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SOME METHODS OF ANALYZING TEE EFFECT OF BASIC DESIGN VAR I BLES 

ON AXIAL-FLOW-COMPRESSOR PERFORMANCE 

•	 By John T. Sinnette, Jr. -

SUMMARY 

A blade-element theory for axial-flow oomp±essors has been 
developed and. applied. to the analysis of the effects of basic 
design variables on compressor performance. Charts, which are 
useful for a wide variety of design calculations; are presented. 
The relation between several efficiencies useful in compressor 
design are derived and discussed, and tho blade-element efficiency 
is shown to be given by the same expression as that for the profile 
efficiency of a propeller. The possible gains in useful operating' 
range obtainable by the use of adjustable stator blades are 'dis-
cussed and a rapid method of calculating blade resettings using 
charts Is shown by an example. 

The relative Mach number is shown to be a dominant factor in 
determining the pressure ratio. If suitable effiöiencies can be 
maintained, very high pressure-ratios per stage are possible with 
supersonic designs. But even for subsonic compressor designs, 
considerable increase in pressure ratio over that for conventional 
designs can be obtained by producing a velocity distribution that 
gives relative inlet Mach numbers close to the limiting Mach 
number on all blade elements. With a given inlet Mach numbOr,' 
the pressure ratio obtainable across a blade row increases and 
the specific mass flow' decreases as the ratio of mean whirl 
velocity to axial velocity increases for the high-efficiency range 
of this velocity ratio. 

For subsonic compressor designs with a definite Mach number 
limitation, the velocity distribution in the inlet stage. is par-
ticularly iiirnortant because the. Inlet stage limits both the mass 
flbv and the rotor speed of the compressox' arid, thereby limits the 
pressure ratio of the later stages as well as-the inlet stage. 	 • • 
By the use of entrance guide vanes designed to produce a variable 
axial velocity at the-entrance - to the first' rotor, a substantial 
increase in' stage pressure ratio and a slight increase 'fri specific 
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mass flow over designs base& on. free vortex with the same turning 
and Mach number liniitation are: showri'to be possible. In the' 
succeedingstages, the maximum pressure ratio per stage is obtained 
by increasing the hub diameter to obtain the maximum axial velocity 
compatible with the Mach-number limitation. 

INTRODUCTION 

The limited amount of research information available for the 
design of turbojet and turbinéprope1ler engines has emphasized 
the need for fundamental research on the compressor as one-of the 
prinipal components of these 'cower plants. The compressor charac 
tersbics that must be considered in the research program are 
efficiency, size' and weight, 'and operating range, or flexibility. 

Efficiency has a pronounced effect on the specific fuel con-
sumption of the engine and. is therefore'espeçilly important for 
loiig-ran'e 'nonstop flights whei'e 'the fuel weight may amount to 
several times the useful pay load'. Although' the eficienoy of 
modern axialflow compressors is 'high compared with other types of 
compressor, substantial gains in engine performance can be derived 
from further improvement in eficinôy, 

The importance of size and weight per unit power output of 
the engine increases ra'cidly as the flight speed is increased 
because of the,rap id increase in the power required. Fosome of, 
the: high-speed aircraft being developed, the consideration of. the 
size and , the weight Of the power plant becomes of' the utmost. 
importance This analysis is piimarly concerned with the compressor 
size as given by its diameter and length and therefore considers the 
weight only as affected by these variables. The length of a compres-
sor for a gi ven pressure ratio is determi'ced by the pressire ratio 
per stagend..the axial length of a stage; the diameter for , a given 
air flow is determined by the air flow per unit cross-sectional 
area - and 'by the percentage of the total froxtal area utilized. 
Because of the relatively low pressure rat

io per stage, the length 
of an axial-flow compressor ±5 usually greater than . that of a 
entrifugai 'd6mpressor, but the over-all diameter is. smaller because 

of the utilization of a larger ercontage of the over-aU, frontal 
area for air intake'. Sreciai' effort should therefore be , given to 
reducing the length of an axial-flow compressor with a given over- 
all reseure' ratio by increasing the pressure ratio per stage. 
Reduction in the diameter for a given ar flow by increasing the 
flow 'per unit inlet area 'is also advantageous, particularly, for 
supersonic aircraft, where' frontal area is extremely important. 
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For operation at other than desi' conditions, the compressoi 
range, or flexibility, bcomes im portant. At engine speeds below 
the design' value, the cornpressor efficiency may be low because of 
a drop in peak efficiency or because of improper matdhing of the 
compressor with the turbine.. Consequently, the power required. to 
start the engine may be high and. the acceleration to design speed, 
slow. Because of improper matching compressor surg.ng may be 
encountered, at intermediate speeds, articular.y during rapid. 
acceleration. The engine starbingand. accelerating characteristics 
with axial-flow compressors are generally poorer than with, centrif-
ugal compressors mainly because the 'effic1eny Is highest at 
'e1atively high compressor speeds and d.rop appeciaiy as the 
speed 5.s ethiced, The use of high pressure ratios to: improve 
the cycle efficIency accentuates the problems associated with 
starting and. accelerating to design speed'and emphaszes"tho 
need for the improvemert of the range of the compressor. 

The effect of basic design variables on efficiency, pressure 
ratio, and mass flow, In axial-flow compressors s atialyze. in 
terms of bladee]exnent theory, which Is an extension of the 
theories developed in references 1 and. ?. The blade-element 
analysis neglects the effects of variations in velocity, pressure, 
and density in the tangential dIrection at any given axial station. 
On this basis, the flow across a blade row is treated. as a steady, 
one-dimensional, adiabatic, compressible flow, and the velocity 
ratio, pressure ratio, density ratio, and. velocity-of-sound ratio 
are expressed. in terms of the flow-area' ratio and the polytropic 
comDression efficiency. Charts are presented. for the rapid 	 - 
determination of these ratios for poIytropc compression èff I-
clencies frorn 0.7 to 1.0. As ro restriction is placed upon the 
variation in axial veloqity across a blade row, the method and. the 
charts are applicable to wide variety of compreeor-design 
problems.	 .	 . 

In or.er to Invstigate the effect of the ratio of mean' 
whirl velocity to axial veocity on tie efficiency and. the pres 
sure ratio, a bladeelement theory of efficIeicy based upon 
incompressible flow and constant axial velocity Is developed.. 
The pressure ratio, for constant axial velocity and compressible 
flow, is then expressed in terms of the bladeelement drag-lift 
ratio arid, the ratio of mean whirl velocity to axial veocity, by 
using the general theory for pressure ratio and assuming that the 
poly-tropic efficiency Is eq-4al to the efficiency obtared from 
the incompressible-flow theory. The effeôt of the ratio of the 
mean whirl velocity to axIal velocity on the speci'Ic mass flow 
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is also ô,erived..in terms of compressible-flow theory. A simplifica-
tion of .the method of calculating blade resettings for different 
operating conditions based on the use of charts developed in this 
report is presented.

SYMBOLS 

The, symbols used in this report are defined in alphabetical 
order. The quantities represented by the symbols f, M,. V, Wm, 
and P depend upon the refrence frame. When 'only a single row 
of blades is being coisidered, that row of blades • is taken as the 
reference frame	 tn 'consideration of a complete stage or any other 
cases where the reference ,' frame is not clear, it is indicated by the 
subscript B or S for rotor or stator, respectively. 

A cross-sectional area, square feet  

a velocity of sound, feet per second 

CD drag coefficient  

CL ,	 lift coefficient 

o blade chord, feet 

specific heat at constant pressure, Btu per -.pound OF 

cv specific heat 4t constant volume, Btu per pound OF 

D blade-profile drag, pounds per foot 	 V 

F resultant force per unit blade length, pounds per foot 

f flow area	 (A cos $),	 square feet 

g standard acceleration of gravity, 32.174 feet per 
second per second	 V 

h static enthalpy per unit mass, foot-pounds per slug 

J . . mechanical equivalent of heat, 778 foot-potinds per Btu 

constant In turning-angle relation . 	 V V 

L blade-profile lift, pounds per foot

CONFIDENTIAL 
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1	 blade height, feet. 

M	 local Mach number (V/a) 

polytropic exponent, for compression 

P	 total pressure, pounds per square foot absolute 	 - 

p	 static pressure, pounds per squarefop absolute 

P	 gas constant, foot-pound per pound °E 

r	 radius to blade element, feet 

S	 blade spacing at radius r, feet 

T	 total temperatur, OR 

t	 static -temperature, O 

U	 velocity Of blade (wr) at radius r, feet per second 

V	 air velocity with respect to reference frame, 'feet 
per second 

W	 mass flow rate, pounds per second 

w 'J78	 mass flow rate corrected to standard sea-level pressure 
and temperature, pounds per second 

W je/(A) specific mass flow, pounds per second per square foot 

ratio o' wean whirl velocity to axial velocity (fig. i) 

-txw	 'ratio of decrease in whirl velocity to axial velocity 
(fig. 1) 

CL	 angle of attack of isolated airfoil for,zero lift, degrees 

3.	 angle between compressor axis and air velocity, or flow 
angle (fig. 1), degrees 

7	 ratio of specific heats	 (c/c) 

6	 ratio of inlet total pressure to standard sea-level 
pressure (2116.2 lb/sq ft) - 
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c gliding angle	 (tans- D/L) 

1ad adiabatic efficiency of . conpression based on static pres-
sure and, temperature 

nP olytropic efficiency of compression based on static 
pressure and temperature 

compression efficiency based on static prebsüre 

o ratio of inlet total temperature to standard sea-level 
temrerature	 (518. 0 R) 

P density, slugs per cubic foot 

CF blade-element solidity	 cc/S) 

4i angle between blade chor& nd compressor axis, degrees 

w absolute angular velocity of blade, radians per second 

Sübscxipta: 

O standard sea-level conditions 

1 inlet to blade row or stage 

2 outlet of blade row 

3 outlet of stage	 - 

a axial 

an annulus 

h hub 

I Incompressible 

Id. Ideal 

m referred to vectorèaii velo'ity 

P rotor 

S stator 

secondary

CPIDENEAL.
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at	 static 

T	 total 

t.	 rotor-blad.e. tip 

w	 whirl 

e	 tangential

BLADE --ELEMENT THEOIY 

The blade-element theory is divided into four parts; 
(1) gives the general coinpresible--f.1Ow theory in terms of 
polytropic compression efficlenáy; (2) dpvelop q the theory-of 
blade-element efficiency in terms of incompressible flow and. 
constant axial velocity;* (3) combines the results of the first 
two , parts to,obtairi the pressure ratio as a function of the'd.rag-
lift ratio and the ratio of mean whirl 'velocity to axial velocity 
for constant axial velocity; (4) considers the specific pass flow 
in terms of oompressible-flowtheory. 

Compressible -Flow Theory 

One 'dimensional analysis. - Because of the extreme complexity 
of the actual flow through comm'essor blades, various approximate 
methods of analysis are necessary. Analysis based upon one-
dimensional flow, given in various formsand involving various 
approximations, has proved useful in the analysis of the flow 
through compressors and turbines and as a basis for design. 
(See, for example, refernces 3 to 5.) With an infinite number 
of blades, a perfect compressible fluid theoretically flows along 
surfaces' of revolution, which 'onstitute flow 'surfaces, and the 
velocity, the pressure, and the density are indeiendent of the 
circumferential position. Because these flow variables may be 
expressed as a function of a single coordinate of position for 
the flow between two. infinitely close stream surfaces, this 
flow may be considered as "one '-dimensional" flow. The actual 
determination of t,he stream surfaces, of course, constitutes a 
separate problem. 

The flow of a real fluid through a finite number of blades, 
however, i dependent on the áircumferentil position because of 
the effects 'of finite blade circulation, yiscoeity,' and. turbulence, 
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and the flow will not follow exactly along surfaces of revolution. A 
one-dimensional approximation to the actual flow may be obtained, 
however, by using values of velocity, pressure, and density averaged 
in the circumferential direction and by using, for mean stream sur-
faces, surfaces of revolution through which the average net flow at 
any axial position is zero. Because the total flow of energy across 
a surface through which the fluid is flowing is greater than that 
based upon mean flow (reference 6), this simple one-dimensional 
analysis gives an inaccurate representation of the energy flow at 
stations where there are large circumferential variations in velocity 
o' a high degree of turbulence. A more accurate analysis could be 
obtained by using suitable coefficients to correct for effects of 
nonuniform velocity and turbulence. Because the present analysis 
is applied only to stations between blade rowswhere the circum-
ferential variations are normally small,, and because the corrections 
for turbulence are very com

p
lex (reference c), these refinements

	

are omitted.. 	 . 

Consider the flow across a row of rotor blades between two 
infinitely close surfaces of revolution corresponding to mean stream 
surfaces and take a, reference frae that is fixed-with respect to 
the blades so that the flow . is essentially steady. If the energy 
transfer across the boundary surfaces of revolution is neglected, 
the energy equation for the flow across the blade row.(f 1g. 1(a)) 
can be written

-	
.+ ) 22	 W2i2 

=	-9,Jc.)t1	
. i)
	 (1) 

The terms involving the angular velocity of the 'reference frame 
W represent the change.n potential energy Of the centrifugal-force 
field that results from the rotating frame of reference. . The equa- 
tion can,, of course, be obtained, by first considering the ' energy 
equation for a noxrota,ting reference fra,me and then transforming 
the - results to the- rotating reference frame. The expressiorl of t1 
in terms of ve locity of sound. a1 gives, after 'sliiit earranement, 

(crj^)21	 (2) 

	

t1 	 2	 L \v11	 v1 I.	 v1 I J 

For the flow through the stator blades the reference frame is 
stationary and w is equal to . 0. The : temperature ratio,- for a 
given inlet Mach-number . M1 and velocity ratio's V2 /V1

- .Wr2/V1, 
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and wrijV1, does not. depend upon losses, but the pressure ratio 
p2/p1 and density ratio	 do. The pressure ratio, density 
ratio, and velocity-of-sound ratio a2/a1 can be expressed in terms 
of the temperature ratio by use of the polytropic relation 

P2 (P2) 

the equation of state for .. a perfect gas 

and the equation for the velocity of sound 

OgRt 

The resulting relations can be concisely written as 

UI	 -	 2m 

	

- Q\

)

Ifl (t2'\ 	 (a2

T, 	
(3) 

The value of m depends upon the losses and can be expressed in 
terms of the polytropic compression efficiency discussed in the 
following section. 

• The continuity equation, applied to the flow between the two 
infinitely close stream surfaces arid expressed in terms of the 
flow area f measured normal to the relative velocity, is 

- 2tr1 dr1 cos P, - P2 V2 
If
2

- 21tr2 dr2 cos . 13 - 

The density can be eliminated from equation (4) by means of equa-
tions (2) and (3) to obtain the flow-area ratio as an explicit 
function of the velocity ratios, the inlet Mach number, and the 
polytropic exponent: 

fl V2	 Y-1
=l+_M2[l (2^(
	 (i Thl 

-	 f2 V1	 2	 L	 l) 	 )	 V1 / J

(4) 
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For axial-f'io compressor ,s, radial flow can usually be neglected; 
consequen'1y r3 equals r9 and .equation (5) become.s 

rn-i 
f.	 V	 '7-i	 /V \2

(6) 
2 V1 L	 2 	 L	 \JiJ J 

which does not contain co and hence has the same form for rotating 
and stationary blades. It should be noted that the velocities are 
with respect to the given blade row as reference frame. 

Graphical representation in 'terms of polytropic efficiency. - A 
graphical representation of equatiofl (6). is useful fdr the rapid 
d.eterminationof any one Of the variables in terms of the others. As 
it is usually more convenient to think in terms of compression elf 1-
ciency than in terms of polytropio exponent, the graphical re presenta-
tion of equation (6) is given in terms of the polytropic compression 
efficiency. This efficiency differs in two respects from the usual 
compressor efficiency. Compressor efficiency Is usually defined a 
the ratio of the ideal work of compression from the initial to the 
final total pressure to the actual work done by the rotor blades. 
This efficiency is satisfactory for over-all performance representa-
tion but gives no ,information on the "efficiency with which static 
pressure Is increased and Is meaningless when applied to stationary 
elements of the compressor (stator blades and exit diffuser). As a 
measure of efficiency of the separate stepsin the compression 
process, an efficiency based. upon 'static pressure is therefore 
required. The change in kinetic energy of the fluid a 's well as 
the work input by the rotor blades is available for: conversion to - 
static pressure. For rotating reference frams the change in poten-
tial energy of the centrifugal-force field, which occurs when the 
radius changes, is also available for increasing the static pressure. 
If there is no heat transfer, the energy available for conversion 
into pressure is given by the change in 'static enthalpy Ah, whereas 
the ideal energy required for the 'given pressure change is 
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where PId( i ) Is the density as a function of pressure for the 
Ideal compression process. The general definition of efficiency 
based on the conversion of mec Ilianical energy into static pressure 
is therefore	 . 

TI

	

	 •	 (7) 
Ah 

and' differs froth the corresporidn€ efficiency, based on thta pres-. 
sure only in the replacement of- enthalpies and prcssu'es based. on. 
total (stagnation) 'cotiditlons by those based upon static cbiid.itlons. 
Unlike the efficiency based upon total conditIons, the efficiency 
based upor+ static cond.itons is Independent of the réferende frame 
arid, can be- applied equally well to stationary and rotating conponents 
of the compressor. For-those reasons, an efficiency . based on static 
conditions- is used for the graphical representation.' 	 •• 

The-efficiency is incompletely specified, however, until the 
ideal process of c pesin is. given. ,,ffo±en lies thoother'dif-  
ference between the efficiency ttsod in'thip analysis and. the con-
ventional adiabatic compressor efficiency. Fçr compression without 
heat transfr, the relation between adiabatic and polytropic off i-
ciency Is shown in appen(.ix A. to be given by  

y-1	 . 
-:(	 -l'•	 '-

\pl)	 '	 .	 •	 '	 (8) Ila 

for efficiencies ar4 pressure ratio based.on eIther total or static 
conditions. When the pressure .ratio is plotte, on-o logarithic 
scale 

fig 
..2), a practically straight-line relation is dbtai.ned 

with the two efficiencies equal atà pressure ratio of 1, 'Fdrtie 
pressure ratios obtained across a row of blades, at least for sub-
sonic designs(generally less thai .1.2), the difference between 
adiabatic and . pplytopIc efficienci . es is . neg)4gible (fig, 2). It 
is show .n appendix A that the poJ,ytropic eponext for compression 
is given . in terms of the poytropic effiçieicy by the relation 

CONFIDENTIAL



•	 The discussion on efficiency may be summarized.: The difference 
between the adiabatic : and polytroDic efficiencies is usually negli- 
gible for the pressure ratiosobtáinble across a blade row or 'a 
stage but becomes important when the over-all efficiency of a com-
pressor is considered. The chart relating the two eff1cioiiies 
(fig 2) is useful in estimating the over-all adiababic efficiency 
of a compressor for adiabatic compression in. terms of an average 
stage efficiency .represented by the poljtropic efficiency. Effi-
ciencies based on static .'pressure and. temperature changes are 
required in considering the compression across ind1vdual blade 
rows and the seine basis for efficienc can be used. for over-all 
compressor-Performance representatior If the conventional adiabatic 
fficiericy for the over-all performance in teis of total pressures 

and temperatures is desired, a. small correction may be applied to 
tho adiabaticefficiency based on static states to take account of. 
the chance in Mach nuinbr across the compressor 

By means of equations (6) and (9), the flow-area ratio f1/f2
I.

 can be expressed. as an explicit f u nction of tile inlet Mach..number, 
the velcity ratio, and-the polytropic efficiency. The relation 
between these variables is shown in figure 3. By use of equa-
tions (2), (3), and (9) (with r 1 = r2 ), the velocity-of-sound 
ratio a2/al, temperature ratio t2/t.1 density ratio p/p1, and 
pressure ratio P2/pl may also be given in terms of the same 
variables. For the applications considered, however, it is more 
convenient to replace the velocity ratio by the flow-area ratio as 
one of the independent variables-by means of equation (6). The 
graphical representation of thee ratios with the inlet Mach number, 
flow-area ratio, and polytropic efficiency as independent variables 
is shown in figure 4. Figures 3 and 4: show that the polytropic 
efficiency has a rather large effect on theflow relations .bspeciallr 
at high Mach nuwbers Appreciable error in the velocity ratios for 
a given type of bladingma.y therefore result if the calculations 
ar.baséd upon isentropic flow.	 .	 . 

A.rgordus application of the charts to general blade-element 
analysis requires additional relations based on considerations o. 
radial eqiilibrium and will not be :i'urther developed. here. The 
charts,, however, may be used for rapid approximate design calcula-

•tions arid for the calculation of blade resettings for different 
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operating conditions by considering only mean conditions.fpr the 
entire-annular- Dassage.. An example of this type of application 
is given in appendix B.-

Blade -Element Efficiency 

The exact- ana1sis. of the efficiency of all axial-flow com-
pressor is extremely complex and must be based upon a detailed 
knowledge of the flow processes involved. An approximate analysis 
can, :however, -he made by treating-the flow and the corresponding 
losses near the ends of the blades separately from those for- the 
central portion of the annular assage. The present blade-element 

• analysis is applicable to the iain-portion of the flow? The losses 
• near the ends of the blades will be discussed under the section 
entitled "Application of Blade-Element Theory to Compressor Design," 
The following analysis of- the blade-element efficiency is based 
upon the assumptions of incompressible flow, constant axial velocity 

• (see fig. l(b), and no radial flow. The usual magnitudes of radial 
flow, variations in axial velocity, and compressibility effects 

• encountered in subsonic compressor designs should have little effect 
on the blade-element efficiency-! The theory is siiJ.ar to-that 
presented in refCrence..2,- but the efficiency for a single blade 
row based on static-pressure rise is used instead of the efficiency 
for the entire stage and the-higher-order terms. in drag-lift -ratio 
D/L are included. It is shown in appendix A that the blade-
element efficiency for a blade row Is given by 	 -	 - - 

- WmL 

11 t,i =. .1 + w (p/t) 

or

-	 tan (900 -	
(11) 

tan (90.0- -	 + 

which, as might be expctd, is the game as the profile efficiency 
of a propeller.  

- The variation of the blade-element efficiency with ratio -of 
the ean whirl velocity to axial velocity- Vm 'is shown . in figure 5 
for .values of D/L of 0, 0.05 and 0.10.' For optimum angles of- 
attack'and. efficient blading, thvalie of D/L should be-less	 - 
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than 0.05 and high blade' -element efficIencies. shouid.therefore• be 
obtained. Because of the large vr1ations in-axial velocity, the 
large and complex secondary flow, and the fridtional effects of the 
walls ., the blade-element anlysis probably gives an inaccurate repre-
sentation for the efficiency in the region of the blade root and 
blade tip. 

Because the .ana1yss applied to either rotor or stator blades, 
the optimum value of w is the sane for each, aid the resulting 
optimum velocity diagram for-the. -stage Is symmetrical. For a 
symmetrical velocity diagram, the losses and the Ideal pressure 
rises are the same for the rotor And stator blades (assuming that 
differences in the bound.arylayer conditions do not affect the 
value of D/L), and the eff iciency Of .conversion to static pressure 
-for the stage Is the same as for each blad.é'r; consequently, fig-
ure 5 also represents the stage effciericyfo'a symmetrical diagram. 
The efficiency for a symmetrical velocity diagram (fig. 5) differs 
slightly from that given inrefererce'Z beauso o' the inclusion of 
the higher-order terms in D/L . FOr anonsymiZetrical velocity dia-
gra, the blade-element efficiency for the stage is the weighted 
average. Of the blade-element efficIncies for the rotor and stator 
blades with the weighting , facto' given by the ideal pressure rise 
of each. The relations derived in the present analysis should be 
ac . curate over a wide range of values of D/L, and w. Because the 
curves of figure 5 are fairly flat in the region of peak efficiency, 
• moderate deviation from the optimum value of Wm produces only 
• small loss In blade-element efficiency. 

Blade-Element PresCure Patio 

General consideratithis. - if radial flow is neglected, the pres-
sure ratio acrdsa row of blades, either rotor or stator, is given 
by

S.."
	 Y% 

=	 +	 I 1 - -----)
	 (12) 

p1
	

L	 \v1JJJ 

which is obtained from equations (2), (3), and (9). For a given 
value of , the preBsure ratio thus depends only on the inlet Mach 
number M1, the velocity ratio v2/v1 , and the pQ1tropic efficiency 
If the effic.iency could be held constant, very high presüre ratios 
obviously could he obtained by increasing the Mach number. With con-
ventional compressor designs, it has been found, however, that the

11p. 
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efficiency drops very rapidly,t1t, the Inlet Mach number is increased 
much'beyond.the critical Mach number of the blades. For this reason 
designs for:entrance Mach..nuwbers. appreciably above the critical 
Mach. number of the blades have generally been considered imiractica1. 
antrowitz has shown,. hoWever? that with suitable design, suDer-
sonic..reiative ii4et.	 rn velocities can be employed to obtain high pres- 
sure ratio's without serious loss in efficiency (reference 7). 

With given Mach number and efficiency, equation (12) shows 
that the pressure ratio increases as the velocity ratio . v2/V1 
decreases, but at a ,continuously decreasing rate, and reaches .a 
maximum at a velocity ratio of 0. Not all of the . static-pressure 
rise resulting frow.a decrease inthe relative velocity, however,•, 
represents again in the total-pressure ,ratio of the compressor. 
Only changes in the whirl cowponent..of velocity 'are effective in 
increasing the total presere. Although the total pressure is 
-increased only across the rotor :blades, the stator blades generally 
must change the wh1rlccmrorent.'df velocity by, the same 'aOunt' in 
the opposite direction-in order that the process can be repeated 
in the next stage. Changes in the axial component of velocity have 
no direct effect on the total-pressure ..ratlo obtained. 

The possibility of an indirect effect on the total -'r.ressure 
ratio must,.ho'wever.,.be considered. Schi.cht propoed increasing 
the total pressure ratio by using a rapidly increasing 'axial 
component of velocity through the rotor (reference 3). The ,argu-
ment for this procedure Is that, when the usual adverse pressure 
gradient is avoided, a larger change in tangential velocity and 
hence a greater total-pressure ratio can be obtained. This method 
may be effective for, singlé-tage, low-speed blowér in applica-
tions where high discharge velocity is desired! The method Is 
unsuitable, however, for high-s peed, multistage axIal'low cofl- 
pressors, because, In orderto be able to reDeat' the proCess in 
a number of : stages' , the axial velocity has to be again reduced 
through the stathr blades. The argument that. an  increasing 'axial 
velocity DakCs- possible a large change in ' whirl velocity :suggests 
that it would be very difficult to obtain with reasonable effi-
óiency the require 'change in whirl veloc'ity in the stat's, where 
the axial ve1oQ1ty Is d.ècreasing. Excessively h :Igh' : Mach numbers 
at the inlet to the stators are also encountered If reasonable 
rotor speeds and Inlet Mach numbers to 'the' rotor blades are used 

The reverse procedure, in which the axial velocity is decreased 
across the rotor, has been used in a su personic compressor described 
in reference 7. This procedure maybedeei:rabie for supersonic 
desins, but for subeóiiTh '	 i'fth défihite Mach-number 
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limitatiohe, which are her p inafter considered, little is-to be gained 
in increased pressure ratio 'by appreciable changes in axial velocity 

. across any blade row. A gradual change Ih'the axial velocity through 
a multitage compreeso' maybe deirah1e to obtain favorable condi- 
tions at the inlet to each stage, but any increase in total-pressure 
ratio that is obtained results principally from the more favorable.. 
inlet conditions. to the succeeding stages rather than from'the direct 
effect of change in axial velocity across 'a stage. In analyzing the 
blade -element performance ,f a single stage in relation to it, effect 
on the total-preesure ratio of the comressox', the actual stage can 
therefoi'e be replaced.by an equivalent stage with the sentrape 
Mach number and' changes 'in tangential velocity but with constant 
axial velocity. *Because. the static-pressure ratio acräss such an 
equivalent stage is practically the same as the total-pressure rat,io, 
the considerati-on of static-pressure ratios alone is sufficient. 

Pressure ratio.,based on constant axial VelocitY. - For . -constant 
axial —velocity 'thevè],ocityratiç across 'ab1ade'row is given.by 

V2	 01 
V,cos12 

and hence from equation (12) the pressure. ratio is 

'.'/ boa l\21 7 
—l+ — M12 1 -(	 '	 (13) 
P1	 L	 ' 2	 L	 \.,cos	 j J) 

The minimum possible value of the velocity ratio for a given inlet-
air angle P, is eqial to the cosine of the inlet-a.r angle.. For 
constant axial, e1ocity, the inlet-air angle must this,be large to 
obtain apprecib1e diffusoi through any row of blades. 

The actual pressure ratio that can be obtained, however, depends 
also on the practical limitations on the turning of the air ? , The 
usual limitations are based on blade lift coefficient cLand 
solidity o. (See references 2, 8,, p 39, and 9.) The relation 
between lift coefficient, solidity, and air angles is givpn, 
(see appendix A) by

2 cos	 (tan l- tan 2)	 '(14) 

	

CiP = ''. i+ (D/L) . tan:	 '  
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A graphical .representation based on these relations showing CLO 
as a function of inlet-air angle and turning angle for the case of 
D/L equal to O is shown in figure 6. For most praptical applica-
tions the term (D/L) tan P. can be neglected but if high accuracy 
Is desired, the effect of. drag can be taken into account by dividing 
the value of CC, obtaed from figure 6 by ). + (D/L) tan Pm. 
The pressure ratio; expressed in terms of the ratio wm of mean 
tangential velocIty to: the axial.velocity, Is given by 

• 	 S	 .  

r

YTIP 

wm(_Aw).	 y-1 

•	 p - = 1 + (-l)M1	
7	

5. .	
.•.	 ( 15) 

Awl

	

1	 .	 .	 l+!Wm 
• 	

S. . 	 L. 
The value of -Aw in terms of CLG is

.	 .	 . 

(See, appendix A for derivation of relations.) 

The pressure ratio as a function of Wm for M1 = 0.7 and 

CLG 1 for three values of D/L is shown in figure 7(a). "The 
iJolytropic efficiency was assumed equal to the efficiency for 
Incompressible flow given by equation (10). . For the isentropic' 
case (D/L =0), the pressure ratio increases'asymptotically to 
a maximum as •wm increases but Is very near the maximum value 
at Wm 4. As the value of D/L is increased, the maximum pres-
sure ratio is obtained at progressively lower values of Wm because 
of the drop In efficiency when Wm is increased, beyond 1 (fig, 5). 
Even with a value of D/L of 0.10, the maximum pressure ratio 
occurs at a value of w more than twice that for maximum eff I-
ciency. The effect of CLG on the pressure ratio Is shown In 
figure 7(b).	 . . '• ..	 . 

The variation in pressure ratio with Wm shown in figures 7(a) 
and 7(b) is quite different from the faliar'variation (refer-
ences 8 pp. 99-105, and 10) when the rotor speed Thstead of the 
relative inlet Mach number Is ôonstant The variation in pressure 
ratio with w for a symmetrical velocity. diagram when the ratio 
of blade speed to inlet velocity of sound U/1 is constant at 0.5 
and the value of D/L 'is 0.05 is shown in figure 7(c) with the 
inlet relative Mach number	 i1 shown as contours. The increase 
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in oressure ratio with decreasing wm is due to the large increase 
in relative Mach number for snail values of Wm. The actual attain-
ment of the pressure ratios indicated in. figure 7(c) for high values 
of M1 is, of cOurse, very doubtful because 0± the difficulty of' 
maintaining the sane value of D/L as for the low values of Mi. 
The curves are, however, sigiificait in indicating the trend of the 
pressure ratio over any range of values of wm in which D/L can 
be maintained substantially constant. The range of values of Wm 
over which D/L can be readily maintained at a value cop-parable to 
that given in figure 7(c) depends upon the value of U/a1, but the 
general trend of the curves is essentially the same for different 
values of U/a1. The important conclusion to be drawn from fig- 
ure 7(c) is that, for a 'given rotor speed, the pressure ratio can 
be increased by increasing'tho design axial velocity up to the point 
where the effect of increased blade drag resulting from compression 
shock count e'ba1ances the direct effect of iucrased Mach number. 

Although limitations based on CL are widely used in fan and 
compressor design, it is not always ra1ized that these limitations 
vary with the value of w and hence with the blade stagger. 
Unfortunately, only'neagerexperimenthi data on this inrortant point 
are available. According to Howell in an unpublished British report, 
the allowable value of CL drops appreciably with increasing values 
of .wm, and -Aw . (equal to tan a.1 r tan a.2 in Howelis notation) 
is a better limitation at values of wm less than unity . The pres 
sure ratio is shown in figure 7(d) for a constant value of -AW = 0.7424 
(corresponding to its value for CLG 1; Wm 1), both for a constant 
value of M1 and for aconstant value of U/al . The available data 
seem to indicate that, when the value of .wm is less than unity, the 
limitation based on -Aw is preferable, whereas, at values of.Wm 
greater than unity, the limitation based on CL T is better. ' On the 
basis of either of'thesb lipitations on the turning of the air, for 
a given inlet Mach number a 'considerable drop in pressure ratio occurs 
if wm is decreasedmuch beyoid 1. 

The preQeed.ing analysis has shown that, for reasonable 1mita- 
tions on the turning of the air, the pressure ratio increases -with 
the inlet Mach number when either the value of wm or the value 
of U/a1 Is held constant. The Mach' number thus plays a dominant 
role in, determining the prssu'e ratio.in order 'to obtain high 
pressure ratios per stage, a compressor shoul d therefore be designed 
for a velocity distributioft that gives as nearly 

as possible the, 
limiting relative Mach number at the 'entrance to all blade elements. 
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Specific Mass Flow 

The màesf1w through a unit brosesectionà1 area of a 
compressor is given by

M Cos 13
GPTaT 17 

y+l	 - 

[1+M2j 

where thequantities M and P . are ' vith respect to anabsolute 
reference frame. . (See aDDendix A.) Because both PT and aT 
increase through the compressor, the mass flow per unit area 
for a given absolute Mach number M and flow angle 13 also 
increases through the compressor. Only at the compressor inlet 
does the mass. flew per init area therefore provide an essential 
limitation on the total mass flow for a compressor of a given 
diameter. Because this analysis is unconcerned with the effect 
of variation in inlet conditions, it is sufficient to consider 
the mass flow per unit area for total pressures and temperatures 
equal to standard sea-level pressures and temperatures. This flow, 
is referred to he'einafter as "specific mass flow". The specific 
mass flow for dry air with y equal to 1.4 is given by (see 
appendix A)

WW—e- 85 .4 M COS
	 (18) 

8A - (i + 0.2 M2)3 

The maximum specific mass flow 'is Obtained when 13 =.O and M 
and is equal to 49.4 pounds per second per square foot. For this 
condition' to occur ahead of the first rotor, the inlet Mach number 
relative to the first rotor must be superson1. The decrease in 
specific mass flow for a moderate change in M or 13 from the 
optimum values, however, is slight. For example, for a value of 
M of 0.7, the reduction in specific mass flow is only 9 percent. 

For a subsonic compressor design with a given Mach-number 
limitation and rotor speed, the maximum specific mass flow is 
obtained with an approximately symmetrical velocity diagram, 
because any appreciable deviation from symmetry requires a sub-. 
stantial reduction In axial velocity to kee p within the Mach-number 
limitation on both the rotor and stator blades. For a symmetrical 
velocity diagram and a relative Inlet Mach number M1 R the 
specific mass flow is given by 

.. CONFIDENTIAL



20	 .	 CONFIDENTIAL	 NACA RM NO.' 'E7D28 

85.4 MiD 
-	 '	

\2	
(19) 

+:	
2) 

- -	
3 

The  variation of the specific mass flow with T 	 is shown in figure 8 
for a symmetrical velocity diagram with given Mach number and CLI 
limitations. The maximum specific mass flow is obtained at low values 
of Wm but the rate of increase becomes very small as wm is decreased 
below 0.4 ! At a value of Wm equal to 1, corresponding to the maximum 
blade-element efficiency, the specific mass flow Is about 7.0 percent of 
its maximum value. 

APPLICATION OF BLADE -EIMINT TORY TO 

COMPRESSOR DESIGN  

Efficiency 

• 'The.biade-e1en3ent theory applies to the main portion of'the annular 
paesae; the flow near the ends of the blades must be separately con-
sidered. The friction of 'the annular walls and the secondary flow near 
the blade ends reduces the efficiency below the values based on blader 
eleent efficiency alone,. 

In an analysis based on compressor data, Howell (reference 11) 
has expressed. these losses as drag coefficients that are to be added 
to the profile drag coefficient to obtain the total drag coefficient 
of the blade. These drag coefficients are given by 

'0D,an	 0..020 S/i	 ' •	 (20) 

for the annulus losses and by 

CD,B = 0.018 CL 
	

/	 (2.) 

for the secondary-flow looses. Because the rnethod of treatment when 
the velocity diagram varies appreciably from hub-to tip iS:flot indi-
cated by Howell and because his bas i s for analyzing profile efficiency. 
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is diffrent".from that presented Iii this report, the empirical equa-
tions (20) and (21) indicate only ma qualitative way how the per-
formance based on blade-element efficiency Is modified. by these 
additional-'loss'es. .	 . . 

The main effect .of these additional losses would appear to be 
an increase in. the effective drag-lift ratio without materially 
affecting the veocity-diagram 'e1atidns develooed, in the blade- - 
element theory. The blade-'element theory . can therefore be used to 
obtain an Indication of the effect of different. velocity ditrIbu-
tions 'on the compre's'sor 'efficiency. In estimating the over-all 
polytropic efficiency of a .comp'eseor, the efficiency of 'each 
blade element must be weighted in proprtiori to the product of 
the mass 'flow over that blade element and the ideal pressure rise 
across the blade element. Although it is impractical-to maintain 
the theoretical optimiAm value of Wm 1 for all 'blade eleen,ts 
in a compressor, in the final choice of the velocity distribution 
for a compressor, the. effect' of. deviations from the optimum value. 
Of W on . the over-all efficiency shOuld be considexed. As shown' 
in figure 5, however, 'the decrease in-over-all efficiency for 
moderate deviations from the optimum value, of Wm is . inappreciable. 

The blade-element-theory shows that, to obtain an inc'ease in 
blade-element efficiency, research must be directed toward-the 
reduction of drag-.;lift ratio 'rather than a reduction of. drag alone. 
The, over-all efficiency depends also to a considerable extent on 
the losses 'associated with secondary flow not considered in thO 
bla,de-elemen,t theory. In order to obtadn a substantial reduction 
in secondary-flow losses, a much more detailed analysis of the 
three -dimensional' flow than that 'given, by the blade-element theory. 
is therefore required. 	 .'	 . .	 . 

Compressor Size	 ..	 ' 

The blade-element theory shows for subsonic designs the pos-
sibility of decreasing both the diameter. and. the length of  
cozoDressor for -a given air flow and pressure ratio by careful 
consideration of the velocity distribution. .A u perficial con- 
sideratiori of figures 7(b) and 8 would suggest that for constant 
relative Mach number any effort to reduce the diameter y-docrbasing 
wm in order to increase the 'specific pass flow wou1. of necessity 
decrease the pressure ratio per stage and thereby increase the 
compressor length. This arurnent, hoever, considers only a sin1e 
blade elernent and neglects the actual limitations that occur ina 
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multistage compreeo' Fire- 
. '
I-, once, the rotor speed is fixed for any 

reason, the pressure ratio across a blade element can be increased 
by decreasitg the value of wm to the point where the limiting Mach 
number is reached as shown by figure 7(c). Second, the . specific mass 
flow limits the mass flow of the compressor onl at the inlet to the 
compressor. Because the inlet stage.;tendd to limit both the mass 
flow and the rotor speed of a compressor-'the consideration' of veloc- 
ity'd.istrj'butioi in the inlet stage is particularly important..... 

4 small hubtip diameter ratio at the inlet is desirable for 
high mass flow through, a given -diameter :.* , For the conventional' type 
of axial-flow stage., ratios much.below 0.5 appear Impractical-although 
lower values might possibly be used in a very .highsolidity stage 
with' considerable hub tajer	 . 

Velocity distributin iii inlet- ' stage. - The method of design 
based upon free-vortex flow is widely used. because of the simlic.Lt 
and the relatively high accuracy with which the flow can be calc-' 
lated.' The velocity diagrams for a free-vortex design for high 
specific mass flow with a hub-tiD diameter ratio'of 0.55 is shown 
in figure 9(a). For'eimplicjty,.the effectof asage taper is 
neglected. The maximum pressure ratio, compatible with this type'yp of 
design was 'obtained b y making the maximum Mach number the same (0.7) 
on the rotor :and. stator blades. The maximum Mach number occurs at 
the tip on the rotor blades and at the hub .on the stator blades. 

The blade-element theory shows that this type of design has 
several disadvantage. The velocity diagram is unsymmetrical at 
all but one radius and the inlet Mach number for most of the'blade 
length is"muOh'below the limiting value. The result is a rather 
low pressure ratio per stage. At the hub the relative velocity at 
the exit of the rotor is actually greater than at the inlet. There 
is some question whether the flow would actually start in the direc-
tion indicated. This uncertainty-of flow direction can be 'eliminated. 
by making the velocity diagram more symetrical at-the hub but the 
pressure 'ratio of the stage is reduced further by this adjustment. 

The use of a 'symmetricaj velocity d'iagham with constant total 
enthalpy at all radii. (fig. '9(b)), which may be 'obtained by properly 
designed entrance guide vanes, eliminates these disadvantages. The' 
same Mach-number and CLO limitatjo'Tls are used, as' for the ree-
vortex' design, The principal 'difference i 'that the entrance Mach 
number is very nearly constant for all' blade ëlementeof both ±otor 
and stator blades The inlet- Mach number at the ho s actually 
slightly higher than at the tip becaue of the increase in axial 
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velocity toward the hub for this type of rotation. The specific 
mass flow is also somewhat higher for the sym 	 velocity' 
diagram than for a free vortex because of the increase in axial 
velocity toward the hub. A comarison' f the specific mass fldw 
and pressure ratio for the two types of velocity distribution with 
the same maximum inlet Mach number for each is shown in the following 
table:

tp (vortex) 
w/e/A Ap/p1 p ymmétrical diagram) 

Symmetrical diagram 
Free vortex, same (CLG)1l 
Free vortex, same -Awh

37.4 

	

35.1.0871	 0.64 
35.2	 .0911	 .67 

Limitations on turning based on both CL(Y and on w are shown. 
The limitations are conservative but are the same for both types 
of design and should therefore give the relative, but not necessarily 
the maximum', performance for the two designs. Not only is the pres-
sure ratio for the Inlet stage higher for the symmetrical d1agram 
than for the vortex but also the pressure ratio obtainable in the 
succeeding stages is higher because of a higher rotor speed allowed 
for the symmetrical-design diagram (12 percent higher in this case). 

A disadvantage of the design based on symmetrical velocity 
and constant total enthalpy is that the axial velocity may become 
very low or actually reverse near the tip, , especially after the 
rotor, for low mass flow. The decrease in axial velocity' across, 
the rotor bladesat the tip is not shown in the velocity diagram. 
The variation in axial velocity from hub to tip serves a useful 
purpose in producing a more uniform entrance Mach number but If 
too large, results in flow separation along the oiite' wall. The 
magnitude of the radial variation in axial velocity for the 
symmetrical-d.iagrá.m design is a function of Wm at some particular 
radius, such as the hub, and increases with ncreaeIng values of 
Wm. The axial velocity at the casing may become 0 If the value 
of wm at the hub is made much greater than the value used In 
this example. The design based on a symmetrical velocity diagram 
and constant total enthalpy along the radius is therefore suitable 
only for designs with high specific mass flow. A velocity distri-
bution somewhere between a fre vortex and a symmetrical velocity 
diagram at all radii would probably be preferable for designs of 
lower specific mass flow than that considered in the example of 
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figure 9(b). Small variations in thetotal enthalDy along the radius 
may also be useful in obtaining more suitable Velocity diagrams 
later stages. The determination of the theoretical Optim. um distribu.

-tion of velocity arid enthalpy is very complex because of the infinite 
number of cossible variations,,. but a.good approximation to an optimum 
design'for given conditions is possible with the aid of the blade-
element theory. 

Axial variations through compressor. - The blade-element theory 
is also very useful in the analysis: of the effect of different varia- 
tions of axial velocity:fro st.ge'..to stage. The speed of the rotor 
isusually determined by the Mach-number.- limitation on the first row 
of rotor blades. For 'maxiu ressure ratio per stage, a increase 
in the blade velocity U in the later' stages would be desirable. 
In the usual designs, the angular velocity" of all the rotor blades 
is the sane because they are mounted on the same bbaft. The blade 
element velocity U, however, can be increased by increasing the 
radial distance from the axis. The increase in the tip diameter, 
however, increases the over-all diameter of the compressor for a 
given specific rnass flow at the comprssor inlet.. If alarger over-
all diameter Is to be used, the use of the larger diameter also at 
the. inlet would- appear desirable in order to allow a higher hub-tip 
diaeter ratio with a given mass flow. . The increase in the tip 
diameter in the later sta6ep therefore is of dubious value. 

The increase in hub dimter from 'stage to stage, however, 
produces a higher pressure ratio per stage both by Increasing the 
blade-element velocity at the, hub TJh and by maintaining the inlet" 
Mach number near the limiting value by an increase in axial velocity, 
(fig. 7(c)). The maximum pressure ratio with a.constant casing 
diameter is obtained by increaaing'thC hub diameter from stage to 
stage in such a manner as to obtain the limiting Mach number on 
each stge. Because the velocity of sound increases, the axial 
velocity at the casing must be increased to maintain the same Mach 
'number. . For pressure ratios of 5 or morb j thiprocedure leads to 
very short blades and high ratios of hub to tip diameter in the 
last stages. The'tip-clearance losses will b, increased, unless 
the absolute clearances are reduced, becuse of the greater relative 

- clearance for the short blades. The 'añnulus losses may alsd be a 
larger percentage of the energy input because Of higher ratio of 
passive, or annulus, area to active;-or blade, area .(reference 12), 
The use of small blade chords will reduce this ratio of T3assive to 
active area as well as redico the length of "the compressor, •but the 
adverse .effect 'of reducing the Reynolds number must be considered 
(reference 12). 'Because of the relatively-high density and velocity 
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in the last stages, however, the chords can be wade considerably 
smaller than In the inlet stages and.the same Reynolds. number main- 
tained. The diffuser requires more careful attention with high 
axial velocities at the-compressor outlet but the ,diffuser losses 
become less important as the over-all pressure ratio is increased. 
The use of boundary-layer control, even for high outlet velocities 
should make it possible to obtain efficient diffusion in a very 
short diffuser (reference 13). The required suction should not 
be difficult to provide. For example, the boundary-layer air 
removed, might be used for cooling some portion of the turbine' 
where the pressure is lower than that In the diffuser. 

The high losses reported by Eckert (reference 12) for high 
Pub-tip diameter ratios. in single-stage blowers appear tc, be lesa 
serious in multistage coimressors. The hub-ti p diameter ratio :18 
quite. high in the last few stages of the. NASA eight-stage axial' 
flow compressor (0.93 in the last stage), (See reference 2,..). 
Although.no. information is available on the efficiency of the, 
last stages ) the over-all ef1ci4'ncy (references 1, 2, and 14) 
is much. hiher than wo,iid be expected if the efficiency dropped. 
off as indicated by Eckert.  

-	
.	 Flexibility and Range 

- Very little has yet been done on the investigation of the 
effect of design variables on the range and the flexibility of 
axIal-flow compressors. An unpublished British report, made -a 
theoretical .ana1s1s based on cascade data of several types of, 
design, but. the differences in range for practical designs were 
not particularly remarkable.. The problem of range and flexibility 
is considered from an entire1y different point of view in refer-
.ence 1, where the possible extension of the useful range by the 
use of adjustable stator blades is investigated. Improvements 
in the efficiency at other than. design speed and a considerable 
extension of the flow range at any given speed were found to be,• 
possible by the adjustment of the stator blades alone, An - 
improvement of 'about 0.03 in 'efficiency over the design setting 
for one of the blade resettings at approximately half the design 
speed was obtained. A shift of the peak-efficiency flow-by 20 
to 30. percent was possible over the entire speed range by the use 
of different stator-blade settings. The extension in the flow 
range was particularly striking at a compressor Mach number of 0.8 
because of the very narrow a%,e at this speed with any one blade 
setting. An approximately sevenfold increase in the flow range 
was obtained at this compressor speed by the use of different. 
stator-blade settings.
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The success of this method in extending the useful range of 
axiai-f low compressors has 'warranted the development of ..a dre rapid 
method. for, computing blade resett lags than t'ht presented in refer-
ende 1. Figure 3 1 4., and . 6 provide :the basib for such awethod 
as is illustrated by the example in appendix B. 

SUMMARY OF ANALYSIS 	 . 

.A blade-element theory developed for analyzing the effect of 
basic desigi variables on 'axial-flow-compressor performance may be 
summarized 'as follows:'  

The. one-dimônsional cornpressible-flowtheory. shows that the - 
effect. of polytropic. eficiexcy on the... flow relstions across a' row 
of blades :5 . of the same order of magnitude as the effect of the 
Mach number. Flow calculations : based upon isentropic compressible 
fiow:.maytherefore be appreciably In ërror. The bldeelement effi-
ciency based'on static-essure rise arid the assumption Of incompres-
sable flow in terms of drag-lift rbo and mean flow angle is shown 
to be the same as the pro:f lie efficiency of a propelle. FOr sub- 
stantial improvement in compressor efficiency, research should be 
directed toward a redUction in blade-element drag-lift ratio and 
toward a better understanding of secondary-flow phenomena. 

The relative Mach number is shown to be a dominant factor in 
determining the pressure ratio and, if the efficiency can bemain-
tained, very high pressure ratios per stae are possible with super-
sonic designs. But even for subsonic compressor designs ., coside'able 
increase in pressure ratio over that for conventional designà can be 
obtained by producing, a velocity distribution that gives relative 
inlet Mach numbers close to the limiting Mach number on all blade 
elements. With a given inlet Mach number, the pressure ratio 
obtainable across a bladerow increases and the specific mass flow 
decreases as the ratio of mean whirl velocity to axial velocity 
increases for the high-fficiency range of this velocity ratio. 
For subsonic compressor designs with a definite Mach-number limi-
tation, 'the velocity distribution in the inlet stage is particularly 
important because the inlet stage limits both the mass flow and the 
rotor speed of the compl'essor and thereby limits the pressure ratio 
of later stages as well as the inlet stage. By the use of entrance 
guide vanes designed to produce a variable axial velocity at the 
entrance to the first rotor, a substantial increase in stage pressure 
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ratio and a slight increase in the specific mass flow over designs 
based on free vortex with the same Mach-number and turning limita-
tions are shown to be possible. In the succeeding stages, the 
maximum iressure ratio per stage without an iñciease in compressor 
diameter is obtaithble by increasing the hub diameter to obtain the 
maximum axii velocity compatible with the Mach-number limitation, 

Flight Propulsion Research Laboratory, 
National Advisory. Comittee for Aeronautics, 

Cleveland,: Ohio,
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DERIVATION OF EQUATIONS 

Adiabatic and polytropic efficiencies. - For different ideal 
reversible processes such as adJabatic isothermal, and polytropic, 
the densities will be different functions of the pressure and by 
equation (7) the efficiencies obtained wi1lbe different. Because 
most actual compression processes are approximately adiabatic, the 
efficiency based on a reversible adiabatic process as the ideal 
Drocess has been widely used.. The polytropic efficiency is also 
useful because it is equal to the efficiency of the individual small 
stages of an adiabatic compression whçn the efficiency of these 
small stages Is constant throughout. For this reason, it is often 
referred to as "small-stage" efficiency. For constant .specif Ic 
heat, the density is given by 

P p1 ()
	

(22) 

for the reversible adiabatic process and by 

1 
1 D 

P = p1 

for the polytropic process. The poiytroic exponent m for the 
ideal process is chosen to give the same density and temperature 
at the final presure P2 as for the actual process. The substi-
tution of these expressions in equation (7) an the use of the 
Perfect gas law gives the following values for the adiabatic and 
polyt'opic efficiencies [z

1 ad gBt1_-;
	 (24)

Ah

rn-i 

(P2/ rn 	 -1 Et1	
) -	 (25) 

Ah

(23) 
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The thermod.ynajo relations'- 

= JgC( t2 - t.1. )	 n 7 (.	 t) 
	

(26) 

and 

m	
t2 (P2 1)

=

(27) 
t1 

when substituted..in equations (24) and (25) give 

Y-1 

\PjJ
-1 

= 
ad. (28) 

ti 

or
,	 \7

-. 
•	 . 

•	 11ad
_________ 

ml 
• In

-1. 
\.plJ

and

•	 - m/(m-1) 

	

1ip - 77(7-1)	
(29) 

Therefore

	

()7.	

(8) T) ad	
Pj

(p7lip 
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which is equation (8) of this report. By the use of L'Hospital's 
rule, the limiting value of ad as p2/1 

aproaches 1 can readily 
be . shown to be equal to i..	 - 

If equation (29) is solved for m, the polytropic exponent is 
given as a function of the polytropic efficiency 

TID -

y-1 

Although the derivations have been made in terms of static pres- 
sures, temperatures, and enth@pies, all the relations used apply 
equally well to total states; the values of the efficiencies and the 
polytropic exponents for a particlar compressor will, of course, be 
somewhat different. 

Pressure ratios. - The pressure ratio across a row of blades for 
constant axial velocit r can be expressed in terms of wm, -iW, and 
M by use of equation (12) and figure 1(b)

"lip 

2	 2"- 
P2 = '1 + ?	 M	

112 

p1	 \\	 2	 1.. V2 
i 

=	

+ y-1 Mi2	 L2v2,)71

- 

= [

	

(y-1) M12 :
	

2a	

11w, 1 11	

-1 
w,2  

- 

I

Va 

Yllp 

 
= 1 + ( y -1) M12	

w m ( w)-
	 (lb) 

(Wm L
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Blade-element efficiency, - A blade-element efficiency: for 
incompressible flow based on the power input to the air by the rotor 
is suitable if applied to an entir3 stage, as in reference 2, but 
is not suitable for considering the.poxoranco of asingle blade 
row. For flow across a single blade row with no change in radius, 

	

V12 V22
	

(30) 

	

2	 2 

and the general expression 'or efficiency based on static , states 
(equation (7)) becomes, for the case of incompressible flow 
considered here

	

1t,j	 2	 2	
(31) 

	

p111	 p\2 

	

2	 2 

which is the usual simplified expression for diffuser efficiency 
in which velocity variations across the passage are neglected 
(ref erence 15). 

For constant axial velocity, the following relations can 
readily be obtained from figure 10 and momenum considerations 

	

Ap_=L(Lsin	 - Dcos	 ) 

	

s s	 m 

• •	 •	 •	 •	 L sin	 /	 D	 • •	 cot	 (32) 

	

S	 •\,	 L	
111) 

	

L =	
D sin 

• cos 

•	
•	 .•	 = 	- L.tanrn	 ••	 •.	 ••• 

	

COSm	 L 
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or by solving foi' L 

L	
F 

._—_	 - 
cos Pm L1 + (D/L) tan

(33) 
cos OM Li + ( D/L) tan 

If this lift is substItuted. in equation (32), 

= pVa2 tan 0. (tan 0 1 - tan p) [l (D/L) cot 
Ap

1 + (D/L) tan 

pv 2 V (-Aw)	
- =	 -	 Di	

(34) 
1+ w (D/L) 

also	 -

pl2	
--(v12 -V,2) 

2	 2	 2 

= PITa2 V (-Aw)	 (35) 

By the substitution of equations (34) and (35) in equation (31), the 
blade-element efficiency based on static-.pressuie rise and incompres-
sible flow is finally obtained as 

8,	 1+w(D/L)	
(10) 

The blade-element efficiency can also be expressed in terms of 
the "gliding angle" E (fig, 10), which ip 4efined by 

tan E = D/L	 (36) 
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The profile efficiency is

tan 
sti

tan 

	

tan (900	
(ii) 

tan (900 - 

which is the same as the expression for the prof lie efficiency of 
a propeller.	 .	 .	 .	 . 

Lift coefficient, - The relations fo' 0L' equations (22) 
and (23) of reference 1, neglect the effect of drag and give the 
values corresponding.to D/L . 0. Thé..exaçt' expressions, for 
values of D/L different from 0, can readily be derived from 
equations (2) and (6) of reference 1 

F0=pSV2(•w) 

and

F 
L

cos OM [1 + (D/L) tan 

Hence

pcV 
PS a2	 -	 (tan	 - tan 

cos om [i + (D/L) tan ] - cos P. [i + ( D/L) tan 

and the value of CLa is obtained by multiplying by 2a 

2 

L -
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-	 LG	
2Va2 (tan	 tan P2) 

L°PVM C vm2 .cos PM ii '+(D/L) tan ç3] 

2 cos pm (tan 0 1 - tan 33)	
(14)

1+(/L)tar, 

This relation can also be expressed in terms of t]ie va1.ab1es 
and (-iw) by referring to figure 1(b): 

/wm2 4: 1 , Cl + ( D/L) Wm 

which when solved for -w becomes equation (16) of the repqrt 	 - 

(16) 
L) 

Specific mass flow. The mass . flow through a unit cross-sectional 
area in terms of an absolute reference frame -i 

El
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w
= gpV

ST -. .._. I COS 
Pp aT a 

=T a 	
Mcos3	

(17) 

(i + i M2)(7 

___ 
qYg

 M Cos I3 
• ____ 

2(7-1) 

(1+Z!M2) 

=P	
: p0 VT9	 H cos 

o. '\J	 ii'w0	 _____- 

2(7-1) 

(+ZLM2) 

= E 2116.2 '/1.4 x 32.174	 N cos 3 

Ve '/3.345x 518.6	 (1 + 0.2 

Hence

85.4 N cos 1	 (18) 

• (1+O.2M2)3 

In order to express this result In terms of the relative Mach number 
and the velocity-diagram parameters for a symmetrical velocity dia-
gram, it must be remembered that the quantities in equation(18) are 
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for absolute coordinates at the entrance to the rotor. (station 1). 
With the aid, of figure 1(b), which is taken to represent the rotor 
blades, the following substitutions may be made in eq,uation (10): 

VaV1R 
85.4 -- 

wJo	 Vi,R al 
8A -

+ O.2 &J1 i) r1 (Y!A\\j a/  

V 
85.4—MI 

=	 V1B 

+ 0.2 

L
85.4M 

= _______________.....................____. 	 (19) 
Aw 

-	 1 + 0.2 M1R2 1 ,
2	

(wM 2) 
(WM  2 

The value of -w is given in terms of CLG by equation (16). 
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APPENDIX B 

•	 EXAMPLE OF USE:.OF .CL4RTS.FOR COMPUTATION 

OF STATUE-BLADE RESBTTIhTG 

The method of ,computin€ the stator-blade resetting for dif-
frent operating conditions given in reference 1 involves consider-
able labor In the trial-and-error solution of the velocity-ratio 
equation (equation (19) of ref erenc 1). ' The charts. given In 
figures 3, 4, afld' greatly facilitate the computation O.f stator- 
blade resetting, aa Is illustrated by the following óx.thple: 

The computations are made for a typical stage of the NACA 
'eight-stage axIal-f low compressor for an air flow and speed 
app±'ociab1 belowthe design values. The conditIons.at the init 
to the sta&e are determined by the flow from the previous stage 
and, for the purpose of this eLampie., are assumed to be known 
The tage is'herè taken as a row of etator blades 	 by a. 
row of rotor blades. The station designations ar... 1, at inlet 
to stator bla4es; 2, between stator and rotor blades; and 3, at 
outlet to rotor blades Quantities that are a function of the 
radius are taken at nhidpassage unless otherwise specified The 
following geometric characteristics of the stage are given,- 

A1/A2 =1.118, A2 /A3 = 1.127 

	

=	 = 43.10 (design values) 

a,o = -5.60 (for blades used) . 

as = 0.9961, 0R	 1.0156 

	

r2 Ir2	 = 0.9004	 .. 

The given lnlet . cçnd.i-t .ions and rotor speed are: 

= 65.30, V/a = 0.492, Ui/a = 0.708. 

• .• It is proposed to. reset the stator blades to make the maxi-
lift, coefficient at the mean radius, which may . occur on either 
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J 

the stator or the rotor b1a1es, equal to. a prescribed value of 0.8. 
Th adjustment of the stator-b1ad angle to give a prescribed lift 
coefficient on thetator blades. may be. accomplished very simply by 
the use of figur9 6 and. the enipirica 'l relation from reference 1 
(equation (l7)):	 ,..	 ....,.	 .. .	 ...	 . ... 

= (1-K)	
+	 +	 a,o 

but the lift coefficient dn the rotor blades also must be checked 
in order to determine whether the preecribed maximum is exceeded. 
If the prescr.i-bed maximum lift coefficient. Is exceeded on the rotor 
bladcs, as it is in this xample, the lift coefficient must be 
determined with differont stator-blade sott.Lngs until the prescribed
maximum lift.coéfficiéntis obtained on the rotor blades. The cal-
clat1on of the . stator-b1ad •setting for a lift .coeffic1eit of 0.8 
ontho stators is first made and the rsu1tirg lift coefficient on 
the rotor blades determined. The calculation for the final trial 
solutloi for a lift coofficient of ;0.8 on the rotor blades is then 
presented.	 .......:	 .	 r 

For simplicity, the value of. -'K ;is assunied, to be 0.9 throughout. 
Somewhat. naore.acOurate results could be obtained by estimating the 
value of K from tie values presented in reference 16. A polytropic 
efficiency r 	 of 0.9 is also assumed. The turning angle 13i 132
is found from figure 6 for 

CI O = 0.8 x 0.9961 = 0.797 

and, for . ,p l equal to 65.30 , Is 11.50. 

Therefore .	 .

53.8° 

and from the relation 

= .0.1 13i -I, 0.9 s - 0.9 x 5,6 

the value of	 isSletermined as 58.l°. 

The value of C for-the rotor blades . for this stator-blade 
setting requires thecal pulation of the flow across,the stator. The 
flow-area ratio is 

±'	 A oos 13	 cos 65.30 
1 = 1	 1 = 1.118	 . .,	 = 0.791 

f2	 A2 cos 12	 cós 53.80 
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By the use of figures 3(c) and 4(c) with f1/f 2 = 0.791 and 
VI /al = 0.492, the following ratios are obtained: v2/v1 = 0.754, 
t2/t1 1.021, and a2/a1 = 1.010. The flow conditions of the air 
leaving the stator row may now b.e obtained from the following 
relations;	 - 

V2 V2Vl0.754X0.492=•6.367 

a2 V =	 a2 -	 1.010 

V	 Vcos a,2	 2	
2 = 0.367 cos 53.80 = 0.217 a	 a2 

V.,	 V., 
.' =- einç3 = 0.367 cos 53.8 0 = 0.296 42	 a2 I 2 

U2 = 2,t "2 a1	 0,708 	 x 0.9004 = 0.631 
a2	 a1 "2t a2	 1.10 

The whirl component of the Mach number . relative to the rotor 
Is then givenby 

V ., •	 U.,	 V • .,
= 0.631 - 0.296 = 0.335 a2	 42	 a2 

The air velocity and the air angle relative to the rotor are then 
obtained from the relations (in which the subscript . R has been 
dropped)

tan = VVY = 0.335 = 1.544 
Ve y 2/a2 .0:217 

25751° 

V2V\21a20 35 . 

a2 sin P2. 0.840	
.5
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The leaving-air angle may now be obt . ained . from the relation 

3(i-K) P.2+4+Ka,0 

= (ioM 57 . 10 + 0.9 (43.10 ) + 0.9 (-5.60)' 

= 39.5° - 

The flow-area raio across the rotor row is now obtained from 

	

A2 cos 2	 1.127 cQs57..19 = 0.792 
f3 A3 COB 13	 coB 39.5° 

Using figures 3(c) and 4(c) again with f 1/f2. = 0.7.92 and 
= 0.399 (with th'e obvious changes in subscripts) gives 

V3 t-	 az 
= 0.770, -. = 1.013 1 -' = 1.006 

Y2	 t2-.aa 

and the conditions at the exit of the rotor row are 

= v3 V2 a2 = 0.770 x 0.399 0.305 
a3 V2 a2 a3	 i.:06 

	

v	 v
cos 3-. = 0.305 cos 39.5° = 0.235 

a3	 a3  

w,3 =	 sin 33 = 0.305 sin 39.50 = 0.194 
a3	 a3,	

-1 

02 The turning angle for the rotor row is .	 -	 = 57.10 - 39.50 = 17.60. 
Now by use of figure 6, 0L0 0.93, which gives a lift coefficient 

	

on the rotor	 -

C	 0.93 = 0.92 

	

L	 1.0156 
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This lift coefficient exceeds the maximum allowable value 
of 0.8. The lift coefficient on the rotor row therefore must be 
lowered by increasing the stator-blade angles. The stator lift 
coefficient will also be unavoidably ieduoed. 

After several trials, a value of = 600 was found to give 
approximately the . maximum allowable lift coefficient of 0.8 on the 
rotor. blades. The calculations or this case follow: 

The turning-angle relation is first applied to find. 132: 

= (1-K)	 +	 + ica.ao 

= (1o.9) 65.30 + 0.9 (600 ) + 0.9 (5.60) 

= 55.5° 

The flow-area ratio is 

= 41 CS 01= 1.118 cos 65.30 	
0.825 

P2	 A2, QOs P2	 c9s 55•50

. V1 
Using figures 3(c) and 4(c) with 

fj
-= 0.825 and. - = 0.492 gives 

a1 

v2/v1 = 0.792, t2/t1 = 1.018, a2/a1 = 1.009 

The conditions leaving the stator row are 

•	 V2V2V1a10792><0492. 

•	 .	 a	 1.009 

a,2 -V2	 01. 

	

 cos 132	 0.386 cos 55.5 • 0.218 a2	 a2 

V	 V 

	

= •-• sin 2	 0.386 sin 55.5° = 0.318 a2	 a2
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The cond.itioné at entrance to the rotor row are 

U2 U9.t r2. a1 = 0.708x	 = 0.631 
8-2	 a1 r2,t a2	 .1.009 

U2
 * VW,2,S = 0.631 - 0.31 	 0.313 

a2	 a2	 a2 

and relative to the. rotor blades 

tan 02 
V 2/2 = 0.313 = 1.435 

,2/a2 

= 55.10 

V2	 0.313 -	 -	
- 362 

2 -, 0.620 - 

The leaving-air angle 03Is 

(i-K) P2 +	 + 

= (-0,9) 55.1°+ 0.9 (43.1 0 ) + 0.9 (-5.60) 

	

= 39.3°	 r 

The flow-area ratio over the rotor is 

f2 = A2 cos.02 Cos 55.10 = 0.833 
f3 A3 coB	 cos 39.30 

Using figures 4(c)'and 5(c) with f 1 1f2 = 0.833 and	 = 0.382 
(with the obvious changes in subscripts)now gives 

= 0.810, t3/t2 = 1.01, a3/a2 =1.005 
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The flow conditions at the rotor exit may now be obtained:- 

0303• a3 '2 a2 a3	 -1.005	 - 

•	 a,3 V
Cos P3 = 0.308 cos39.30 = 0.238 a3 a3 

VW 3 =
V3 
- sin 133 = 0.308 sin .39.3 	 = 0.195 a3 a3 

The turning an 	 for stator ani'otor row are 

13 1,S - 132,S = 65.30	 55.50 = 9.80 	 •-

•P2, IR-	 =	 5.10 - 39.30 =15. 80 

From figure 6 with these turning angles, 

L	 ) S =	 0.69	 •	 -•	 : 

(cLa)R = 081	 • 

The, lift coefficients then are 

0.69	 •	 0. 619 
0.9961

- =	 0.81	 =,0.80 • 
1.0156	 •	 • 
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(a) With variable axal velocity. 

(b) With constant axial velocity. 

Figure I. - Relative-velocity diagram for typical blade row. 
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Piure 4. - Velocity-of-sound ratio, temperature ratio, density ratio, and pressure ratio 
tor steady, one-dimensional flow as functions of flow-area ratio, inlet Mach number, and 
polytropic efficiency for adiabatic compression oith y equal to 1.4. 
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Figure 4.	 Continued. velocity-of-sound ratio, temperature ratio, density ratio and pres- 
sure ratio for steady, one-dimensional flow as functions of flow-area ratio, inlet Mach 
number, and polytropic efficiency for adiabatic compression with y equal to 1.4. 
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number, and polytropic efficiency for adiabatic compression with y equal to 1.4. 
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Figure 4. - Concluded. Velocity-of-souncf ratio, temperature ratio, density ratio, and pres- 
sure ratio for steady, one-dimensional flow as functions of flow-area ratio, inlet Mach 
number, and polytropic efficiency for adiabatic compression with y equal to 1.4. 
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Fig. 7b	 CON Fl DENTIAL	 NACA Fi No. E7D28 
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Fig. 9	 CON F1 DEN TI AL	 NACA RM NO. E7028 
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Figure 9.	 Velocity diagrams for entrance stage of multistage compressor 

for high specific mass flow with hub-tip diameter ratio of 0.55 and (Cio)max 

equal to 0.77.
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MACA RM NO. E7D28	 CON Fl DEN TI AL	 Fig. 10 

Figure 10. - Forces on blade element. 
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