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SUMMARY

The usual approximations made in calculating the pressure
changes of a compressible fluid flowing through heat-exchanger
passages introduce appreciable errors in the range of high-flow
Mach numbers and high rates of heating. Existing methods for
obtaining accurate results over the entire Mach number and rate-
of-heating range require numerical integration for each specific
get of conditions and are therefore too tedious for general
application.

In the present paper an analysis is made of the compressible-
flow variations occurring in heat-exchanger passages. The results
of the analysis describe the flow and heating characteristics for
which specific flow passages can be treated as segments of gen-
eralized flow systems. The graphical representation of the flow
variations in the generalized flow systems can then be utilized
as working charts to determine directly the pressure changes
occurring im any specific flow passage. On the basis of these
results, sorking charts are constructed to handle the case of air
heated at constant wall temperature under turbulent-flow condi-
tions. A method is given of incorporating the effect on the heat-
exchanger flow process of high temperature differential between
passage w 11 and fluid as based on recent NACA experimental data.
Good agreement is obtained between the experimental and the chart
pressure-drop values for passage-wall average temperatures as high
as 1752° R (experimental limit) and for flow Mach numbers ranging
from 0.32 to 1.00 (choke) at the passage exit.
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INTRODUCTION

The rational design and calculation of performence of aircraft
heat exchangers wherein heat is added to or subtracted from a high-
speed compressible fluid stream requires not only the knowledge of
the appropriate heat-transfer and friction-drag coefficients but
also the mathematical means of utilizing these coefficients to
describe accurately the pressure and temperature variations along
the length of the heat-exchanger flow passage.

The basic differential equation describing the pressure varia-
tions of a compressible fluid under the simultaneous action of
friction and heating or cooling is well known for the ldeal case
of one-dimensional flow; however, no exact closed-form solution of
this differential-flow equation has yet been obtained even for
specially chosen boundary conditions. Simplified solutions have
been evolved (references 1 and 2) by resorting to approximations
that are sufficiently valid for flow at relatively low speeds
(corresponding to Mach numbers of the order of 0.4 and less) and
for moderate rates of heat input to the fluid (corresponding to
temperature differentials between wall and fluid of the order of
300° R and less). However, as illustrated by the experimental
results of reference 3, the errors introduced by the approximations
in calculating the pressure variations along a flow passage
increase so rapidly with increase of Mach number and rate of heat
input that for many heat-exchanger problems the simplified solu-
tions are, at the most, only rough approximations.

Although the differential-flow equation is not susceptible to
formal integration, it is readily amenable to numerical methods.
Methods for numerically integrating the differential-flow equation
for specific heat-exchanger conditions are discussed in refer-
ences 4 and 5. Although the methods devised reduce the labor
involved in obtaining numerical solutions it 1s desirable in the
calculation of pressure drop to obviate the necessity for per-
forming a numerical integration for each set of conditions of heat-
exchanger operation.

In the present paper, an analysis of the heat-exchanger flow
process is made that describes the generalization conditions for
which specific flow passages can be treated as segments of gen-
eralized flow systems. The results of the analysis provide the
basis for the construction of working charts that enable deter-
mination, without individual integration, of the pressure variations
of a compressible fluid flowing through heat-exchanger passages.
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Working charts are herein presented for the specific case of
air flowing in turbulent motion through smooth constant-area passages
wherein heat 1s added to the air stream by the passage walls which
are at a constant temperature throughout their length. A constant
ratio of the specific heats for air equal to 1.400 is used in the
preparation of these charts. The range of variables covered in the
charts are: (a) ratios of passage-wall temperature to air temper-
ature (absolute) from 5.00 to 1.11, (b) total-momentum parameters
equivalent to entrance Mach mmbers from 0.15 to 0.80, and (c) pas-
sage length-diameter ratios from zero to a value sufficient in most
cagses to produce choking at the passage exit.

Although in the construction of the charts the heat-transfer
coefficient and friction factor are expressed by the standard
turbulent-flow equations used in present-day heat-exchanger work,

a mothod is glven for incorporating the effects of high temperature
differential between passage wall and fluid on heat-transfer coef-
ficient and friction factor as indicated by the recent experimental
data of reference 6. A method of incorporating the experimental
results of reference 6 in the heat-transfer relation used for
temperature-rise calculation is also given. Calculated and measured
values of pressure drop and temperature rise are compared.

An example is presented that illustrates in detail the method
of using the working charts and of using the results of reference 6
in solution of a typical problem involving flow through & heat-
exchanger passage. Application of the method of reference S for
calculating the pressure changes of a compressible fluid flowing
in a passage with an abrupt increase of cross section (as obtained
at exit of heat exchanger) is discussed and illustrated.

Although of a preliminary nature, this paper is presented to
fulfill the current urgent needs for this type of information.
SYMBOLS
A cross-sectional area of flow passage, (sq ft)
specific heat of fluid at constant pressure,(Btu/(1b)(°R))
Dy equivalent diameter of flow passage, (%), (£%)

Dp drag force due to friction, (1b)
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friction factor
* \aove 55
2 Do

free-flow area ratio
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mass conversion factor, 32.2, (1b/slug)

heat-transfer coefficient between wall and fluid,
(Btu/(sec)(sq £t)(°R))

ratio of actual value of friction factor to that given by the

(0
standard expression, 0.046 —B
PEVDg

ratio of actual value of heat-transfer coefficient to that
0.4

0.8
hD PgVD c
given by the standard expression, _i_c_e = 0,023 ( i e) (—%)
thermal conductivity of fluid, (Btu/(sec)(sq £t)(°R)/(ft))

passage flow length, (ft) -

Mach number

mass flow of fluid, (slugs/sec)

total pressure, (1b/sq ft absolute)

static pressure, (1b/sq ft absolute)

gas constant for fluid, (for air, equal to 53.35), (£4-1b/(1b)(°R))
wetted perimeter, (ft)

total temperature of fluld, (°R)

temperature of passage walls, (°R)

static temperature of fluid, (°R)

fluld velocity in flow passage, (ft)/(sec)
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% dovnstresm distance from reference station in flow system, (ft)
Z  paremeter detormined from table on charts '

7 ratio of specific heats at total temperature of fluid (assumed
constant as 1.400 in air charts)

m viscosity of fluid, (1b)/(ft)(sec)

we viscosity of air at 519° R, 12.3 x 10°6, (1b)/(£t)(sec)
P moss density of fluid, (slugs/cu ft)

Subscripts:

av fluld conditions evaluated at average fluid temperature in flow
passage

en entrance of given flow passage
ex exit of given flow passage

w fluid conditions evaluated at average wall temperature of flow
passage

X any station in flow system
0 reference station, defined as station in flow system at which
ratio —[Frz is equal to any of wvalues 5.0, 3.0, 2.0, or 1.5
The following groupings of variables are involved:

niV+pA total momentum

% total-momentum parameter

static-pressure parameter

total-pressure parameter
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X velocity parameter
A[eRT
0.2
<_’-‘- = <E-a-‘—’ (pVDg)~0-2 Kp = effective length-dismeter
De Jers Hr De

ratio as measured from
reference station to any
gtation in flow

system

052
B . -
(-131:-) = (_a_v> (pVDg) Bes Ep 51-‘- effective length-diameter
e/eff By © ratio of flow passage

ANALYSIS

The steady~flow process occurring within a constant-area heat-
exchanger passage is one involving the simultaneous action of fluid
friction and heat transfer. A general analysis is herein made of
the compressible-flow variations obtalned during this flow process.
It is shown that, by appropriate limitations of the flow and
heating conditions, individual flow processes become special cases
of generalized flow systems; as a result generalized graphical
representation of flow systems can be constructed that are applicable
for the direct determination of the flow variations in a large
number of different flow passages. The results of the analysis are
then utilized for the construction of charts for air heated at
congstant wall temperature, assuming the standard heat-transfer and
friction-factor equations for turbulent flow through smooth pas-
sages. A method of incorporating the effects of high temperature
differential between passage wall and fluid on the flow process, as
indicated by the recent experimental data of reference 6, is pre-
sented and checked with experiment.

For an over-all evaluation of heat-exchanger performance, the
flow variations at the heat-exchanger entrance due to the flow-area
contraction and at the heat-exchanger exit due to the flow-area
enlargement must also be considered. Inasmuch as the entrance
losses are usually small compared with the over-all losses across
the heat exchanger, the flow process at the hsat-exchanger entrance

can generally be assumed 1sentropic. For a sharp-edge entrance,
a more accurate determination of the pressure change in the flow
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process at the heat-exchanger entrance can be obtained by subtracting
the pressure drop due to the vena-contracta, as based on incompressible-
flow considerations, from the pressure calculated for compressible
isentropic flow. The losses at the heat-exchanger exit are usually

of appreciable magnitude and require accurate evaluation. For this
purpose, the analysis presented in reference 5 of the compressible-
flow varlations across a sudden enlargement is herein applied for the
case cf subsonic flow that is generally encountered in heat-exchanger
practice.

Description of flow process. - One form of the differential-
momentum equation describing the one-dimensional steady-state motion
of a compressible fluild in a constant-area passage under the combined
influence of friction and heat transfer is:

d(uv+pA) + dDp = O (1)

From the conservation of energy and mass equations and the perfect-
gas law, reference S5 shows that the total-momentum parameter

mViph 44 uniquely related to each of the flow parameters M, —V_ >

m\/ A/ &RT
, —, and = T for any value of 7 associated with the total tem-

my/gRT P 5

perature of the fluid. Knowledge of the variations of ZV*PA  apng

mq/gR'I’
T during the flow process is therefore sufficient to completely
specify the variations of all the fluid-flow conditions (p, P, V,

and t).

The variation of the total-momentum parameter IV+PA 415 due
m 4/ gRT
to the variations of both the total-momentum mV+pA and the total
temperature T. Differentiation of the total-momentum parameter
with respect to these two variables for constant mass flow and area
gives:

d(:w > mV+ 3 % mV+pA Q.'I'T_ (2)

The differential drag force dDp 1is

(3)

()
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or, more conveniently,

dDy = ZF mV a(-Dx—e> (4)

The variation of total temperasture T 1is given by the differential
relation equating the heat transferred from the wall to the fluid
to the heat absorbed by the fluid.

mgep dT = hs (Ty-T) dx (5)

The temperature recovery factor in the boundary layer is assumed to
be unity in equation (5). Negligible errors are introduced by this
assumption for gaseous fluids and for the practical range of tem-
perature differentials used in heat exchangers.

Prandtl's extension of Reynold's analogy between fluid
friction and heat transfer for flow through smooth-wall passages

h
cpHpPgV c
gives et e as a function principally of the Prandtl number —ﬁg.
F
2

In view of this relation, equation (5) is rearranged and presented
as

h

aT = 2 fﬁ:ﬂ (Ty~T) F 4 <D£e> (6)

2

From equations (1), (2), (4), and (6), the variation of the total-
momentum parameter during the flow process is expresslble as:

4 (EV+pA > W, ar _ lmv4pA 4T (7)
mngT VSRT h v\\ 2 m ngT T
) (g,.m)

2
mV+pA e
iousl inted out i lated t s B
As previously po out, m\ﬂaif is re ed to 1[g§5 an

in the manner dictated by the laws of conservation of energy and
mass, the perfect-gas law, and the relation between 7 and T;
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h

c_pgV
equation (7) thus involves only the variables Avapd. -I’F— 5 B
-

e

and T. The conclusion can then be drawn that for a given fluid the
variation of BYtpA . during the flow process is uniquely de}t;eminod

m 4/gRT
c..pgVv
by the variation of T during the process provided that —25.-—
z
Ty are constant or are expressible as functions of only TVipA

= e

and T. Because % and T completely define all the £luid-
m

flow conditions, the parallel genmeralization can be made that the

flow variations of a fluld along a heat-exchanger passage are

uniquely determined by the variation of T along the passage when
h

OEEBV
the local values of 7 and Ty are constant or are expressible

2
as functions of only the local fluid-flow conditions. In partic-
ular, the flow variations are then explicitly independent of the
position variable x. Thus when the generalization conditions are
satisfied, any station in a given flow system can be considered as
the initial starting point of a real flow process; conversely,
individual flow processes can be considered as special cases of
generalized flow systems. :

The results of integration of equations (6) and (7) for a num-
ber of generalized flow systems can be presented in chart form for
the dlrect determination of the flow variations in a large number
of individual flow passages when the generalization conditions are
satisfied. This fact is used as the basis for the comstruction of
the charts presented herein.

Pressure-drop charts for air heated at constant wall tempera-
ture. - Working charts were constructed on the basis of the fore-

going analysis to enable determination, without individual integra-

tion, of the pressure variations sustained by air flowing through
constant-area passages wherein heat is added to the air at constant
passage-wall temperature. Conventional heat-transfer and friction
relations were used in the preparation of the charts. Subsequent
to the completion of the charts, additional data were obtained
(reference 6) that indicate an effect of passage-wall temperature
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on heat-transfer coefficient and friction factor that becomes
important at high temperature differentials between wall and fluid.
Hence, K;, and Kp are herein introduced as correction factors
that account for departure of the actual heat-transfer and friction
phenomena from the phenomena expressed by the conventional relations.
The method of evaluating K; and K 1in accordance with the recent
data of reference 6 is reserved for a later section.

The relations and assumptions used in the integration of equa-
tions (6) and (7) are as follows:

() The ratio of the specific heats 7y 1is taken constant
as 1.400

(b) The relation for friction factor is taken as

0.2
F = 0.046 E;v%‘;) Kp (8)

When Ky = 1.00, equation (8) reduces to the conventional relation
(reference 7, p. 119, equation (9a)). Inasmuch as u enters in F
only to the 0.2 power, it is assumed constant in the integration of
equation (6). Large variations in u are accounted for in the use
of the results by taking an average value of p in the flow pas-
sage (that is, u = pyy). The factor Ky 1s also assumed constant
in the integration of equation (6) and, as indicated later, is
evaluated for the average fluld conditions existing in the flow
passage.

(c) The relation for heat-transfer coefficient is taken as

Teom () (2 n

When Kp = 1.00, equation (9) reduces to the conventicnal relation
(reference 7, p. 168, equation (4c)).

From equations (8) and (9),

h

cppgv c ‘0.6 Kh
S SR o
2
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~0.6
(6]
The simplifications are made that: first, <;£&> equals 1.186

which represents, within 1.5 percent, the value for air over the

extreme temperature range 460° to 2500° R; and second, o is

Kp
equal to unity in accordance with Prandtl's extension of Reynold's
h
c,08V
analogy. Thus, —I%—— is taken constant as 1.186 in the inte-

2
gration of equations (6) and (7).

Two modes of heat addition of present interest are character-
ized by having (a) constant passage-wall temperature (T, = a con-
stant) and (b) constant rate of heat input along the passage
length [h(T,;~T) = a constant]. The generalization conditions are
satisfied for both these modes of heat addition for the foregoing
assumed heat-transfer and friction phenomena during the process;
generalization is therefore possible. Only the case of constant
passage-wall temperature is specifically treated nerein.

For convenience of analysis and of presentation of results,
the differential variable in equations (6) and (7) is changed from
T %o %2. In the integration of equations (6) and (7), the lower

W
integration limits are designated by the subscript O. When equa-

tion (8) is substituted for F in equation (6) and u is considered

to be equal to gy, the parameter

X uav)o'2 ~0.3 x
P S =t (PVDg) ™ 7*° Kp =— LX)
<D9>Lff < My 0 i De :

is introduced. This parameter, which is proportional to the product
of the actual friction factor FKp and the length-diameter ratio
%%, 1s of the same order of magnitude as %g.

e e

On the basis of the foregoing manipulations and assumptions,
equation (6) can be formally integrated to give:

To
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where

%x e [(%)0 5 ] [1 __-0.00568 <D )eff} (13)

Integration of equation (7) is nmumericelly performed to give

values of m_W-\/Ié_ in one to one correspondence with values of —,1,‘1
m 4/gRT T
for each assumed initial pair of wvalues of <M> and (—Y->O
m
Inasmuch as the flow variations are explicitly independent of the

T
position variable x, each corresponding pair of values of —,;—f
and L obtalned during a single integration | integration for

m A/gRT =
one pair of values of <M> and <_TTE>OJ can be considered as
m

the entrance conditions of a flow passage; thus each integration
gives results for an infinite number of flow passages whose entrance

conditions are restricted to the one-to-one relation between met
Tw mq/gRT
and - obtained in the integration. All possible combinations of

Ak
T
W
—“/ﬁ-ﬁ_— and T that may be encountered in heat-exchanger practice
are obtalned if thg integration of equation (7) is carried out for a

; / mV+pA
single value of <-—‘—'> and a range of values of . How-
ng T /o ng m r—-—

ever, in order to obtain increased accuracy for the entire range of
interest, the integration was actually carried out and is presented

for four values of (—) From the results of numerical integra-

tion of equation (7) and from equations (12) and (13), the values of

my+pA in one-to-one correspondence with values of <-§— for
m 4/gRT mV+pA > e /eff
each value of <— < gRT used in the integration are

obtained. The plotting of these resulte in chart form i1s described
later.

It is convenient in the use of the charts to recast equa-
tions (12) and (13) as follows:

Solution for <__ﬁx_> from equation (13) and substitution for
P eff

TJ—E from equation (12) gives for X = Xg, in which case sub-
0

script x 1is replaced by subscript en,

1004
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X
(s =270 1 § N B
0 en

Equation (13) is rewritten by substituting subscripts ex and
en for x and O, respectively, in which case x =1

.;"_935 o [(_'%,)en : :l {1 _ 000568 (-D-I;)eff] ey

en

Evaluation of K, and Kp. - The preliminary heat-transfer

and pressure-drop data of reference 6 are used to determine the
average values of K;, and Ky that account for the effect of high

temperature differentials between passage wall and fluid on the
heat-transfer and pressure-loss phenomena in smooth-flow passages.
These data were recently obtained at the NACA Cleveland laboratory
in an investigation conducted with air flowing through a tube that
was electrically heated to average wall temperatures of from 710°
to 1700° R. Reference 6 shows that correlation of the heat-transfer
data according to equation (9) wherein Ky, was taken as unity and
the physical properties Cp, , P, and k of the fluid were
evaluated at the average bulk temperature resulted in a separation
of the data as the temperature level of the wall varied. It was
found, however, that satisfactory correlation of the heat-transfer
data over the entire range of wall temperature is obtained by the
equation:

0.8 0.4
ane i Spt)
= = 0.022 i > (k 5 (16)
wherein
eV = (pV) (%—') (17)

Equation (16) can be rearranged as follows:
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¥ /o J e HE
% e (DBZDe)o s< ﬁ")o = (p—‘?)o 8(_%1) (%’)0 2 <E;>2,6J

(18)

i I5ig —-E— is assumed constant for air and if the simplification is ma.de

that p 1is inversely proportional to T rather than +t, the
average value of Ky 1n a flow passage is obtained from equa-
tions (9) and (18) as:

0.8 '
T - (o] 002
% = Qs 022< ) v Hw (19)
0.023 Cp,av/ \Mav,

The average values of T, u, and ¢p used in equation (19)

are consistent with the determination of an average value of Kp
for the flow passage.

The pressure-drop data of reference 6 are presently in the
analysis stage; no definite conclusions have been reached regarding
the effect of high temperature differentials between passage wall
and fluid on friction factor. In the g.'bsence of such information

c,P8V
it can be tentatively assumed that —P-F— remains substantially

2
constant with variation of wall temperature. Therefors,

Kp = Ky (20)
From substitution of equations (19) and (20) in equation (11)

letting x = L, the effective length-diameter ratio of a flow
passage can be expressed as

- 6B G o) o

00T
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In order to ascertain the validity of the assumption expressed
by equation (20), a comparison was made, for several experimental
runs, of the pressure drops measured in the investigation of refer-
ence 6 with the pressure drops obtained from the charts using equa-

L
tion (21) for evaluating the (Fe-)eff of the experimental flow

passage. Inasmich as in the investigation the wall temperature
varied with length along the tube, the integrated average value

of T, was used in the calculations. The results of the pressure-
drop comparison as well as of a comparison of the calculated and

- measured temperature-rise values are presented in table I.

The good &*eement between the measured and the calculated
results indicated in the table substantiates the general validity
of equations (19) and (20) and is a check on the accuracy of the
charts and assumptions involved therein. In addition, the results
of the foregoing comparison show that, although strictly applicable
for the case of constant wall temperature, the charts can be used,
within limits, to handle the case of nonuniform wall-temperature
distribution along the passage length through the use of the
average wall temperature. A measure of the nonuniformity of wall-
temperature distribution i1s given by the ratio of the difference
between maximm well temperature and entrance-alr temperature to
the difference between average wall temperature and entrance-sir
temperature. For the runs used in the foregoing comparison this
ratio was approximately 1.2.

At the relatively low Reynolds number of 53 ,600,the agreement
i1s not as close as at the higher Reynolds numbers. Thie result is
attributed to the laminar boundary-layer regime at the tube
entrance which, because of the smooth well-rounded entry of the
test tube, occupies an extensive portion of the tube length even
for Reynolds numbers greatly in excess of the critical value. The
extent of the entrance laminar regime is reduced with increase in
Reynolds number.

The method of determining <-1‘— o TOF & flov passage is

De /¢,
illustrated later by means of an example.

Flow in passage with sudden increase in cross section. -~ In
reference S5, the momentum equation describing the flow of & com-
pressible fluid across a sudden enlargement of cross section is
written in terms of dimensionless-flow parameters for convenient
application to the case where the flow in the passage Just upstream

.
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of the area enlargement is critical or supersonic. In heat-
exchanger operation, however, the flow is generally subsonic; the
general method of reference S5 is herein applied to this specific
case.

For subsonic flow across a sudden enlargement (from area A;
to area AZ): application of the principle of conservation of

momentum at a section Jjust downstream of the enlargement and 'at
a section located a sufficient distance downstream of the enlarge-
ment that uniform flow again exists gives:

mV; + pjAy = mV, + DA, (22)
where
subscript 1 denotes conditions at the small area A;
subscript 2 denotes conditions at the large area As

Because the mass flow and total temperature of the fluid are
constant across the enlargement, equation (22) can be written

<mV+pA > _ IV1+p1Ap =:<mV4PA > s L (Ax-47) (23)
m‘ngT 2 m,\/gRTl m/\/gRT 1 m'ngTl

o
or, more conveniently, when noting that f = KE’

€ TR R ST R

The use of equation (24) for calculation of the compressible-
flow changes across an enlargement for subsonic flow is illus-
trated later by means of an example.

DESCRIPTION OF CHARTS

In figure 1, the ratio of the total momentum at any

(mV+pA) 4
station to the total momentum at the reference station pA)

is plotted against the reciprocal of the total-momentum

B
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parameter at the reference station <%ﬁﬂ “pA>o for a range of values
of effective length-diameter ratio e 4 . The ratio
De Jefr

D
e
the station x 1in the flow system. Within each figure, the locus
of all flow conditions in a given flow passage has one value
of the abscissa. Hence, the points on a figure representing all

flow conditions in a passage lie on a common vertical line. ZXach

curve of constant (‘]‘)£> o in figure 1 also represents the locus
e/e T

of poi%ts at which Tw is a constant. Figure 1l(a), which is

for (-1) = 5.0, covers a range of <—JE—>
T /g Tt 0 De /eff

alent to a range of —,1‘7' from 5.0 to 3.0; figure 1(b), which is for

T

W) - 3.0, covers a range of (= from 0 to 50.65 equivalent
0 De eff

(—E-> is taken for the distance between the reference station and
eff

from 0 to 32.1 equiv-

L
to a range of — from 3.0 to 2.0; figure 1(c),which is for

T

'L

<__w> = 2.0, covers a range of <_]_)x_> from 0 to 71.4 equivalent
Y0 e /eff

to a range of .'_].‘E from 2.0 to 1.5; and figure 1(d), which is for

U

<—E> = 1.5 covers a range of <-JE- from O to 208 equivalent to
T/o T De Jeff T

a range of —1-‘;-’ from 1.5 to 1.11. Thus a total range of -%r from
5.0 to 1.11 is covered in figure 1.
Inasmich as the bottom curve in each of figures 1(a)

to 1(c) is used in proceeding from one figure to another when
required in solution of a problem, it is dashed and is identified

with its appropriate value of % . These values are il S0

T,
)eff = 32.1 in figure 1(a), + = 2.0 obtained

X
obtained at (ﬁ;
at (x = 50.65 in figure 1(b), and —T%- = 1.5 obtained at

ﬁ; of f

X b's TW
Rk = 71.4 in figure 1(c). At = =0, —, of course
De foff (e) (De>eff ks £ i

.
equals the value of (—T_ o for which the figure is presented.

X
Bocause the value of —TT—‘E corresponding to maximm ﬁ-e_)eff
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on a figure is identical with the reference value of -i‘,—' on the

gucceeding figure, the maximm value of -]-35-> P in figures 1(a)
/e
to 1(c) represents the effective length-diameter ratio between the

reference station for which the figure is presented and the reference
station in the succeeding figure. For example, from figure 1(b),

the (.DE.> value between the reference station defined by
e/eff

T
(Tv)o = 3,0 and the reference gtation defined by (T—i,‘—')o = 2.0 1s

50.65. The curve representing the choke limit for the flow 1s
given in each figure. A table is presented in figures 1(a) to 1(c)
that is useful, as later shown, in proceeding from one figure to
another where roquired in the solution of a problem.

Figures 2 and 3 relate for air (y = 1.400) the total-pressure
PA

parameter and the static-pressure parameter

DAL
m m 4/gRT’
respectively, to the total-momentum parameter E‘_Til’é_, The varia-
mV+pA ™ NeET
tion of and T 1in a flow pessage can therefore be trans-
m A[gRT
lated into the variation of static or total pressure in the flow
passage.

g

OPERATIONS INVOLVED IN USE OF CHARTS

The operations involved in the use of the charts for solution
of a heat-exchanger flow problem are briefly outlined and 1llus-
trated in the following examples with the ald of figures 4 and 5.
Figure 4 presents a schematic diagram of the flow passage of exam-
ples I, IT, and ITI and indicates the passage (solid lines) as a
segment of a generalized flow system shown by the dashed lines. The
relative positions of the various stations in the generalized flow
system that enter in the problem of example I are indicated. The
detailed steps involved in the use of the charts for solution of
the problem of example I are traced in figures 5(a), 5(b), and 5(c).
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Example I ~ Use of Charts

Consgider the turbulent flow of alr through a smooth tube
wherein heat is added to the air at constant wall temperature. The

\ § following flow and heating conditions are assumed to exist:
|
—
| (1) Equivalent diameter of tube, Dg, (££) « « « « o + 0.0833
(R et ke T (BY) o v 5 oi0nw 5 v 08 @ 0 el @ aid
(3) Mass flow of air through tube, m, slugs/(sec) . . 0.00373
(4) Total temperature of air at tube entrance, T,
OR L3 L ] L] L . L] L] L] . L] L L] L ] [ 2 L L . L] L] L] L L ] L] L ] L] 610
(5) Total pressure of air at tube entrance, Pen,
ERBICag Bh) s v v o, o o v od miw e o 0l a0 S sl (ELEO
(6) Tube-wall temperature, T,, PR+ « ¢ o « « ¢ ¢ ¢ » « o 2000
Determine:
(a) Total pressure and total temperature of air at tube exit
(b) Static pressure of air at tube entrance and exit
¢
' The method of successive approximetions is required to calcu-
late the average value of <'D£> - for the tube passage that is
e/e

g consistent with the average fluld temperature in the passage.
' Inasmuch as the principal purpose of this example is to illustrate

the chart operations, the evaluation of (-;g‘—) i although the
©/6,

first step in obtaining solution of the problem, is presented later
in example II.

(7) The results of example II give

)
o = 103.0
<De eff

(8) From items (4) and (6)

<Tw> 2000
— = —— 3.279
T/ oy - 610

(9) From equation (15) and items (7) and (8)
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TGX

e

= 9t (3.279 o (1_6—0.00568)(103.0)

= 2.010

H
B

(10) From items (1) and (3)

0.00373
-} X (0.0833)%

m
BY ®Oh - = 0.6837

(11) From items (4), (5), and (10) for R = 53.35 for air

\ PA 2160
= = 3.087
m AgRT /o,  0.68374/32.2 X 53.35 x 610

(12) From item (11) and figure 2

<%>en - 3.252

Determination of initial chart. - Items (8) and (12) specify
the entrance conditions of the tube required for entering the charts.
The point on the charts corresponding to the entrance conditions of
the tube is referred to as the starting point and the chart contain-
ing the starting point as the initial chart. The initial chart is

T.
simply determined by the value of = as illustrated in the
en

3y
following item

T
W
(13) From item (8), <?F>en = 3.279; hence, figure 1l(a) which

T

covers the range 5 5.0 to 3,0 is the initial chart.

Inasmuch as consideration of several reference stations in
the flow system may be required in solution of a problem, the ref-
erence station for which the initial chart is presented and all
flow conditions at that reference station are designated by the

it
subscript 0,1; for example, <:i¥>o d is equal to 5.0, the refer-
J

ence value on the initial chart. As shown in figure 4, reference
station 0,1 1in the flow system is located upstream of the flow-
passage entrance (station en).

1004
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Location of starting point on initial chart. -

. %
‘ (14) <7§£> is calculated from equation (14) for
e/eff

T
<'c'r'w>e = 3.279 (item (8)) and <%>o on the initial chart (designated
n

T
as <T"> and equal to 5.0 from item (13)).
0,1

b
<—99> = 176.1 logg | —2+0=d0 | _ 24 75
of £ >

De 1
5.0 (- 5275

X
As shown in figure 4, <7$E> represents the effective
e/eff

length-diameter ratio between stations 0,1 and en, that is, th%

by effective length-diameter ratio required to effect a change in j?
from 5.0 to 3.279.

(15) The ordinate-to-abscissa ratio on the initial chart for
X = Xgpn 18

(mV+pA) g m /2R
TﬁV+pA)0,l <mV+pA 0,1

which, because T, is constant, can be rewritten as

<M> \/<'T_> (2o}
m'\/éR—‘l‘ en Ty en T/O,l

This ratio,which represents the slope of a straight line through
the origin of coordinates in the initial chart,is evaluated from

items (8), (12), and (13) as

5.292
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Intersection of the straight line with slope 4.013 and the

X

interpolated curve for <—‘-> - <—°—‘-‘ = 24.76 (item (14))
De /eff De Jeff

locates the starting point on the initial chart. Inasmuch as the
origin of coordinates is not on the charts,the required slant line
is obtained by drawing a straight line through the points
(ordinate = 1.00, abscissa = 1/4.013) and (ordinate = 0.94,
abscissa = 0.94/4.013). The foregoing construction procedure for
location of the starting point is illustrated in figure 5(a) where
the starting point is designated as point A.

(16) The ordinate value for the starting point is (mV+pA) en
w ZmV+pA$0,l ?

which is read from figure 1l(a) as 0.990.

(17) The abscissa value for the starting point is 2 -
mV+pA 0.1
s

which is read from figure 1l(a) as 0.2467.

Determination of terminal chart. - The terminal chart is that
chart containing the point corresponding to the exit conditions of
the flow passage. This point is herein referred to as the end
point and is designated as point D in figure 5(c). The terminal
chart is determined as illustrated in items (18) and (19).

(18) The effective length-diameter ratio between reference

gtation Of..l and the end of the tube passage (station ex in fig. 4)

is <xen+ which is simply the sum of <xil> (1tem (14))
Do Jerr g De Jeff
and the (I%) of the tube passage (item (7)).
e/eff

X_+L
<_gn_> = 24,76 + 103.0 = 127.76
De eff

(19) The table presented on the initial chart (fig. 1(a), in
this case) specifies the terminal chart as fig. 1l(c) for the value

X+l
<._°B__> equal to 127.76.
De eff

Transfer from initial to terminal chart. - Inasmuch as the
terminal chart is not the same as the initial chart, solution of

Al

7001
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the problem requires transferring from chart to chart until the
terminal chart is entered. In this case, it is necessary to trans-
fer successively from figure 1l(a) to figure 1(b) and finally to fig-
ure 1(c). In the performance of this transfer, the abscissa values
required to enter figures 1l(b) and 1(c) are successively determined
as follows:

(20) On the initial chart, the ordinate corresponding to

<’lﬂ“> along the curve for maximum -5-) is equal to
mV+pA /o 1 De/ert

(mv+pA) 0.2

where subscript 0,2 denotes the reference station at which
mV+pA 0,1

o iy
<_w> - <l> = the value of ET-" at maximm <D£> on the
T /o T/o,2 e/eff

initial chart. From figure 1(a) for item (17) and for

<3-> = 32.1 (maximum value),
De eff
(mV+pA)0 2
mV+pA 0’1

&)
Bl

As indicated in figure (4),station 0,2 is the next successive ref-
erence station downstream of station 0,1. The point on the charts
corresponding to the foregoing conditions is designated as point B
in figure 5(a).

0.9862

where

3‘0

(21) The reciprocal of the total-momentum parameter at refer-
ence station 0,2 is calculated as

() -G me23),.E),

’
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which from items (17) and (20) for <?-Y> ¢ = 5.0 (item (13)) and

T i
<_E> = 3.0 (item (20)), gives
T/o,2

0.2467 [5.0
09862 V3.0 = 0-3229

) (Tw
The chart for |\ ) =\- = 3.0 (fig. 1(b)) is entered
0 0,2

T

with an abscissa value equal to 0.3229 as indicated in figure 5(b).
Inasmuch as figure 1(b) is not the terminal chart, the procedure of
items (20) and (21) must be repeated.

Ty Ty
(22) On the chart for |- 5N o the ordinate corre-
2

T T

ponding to <m—vﬂ“> along the curve for maximum (—g—) is
mV+pA /o 2 o/eff
(mV+pA)o 3
equal to -(—-——S—’-— where subscript 0,3 denotes the reference station
mV-l-pA o’z 2
dt T
at which <T"> = (—Tl'> I R S e (D—x-)
0 0,3 T o/eff

on the chart. From figure 1(b) for item (21) and for

<_1.> = 50.65,
Dg Jeft

(mV+pA) 0.3

=10.962%
mV+pA 0 4 2

where (%v) = 2.0.
0,3

As indicated in figure 4, station 0,3 is the next successive
reference station downstream of station 0,2. The point on the
charte corresponding to the foregoing conditions is designated as
point C in figure 5(b).
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(23) The reciprocal of the total-momentum parameter at refer-
ence station 0,3 is calculated as

G, , - ), , w3, (B)
mV+pA 0,3 ~ \mV+pA 0,2 (inV+pA)0,:5 ; 0,2 Tw 0,3

T
which, from items (21) and (22) for <7§> .= 3.0 (item (20)) and
O’

T
<_H> = 2.0 (1tem (22)), gives
/0,3

£
0.3229 / 3.0
0.9621 { Z.0 - O0-4111

T T
The chart for -3> =<-!> = 2.0 (fig. 1(c)) is entered with an
5 A N

abscissa value equal to 0.411l as indicated in figure 5(c).
Inasmuch as figure 1(c) is the terminal chart (item (19)), the
transfer procedure is completed.

Location of end point on terminal chart. -

(24) The table presented on the initial chart (fig. 1(a), in

x_..+L
( = > < 2176
De Jeff

this case) specifies Z = 82.75 for
(item (18)).

(25) The end point is located on the curve in the terminal

ff

which, from items (18) and (25), gives

<f§> on terminal chart = 127.76 - 82.75 = 45.01
e/eff

(26) Items (23)and (25) fix the location of the end point on
the terminal chart (fig. 1l(c)); item (23) specifies the abscissa
value for the end point as 0.411l and item (25) specifies the
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<§-> o value for the end point as 45.01. This procedure is illus-
e/ e
trated in figure 5(c) where the end point is designated as point D.

Evaluation of (IH—W'E—> . =
m4/ gRT ok

(27) Note that 3 charts, and thus 3 reference stations are
involved in this problem for location of the end point. In this
case, the ordinate value for the end point is

(mV+pA) gy
imV+pA 50,3

which, from item (26), is read as 0.9463 in figure 1l(c).
(28) Silkeiidl 1s calculat
TV4pA 0.1 8 calcu ed as

(mV+pA) (wV+pA), , (@V4pd), o (uV+pA) .
(mV+pA70’l A (@V+pA), | (@V+pA), , (mV+pA)o’3

which, from items (20), (22), and (27), is

0.9862 x 0.9621 x 0.9463 = 0.8979
(29) (uV+24) oz is calculated
m 8 calcu ea as

(mV4pA)oy  (mVipA)ey  (mV4pA)g 1
(mv+pA)_ ~ (mV+pATO,1 (mv+pA)

which, from items (16) and (28), gives

(mV+pA)ex  0.8979
(aV+pA) __ - 0.990

= 0.9069
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(30) The total-momentum parameter at the exit of the flow
passage is then

mV+pA ) _ /mV+pA (mv+PA)ex /Ten
(m VeRT )., <m «/eRT>en (aV58%en |/ Tox

which, from items (9), (12), and (29), gives

mV+m> _ 3.252 x 0.9069 _ & 500
m A/gRT/ ex 4/2.010

Final results. -

(31) From item (30) and figure 2(a)

<__Il{¥__> =1.778
m VgRT ox

(32) From items (9), (11), and (31)

P T
ex =< PA > <m'\/gRT> ex _ 1.778 2010 = 0.817
= ex

Eon +gRT PA n ¥ Ten ~ 3.087
(33) From item (12) and figure 3(Db)
_.Pi_> = 2.913
m'VgRT en

(34) From item (30) and figure 3

_.PA_> = 1,420
m 4/ gRT /ox

(35) From items (5) and (32)
Pex = 0.817 X 2160 = 1765 (1b)[sq £t)

(36) From items (11) and (33)

(2), - 5 e
en 4

W
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go that, from item (5)

_ 2160

Pen = 3055 = 2040 (1b)fsq £t)

(37) From items (31) and (34)

(E) B 15778 = 1.252
Plex

so that, from item (35)

1765
= 1.252

Pox = 1410 (1byksq ft)

(38) From items (4) and (9)

O
Tex = 2.010 X 610 = 1226~ R

Example II - Evaluation of (—:-L—>
Dg
eff

The method of successive a.;pproximé.tion must be used in order to
obtain consistent values of <D£'> and average fluid temperature.
e/eff

The variations of specific heat Cp and absolute viscosity p of

air with temperature, as obtalned from reference 8, are presented in
figure 6 to aid in this determination.

(39) From figure 6 for T, = 2000° R (item (6))

0.2775

Pyw

30.3 x 10°°

My

(40) Take T.. = 750° R as a first approximation in which case
av
from figure 6

CP’av = 002425

1004 -




; . . ¥00T .

(41) From equation (21) and items (1), (2), (6), (10), (39), and (40), noting that
up equals 12.3 X 107 (SYMBOLS)

0.8 -6 0.2
L> <o.ozz> <750> <o.2775><30.3x10 > (0.68 -0.2 < 7 >
= = .6837x0.0833) —_—
<De orr _ \0.023) \2000 0.2425)\ 1, 2106 0.0833

89.1 first approximation

(42) From equation (15) and items (8) and (41)

H

Tex =1+ (3.279-1) (1- e'°-°°568><89-1>= 1.9052 first approximation

en
(43) From items (4) and (42)

Tex

I —
i
Tay = Ten zen = 610 <3:11529§§> = 886° R second approximation

in which case from figure 6, Cp,av = 0.2455
(44) From equation (21) and items (1), (2), (6), (10), (39), and (43)

0.8 -g\0.2
= 0.022\ /886 0.2775\ /30.3x10 6.8 T
<De>eff <o.023> <zooo> <o.24ss> < > (0.6837x0.0833) (‘_“‘0.0833)

129 3x10'6

100.6 second approximation

(45) From equation (15) and items (8) and (44)

€208 "ON Wd VOVN
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Tex

Ten

(1 3 e-o.oossaxmo.es)

1+ (3.279-1) = 1,993 second approximation

(46) From items (4) and (45)

Tyy = 610 (1—*—%-'-29:7’-> = 913° R third approximation

in which case, Cp,av = 0.2463

(47) From equation (21) and items (1), (2), (6), (10), (39), and (48)

0.8 o o2
& 1) _ (0.022\ /913 o.z77s> 30.3X10 -0.2 7 >
<De>eﬁ. = <o.023> <zooo> <0.2463 < > (0.6857x0.0833) "% (55zzz

12.3%10"

102,7 third approximation

(48) From equation (15) and items (8) and (47)

L
= = 1+ (3.279-1) (x- o0:00583X102.1) L 007 4124 approximetion
en
g
(49) Repetition of the foregoing procedure gives for the fourth approximation S
- 9170 &
Tay = 917° R 2
L 9
- =2103.0
<De off &
Y
Tex (o
-_— = 2,010
Ten

! L ; $00T * ;
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which are practically identical with the third approximation values.

L Tex
The values of Ty, <—— , and =— given in item (49)

, De)eff Ten

represent the convergent values. It is evident that the third
approximation values could have been taken as the convergent values
with negligible error; in general, the third approximation values
are sufficiently accurate.

Example ITI - Determination of Exit End Iosses
Assume that the flow at the exit of the tube of example I
suddenly discharged into a duct having twice the cross-sectional
area of the tube (in which case, f = 0.50).
Determine:

(a) Static and total pressures at the duct cross section where
uniform flow is reestablished (referred to as station d in fig. 4).

(b) Drop in static and total pressures from entrance of tube
of example I to duct cross section where uniform flow 1s reestab-
lished (in fig. 4, from station en to station 4a). 1

(1) From the results of example I (items (30), (31), and (34)),
the flow parameters at the tube exit are:

(M) - 2.080
mv gRT ox

PA
= 1,778
<m qgm-)ex

(—E‘_-,—-__ = 1.420
n | ERT /oy
(2) From equation (24) and item (1) of this example for f = 0.50,

noting that in figure 4 the amall area i1s at station ex and the
large area at station 4a
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<M> = 2.080 + 1.420 (6%6 g 1) = 3.500

(3) From item (2) and figures 2 and 3

(;\‘I}f‘:ﬁ> = 3.348
a
<m_’\}&—;ﬁ>d = 3.189

A
oX
(4) From items (1) and (3) noting that jq; =f = 0.50 and

that m and T are constant across the enlargement

Y roma B Aex 338800 s onus
B PA roalli el
X \m4/gRT/g ex

P A
@l pA <mV§RT> ex _ 3.189 « 5,50 = 1.123
T ha ,——gRTd PA oy A3 1.420

(5) From example I, Pgy = 1765 pounds per square foot and
Pex = 1410 pounds per square foot, which from item (4) gives

0.942 X 1765

it
L}

Py 1663 (1b)/(sq ft)

1.123 X 1410 = 1583 (1b)/(sq ft)

it
t

Pg

(6) The drop in total pressure from station en to station 4
in figure 4 is, from item (5) of example I and from item (S) of
this example,

APen-d

= 2160 - 1663 = 497 (1b)/(sq ft)

If the flow process at the tube entrance were isentropic, the value
of total-pressure drop given by item (6) would also be obtained
across the entire tube, including all end losses.
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(7) The drop in static pressure from station en to station d
in figure 4 is, from item (36) of example I and from item (5) of
this example,

APgn.g = 2040 - 1583 = 457 (1b)/(sq £t)

The static-pressure drop obtained at the tube entrance for an
isentropic flow process can be calculated by standard equations and
added to the value of pressure drop given by item (7) to obtain the
over-all static-pressure drop across the tube, including all end

losses.

Lewis Flight Propulsion Laboratory,
National Advisory Committee for Aeronautics,
Cleveland, Ohio.
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TABLE I - COMPARISON OF CALCULATED AND MEASURED® RESULTS

"ON WY VOVN

¢2983

Entrance conditions Exit Measured results Calculated results Percentage difference
T in
Average Pex | Tex Pex ex
T, Reynolds P g M M 5 Ap AT T N Ap AT Ap AT
number en en en en
(°R) (1b/sq £t)| (°R) (1b/sq ft)|(°R) (1v/sq £t)|(°R)| (1b/eq £t)| (°R)
1672 | 184,000 4527 528 |0.3710.84 |0.551|%.,710 | 2031 375[0.544[1.699 2065 369 1) -1.6
1072 155,000 3682 554 41| .70 +65911.359 1329 199| .657(1.348 1264 193 -4.9 -3.0
861 | 219,000 4458 540 | .46] .87 .56811.218 | 1926 118] .553}1.218 1993 118 S5 0
1670 263,000 6186 530 .3911.00 «464|1.651 3315 345| .458|1.645 3353 342 bz -1.0
choke
1752 53,600 2417 527 21| .32 | .881]1.967 288 510| .889(1.939 267 495 -7.1 -3.0

D

&Data from reference 6.

bCalcula‘t.ed choking length less than actual choking length by 2.6 percent.

g¢
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Figure 1. - Variation of total momentum with distance (ﬁi) as a function of the total-momentum parameter
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eff
at the reference station. Turbulent flow, air (y = 1,400), heat addition at constant wall temperature.
(A 7- by 22-inch print of this figure is attached.)
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temperature, (A 9= by 22-inch print of this figure is attached.)
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Figure 1., - Continued., Variation of total momentum with distance (5-

Reciprocal of total-momentum parameter at reference station,(;—?@)
0

(c) Reference station characterized by (:r,lr-) = 2,0,
0

x) as a function of the total-momentum
eff

e

parameter at the reference station. Turbulent flow, air (y = 1.400), heat addition at constant wall
temperature. (A 10- by 22=-inch print of this figure is attached.)
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(d) Reference station characterized by ("I'") = 1.5,
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Figure 1, - Concluded., Variation of total momentum with distance (Dx:) as a function of the total~-
ef

momentum parameter at the reference station. Turbulent flow, air (y = 1.;00), heat addition at constant
wall temperature. (A 16= by 22-inch print of this figure is attached.)
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Figure 2. - Relation between totel-pressure parameter and total-momentum parameter for air

(¥ = 1.400).
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(y = 1.400).
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Figure 5. - Use of figure 1 in solution of problem of example I.
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