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COOLING OF GAS TURBINES
IV - CALCULATED TEMPERATURE DISTRIBUTION IN
- THE TRATLING PART OF A TURBINE BLADE
USIﬁG DIRECT LIQUID COOLING

By W. Byron Brown and William R. Monroe

SUMMARY

A theoretical analysis was made to determine the temperature
distribution in the trailing portion of a liquid-cooled turbine blade
between the coolant passage and the trailing edge and to study the
influence of various design and operating variables on the hot-spot
temperature at the trailing edge. The trailing portion of a typical
turbine blade was avproximated by equivalent rectangular and wedge-
shaped sections to facilitate analysis, and representative values
for the boundary temperatures and surface heat-transfer coefficients
were assumed or com»uted according to standard methods.

Three-dimensional temperature distributions were obtained at
effective gas temperatures of 2000°, SOOOO, and 5000° F for a 4-inch
priswatic section, cooled over the entire length and having a thermal
conductivity of 15 Btu per hour per foot ner °F, and at 2000° F for
similar sections having thermal conductivities of 120 and 210 Btu
per hour per foot ver °F, 1In addition, comnarison of one-dimensional
temperature distributions through the outer portion of the blade was
made for two shapes, equivalent rectangular and wedge plane sections,
at an effective gas temperature of 2000° F, The influence of thermal
conductivity on one-dimensional temperature distribution in both
plane sections was evaluated. With the equivalent rectangular solu-
tion, an investigation was made to determine the effect on trailing-
edge hot-spot temmerature of variations in the trailing-section
width, thickness, thermal conductivity, and coolant-passage heat-
transfer coefficient.

The three-dimensional and one-dimensional solutions of the
equivalent rectangular trailing portion give almost identical temper-
ature distribution in the blade section awvay from the influence of
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rim cooling. TFor the blades of low thermal conductivity and wide
trailing sections the hot-spot temperature closely approaches the
effective gas temperature, and infinite increase in the surface heat-
transfer coefficient at the coolant pageage relative to that obtained
with water will have small effect on the trailing-edge temperature.
Further reduction of trailing-edge hot-gpot temperature can be
obtained by the following three methods given in order of decreasing
effect; by use of materials having high thermal conductivity, by
altering the blade shape to provide a relatively short trailing
portion, by locating additional cooling passages a short distance
from the trailing edge.

INTRODUCTION

As part of the general program to increase the permissible
operating temverature of gas-turbine cycles and to improve the life
of critical parts, further analysis of the ligquid-cooled turbine
blade is being conducted by the NACA to determine the available
cooling effect at the anticipated hot spot under present conditions
of design and to evaluate various possible methods of Improving
cooling of the blades.

Part T of the current series on "Cooling of Gas Turbines" (ref-
erence 1) presents calculations on the application of air cooling
fins to the turbine rotor with the object of reducing the rim temper-
ature to permit better cooling of solid blades: It was found that
the root of the blade could be cooled about 800° F below the effec-
tive gas temperature, but relatively little gain was obtained at the
critical section some distance from the root.  In part II (refer-
ence 2) it was shown that blade life could be extended by rim
cooling, and that the effective gas temperature could be slightly-
increased,

Part III (reference 3) discusses the circulation of liquids .
through hollow passages in the blade and presents a one-dimensional
analysis of temperature distribution from the blade tip to the rotor
axis. ‘The effects of variaticns in blade length, length of cooling
passage, type of liquid coolant, and rate of coolant flow were
studied. The temnmeratures calculated (one-fifth the gas temperature
for water cooling) were those approvriate to points near the cooling
passages.

The purpose of the present detailed study is to investigate the
temperature distribution encountered in the relatively long, thin
trailing section between the coolent passage and the trailing edge

\
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of the liquid-cooled blade. This section, particularly the trailing
edge, seems most likely to be critical, The blade design and
cooling conditions used are the same as used in reference 3 except
that only the blade section bounded by the rim, the tip, the wall

or' the coolant passage, and the trailing edge 1is considered. The
analysis is carried out in several parts, with assumed shapes or
sections that approximate the trailing portion of a typical blade

as follows: a one-dimensional analysis of a rectangular section
through the outer portion away from the root, a.similar one-
dimensional analysis of a wedge-shaped section, and a three-

dimensional analysis of a iight prism for the entire span of the
blade,

The following sections of thig report present the development
of the various solutions for temperature distribution in terms of .
the diwensions, physical properties, boundary temperatures, and
surface conditions that prevail. In addition, -a number of figures
are presented that illustrate the various effects of thermal
conductivity on three-dimensional temperature distribution for
geveral values of the effective gas temperature and the combined
influence of design dimensions, thermal conductivity, and some
surface conditions on cooling of the trailing edge.

THEORETICAL ANALYSTS

Symbols

The following symbols, arranged in alphabetical order for the
convenience of the reader, were used in the calculations:

a parameter equal to AJ%;;., (£t~1)

b distance from trailing edge to wall of coolant passage, (ft)
k thermal conductivity of turbine metal, Btu/(ur)(ft)(°F)

1 distance from ﬁlade tip to rim, (ft)

q; heat-transfer coefficient from hot gas to metal,
Btu/(hr)(sq £t)(°F)

a4, heat-transfer ccefficient from metal to coolant,
Btu/(hr)(sq £t)(OF)

t blade thickness, (ft)
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mean blade thickness, (ft)

t1 Dblade thickness at trailing edge, (ft)

to  blade thickness at wall of coolant passage, (ft)
T tenperature of metal, °F

Te effective temperature of hot gas, Op

T, average temperature of liquid coolant, oF

Ty temperature at rim, °F

X distance from blade tip to blade element, (ft)

v distance from trailing edge to blade element, (ft)

z distance from median plane of section to blade element, (ft)

.

200 angle between sloping'sides of wedge
o
2 Tg - T, °F

A linear dimension accented by a prime denotes that the distance
has been extended by t1/2 (for the wedge) or /2 (for the rectangle).

Discussion of Simplifying Assumptions

The turbine wheel with cooling passages is shown. in figure 1
and a cross section of the blade 'in figure 2. The approximate blade
shapes (right prism, wedge, and rectangle) used in this analysis, which
can be used to anproximate any tapered profile, are given in fig-
ures 3, 4, and S.

The equations for the temperature distribution in the blade
section between the coolant passage and the trailing edge were
obtained by equating the heat entering and the heat leaving an
element., In order to simplify the boundary conditions, the cross
section of the blade under consideration was approximated by gec-
metric figures having straight sides and areas equal to that of the
vlade . cross section. TFor the first development, a rectangular shape
(fig. 3) was used, in which the width was made equal to the distance
from the trailing edie to the cooclant-passage wall and the thickness
equal to the mean thickness of the blade over this width. For a
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closer approximation to the true shape, a wedge shape (fig. 4) was
used in which the width remained the same as in the rectangle and

the thickness tapered from the blade thickness at the coolant passage
to the blade thickness at the trailing edge. For both shapes, the
approximate cooling surface was less than that encountered in the
actual blade because the circular coolant-passage wall was approximated
by a chord rather than by the true arc.

The analysis was performed in the following parts: (a) a one-
dimensional analysis of a rectangular section through the outer
portion of the blade, away from the blade root; (b) a one-dimensional
analysis of a wedge-shaped section through the outer portion of the
blade; and (c) a three-dimensional analysis of a right prism for a
4-inch blade length.

The following simplifying assumptioné wore made for these parts:

(1) In parts (a) and (b), the heat flow to the rim was negligible
at a section chosen away from the blade root because the length 1
was large compared to the width b (fig. 5). The validity of this
agsumption ig demonstrated by the results obtained in the three-
dimensional analysis.

(2) The heat gained from the trailing edge can be accounted for
by assuming the width to be extended by a distance equal to one-half
the blade thickness at the trailing edge t; (fig. 6). The edge
0Q at temperature T gained some heat. The extended surfaces 00!
and @QQ' were at nearly the same temperature T and no heat entered
the end 0'Q', therefore these surfaces gained practically the same
amount of heat as the actual exposed end. In part (c) especially,
the boundary condition was much gimplified. This assunption remzined
valid as long as t/z was small compared with b, This validity is
demonstrated for part (a). In like manner, the blade length was
extended a distance equal to t/2. The length and the width extended
by the distance t/2 are denoted by b' ard ' respectively.
This assumption was used only in parts (b) and (cs.

(3) The temperature of the blade at the rim was constant at rim
temperature. If this constancy is not maintained, it is shown that
variations from it have little effect on the results except very
close to the rim. This assumption was used only in part (c).

(4) The variation of k was négligible and Te, T7, a1, and q,
are constant over the blade and surface passages. Because these
blades were assumed to be cooled over the entire length and those of
reference 3 cooled only to within one-sixteenth inch of the tip, the
comparable curves differed at the tip.
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The analysis of parts (a), (b), and (¢) ‘are given in the follow-
ing sections. ' o
One-Dimensional Analysis of Rectangular Section through
Outer Portion .of Blade, Away from Blade Root

The derivatibn of the formula for part (a) as shown by figure 5
ig obtained from:

Heat entering element from right end = kt d6/dy
Heat entering element from sides = 2q; dy 6

Heat leaving element from left end = kt (d6/dy + dZO_/dy2 dy)

Therefore, :
Kkt do/ay + 2q; dy 0 = kt (d6/dy + ale/ay® ay) (1)
or |
2
dy
where
124 4
|
R s (3)
The boundary conditions are as follows:
when ¥ = b, '
a6
kt a} = Qpt (T - Tz)

If T, -6 1is substituted for T,

kdg
5 = % (Tg - Ty - 0) (4)
when y = O,
e :
k =< = q46 S
U (5)

A solution of equation (2) is

6 = A cosha (y +¢) (8)
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where A and ¢ are integration constants. The quantities €
and A are evaluated to satisfy the boundary conditions at the
blade edge and in the cooling passage, respectively.

From equations (5) and (6), vhen y = O,

3

kA a sinh a ¢ =gy Acosha ¢ (7)
therefore from equations (3) and (7)
tanh'l(&i- tanh1 a(E)
ka - \2/ ~ &
€ = = ® s (8)
a a 2

when t is not too large. This difference between ¢ and t/z
varies from 0.4 to 0.5 percent for the values of a considered and
has an inappreciahle effect 0.005 foot or more inside the trailing
edge.

When y = b, then from equations (4) and (6)

Aa sinh a (b +¢) = %? [T - Ty -Acosha (b+c¢)] (9)
or
4o
] T (Te - T1)
A= 3 (10)
‘ asinha (b +e) + ?? cosh a (b +¢€)
Therefore, °*

q
7% (Te - Ty) cosh a (y +¢)

a sinha (b +¢) + %g cosh a (b +¢)

(W

“One-Dimensional Analysis of Wedge-Shaped Section
through Outer Portion of Blade
It has been demonstrated (reference 4, equation (53)) that a
solution for the temperature distribution along the y-axis in a
wedge-shaped segment (fig. 4) may be expressed
6 = A'Jo(ip) + BiE,(ip) : (12)

wvhere A' and B are arbitrary constants end J, and Hy are
Bessel's functions of two kinds, zero order.
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The variable u is defined

2 a4l 4y (Lotana
ue = 4C Ly + tl\\ 5 Ton o (13)
where S q
2 ot
¢ =fsna _ (1¢)
and
’ A PR AR
2 1
a = tan~t { L—=2) (15)
: . (\ 2b J ‘ : '
The boundary conditions are, when y' = 0
4o
7= 0 (16)
when y' =D
| a6 -
k ay - 4o (Tg - Ty - 6) (17)
or when p = g
ae
dp 0
and when p = Ho
» 2
2C~ 4o
k o T (Tg - Ty - 6)
when y' =0
t1 (1 - tan o)
My = 26 ,\j 2 tan o (28)
when y' =Db'
1 - tan o
= 2CAID" + ¢ _..*_.___;> 19
H2 V l(Ztana,, ( )
Equation (13) can be differentiated and put in the form %g, giving
a6 p 46
=2 = - 20
dpt ZCZ dy! (20)
Therefore when
9 _
dy* ~
then
ae .
-0 (21)

By virtue of the properties of Bessel's functions,

dJ, (y)/dy = =01 (¥)
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and
ai, (y)/dy = -H; (y)
therefore
de . . .
EE = -A'lJl (ip) + B ) (ip) (22)
and when
de
an =
then
1A'3y (i)
B =— - — 23
Hy hMl; (23)

In order that equation (17) may be satisfied
2 . . . .
k %32._ [-A'1 Jy(inp) + BH{ipp)] = qo[(Te-T3) - A'T (iup) - Bi Hy(ipp) ]
(24)

In standerd form equations (23) and (24) can be written, respectively

[1idq (iul)] Al - [Hl (iu1)3 B =

-

| [ .

i 2C<k

iJl(iuz)i A | Cu; By (inp) + 1H,(ipg ! =T, -y
l_

=
} (iup) - 202k
‘_ 2 q-Ho

7

[

The values of A' and B can easily be found and substituted into
equation (12), giving 6 1in the form
dcH2

Eagg'(Te-Tz) [Hi(iul)Jb(iu) + iJl(iul)iHO(iu)]‘

(25)
r qolig

(199 (iny ) (1pp)] = [Hy(ipq)idy(ing)] + o X
vHEE

where X is

[Ey (ing )5 (ipp) + 109 (duq)iH (ipy)]

Three-Dimensional Analysis of Right Prism for
4-Inch Blade Length

The derivation of the formula for part (c) as shown in fig-
ure 5 ig obtained from
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Heat entering element from top = -k dydz g%

Heat entering e;emant from right ené = ~k dxdz gz
Heat entering element from front = -k dxdy 5—
e . . ) 'BT ‘azT _\
Beat leaving element from bottom = -k dydz ! 5— + S——-dx)
N . , ) /3r  d2p
Heat leaving element from left end = <k dxdz 5— + = dy
By

/ 2

Heat leaving element from back = -k dxd gﬁ + g—% d

When the heat entering is equated te the heat leaving

/ 2 A-
3T  d2T dx)

-k dydz 5—-—y dxdz 3—-—k dxdy 5"'_ -k dydz ¥§Z + 525
: /-
/or T />t 2t
~k dxdz dy} -k dxd dz (26)
57 T 552 y) gACCEP )
or
2 2m 2m )
0-22, 92,978 (27)
Jx¢ ayz dz& A

The boundary conditions can be more simply handled if the gas
temperature 1s taken as a reference temperature rather than the
metal temperature; that is, if the substitution is made

8 =T
or
T=T,— 6 (29)

Equation (27) then becomes

Yo d% e ]
O = e + Sy + 37 (30)

The origin of the ccordinates chosen is indicated in figure 5.
The axis 2z = 0 ig located in the median plane of the right prism;
from congiderations of gymmetry there can be no heat flow across the
median plane. :
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The boundary conditions that must be savisfied are

when x!' =0
§§r =0 (31)
vhen y' =0
g;r =0 (32)
when 2z =0
08 zz
g; =0 (OD)
when X' = 1!
6 = Tg - Tp (34)
vhen y' = b!
b
§§g = q, (Tg = T, -~ 6) (35)
wvhen z = % |
6
B0 _as 6 (36)

A convenient form for the solution of equation (30) is

o4 o©
—
6:=22g1§;n -
1 1
X (Apn cos Npx' cosh Myy' cos Ppz +Byn cosh Rppx' cos Apy' cos Ppz)
(57)

where A, B, M, N, R, A\, and P are arbitrary constants. The rela-
tion between ‘the constants used as coefficients for ths variables is

M2 = P + N2 (32)
B2 = Pp? + Ay (39)
where n =1, 2 d m=1, 2, 3 4, .... By the selsc-

s 9, 4, ..., an B
tion of equa%ion (é?), the boundary conditions expressed in equa-
tions (31) to (33) are satisfied.
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In appendix A, values of Apn and Bpyn are derived. These
values are

Pyt
_ (~)n-l 8P T 8go (Te - Tw) 1
Aun = n(2n-1) t t My sinh Mppb' + go cosh Mynmb'
Py 5 gin 2P
2 m g
1+ —
2Pp n s
. t
s Apb'! 4 (Tg— Tp) SinFn 3 1 1
n = N 3 1 -~ 7
Anb 1 sin 2A\pb Py t sin 2Py g cosh Ryn 1
‘ chnb'! 2 1+

Values of n From 1 to 14 were inserted and the temperatures'cal-
culated from equation (37),

In appendix B it is shown that sufficiently accurate results
(within 1°) can be obtained by using only the first value of m;

that is, m =1 and dropping the termsg invelving cos Po z,
cos Pz z, etc.

APPLICATION OF ANALYSIS

The following assumptlons were made in applying the previous

" ‘results to specific numerical calculations:

1. The gas flow wae 55 pounds per second. The heat-transfer
coefficient corresponding to this gas flow g3 was found to be
222 Btu per hour per square foot per oF. -

2. The liquid cooTant, water, had an average temperature of

'200° F and a flow rate of 6.42 pounds per second for the entire rotor,

The heat-transfer coefficient corresponding to this coolant flow q,
was calculated (reference S) as 2370 Btu per hour per square foot per °F.

3. Average thermal conductivities k of 15, 40, 60, 80, 100,
120, and 210 Btu per hour per square foot per OF were used.

4, The turbine had 55 blades.
5. The blade was liquid cooled over its entire length of 4 inches.

by two cooling passages 0.25 inch in diameter. The blade chord was
1.188 inches long.
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6. Some numerical values assumed were

b 0.05C0 foot

b! 0,0SSO foot (rectangular section)

b' = 0.0515 foot (wedge-shaped section)
1 = 0,3333 foot .
1! = 0.3383 foot

0.010 foot (rectengular section)

k]
i

t] = 0.003 foot (wedge-shaped section)
to = 0.021 foot (wedge-shaped section)

Ty = 284° F (all values of thermal conductivity) when
T, = 2000° F

Ty = 331° F (all values of thermal conductivity) when
Ty .= 30000 F

Ty = 426° F (a2ll values of thermal conductivity) when
Te = 5000° F

The theoretical temperature distribution in the trailing segrent
of the turbine blade was determined by a thresc-dimensional analysis
using equation (62) in which the blade cross section was approximated
by a rectangle. The temperature distribution was found in two planes
representing the maximum and the minimum temperatures for the =z
axis; the first plane was located at the side of the rectangle and
the second was on the median plane through the section, The tempcra-
ture was plotted ageinst radial distance from the wheel axis for
intervals from the trailing edge to the wall of the coolant passage
(fig. 7). At the wall, the series converges too slowly to be usoful,
therefore the curve was based on a ons-dimensional calculation (equa-
tion (11)) and the behavior of the other curves of the family. Sim-
ilar distributions were calculated and plotted using thermal conduc-
tivitics 120 and 210 Btu per hour per foot per °F (fig. 8).

The next step in the analysis was to determine the effect of using
a rectangular cross scction as an approximation of the true blade
chape. The complexity of a solution using the true biade cross
section eliminates an exact comparison. A wedge-shapcd cross sechion
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represents the clcosest approximation with planes asg boundaries and
this shape was used to indicate the trend. - A three-dimensional
analysis of a wedge-shaped cross section was beyond the scope of

this report and quite unnecessary because on the outer three-quarters
of the blade, the metal temperature does not change with the radius
and the comparison was made on a one~dimensional basgis for tempera-
tures along the center line of a section through the outer portion
of the blade. The comparison is presented as a plot of metal tem-
perature against distance from the wall of the coolant vassage for
an equivalent rectangular and wedge-shaped section (fig. 9).

The thermal conductivity of the metals used in blade construc-
tion has considerable influence on the temperature distribution; the
high-tensile-strength alloys currently used have a relatively low
thermal conductivity. The effect of thermal conductivity was
investigated using a one-dimensional analysis of a section through
the outer portion of the blade for average thermal conductivities
ranging from 15 (steel) to 210 Btu per hour per foot per °F (copper).
Although the upper range of conductivities is impracticable for
actual use in blade construction, it does indicate the trend and the
magnitude of temperature changes with changes in thermal conductivity.
The compariscn is presented as plots of metal temperature against
distance from the wall of the coolant passage for, the rectangular
shape (fig. 10(a)) and the wedge shape (fig. 10(b)). The effect of
a change in thermal conductivity on tralling-edge temperature wes
determined comparatively using the same values of conductivity for
equivalent rectangular and wedge shapes. One station on the section
center line at the trailing edge was used for each thermal conduc-
tivity (fig. 1il).

RESULTS AND DISCUSSION

The theoretical three-dimensional temperature distribution for
a turbine blade of rectangular cross section is presented for effec-
tive gas temperatures of 20000, 3000°, and 5000° F in figure 7. The
temperature falls off in increasing increments as the distance to
the cooling liquid decreases, At a constant distance from the wall
of the coolant passage, the temperature remains substantially constant
for approximately three-quarters of the blade length. The tempera-
ture beyond this point falls off rapidly and reaches the rim temper-~
ature at the base. The average temperature at the trailing edge of
the blade was reduced 7.14 percent below the gas temperature at
2000° F and 7.6 percent below the gas temperature at 5000°. The
temperature difforential between the side and the center of the
blade (z = t/Z) was 3,6 percent of 6, negligible at the trailing
edge, and at the maximum point did not exceed S percent of the nmetal
temperature.
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The temperature distribution at a gas temperature of 2000° F
for rectangular blades having thermal conductivities of 120 and
210 Btu per hour per foot per OF is presented in figure 8. With
increasing thermal conductivity of the blade metal, the temperature
tends to decrease at the trailing edge and increase near the coolant
passage. The temperature at the trailing edge is approximately
32 percent below the gas temperature at a thermal conductivity of
120 Btu per hour per foot per OF and 36 percent below the gas tem-
perature at a thermal conductivity of 210 Btu per hour per foot
per OF., With increased thermal conductivity, the influence of rim
cooling is more effective -and: the radial distribution lines fall
off more rapidly. The temperature differential between the sides and
the center of the biade decreases with increased thermal conductivity.
For the higher conductivities, this differential is too small to be
shown in the figures, inasmuch as it ranges frou 2° to 7° F,

An investigation of a rectangular cross-section blade indicates
the temperature distribution in a blade having the cross section
shown in figure 2 but errors in the temperature distribution
will exist. The trend will be indicated, however, if the rectan-
gular cross section is compared with a closer approximation to
the true shape; namely, a wedge-shaped section, Figure 9 presents
plots of the one-dimensional temperature digstribution along the
center line at the blade tip for a rectangular and a wedge section
at a gas temperature of 2000° F and a thermal conductivity of 15 Btu
per hour per foot per °F. The temperature distribution for the
wedge shape has a slightly steeper slope than that for the rectan-
gular section and the temperatures at the trailing edge and the wall
of the coolant passage are lower. (Part of this lowering is due to
the additional thickness of the cooling surface.)

The effect of the thermal conductivity of the blade metal on
one-dimensional temperature distribution is shown in figures 10
and 1l. Figure 10(a) presents the temperature distribution along
the center line of a recﬁangular section through the outer portion
of the blade for an effective gas temperature of 2000° F and various
thermal conductivities. At low thermal conductivities, the temper-
ature falls off sharply from the trailing edge to the coolant
pagssage. With increasing thermal conductivity, the temperature
decreases at the trailing edge and increases at the wall of tho
coolant passage, which in general tends to equalize the temporatures
across the width of the blade. The reduction of the temperature
at the trailing edge increases with an incresse in the thermal
conductivity. Figure 10(b) shows the temperature distribution
for a wedge section for the same conditions imposed on the rectan-
gular section. The general form of the curve is similar to that
for the rectangular section; however, the temperatures at the
trailing edge and at the wall of the cooliant passage are lower and
the drop in temperature for a given increase in conductivity is greater.
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The variation in temperature with an increase in thermal con-
ductivity for rectangular- and wedge-shaped sections is shown in
figure 11. The point selected for comparison was located on the
center line of the section at the trailing edge. The curves show
that the blade temperature at this point may be considerably lowered
by using metals having & high thermal conductivity and that for the
same conductivity, the cooling is substantially greater for the
more representative wedge-shaped section. This effect is partly due
to the loss of effective area at the cooling passage where the thick-
ness of the equivalent rectangular section is considerably less than
that of the wedge section. At high values of thermal conductivity
a representative temperature distribution can be obtained from the
rectangular section by assuming the mean thickness ¥ equal to the
value of tp for the comparative wedge. The total cross-sectional
area then is no longer equivalent. The same care in selecting
appropriate dimensions extends the useful range of the nondimengional
chart (fig. 12).

The nondimensional cooling 29—::2—

Te'TZ
the rectangle is shown as a function of ab' and qo/ak in fig-~
ure 12. Equation (11) was used with cosh ae¢=1., It is seen from
figure 12 that for ab' 2z 3, the cooling is less than 10 percent
for the entire range of qo/ak. In order to obtain 50 percent
cooling even for quite large values of QO/ak, ab' must be less
than 1. Points for the extreme values of k, 15 and 210 Btu per
hour per foot per oF, are shown on the figure. Theoretically ab'
could be reduced by decreasing q; and b' or by increasing k
and t. Under current conditions, not much can be done about qji
and k. The curves then indicate short thick trailing edges instead
of long thin ones for good cooling. From the curves of figure 12
it can be deduced that with materials of low thermal conductivity
an infinite increase in the coolant-passage heat-transfer coeffi-
cient relative to that obtained with water will have small effect
on the trailing-edge temperature.

at the trailing edgé for

CONCLUSIONS

The following general conclusions can be drawn from the analysis
of the cooling characteristics of the trailing part of a liquid-
cooled turbine blade:

1. For blade materials having low thermal conductivity, the
computed three-dimensional temperature distribution of the equiva-
lent rectangular trailing section indicates that the rim-cooling
effect is significant for only a short distance from the blade root,
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the trailing-edge temperature closely approaches the effective gas
temperature, and the temperature gradient normal to the surface
exposed to the combustion gas can generally be neglected.

2. The three-dimensional and one-dimensional solutions of the
equivalent rectangular trailing portion give almost identical tem-
perature distribution in the blade section away from the influence
of rim-'cooling; the one-dimensional treatment of the wedge or
rectangular section is therefore sufficient for most investigations.

3. For blade materials of very low thermal conductivity, the
one-dimensional temperature distridbution computed with the equiva-
lent rectangular section is only slightly different from that of
the more representative wedge section. :

4. The equations for the one-dimensional rectangular solution
permit construction of a simple chart, which gives the value of the
trailing-edge nondimensional cooling parameter with any posaible
combination of the design and operating variables considered in the
analysis,

5. For the blade shapes considered in this analysis, and with
materials of low thermal conductivity, an infinits increase in the
coolant-passage heat-transfer coefficient relative to that obtained
with water will have small effect on the trailing-edge temperature.

6. For the blade shapes considered in this anglysis, trailing-
edge temperature mey be considerably reduced with a material of high -
thermal conductivity and to a lesser extent by locating the cooling
passage closer to the trailing edge.

7., Large reduction in trailing-edge temperature results when
the blade shape is altered to provide a short thick trailing section.

Aircraft Engine Research Laboratory,
National Advisory Committee for Aeronautics,
Cleveland, Ohio.
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where

1
Sin EhgbT (61)
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APPENDIX B

EVALUATION OF THE TERMS WHERE m > 1
The temperature distribution in the turbine blade under consid-

eration is determined neglecting the smaller terms when m > 1 and
using equation (37) in the form ‘

[03]
D id
6 = cos Plzz_n (A1 cos Npx!' cosh Mypy' + By cosh Ripx' cos Apy')
1 .

(62)
This equation will be valld for all practical purposes when the
thickness of the blade is small compared with the width and the
length. % 1s necessary, in demonstrating this statement, to expand
the double seriss given by equation (37) and inspect the terms con-
taining the function cos Pyz. The expansion of equation (37) with
the subscripts in the order mn assumes the form

0= (417 cosh My;y' cos Pyz +A45, cosh Moyy' cos Poz +...) cos Nix!
+(A1p cosh Mypy' cos Pyz+Ass cosh Mooy' cos Poz +...) cos Npx!
tees + (Aln cosh Mypy' coé Pz +Ag, cosh Mo y' cos Poz+ seo) COB Npx!
+(By1 cosh Ry1x' cos Pyz +Byy cosh Royx' cos Ppz +...) cOS Ay?
+(B12 cosh Ryzx' cos P1z +Byo cosh Ropx!' cos Poz +...) cos Apy!
+.e0 + (B cosh Rypx' cos Pz +Bp, cosh Ropx' cos Ppz+ ...) 08 Ayy!

(63)

If all the other terms in the series are arranged so they become
coefficients of the function cos Pyz,
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A1 cosh Moyy'. \
= A l( ..3 !
G 11 cosh M3y \cos Pz + Byy cosh Mgy cos Ppz + } cos Nix
‘A h‘M iy P App cosh Mpoy! P Hox!
12 cosh Mypy (fos 12 + iz cosh Migy! cps 224—..;) cos NoxX'+ ...
/ A2n cosh M2ny! \

+ Ay cosh My,y' [cos Pyz + cos Ppz + ... cos Nyx!

1
Ay cosh Myny /

; :
f B3 cosh Rpix! \

t i 4 H

+ By oosh‘Rllx ifos Pyz + By1 GOSH Ri% cos Pzz-+.../ cos Ny

{ B2 cosh Roox!
' ]
+ Bjp cosh Rypx' icos Pyz + B1, cosh Rygx'

cos PZZ-F...) co8 Aoy'!
/

’ / Bop cosh Ropx!
+ By, cosh Rlnx' | cos Piz + n zn

\
B \
\ Bln So5h Rlnx' cos PZZ-F.../ cos Any

(64)

From equation (64) it can be seen that if the coefficient of the
Tfunction cos Pyz in any series is negligible compared with unity,
the terms subsequent to cos Pjz may be disregarded for practical
application of the equation. Because the series is convergent for
ascending values of n, 1t is only necessary to inspect the coef-
ficient of cos Ppz for a value of n = 1,

When the coefficient of cos Ppz in the Apy series is equated

Eot g and the values of Apn determined by equation (59) are substi-
uted, :

t / N,

sin Po 5 / sin 2Py %\

— g 1t
4 P27\ 2Py 5 / (kM7 sinh My1b' +qo cosh Mjyb') cosh Mpyy!

- t / \J 1 + 1
sin P) 5 / sin 2P2 (kM21 sinh Mp1b' +q, cosh Mpib') cosh Myyy!
T il +
P]_ 5 \ ZPZ z

(65)
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or % £
gin Pz é'(/ sin ZPl é?\
ot Tt »
p 23 \ 13/ (kM11 tanh M11bd!' +ao) cosh Mi1b' cosh Mpiy!
= - Y V. T 1 1
sin Py % // sin 2Pp 12_:‘}\.(LM2L tanh M2ib' +qp) cosh Mp2ib' cosh M1y
—— ] ——
t t
Py 5 \\ 2Pp 5 //

“(e6)
For the blade under congideration,

b' = 0.055 ft

il

il

k = 15 Btu/(nr)(£t)(°F)
11 = 0.3383 £t

222 Btu/(hr)(ogq £t)(°F)

le]

s

i

4o = 2370 Btu/(hr)(sq £t)(°F)
t =0.01 ft
From equation (50)

53.74

Py

Py = 632.99
From equation (43)

Wy = 4.64 £p7L

From equation (38)

53.94 £t~1

Mg
632.95 -1

]

M21

The following circular and hyperbolic functions apply for these
values: :
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sin Py 5 = 0.2654
sin Pp £ = 0234
sin 2P) & = 0,5119
sin 2P, 5 = 0467
tanh My;b' = 0,995

tanh Malb' =1

cosh Mllb'
cosh My b!
cosh My y'
cosh Mo y!
cosh My y'

cosh Mz ly '

9.7425

6.5907 x 1014

1 when y!'

-

1 when y' =

7.4513 when

2.7822 x 1019

217

0

0

y' = .05

when y' = ,05

If the given values in equation (66) are substituted, the following

coefficients ars obtained:
y' =0 § = -5.738 x 10717
y' = 0.05 $ = -2.142 x 1074
y' = b’ § = -3.882 x 10™°

The values of ¢ obtained for the blade under consideration show

that the coefficient of the cos Poz term has a maximum value at

y' =Db' and ie then equal to 0.4 percent of the first term and as
such may be disregarded for practical applications.

The effect of the second term of the By, series can be inves-

tigated by equating the coefficient of the cos Poz term to x and
the previous process repeated.
t '
sin Pz 3 / sin 2Py ;ﬁ
oy ——=
i3 \ 2 i3 / '
r- P2 3 \ P1 5 / cosh Ryy1' cosh Royx (67)
T s N 1 - H
sin Py %,// sin 2P, %“\cosh Rp11' cosh Rypx
g Lt}
PlE \ 2P2§ / .

The application of equation (67) to the blade under consideration
requires the following values:

From equation (48)

A = 25.64 £t-1
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From equation (39)

59.54 f£t~t

e}
'.—’
-

[}

Rpy = 833,51 Tt7+

With the values of Ryn and 1' used, the cosh Rpnl' and

oRmnl’
coshh Rynx' may be approximated by —— and equation (67)
becomes '
t o
sin Pp = // sin 2P 7\
R &
P, = e &)
T2 2 12 /
r- 2 == £ e(17-x")(Ry11-Rp1) (68)
sin P; 5 /  sin 2Py %
v L /
Py 5 \\ 2Py 5 /

When the given values in equation (68) are substituted for a
range of values of x', the following values of [' are found:

x! Distance from rim r
(£5) (£%)

0.005 0.3333 .
.3283 .01 -0.4643 x 1074
.3333 .005 - .8227 x 1079
.3383 0 - .1451 x 10-1

The coefficient of the cos Pyz term increases as the rim is
approached and reaches a value of 1.5 percent of the first term at
this point. For purposes of this report, the temperature will not
be calculated within 0.005 foot of the rim and the cooling lignid.
With this limitation, the values of the second and subsequent terms
are negligible.



NACA RM No. E7B11d4

29

REFERENCES
1, Brown, W. Byron: Cooling of Gas Turbines. I - Effect of Addi-

tion of Fins to Blade Tips and Rotor, Admission of Coocling Air
through Part of Nozzles, and Change in Thermal Conductivity of
Turbine Components. NACA RM No. E7Blla, 1947.

2. Wolfenstein, Lincoln, Meyer, Gene L., and McCarthy, John S.:
Cooling of Gas Turbines.

IT - Effectiveness of Rim Cooling of
Blades. NACA RM No. E7B11lb, 1947.

3. Brown, W. Byron, and Livingood, John N, B.: Cooling of Gas
Turbines. III -~ Analysis of Rotor and Blade Temperatures for
Liquid-Cooled Gas Turbines. NACA RM No. E7Bllc, 1947.

4, Harper, D. R., 3d, and Brown, W. B.: Mathematical Equatiohs for
Heat Conduction in the Fins of Air-Cooled Engines. NACA Rep.
No. 158, 1922.

5. McAdams, William H.: Heat Transmission. McGraw-Hill Book Co.,
Inc., 24 ed.,, 1942, p. 168.

6. Byerly, William Elwood:

An Elementary Treatise on Fouriers
Series and Spherical, Cylindrical, and Ellipsoidal Harmonics.
Ginn and Co., 1893.



NACA RM No. E7BlId _ ' ' Fig.

NAT IONAL ADVISORY
COMMITTEE FOR AERONAUTICS

Figure |. - Arrangement of internal-cooling passages.
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Figure 3. - Rectangular approximation to rear part of blade section
for one-dimensional analysis.
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Figure 4. - Wedge-shapea approximation to rear part of blade sections
for one~dimensional analysis,
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Figure 5, - Rectangular approximation to rear part of 4-inch-turdine
blade for three-dimensional analysis.
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Figlure 6. - Correction for heat received by trailing edge.
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(a) Effective gas temperature, Te, 2000° F.

Figure 7. - Three-dimensional temperature distribution in rear part of turdine dlade
at thermal conductivit¥fk of 15 Btu/(hr)}(ft)(OF). (For facility in reading, fig. 7

(a) is plotted on a di

erent ordinate scale than figs. 7(b) ana (c).)
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Figure 7, - Continued. Three-dimensional temperature distribution in rear part of tur-

-bine blade at thermal conductivity k ot |5 Btu/(hr)(ft)(OF).
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Figure 7. - Concluded. Three-dimensional temperature distribution in rear part of tur-

bine blade at thermal conductivity k of 15 Btu/{(hr)(ft}(°F).
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- Three-dimensional temperature distribution in rear part of turbine blade at ef-
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Figure 10. -~ One—dimensional solution for pervalent blade temperature at effective
gas temperature T of 2000° F,
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