obtainedby assuminga polynomial
torepresenttheboundary-layerprofileforeachofthevelocityand
thermalboundarylayers.Theparametersin-theassumedprofileareevsl-
uatedfromtheboundaryconditions.Botha third-andfourth-degee .
polynomialwereassumed.Theresultsfromthefourth-degreepolynomial
differedmorefromtheexactsolutionsofreference6 thanthoseusing
thethird-degreepolynomial.Sinceitisdesiredtouseanapproximation
thatagreesas closelyaspossibletotheexactsolutionsintheplaneof
symmetry,themethodusingthethird-degreepolynomialispresented.

Assumethat

~.++= al~ + a2q2 + a3r13 (18a)

W*= blv+b2v2 +b3V3 (Mb}

O*= C1’fl+ c#12+ c3q3 (18c)

Substitutingboundaryconditions(17)intoequations(18),the
assumedprofilesbecome

u*= (3- 27)~2+ a~(l-

W*= (3- 2q)7%T:+ bq(l .-

@*= (3-

Theexpressionsgivenin
equations(15)become

2T)72-t-Cq(l -

equations(14).

27+ 112) (19a)

211+ ?lZ) (19b)

2?+ ?p) (19C)

andthe integrals given in—.

(20a)

(20b)

.

.
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.

.

[

IL J-3 1
1%U=$; +T ”-EC-P’

[
A 9 *+11eti== ~We 1~b-~cw~-:bc

f

1
W*dq=

[
1*1 1~We+—b

o 12

f

12# dq=~
[ 113w#+:bw$+$b2

o

(20C)

(20d)

(20e)

(m)

(20g)

(20h)

(20i)

(20j)

(20k)

(202)

(20m)

(20n)
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Theboundary-layerthichessisassumed-todevelopaccordingtothe
expression %—

rA=K &X1/2 (21)
ee

where K is anunknownproportionalitypar~eter.ThequantitiesK,
peJ pe~ ‘d ‘e are assumedto vary with !l- but not with X. The
assumptionof expression(21)forthelsminarboundary-layerthickness ~isbasedon a statementinreference5 thatBlasius-typeparabolicsim-
ilarityexistsinmeridionalplanes.

Substitutionof equations(20)and(21)intoequations(14)gives
threeordinarydifferentialequationsinfo~
C/K2. ‘--

PLANEOFSYMMETRY

Theequationsofmotionfortheboundary

unknowns: a,b, c,and *–
—

.

layercanbe greatlysim-
plifiedby restrictingthemto theplaneofgymmetry.In theplaneof
symmetry@ isequalto eitherO or m,h&ever,boththeoryandex-
perimentindicate~t theboundary-layer=&zmptionsdonotholdfor
@=Yt atlargeanglesofattack,sincethe_boundsrylayereitherbecomes

—

toothickor separationoccurs.Therefore,theboundary-layerequations
willbe solvedhereinonlyforthecase @ =-O where~becauseof sym-
metry,w = we= w*= O andthereforeb = Oj dSO P’(*) = O. .—

Inspectionofthe @-momentumequation(14b)showsthateachterm
vanishesontheplaneof symmetry.Inordertousethisequation,itis
necessaryto differentiateitwithrespect~ @ beforerestrictingit to
theplaneof symmetry.For W= 0,equations(14a)and(14c)areiden-
ticalsothat u*= @* and a= C. It is,“therefore,onlynecessary- —

to solvethe X-momentumequationandthe @ derivativeofthe
@-momentumequation. — .

Theresultingequationsintheplaneof,symmetryare

.
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.

Theseeqmtions
knowns: db/dG,

aresimultaneousalgebraic equationsinthe
C/K’,and a.

(2Z%)

threeun-

Exsminationoftheexactboundsx-y-xerprofilesastivenin ref-
erence6 indicatedsimilarityinthe‘x-&ec~ionthatwa;practically
independentof angleof attack,temperatureratio,andconeangle.There-
fore,a isassumedconstantforsllvaluesofthevariablesanditsvslue
canbe determinedby comparisonwiththeexactsolutions.

dw*
Thequantities.& and ~T~ srefunctionsoftheflowattheouter

edgeoftheboundarylayerandcanbe evaluatedfromdatatabulatedinthe
M.I.T.tablesof flowovera cone(refs.8 and9). As giveninreference
5, thesequantitieswe

(23)

where a istheangleof attack,B isthesineoftheconesemivertex
angle,andallotherquantitiesontherightsideof theequationsarein
thenotationof references8 and9. Thebsrredquantitiesreferto zero
an~e of attack.

Thequantities given in equations(23)and(24)areexactup tothe
orderof a2 buttermsofhigherorderof a me considerednegligible.
Thisassumptionsetsanupperllmitontheangleof attack.Thislimit
is alsoa functionof theothervariablesof theproblem.

.
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COEFFICIENTSOFFRICTIONANDHEATTRANSFER

Theexpressionsforthecomponentsof~_scousshear
.

stress for the
directionslongthemostwindwardgenerator“andthecircumferenti~di-. ____ 1
rectionare

Intermsof thequantitiesobtainedfromthisreport,
bewrittenas

c (Rex)-1/2(cf,x~=o=Zax

(cf#)q=o= o

.

Similarly,theexpression

St=

.

fortheStantonnumber

q
PeUe(Ha~”-Hs)

()&
which,intermsofthepresentedquantitiesbecomes

St= a: (Rex)-1/2

(25a)

(25%) ~

(25C) .

—

.

equations(25)can ,..-

(26a)

(26b)

(26c)

is

—

(27)

(28)

.

.
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SOLUTIONSOFEQUATIONS

Theexactsolutionsfortheboundsry-layerequationsasgivenin
reference6 wereusedtoevaluatetheconstanta. Theexpressionsgiven
inreference6 forskin-frictioncoefficientsandStantonnumberare

. where f~,v;,and @J aredefinedinreference

(29a)

(29b)

(29c)

6 and

(30)

It shouldbe notedherethatinreference6,asin thepresentpaper,the
energyequationwassimilartooneofthemomentumequationsandtherefore
f; = @;.

Theskin-frictioncoefficientsasgiveninequations(26)wereset
equalto theexactskin-frictioncoefficientsas givenin equations(29)
forthepsxticulsxcaseof k . 0,whichisforzeroangleof attack.
Combiningthesecoefficientswiththe X-momentumequation,theresulting
vsluefor a is

a = 1.5921

Usingthisvslue of a,theboundary-layer
wsrdgenerator(eqs.(22a)and(22b))become

~ 2737+ 2.7753‘w~+1.3026db.
P—r —G=B

equtionsforthewind-

55.724~ (31a)K2



14 NACATN4380

*

3.5964$ + 4.0350~ +* ()@2 dw~db

()1
db 2——

8“5mow + 1“4167d~ d4+ ‘“6667~ -

.

j(sy+(s][35+17*7.6*+.2.856(;-1)(,+*)]=-.+%
(31b)

1+
Theseboundary-layerequaticmscanbe solvedsimultaneouslyto give g

db/d#?and C/K2 oncetheconditionsoftheproblemaregiven.

Solutionsoftheboundary-layerequationsforthewindwsrdgenerator
aregivenintableI alongwiththeexactsolutionsof reference6 for
thoseconditionsforwhichexactsolutionshavebeenobtained.Thesolu-“-”- - -
tionsaregivenintermsof thequantitiesobtainedinreference6. The
relationsbetweenthesequantitiesandthequantitiespresentedhereinare

.
.“—

(32;)

(32c)

ThedatapresentedintableI areplottedinfigure2.

Theerrorsbetweentheapproximatesolutionsobtainedby thepresent
methodandtheexactnumericalsolutionsofreference6 arelessthan1
percentforbothStsatonnumberandskin-frictioncoefficientalongthe
mostwindwardgenerator.Withtheexceptionof the-extremecoolingcase
where Ts/To= 0,theerrorsme lessthan5 percentforthederivative--of

.

thecircwferentidskin-frictioncoefficient.Intherangeof conditions
coveredinreference6)interpolationofthe..exactsolutionsgivesbetter _
resultsthantheuseof thepresentmethod.However,inregionsnot
coveredby theexactsolutionsthepresent&_thodwillgiveuseableres~ts. - – ~
A computationalprocedureisgiveninappendixB.

..

.
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Theintegrslmethodusedreducesthebound~y-layerequations
ordinarydifferentialequationsoverthosepartsoftheconewhere

15

to
the

boundary-layerassumptionshold.Figure2 showsthatthesolutionsof
theseequations,whenreducedto theplaneof symmetry,agreeclosely
withexactsolutionsof theoriginslequations.Therefore,solutionsof
theortiwy differentialequationsawayfromthepl-aneof EYMMetrYcm _
be obtainedandtillgivesomeideaof theboundary-layerflowoffthe
planeof symmetry.

+g
+

Bymeansof an

CONCLUSIONS

integrsl teckmique,the nonlinear partial. differential
equationsforthelsminarboundarylayerovera coneat sngleof attack

. srereducedin theplaneof symmetryto a setof simultaneousalgebraic
equations.Third-degreepolynomialsareassumedforbothvelocityzmd
enthalpyprofiles.Theapproximatesolutionsagreewithexactsolu-

. tionsfora l?randtlnumberof 1
skinfrictioncoefficientslong
mostpart,within5 percentfor
Skin-friCtiOncoefficient.

Themethodpresentedgives

within1 percentforStantonnu~berand
themostwindward
thederivativeof

aneasymethodof
frictioncoefficientsandStanton numbersoutside
exactsolutionsareavailable.

generatorand,forthe
thecircumferential

deter’ainiu”skin-
theranggeforwhich

Duetothecloseagreementbetweentheapproximatesolutionsandthe
exactsolutionsontheplaneof symmetry,thesametechniquecanbe used
to studytheboundary-layerflowoff

LewisFlightPropulsionLaboratory
NationslAdvisoryCommitteefor

Cleveland,Ohio,August4,

the planeof symmetry.

Aeronautics
1958
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a

a1Ja2J~

b

~1)b2)~3

c

Cf
c

CP -

Cv

C1’C2’%

E

f;

H

K

k

Pr

P

~

R

Rex

St

APPENDIXA

SYMBOLS

parameterin generatorvelocityprofile

coefficientsin assumedgeneratprvelocityprofile

NACATN 4360

w

.

parameterin circuuferentislvelocityprofile

coefficientsinassumedcircumferentialvelocityprofile

constantinChapman-Rubesintemperature-viscosityrelation

skin-frictioncoefficient

psxsmeterin enthalpyprofile

specificheatat constantpress.~e

specificheat“atconstantvolume

coefficientsinassumedenthalpyprofile

internsl energy, CVT

generatorshearparameter(deftiedinref.6)—-.

enthalpyas definedinequation(5)

proportionality
thickness

circumferential

Prandtl number

static pressure

.

t

—

.-

parameterintransformedboundary-layer

velocity-gradient parameter

.-

heat-transfercoefficient
—

gas comstmt

Reynoldsnumber

Stantonnumber

-

basedon distancex
* -—

.
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.

.

.

.

.

.

temperature

dimensionlessexternaltemperature

velocityinx-direction

velocityiny-direction

velocityin circumferentialdirection

transformedcoordinateslonggenerator

coordinateslonggenerator

transformedcoordinateperpendicularto surfaceof cone

coordinateperpendicularto surfaceof cone

angleof attack

sineof conesemivertexangle

boundsry-layerthicknessintransformedcoordinates

boundary-layerthiclmess

definedbyequation(10)

dimensionlesscoordinateperpendicularto cone

enthalpydifferenceratio

semivertexangleof cone

definedbyequation(15)

heat-transferparameter(definedinref.6)

coefficientofthermalconductivity

tiscosity

density

transformedsngulsrcoordinate

angul.srcoordinatemeasuredfrommostwindwardgenerator
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.

$; circumferentialshear-gradientparsmeter(definedinref.6)

Subscripts:
.

as adiabaticsurface

e outeredgeofboundarylayer

s surface

x at distancex alonggenerator

v at augulsr distance q)

o free-streamstagnation

Superscripts:

* dimensionlessquantity

1 differentiationwithrespecttoindependentvsrisble ‘

—

!4*

..-

.-x

-..-
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COMPUTATIONALPROCEDURE

Theanalysisgiveninthepresentpaperenablesoneto calculate
skin-frictioncoefficientsandStantonnumbersonthewindwardgenerator
of a coneat sngleofattack.Theanslysisis,however,limitedtothe
caseof Prandtlnumberequalto 1. It isnecessarytohow thefollowing
conditions:

(1)

(2)

(3)

(4)

The

Machnumberupstreemof shockwave

Conesurface to free-stream stagnationtemperatureratio

Semivertexangle of cone

Angle of”attack

following quantities ~e to be evsluated:

where a and fl . sin d sregivenandtheotherquantitieson theright
sideof theequationssregiveninreferences8 and9. Thebarredquan-
titiesreferto zeroangleof attack.

Substitutethevaluesof (dw~/d@~=osad l/T1 intothefo~otim
equations:

2.7753‘w~7.2737+— 1.3026db
P aF+~a3=55”724$

.
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[;(gy+(2][3,+,7.706 *+.2.856 (*-.) [+*)]= -35-$%

Theseequationscanbe solvedsimultaneouslytoobtaindb/d@ end IP
C/K2. Sincethesecondequationisquadraticin db/d@,twosolutions
willoccur.Thedesiredsolutionisthatwhichmakes C/K2 positive. E-
Theskin-frictioncoefficientsandStantonnumbersarethenobtained
directlyfrom

●

.
—
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WJEU!I.- COMPARISONOFAPPROXIMATEANDEXACTSICHV
,

FRICTIONANDHEA!T!-TRANSEERPMUMETERSFORMIST

WINDWARIIGENERATOROFA CONEATANGLEOF

ATTACKFORFRANYTLNUMBEROF1

o 0 0 0.33210.3321 0.42380.4514
.6 .4330 .4318 .5527 .5837
1.2 .5143 .5124 .6570 .6923

2.5 0
.6
1.2

0.3321
.4598
.5569

0.3321 0.6532
.4563 .8596
.5516 1.0281

0.7464
.9673
1.1518

5.0 0
.6
1.2

0.33210.3321.0.8826
.4815 .4764 1.1422
.5898 .5823 1.3634

1.0407
1.3249
1.5739

0.5 0 0 0.33210.3321 0.59230.6079
.6 .4468 .4455 .7888 .7910
1.2 .5367 .5346 .9460 .9417

2.5 0 0.33210.3321 1.24301.2920
.6 .4944 .4912 1.59221.6159
1.2 .6092 .6045 1.89981.9147

5.0 0 0.3323-0.3321 1.89371:9726
.6 .5291 .5247 2.30342.3565
1.2 .6594 .6532 2.72872.7752

1.0 0

1.0

2.5

5.0

0
.4
.8
1.2

0
.4
.8

1.2
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