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ANALYTTCAT: COMPARTISON OF CONVECTION-COOLED TURBINE BLADE COOLING-ATR
REQUIREMENTS FOR SEVERAL RADIAL GAS-TEMPERATURE PROFILES

By James E. Hubbartt and Henry O. Slone

SUMMARY

An anslysis hag been made to permit & comparative evaluastion of the
turbine rotor cooling-air requirements with convection-cooled blades for
the followlng four combustor-outlet radial gas-temperature profiles along
the blade span: (1) a uniform profile, (2) a profile representable by a
complete cycle of the cosine wave using the cooler gas layers near the
turbine casing and stator inner ring and a hot gas core, (3) a profile
representable by one-half cycle of the cosine wave using the cooler gas
layers near the stator inner ring and the hotter gas lesyers near the tur-
bine casing, and (4) an optimum profile resulting in the absolute minimum
cooling-air requirements. In each case, the cooling-air-flow requirements
are compared with profile (1), which has been used in turbine-cooling
analyses. This uniform profile can be obtained only at the expense of
combustor pressure drop or length or both. Profiles (2) and (3) are ob-
taingble from present combustor designs that have good performance. These
profiles have the advantege of elther eliminating or decreasing the turbine
casing and stator-ring cooling problems at elevated temperstures, profile
(2) being better in this respect.

The results lndlcate that, for turbine design root stresses of 25,000
psi and turbine-inlet temperatures near 2600° R (conditions of immediate
interest), profile (2) requires turbine rotor coolant flows slightly
higher than those of the uniform profile for flight Mach numbers near 2.0
with blade-inlet cooling-air temperstures near 1000° R. For a Mach number
near 2.5, the coolant flow for this condition might be increased by 35
percent. For higher stresses, profile (2) becomes less favorsble on the
basis of coolant-flow requirements, but profile (3) becomes more favor-’
gble. A reduction in coolant flow of 20 percent for turbine designs
applicable to conditions of immediate interest may be obtalned by using
profile (4). This 20-percent change in coolant flow would probsbly be
reflected in approximgtely a l-percent change in thrust and horsepower of
turbojet and turboprop engines. Profile (4), however, exposes the stator
inner ring to the hottest gas layers and may present an extreme lmner-
ring cooling problen.
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INTRODUCTLON

The preferred primary-combustor-outlet radial gas-tempersture profile
for turbine engines should be based on a compromise among combustor per-
formance, allowable turbine blade temperature distribution, turbine aero-
dynamics, and the cooling requirements of the turbine casing and the sta-
tor outer and inner rings (hereinafter referred to as the turbine outer
and inner shrouds). For uncooled turbines, the turbine blade stresses per-
mit s temperature profile with the hottest region near the turbine blade
tip where the stresses in the turbine rotor blades are low. Present turbo-
Jet combustors are designed to give this type profile, with maximum tem-
perature variations between approximately 400° and 800° R. The preferred
allowable turbine-inlet tempersture profile for cooled turbines has not
been investigeted. Thus, it is lmportant to know whether or not the gas-
temperature profiles from present combustor designs are desirable or to
what extent alterations might be profiteble. Therefore, analyses were
made at the NACA Lewls lasboratory to evaluate the effects of turbine-
inlet temperature (sbsolute total temperature at stator inlet) profile
on the turbine rotor cooling-alr requirements for shell-supported
convection-~cooled blades. ) o

Shell-supported blades were chosen for this study because they are
emensble to analytical treatment for determining cooling requirements.
Similar studles could have been conducted for strut-supported alr-cooled
blades, but the analytical procedures sre lengthy and use of an electrical
anslog is generally required. Also, at the present time no definite con-
clusions can be drawn concerning the relative superlority of shell-
supported or strut-supported blades, and it appears that there will be
flelds of usefulness for each type of blade. It 1s belleved, however,
that the results obtained hereiln for shell-supported blades may be utl-
lized 1n g general way to predict trends that would be obtained with
strut-supported blades. For liquid-cooled blades, where the blade tem-
perature is essentislly equal to the liqulid temperature, the blede tem-
perature is slmost constant, and the gas-temperature profille does not
affect the coolant-flow requirements. Thus, a study of the effects of
gas-temperature profile on the cooling-flow requirements for proposed
liquid-cooled designs is generally unnecessary.

Turbine aerodynsmic design has commonly been based on the assumption
of-uniform turbine-inlet temperature for both uncooled asnd cooled tur-
bines. In addition, for cooled turbines the effective gas temperature
(approximate total temperature relative to the turbine rotar) has been
assumed to be uniform over the turbine blade span for analyses and design
procedures for convection-cooled blades published in the literature (e.g.,
refs. 1 and 2). Although combustor-outlet profiles satisfying this con-
dition can be obtained, it 1s at the expense of mixing pressure losses or
combustor over-all length, or both. In general, the more nearly unliform
the profile, the more difficult the combustor design problem becomes.
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The gas-temperature profiles for efficient combustor design reported in
the literature can be approximsted wlth reasonsble accuracy by a cosine
wave (refs. 3 to 5). The profiles lllustrated in reference 3 can be
approximated by one-half cycle of the cosine wave with the hotter region
near the turbine blade tip and the cooler region near the blade root.

The profiles shown 1n reference 4 and some of those in reference 5 can
be represented by a complete cycle of the cosine wave using a hot core
with the cooler regions near both the blade root and the blade tip. With
the complete cosine wave, the turbine inner and outer shrouds are exposed
Yo the coolest gases and therefore requlre the minimum of cooling. In
fact, for this design the average turbine-inlet temperasture might be
increased considerably without requiring shroud cooling. For the half
coglne wave with the hotter gas layere near the blade tip region, the
shroud cooling is minimized only on the lnner shroud. However, the
cooling load is tramnslated to the outer shroud, which is more readily
accessible.

The purpose of this report is to present the results of an analysis
that compares the turbine rotor cooling requirements for the cosine-wave
profiles with those for the uniform gas-temperature profile. In addi-
tion, the analysis is extended to determine the gas-tempersture profile
for the gbsolute minimum coolant flow. The gbsolute minimum coolant flow
corresponds to an optimum ges-temperature proflle. That is, for given
turbine operating conditions, a minimum velue of coolant flow can be ob-
tained for gas-temperature profiles such as the uniform or cosine-wave
profiles. For these same operating conditions, there is an optimum gas-
tempergture profile that gives & value of coolant flow smaller than those
obtained for the other gas-temperature profiles. This value of coolant
flow is the absolute minimum coolant flow. Turbine stator blade cooling
i8 not considered. The low stresses imposed on the stator blades, how-
ever, permit freedom in the choice of stator blade designs not accepteble
for the rotor bledes.

The results are presented for average effective gas temperatures of
25009, 3000°, and 3500° R and turbine blade design root stresses of
25,000 and 75,000 psli. For the effective gas-tempersture profiles rep-
resented by cosine waves, a maximum variation in the gas-temperature
profile of 800° R is used for most of the results. The effect of this
variation on the coolant-flow requirements is also illustrated. Each
blade design is defined by a cooling-effectiveness parameter, which is
varied over a range sufficient to include all designs of practical
interest.
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ANATYTTICAT, PROCEDURES
Assumptions

Simplifying assumptions were necessarily introduced in this analysis
in order to obtain convenlient relations for tlLe temperature distributions
for convectlon-cooled turbine rotor blades. These assumptions have gen-
erally been used in the literature for computing the cooling-air

requirements: ©
o~
o~
(1) The effective gas temperature and the total gas tempersature ok
relstive to the rotor bledes are egual.
(2) The radial heat conduction in the blade metal is negligible
comparedlwith the total heat transfer.
(3) The outside and inside heat-transfer coefficients are constant
over the blade outer and Inner eurfaces, respectively. ®
(4) Radiation is negligible. . .

(5) The effect of rotation on the cooling-sir temperature rige is
negligible.

(6) The inner surface ares upon which the inside effective heat="
transfer coefficient is based 1s equal to the outer surface area. In
addition, these areas are at the same temperature. (The effective heat-
transfer coefficient is defined to include the heat conducting through
auxiliary internal surfaces such as f£ine; this 1s defined in general
terms in ref. 1l.) !

(7) The chordwlse blade temperature is constant.

For most cooled-fturbine designs using air for convection cooling,
calculations show that these assumptlons, with the exception of assump-
tion (5), have only slight effects on the cooling requirements. Refer-
ence 2 shows that, for high turbine blade tip speeds, the rotaticnal
effects on the cooling requirements may be large. However, for the pres-
ent report, the rotationasl effects are neglected, since only & relative
comparison of the coQling-air requirements for various gas-temperature
profiles 1s made.

Basic Equations for Temperature Distributions

The change in the ccooling-air temperature as it flows radielly out-
ward through the blade is given by the heat balance:
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CpWg 4T3 = hpl (T, - TY) dx (1)

where all symbols are defined in appendix A. In addition, a balance
between the heat transferred to the blade and that transferred to the
coolant at any spanwlise poslition gives the expression

hozo(Tg,e - Tp) = bl (T, - Tg)
or, with 1, = 14,
MTge - Tp) = Tp - T3 (2)

wvhere A =h /h,. The differential equatlion for the turbine blade span-

wise tempersture distribution is then obtained by solving equation (2)
for T and dT4/dx and substituting these expressions in equation (1).
This equation can be reduced to

dTgLe + bolo L L1+ dTh + bolo 1 m
dx CoWg A 8:8 T X dx cpWe 1+ A 7D

It is convenient to nondimensionslize the spanwise position varisble x
by multiplying each term by the blade length b &and rewriting the equa-
tion as

aTr 4T .
e 14+ A 1+ A b
K-——:i:-di’ +(—7L )Tg,e= X (KEF"'Tb) (3)
where
= =
x* = 2 (4)
and
(1 + A)eqw,
E———Lhz.b & (5)
obo

If the spanwise effective gas-temperature distribution 1is specified,
equation (3) may be used to express the spanwise turbine blade temperature
distribution as a function of the coolant-flow perameter K and the
cooling-effectiveness parameter A. The spanwise turbine blade tempers-
ture distribution must be limited by the maximum sllowable turbine blade
temperature distribution determined by the deslign stress and the stress-
rupture chargcteristics of the material. Thus, the minimum allowsble
coolant-flow paremeter for a specified effective gas-temperature distri-
bution is obtained when the resulting blade temperature is equal to the
allowehle blade temperature at one gpanwise location and equal to or less
than the allowable temperature at all other locations.
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If the spanwise turbine blade tempersture distribution i1s specirfied,
equation (3) may be used to express the spanwise effective gas-temperature -
distribution as a function of the coolent-flow parsmeter K and the
cooling-effectiveness parameter A. In this way the effective gas-
temperature distridbution for the sbsclute minimum value of the coolant
flow for a given average effectlve ges temperature can be determined by
specifying the most desireble turbine blade tempersture distribution.

This report evaluates for given alloweble blade temperature distri-
butions both the absolute minimum value of the coolant-flow parameter and
its corregponding effective gas-temperature distribubtion, and the minimum
coolant-flow parameter for various given effective gas-temperature dis-
tributions. Thus, equation (3) is solved for both the effective gas-
temperature distribution and the actual blade temperature distribution.
In both cases, the allowable turbine blade temperature must be specified.
Therefore, the sllowasble turbine blade temperature disptributions as used
in this report are first determined, after which equation (3) is solved .
for both the effective gas-temperature distribution and the blade tem-~
perature distribution. Then, the average effective gas temperature is
determined. Finally, the effective gas temperature 1s related to the -
turbine-inlet tempersture, which is of more importance in rating and

enalyzing the engine.

. X776

Allowable Spanwlse Blade Temperature Distribution

The allowable turbine blade temperature is determined by the design
value of the turblne blade stresses and the blade material stress-rupture
properties. The allowable stress-rupture for any materlal depends on the
life required as well as the temperature. ZIn the present report, the
stress-rupture properties are taken at 100-hour life.

The design value of the turbine blade stress is usually larger than
the actual centrifugal stress for cooled turbine blades. Thils differ-
ence may be accounted for by introducing a constant of proportionality
called the stress-ratio factor. The magnitude of the stress-ratio factor
is meant to include the effects of other stresses, such as bending, vi-
bration, and thermsl stresses, as well as to provide some margin of safety
for the effects that fabrication mey have on the blade materisl strength
(ref. 1). With gas-temperature profiles other than the uniform profile,
the effects of thermal stresses mey be intensified. Thus, the need for
e stress-ratio factor becomes more apparent. As shown In reference 6,
the design stress for a uniformly tepered turbine blade with a constant
stress-ratio factor can be expressed by the equation

A
a=SpU2.b fQAn—T—t ;11 x*) (6) )
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It is convenient to reduce the number of variables in equation (6)
by expressing the root stress by equation (6) and then evaluating ofop.
Thus, ' ' '

Ay r
% =F Am——z.-:_, ;%, x*) (7)
>

Equetion (7) is plotted im figures 1(a) and (b) for three values of

ry/ry and Am,'b/Am,h' The ranges of r,/r, end Aﬁn,t/Am,h were selected
to include most values of practical interest accordi to present design
procedures. This flgure shows that rh/rt and Am, Am,h have only

secondary effects on the ratio of the stress at any spanwlse position to
that at the root, particularly, for the ranges in rb/rt encountered.

Thus, representative values of rh/rt and Am,‘b/Ah,'t mey be selected

to express o/ op- This further reduces the number of design varisebles
required in determining the allowable blade temperature distribution.
For the present report, the stress equation (eq. (7)) is reduced to the
simple expression

E?—: F(0.5, 0.65, x¥) = f(x*) . (8)
h

corresponding to the mean curves in figures 1(a) and (b).

The alloweble spanwise turblne blade tempersture distribution can
now be evaluated for any given design root stress by employing equation
(8), once the stress-rupture properties are specified. The present report
uses the 100-hour stress-rupture properties of a promising alloy with low
criticel metal content, A-286, for evaluaiting the glloweble turbine blade
temperature. The allowable spanwlse turbine blade temperatures for A-286
with three turbine blade design root stresses are shown in figure 1l(c).
The extreme curves (o, = 25,000 and 75,000 psl) give the allowsble span-
wige turbine blade temperatures used in the analyses of this report.

Minimum Coolant-Flow Parameter for Specified Effective

Gas-Temperature Dlstribution

The effectlve gas-temperature distributions to be studled may be
expressed by the equation

_ _ *
Tg,e =B - A cos nnx (9)

where the total veriation in the effective gas temperature is gilven by

2A. A sketch of the three profiles expressed by equation (9) is shown
in sketch (a):
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2A

tJ

Effective gas temperature, T ,e

0] x%* 1.0
Sketch (a).

The following three cases are considered in this report:

(1) When A = O, equation (9) represents the uniform profile.

(2) When A 1is a positive number and n = 1, it represents & pro-
file with a hot layer near the turbine outer shroud and a colder layer
near the-turbine inner shroud.

(3) When A is a positive number snd n = 2, 1t represents a pro-
file with a hot core and colder layers near each turbine sghroud.

For convenience, the equation is handled 1n the general form.
Equation (3) must now be solved for the effective gas-temperature

distribution glven by equation (9). The expression obtalned when equa-
tion (9) is substituted into equation (3) is

-—;b + -I% Ty, = nvA 72 sin oo + %(B - A cos nnx*) (10)
dx
This 1s a linear differentisl equation with the general solution
*/ 2
B -x*/x A Knst * (Knx)“x ] *
Ty, = B + Cye - T )2 {l Y sln nxx™ + T T % + 1| cos nxx

(11)

3776
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The boundary condition for this equation is given by

T"a.h’mb 'l_"bha.t x=0 (12)

For this position, equation (2) becomes
- - = - '
MB-A-Ty) =T p-Tn (13)
But, from equation {11),
2
(Kns) "2 1

T+ %
T . =B+C -A (14)
=
b,h 1 1+ (kon)

The constant of integration can be evaluated by eliminating T b,h from
equations (13) and (14). The equstion for the blade temperaturd distri-
bution then becomes

—x*/
Tb_B-I_T-ﬁ_( —B-M)—
A {Kn:t * 4 [ g( -x'yK}
s8ln nxx cos nxx¥*
l+(K_mt)2 L+ A l+7\.

(35)
The minimmm value of coolant-flow parameter K for each of the

speclfied Tg,e distributions can be evaluated for any cooling-alr tem-
perature Té h and slloweble blade temperature distribution by use of

)
equations (10) and (15). The solution 1s iterative. By writing equation
(10) in the form

B-Acosmtx*—']lb

K=d.11b N

=F - AT

(16)

sin nxx*

the minimum permissible value of K 1is cobteined for the blade tempera-
ture T, equal to the allowable blade temperature at the specified span-
wise position x¥. At all other locations, the blade temperature must be
equal to or less than the allowsble temperature. Equation (15) can be
written
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*
Té,h=B+m-(1+x)ex/K

B~ T-b - A {Kn:( sin m'fx + S———— ‘COS m:x -x*/K)}

l+(Kmt)21+x 1+ A

(17)

Substitution of K from equation (16) into equation (17) provides the
value of cooling-air temperature at the blade root T} ,h for the condi-
tione specified. Choice of a different value of x* in equation (16)
will result in different values of K and T' he In this manner, the

minimum permissible value of coolant-flow para.meter can be evalueted for
a range of cooling-air temperstures by assuming a cooling-effectiveness
parameter A, an allowable turbine blade temperature distribution as
determined from stress calculations, and & range of values of x* where
the blede temperature will equsel the allowable blade temperature.

3776

This procedure 1ls employed in this report consldering the three
effective gas-tempersture profiles prescribed earlier: (1) uniform pro-
file with A = 0, (2) half-cosine-wave profile with A finite and n = 1, =
and (3) complete-cosine-wave profile with A finite and n = 2. In each
case three values of B (2500°, 3000°, 3500° R) are specified.

Absoclute Minimum Coolant-Flow Perameter and Corresponding
Effective Gas-Temperature Distribution

If the spanwise blade temperature dilistribution requiring an absolute
minimum coolant flow is known, equation (3) can be solved to determine the
corresponding effective gas-temperature distribution (hereinafter referred
to as the optimum effective gas-temperature profile). Since equation (3)
is & first-order linear differential equatlon, the general solution can
be expressed as

l+xx*) l+7L_>§'_")
T e \* K. . (——+-—E) \* ¥ ax*+ ¢, | (18)

g,¢e

Introducing the boundsry condition as given by equation (12}, the constent
of integration can be evaluated in a mapner similer to that of the last
section. The equation becomes

| Tg,e . l+7\. x ;T_J (dib 5%) (1-;1 :;{*)dJ{* T | h(l +Xk - Taj} -
(19)
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The integral in equation (19) can be integrated once by parts to further
reduce the equation to

¥*

X
_(l+_>~ =)
P - L+ N T - e A KL+

g5e A b e

0

Equation (20) has been used to determine the optimum effective gas-
temperature profile and the corresponding gbsolute minimum coolant-flow
parameter. Appendix B shows that the spanwise blade temperature distri-
bution satisfying this condition is the allowable temperature distribu-
tion. Since the allowable blade temperature distribution cannot be ex-
plicitly expressed, equation (20) is solved numerically. The integral is
evaluated using Simpson's rule of replacing the integrand by pargbolas.
In this way, the blade span is divided into ten egual segments. The pro-
cedure employed is to assume several values of the coolant-flow parameter
K for each combination of cooling-effectiveness parasmeter A, cooling-
alr temperature Té,h) and allowable turbine blade temperature
distribution.

Basis for Comparison of Results

The comparison of the cooling requirements for each effective gas-
temperature profile was made by computing the ratio of the coolant welght
flow for either the optimum tempersature profile or the temperasture profiles
representable by the cosine or half-cosine waves to that for the uniform
temperature profile. The uniform temperature profile is used as the ref-
erence, since it 1g the basis for all cooling results and procedures pub-
lighed in the litergture. All comparisons are made for the same values
of average effective gas temperature Té,e, blade design root stress oy,
cooling-air temperature Tj ,ho and blade geometry. Values of T' and

op are independently assigned The procedures for evaluating T ,e and
the coolant-flow ratio so that the blade geometry is maintained constant
are given in the following sections. In order to obtalin even values of

e (i.e., 25009, 3000°, and 3500° R), it is necessary to interpolate

the coolant-flow results obtalned for the optimum and balf-cosine-wave
gas-temperature profiles. '

Calculation of averasge effective gas temperature. - The average
effective gas temperature Tg e 1s defined as

x.

t

Ty, e¥g = f; Ty ePgVx, g27T dr (21)
h




12 ' T NACA RM E55G14

or, expressing the total gas flow Vg in the integral form, equation

(21) becomes
<eg X 8

| f Pz

In this definltion, the aversge effective gas temperature is a measure
of the total energy of the gas relative to the turbine rotor. For free-
vortex turbine designs the specific-maess-flow paremeter ngk’g/péacr
can be spproximsted as & linear function of the spanwise position. (A
linear function is convenient to facilitate the integration in eguation
(22).) To obtain this functional relation, it is necessary to specify
the value of ngx g/pé or &bt a given spanwlse position. For this anal-

yels the value of PgVx g/pgacr is specified at the turbine rotor blade

hub to correspond to a turbine design having & flow angle of 25° and an
gbsolute Mach nunber of 1.0 at. the stator exit, resulting in the follow-
ing equetion:

g,e

p vV
€ %8 _ (,2679 + 0.0684x* _ (23)

P Bor

The values of flow angle and Mach nunmber used to obtaln equation (23) are
considered typical for present turbine designs. However, the final cool-
ing results would be only slightly affected if the values of the flow
angle ‘and Mach nunber were considersbly different from those chosen.

Equations (22) and (23) are used to obtain Ty e Ffor each effective
gas-temperature distribution. For the uniform pro %1le and the profile
glven by the comp}ete cosine wave (n = 2), the integration of equation
(22) results in T = B (see eq. (9)). For the half-cycle cosine-wave
profile, integratlon of equation (22) results in the expression

Tg,e = B + 0.1308A
Finally, for the optimum profile the Iintegration of equation (22) must be
carried out numerically for each effectlve gas-temperature profile.

Calculation of coolant-flow ratios. - The ratio of the cooclant welght
flow obtained for the optimum or cosine-wave gas-temperature proflles to
that for the uniform profile i1s computed from equation (5) with the
expression S - O . e

3776
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(24)

L X (l + lun\ _ K 1+ )\Lm
W - L+x/ A

recognizing that all other terms in equation (5) may be held constant
for a particular design.

It is further desirable to make a comparison such that the blade
geonmetries are the same. For this condition, it may not be sssumed that
A is unchanged, since for turbulent flow A depends on the coolant flow.
Thus, for particular engine design conditions and a given blade design,

h h ¢

A _ _foum o “i,un _ Ya,un (25)
M b by Ve

The approximation given in equation (25) results from the relstive change

in the thermel gradients In eny auxillary heat-transfer surfaces due to

the change in coolant flow. For the coolant-flow changes of interest,

this approximation may be assumed to be valld. Substitubting equation
(25) into equation (24) gives

LT ) N ™
Va,un  Kun 142 Q‘Ta,u.n)c
un \"

where the exponent ¢ 1s zZero for laminsr flow and 0.8 for turbulent flow
(see ref. 2). It must be recalled that K itself depends n the par-
ticular value of A assigned. Therefore, in obtaining w We,un from

equation (26) for a given A, it is necessary to use the value of K
corresponding to the velue of A given by equation (25). Thus, an
lterative solutlion is used to calculate the coolant-flow ratios in this
report. This is done by first assuming that A = XA,,, and then solving
equation (26) for we/w, un- Then, with this velue of Wg/Wg yns MAyg
is computed from equation (25) and, thus, from its definition, a corrected
value of K.

(26)

Relsgtion Between Effective Gas and Turbine-Inlet Temperatures

Since engines are rated and analyzed ‘on the basis of the turbine-
inlet tempersture, it 1s deslrable to relate the effective gas-temperature
relative to the turbine rotor, as used 1n the preceding sections, to the
turbine-inlet temperature. In order to obtain a simple relation with
relatively few variables so that the results could be easily interpreted,
the following simplifying assumptions are made:
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(1) The turbine is of free-vortex design.

(2) Impulse conditions exist at the turbine hub section..
(3) No turbine-exit whirl exists.

(4) The turbine efficiency is 1.00.

(5) The effective and total gas temperatures relative to the turbine
are the same.

3776

Although the first three assumptions are reasonable for present gas-

turbine design practices, the latter two may result in slight errors in

the temperature differences. However, calculatlons show that the computed
temperature differences are, in all cases, within approximetely 50° of

the actual values. This is considered acceptable in the present analysis
particularly, in view of the simplicity afforded. _

The relaetlons for the difference between the total turbine-inlet
temperature and the effective gas temperature are derived in sppendix C. -
This difference at any spanwlse position 1s given by the equation

r, \2 r 2
IO NS

The integration of eguation (27) to obtain the difference between the
average of these temperatures gives

= —— _ T'l
T - Ts,e T 4rgR t [ ( J (28)

Equations (27) and (28) are plotted im figures 2(a) and (b), respectively,
for v = 4/5 considering two turbine hub-tip radius ratios. Figure 2(a)
1llustrates the dlstortion of the effective gas-temperature distributions
required to obtain the total turbine-inlet temperature. Figure 2(b)
illustrates the aversge change. Both the distortion and the average
change may be useful 1n converting the prescrlbed and computed effective
gas-tempersture distributions into the more famillar turbine-inlet
temperature.

RANGES OF INDEPENDENT VARIABLES

The coolant-flow parameter K may be evaluated for any desired

average effective gas temperature Tg,e and a given effective gas-

temperature profile with the procedures previously outlined. The value
of K also depends on the choice of the cooling-effectliveness parameter
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A, turbine blade design root stress oy, and blade-inlet cooling-air
temperature Té,h' Thus, in order to make this study as general as pos-
sible, it is necessary to- choose ranges of the independent variables so
that all cooled-turbine designs of interest are included. The ranges of
independent variables chosen for this analysis are as follows; the rea-
sons for the cholces are discussed in subsequent sections:

Cooling-effectiveness peremeter, A . . « « . . . . . 0.15,0.30,0.65
Blade design root stress, op, psi . . . . . . . . . 25,000 and 75,000
Blade-inlet cooling-air temperature, T p, °® ... .. 800,1000,1300

Average effectlve gas temperature, Té,e’ R .. .. .. 2500, 3000, 3500

Cooling-Effectiveness Parsmeter

The values of the.cooling-effectiveness parameter A\, selected for

this study were chosen from experience acquired with the corrugated-
insert blede for both single-stage and two-stage turbines. The value of
Ayun is inversely related to the amount of internel surface area within
the coolant passage snd the actual inside heat-transfer coefficient.
These two effects combine in such a way that the minimum value of Ay,
is limited by either the blade size (in this case the area increases so
that the blade size becomes unacceptable), the pressure drop, or the
mass-flow cagpacity. Any number of blade designs corresponding to differ-
ent values or xun may be selected for cooling a specific engine design.
Exemples of thls are the various blade designs presented in reference 7
for each engine design. Experience shows that design values of Ayp
near 0.30 seem most reasonsble for existing convection-cooled blade. de-
signs. Values of A,, near 0.65 or greater may be suitable for many
engine design conditions requiring little cooling. However, in such
cases, the design value of A, can be lowered without disadvantage.
Values of Ay, Dbelow 0.30 can and have been obtained. However, values

of Ayn near 0.15 as used for the lower limit of this report represent

extremely effective blade designs that have not been encountered. Prob-
ebly such values &are reasonsble only for improved blade designs or designs
using a more effective coolant than air (e.g., this approaches the condi-
tion for liquid-cooled designs).

Blade Design Root Stress

At present, uncooled turbines are designed for blade design root
stresses Oh of around 25,000 psi. However, in maeny cases, the trend
is t0 increase the blade stresses by decreasing hub-tip radius ratio in
the interest of increasing both the compressor and turbine work per stage
and the weight-flow capacity. Experience also shows that cooled turbines
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must presently be designed for blade root stresses higher than those
indicated by the centrifugal load to account for other stresses, as dis-
cugsed in a preceding section. For these reasons, & high blade root
desgign stress of 75,000 psl was alsoc considered.

Blade-Inlet Cooling-Alr Temperature

Values of blade-inlet cooling-alr temperature can be inferred from
figure 3, where the cooling-air bleed tempersture is plotted sgainst the
cooling-air bleed pressure ratio. The bleed point referred to in figure
3 may be at the compressor exit or at some intermedliate stage of the com-
pressor. (Ref. 7 dlscusses in detail the effects of compressor bleed
point on rotor blade coolant flows.) A typical operating line presently
antlcipated for turbojet engines designed for supersonic flight up to
Mach nurber of 2.5 is illustrated in figure 3 for equal cooling-air bleed
pPressure ratio end compressor pressure ratio. For the case shown, the
take-off compressor pressure ratioc 1s 10, and it 1s assumed that the
engine operates at constant mechanical speed. The range in compressgor-
discharge temperatures illustrated by the operating line in Ffigure 3
varies between a lower limit of around 1000° R and an upper limit of
around 1400° R. Although this lower limit is acceptable for turbine
cooling, experience shows that cooling-air temperatures of 1400° R are
probebly excesslive, and bleed ahead of the compressor discharge or else
cooling of the bleed alr wlll be required. Reference 7 indicates that,
for a flight Mach number of 2.0 with single-stage turbilnes driving com-
pressors having pressure ratios nesr the typical values shown In figure
3, the cooling-air temperature may be reduced by about 200° R by bleeding
shead of compressor discharge. Calculations obtalned for two-stage tur-
bine designs at the same conditions indicate similer results. Thus, at
a flight Mach number of 2, the coocling-alr temperatures, as suggested by
avallable calculations, are about 1000° R and above for compressor pres-
sure ratios anticipated. Since low-pressure-ratic subsonlc engine designs
(such designs are in present application) require cooling-air temperatures
somewhat below 1000° R, and engines opersating at Mach numbers around 2.5
mey have temperatures near 1400° R, & cooling-alr temperature range from
800° to 1300° R was chosen for this study.’
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Average Effective Gas Temperature

Since the analytical procedures employed in this anaslysls permit an
arbitrary choice of the averasge effective gas temperature Té,e, values
of 2500°, 3000°, and 3500° R were chosen for convenience in calculations. .
This range of values should adequately cover the cooled- turbojet—engine
designs antlclpated.
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RESULTS AND DISCUSSION

The average effective gas temperature is used throughout as an in-
dependent variable in comparing the various effective gas-temperature
profiles considered, because 1t is convenlent and reduces the variables
involved. Since engines are rated by the turbine-inlet temperature, the
converslon to turbine-inlet temperature is required. Figure 2 ghows that
this conversion results in an average turblne-inlet temperature higher
than the average effective gas temperature. In addition, the turbine-
inlet tempeiature profile relative to the effective gas-temperature pro-
file is distorted by incressing the differential at the root more than
at the tip. This tends to increase the root total temperature relative
to the tip total temperature. For a turbine hub-tip radius ratlio between
0.60 and 0.75 and a tip speed of llOO feet per second, the distortion as
given by figure 2(a) is between 60° and 40° R from root to tip. For this
case, the average total temperature varies between approximately 70° and
135° R above the average effective gas temperature (see fig. 2(b)). Thus,
for an average effective gas tempergture of 2500° R and a hub-tip radius
ratio near 0.70, the average turblne-inlet tempersture is about 2600° R.
These design conditions are typlceal for current design practice. Thus,
the correction from effective to turbine-inlet temperatures, as stated
previously, may be used as a reasonasble correction to be epplied through-
out the present report. An increase in the tip speed above 1100 feet per
second results In an Iincrease in the turbine-inlet temperature for a given
effective gas temperature. Similarly, the distortlon of the total gas-
temperature proflle with respect to the effective gas-temperature profile
increases as the tip speed increases. This gpanwise distortion increases
by the same percentage as the difference between the aversge total and
effective gas temperatures.

Illustrative Spanwise Temperature Distributlons

The spanwlise varistions in the corresponding effective gas tempera-
ture, allowable blade temperature, and actual blade temperature are
illustrated in figure 4 for each effective gas-temperature profile con-
sidered. The conditions for thege distributions are representative of
those desirable for high—temperature engline de51gns of immediate Interest:

Tg,e 2500° R, Ti & 2600° R, M = 0.30, oy = 25,000 psi, and Té L= 1000°
R. TFor the effective gas-temperature profiles representable by the cosine

wave, the maximum veristion in effective gas temperature is 800° R (cosine-
wave amplitude A of 400° R). For the conditions of figure 4, the blade
is overcooled near the root for all effective gas-temperature profiles
except the optimum profile. In the regions where the blade is overcooled,
the effective gas temperature may be increased for a glven coolant flow

to permit the actual blade temperature to reach the sllowasble value. If
the actual blaede temperature equals the allowable value, the absolute
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minimum coolant f£1l6w is obtained, and the resulting effective gas-
temperature profile is the optimum profile. Such a profile is illustrated
in figure 4(d). In this case, the effective gas temperature at the blade
root 1s extremely high. This results in a large heat-transfer rate, which
repldly increases the cooling-alr temperature from root to tip, and, thus,
in turn the effective gas temperature decreases. The lowest effective

gas temperature then occurs in the reglon of the turbine blade midspan.

The effective gas temperature for the sbsolute minimum coolant flow
ag shown in figure 4(d) exceeds stolchiometric at the blade root and,
therefore, cannot be obtained with hydrocarbon fuels. Probably, in this
case, the temperature could be lowered within this 1limit and still epprox-
ingte condltions for the sbsolute minimum coolant flow. If the maximum
temperature is limited to stolchiometric temperature, these optlmum pro-
files are acceptable for combustor designs and sre probably easier to ob-
tain than the uniform profile. However, these proflles present acute
inner-shroud cooling problems.

As the conditions for cooling become more critical or as the blade
cooling effectiveness decreases (A  increages), the coolant-flow require-
ments increase. As the coolant flows ilncrease, the actual blade tempera-
ture becomes less sensitive to the heat itransfer. This results in less
overcooling near the root regions for the uniform temperature profile and
the two temperature proflles representable by the cosine wave. In fact,
for the uniform tempersture profile, the critical point where the actusl
and the gllowaeble blade temperatures are equal may occur &t the root.
Since the overcocling hes been reduced, the effective gas-temperature
profile becomes more favorable for the shroud. Figure 5 1llustrates the
effect on optimum effective gas-temperature profiles of maeking the coollng
conditions more critical or of reducing the blade cooling effectiveness.

For convenience, the value of Tg,e used in figure 5 is an integrated

average rather than a mass average as glven by equation (22). Use of an
integrated average in these instences had a negligible effect on the
trends and quantitative values shown in figure 5. An inspection of these
results quickly shows that the gradients in the optimum effective gas-
temperature profile decrease with increesing values of the average effec-
tive gas temperature, blade design root stress, cooling-air temperature
gt the blade root, or cooling-effectiveness parameter. In all cases the
optimum effective gas temperature results in critical conditions for
inner-shroud cooling. It is also apparent that the best conditions exist
for a high value of the cooling-effectiveness parsmeter. However, this,
in general, corresponds to a poor blade design that requires high coolant
flows and is inadequate for cooling in many cases.
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Comparison of Cooling Requirements for Each Effective
Gas-Temperature Profile

The ratio of coolent flow for each effective gas-temperature profile
to that for the uniform profile is plotted egalinst the blade-inlet
cooling-alr temperature in figure 6. The effects of cooling-effectiveness
parameter \,,, blade design root stress oy, and aversge effective gas
tempersature Tg,e are shown in these plots. For these figures, the max-

imum variation in the effective gas temperatures representable by & cosine

wave 1g 800° R (A = 400° R). For a Ty e OF 3000° R, the cooling-air
welght-flow ratio Wa/wa,,un was obtained only for the optimum effective
gas-temperature profile except for A, = 0.30. As pointed out previously,

a value of xun near 0.30 is reasonable for existing convection-cooled

blade designs. The cross-hatched region for each effective gas-
temperature profile represents the complete range from turbulent to lam-
inar flow for the cooling air. The curve termlnating the cross-hatched
erea nearest values of Wa/wa,un of unlity represents turbulent flow,

while the other terminal curve repregents laminasr flow. For cooled
engines employing convectlon-cooled blades, the cooling-air flow is
elther in the laminar region or in the transition region nesr the laminar
flow limit (ref. 7). Turbulent flow would be expected to occur for low-
altitude f£light at high £light speeds, a combination not often considered.
Therefore, the laminar lines on these figures are presently more appli-
cable. In many cases, however, the effect of the flow region is small.

Cooling-effectiveness parameter of 0.15. - For an effective cooled-
blade design (A, = 0.15), solutions were obtalned for all the conditions

considered in this analysis (fig. 6(a)). As the blade-inlet cooling-air
temperature increases, the coolant-flow ratlo for the various profiles is
essentially unaffected except for oy = 75,000 psi, Ty ¢ = 3500° R, and

the complete-cosine-wave profile. At the low-stress condition

(crh = 25,000 psl), the effective gas-tempersture profile represented by
the complete cosine wave is, in general, better than that represented by
the half-cycle cosine wave. For both the complete and the half-cycle
coeine waves, the required coolant-flow ratios are near that for the
uniform profile. At the high stress condition (o = 75,000 psi), the
profile represented by the half-cycle cosine wave becomes better than
that represented by the complete cosine wave. It 1s of interest to note
that, as the coolant-flow ratio for the temperature proflile represented
by the complete coslne wave becomes hilgher, that represented by the half-
cycle wave tends to become better. In all cases, the optimum effective
gas-temperature profile shows gains in coolant-flow ratio over the other
profiles, being approximately 10 percent below the coolant flow obtained
with the uniform profile.
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Cooling-effectiveness parameter of 0.30. - Increasing the value of

lun to 0.30 (decreasing blade cooling effectlveness) decreases the num-

ber of solutions (fig. 6(b)), and the effect of the gas-temperature pro-
files on the cooclant-flow ratio Wﬁ/wa,un becomes more apparent. At

the high stress and high average effective gas tempersture, the lack of
completeness of the curves indicates that no solutions were obtalnsble.
The same trends observed for Ay, = 0.15 are true for A,, = 0.30, except
that the coolant-flow rates are in general higher than those obtained
for Xun = 0.15.

Cooling-effectiveness parameter of 0.65. - A further increase in

Aun o 0.65 (further decreasing the blade cooling effectiveness) again

decreases the nunber of solutions end lnereases the effects of gas-
temperature profile on the coolant-flow ratio (fig. 6(c)). For this
cagse, the only possible solutions at the two highesgt average effective
gas temperatures exlst for the low blade-inlet cooling-air temperatures.

At Tg,e of 2500° R, solutions were obtained over the complete range of

blade-inlet cooling-air temperatures at o, of 25,000 psi. In general,
the coslne profiles require high relative coolant flows. These results
suggest that care must be extended when subjecting blades having poor
cooling effectiveness to the effective gas-temperature profiles repre-
sented by copine waves 1f these blades are desligned and analyzed for
uniform gas-temperature profiles. The advantage of the optimum gas-
temperature profile in reducing the coclant-flow requirements decreases
as the hlade-inlet cooling-air temperature or blade root design stress
increases.

Evaluation of Effective Gas-Temperature Profiles for Cooled-Engine
Designs of Immediate Interest

It has been mentioned that cooled-engine design conditions of imme-~
diste interest correspond to turbine blade design root stresses of about
25,000 psi, average effective gas temperatures of 2500° R (average
turbine-inlet tempersture near 2600° R), end a cooling-effectiveness

parameter of 0.30. Also, for the same values of Tg’e = 2500° R and

xun = 0.30, it is of interest to evaluate the effective gas-temperature

profiles at the higher blade rocot stress (Uh = 75,000 psi). As previ-
ously discussed, higher stresses may be necessary for cooled-engine
designe. Consequently, the effects of the varlous effective gas-
tempersture profiles on the coolant-flow requirements for engines having
Tg,e of 2500° R and Ayn of 0.30 for op of 25,000 and 75,000 psi are

brlefly discussed.
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Blade design root stress of 25,000 psi. - For the optimum effective
gas-temperature distribution and the engine design conditions just de-
scribed, the rotor blade coolant flow is about 20 percent below that of
the uniform gas-temperature profile for blade-inlet cooling-air tempers-
tures (1000° to 1300° R) encountered for flight Mach numbers around 2.0
to 2.5 (fig. 68(b)(1)). It is informative to reflect this reduction in
coolant flow into potential Improvements in the engine performance.
According to the results of reference 7, the actual turbine rotor blade
coolant flow for these engine design conditions would probably not exceed
4 percent of the compressor weight flow. Reference 8 indicates that a
20-percent saving in thls coolant flow would not have much effect on the
specific fuel consumption of the turbojet engine and only a small effect
on the turboprop engine but would increase the thrust and horsepower of
these engines by ghout 1 percent. This represents the probable maximum
potential for these design conditions. Even 1f the need for i1mmer-shroud
cooling (due to the optimum temperature profile) does not offset this
advantage, it seems likely thet the mechanical complexity will. For
higher turbine-inlet temperatures and correspondingly higher coolant
welight flows, the improvements might be more pronounced, particularly if
the optimum gas-temperature profile 1s maintained through seversl cooled
stages. Thus, desplte the problems such as inner-shroud cooling that are
asgociated with the optimum profile, the improvements in engine perform-
ance derived from turbine cooling might be sufficlently great to warrant
the use of this profile.

For e Plight Mach nuwber of 2.0, the blade-iniet cooling-air temper-
ature may be about 1000° R if the cooling alr is bled shead of the com-~
pressor discherge. At this cooling-air temperature end the engine design
conditions of Tg o of 2500° R and A,, of 0.30, the coolant weight

flow for the gas-temperature profile represented by the complete cosine
wave is about 7 percent higher than that for the uniform profile. Imn-
creasing the flight Mach number results in an increase in blade-inlet
cooling-air temperature and a further increase in the coolant flow for
the complete-cosine-wave profile compared with that of the uniform profile
(fig. 6(b)). At a blade-inlet cooling-alr temperature of 1300° R, a value
anticipated for a flight Mach number arcund 2.5, the coolant flow for the
complete cosine wave 1s about 35 percent higher than that for the uniform
profile. This increase would probsbly be reflected into approximstely a
1- and 2-percent logs in thrust and horsepower, respectively, for the
turbo jet and turboprop engines. Also, for the englne design conditions
being considered, the gas-temperature profile represented by the half-
cycle cosine wave results in no advantage over that for the complete
cosine wave. Thus, for engine designs having o, of 25,000 psi, Tg,e

of 2500° R, and L\, of 0.30, the effective gas-temperature profile

given by the complete cosine wave is comparable for turblne blade cooling
to the uniform profile for blaede-inlet cooling-air temperatures up to
1000° R (or flight Mach numbers up to around 2.0). In addition, this
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profile permits combustor design simplification with a minimum of shroud
cooling without sacrificing cooling-air flow. At blade-inlet cooling-air
temperstures above 1000° R, the blade cooling efféctiveness may be in-
creased (Xun decreased) in order to apply the complete-cosine-wave pro-
file without significant losses in engine performance.

Blade design root stress of 75,000 pgi. - In the future, turbine
and compressor designs may be improved by increasing the blade root
stresses. For turblne blade design root stresses 1n the neighborhood of
75,000 psi, the cooling-air requirement for the effective gas-temperature
profile represented by the half cycle of the cosine wave is, in general,
better than that represented by the complete cycle (fig. 6(b)). In addi-
tion, the cooling requirements for this profile compare favorably with
the uniform profile (within about 10 percent). Thus, in general, little
sacrifice in englne performance is reguired if a half-cycle cosine-wave
gas-temperature profile is employed. For values of A,, = 0.30, it
appears that the profile given by the complete cosine wave would not be
deslrable for high-stress engine designs unless Té,h is below 1000° R

and Té,e 18 below 3000° R. This situation is lmproved to some extent
by improving the blade cooling effectiveness and thereby reducing A,

as shown by figure 6(a).

Effect of Combustor Pressure Losses on Engine Performance

The disadvantage of the uniform effective gas-tempersture profile
resulting from the sdditional pressure drop required in the combustor
cannot be immediately evaluated, because the pressure losses required
can only be inferred from the literature. BHowever, 1t can be easily
shown from the engine cycle analysls that large combustor pressure losses
must be sustained in order to cause large engine thrust losses, particu-
larly at high f£light Mach numbers. This fact is 1llustrated by figure 7,
where the ratio of the turbojet thrust for prescribed combustor pressure
losses to the thrust for no coubustor pressure loss 1s plotted sgainst
the flight Mach number for three combustor total-pressure ratios. The
ordinate of figure 7 1s inversely proportional to the increase in the
gpecific fuel consumption requlred. As the combustor total-pressure
ratio ls decreased from 1 to 0.9, the maximum decrease in the thrust is
4 percent. At the higher flight Mach numbers, the decrease in thrust
accompanying this decrease in the combustor pressure ratio i1s only about
.3 percent. Thus, the thrust change 1s about one-third of the change in
the totel combustor pressure ratio. A similar trend occurs in reducing
the combustor pressure ratic from 0.9 to 0.8. It 1ls therefore apparent
that the use of the uniform effective gas-temperature profile would not
result in large increases 1n specific fuel consumptlon due to combustor
pressure losses. It must be remembered, however, that the uniform profile
may result in severe twrbine shroud cooling problems.
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Effect of Maximum Tempersiure Variation of Cosine-Wave Profiles
on Cooling Requirements

The ratios of the cooling-air welght flow for the effective gas-
temperature profiles representable by the complete and half-cycle cosine
waves and that for the uniform gas-temperature profile are plotted in
figure 8 for several values of the cosine emplitude A. It msy be re-
called that for A = 0 the effective gas-temperature profile is uniform.
This is the limlting csse for the results In figure 8 and corresponds to
the value Wa/Wa,un = 1. Figure 8 1s limited to an average effective gas

temperature of 2500° R end leminar flow for the cooling alr as well as
Ay = 0.30, since these design conditions seem feasible for the near

future. For present combustor designs that exhiblt good performance,

the maximum variation of the effective gas temperature is approximately
from 400° to 800° R (A of 200° to 400° R). Figure 8 illustrates that,
as A incresses, the cooling requirements, in general, lncrease con-
tinually at gbout the same rate. For most design conditions of interest,
the ‘maximum variation of 800° to 1200° R (A of 400° to 600° R) increases
the coclent-flow ratio by only g&bout 10 percent. Of course, correspond-
ingly, an equal decrease 1n the maximum temperature varistion results in
a reduction of the coolant flow of the order of 10 percent. It is 1im-
practical at present to attempt to evaluate these changes in detsail.
However, saccording to the performance changes previously quoted, the
effect of these coolant-flow changes on the performance is gmall.

CONCLUDING REMARKS

Fach engine and convection-cooled blade design presents a& unique
problem, which in most cases fits somewhere within the framework of the
results of this report. In some cases 1t mey be desirable to obtain a
detalled comparison of the advantages or disadvantages of one or more
gas-temperature profiles. Such detalled studies might be of particular
interest for those design conditions for which the coolant flow is affected
appreciably by the gas-temperature profile. These detalled studies would
involve an evaluation of combustor performance &s well as calculations of
turbine shroud-cooling requirements. In addition, consideration should
be glven to the effects of the gas-temperature profile on the turbine
aerodynamics. In fact, in no case can any particular profile be com-
pletely justifisble until the turbine aerodynamlcs is studied. Where &
detailed study is desirable, it is -suggested that the turbine rotor
cooling enalysis he completed using the esteblished procedures for =a
uniform effective gas-temperature profile. The results of this report
can then be used to reflect the computed coolling requirements into those
for the other effective gas-temperature profiles. However, Iin meny cases,
engineering judgment based on the general results of this report is suf-
ficient for selecting the gas-tempersture profile for a specific design.
These general results may be summarized as follows:
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1. The cooling-alr flow required for blade designs with poor cooling -
effectiveness or for severe cooling conditions may be considerably higher
for the effectlve gas-temperature profiles represented by the cosine waves
(approximating present high-performance combustor designs) then for the
uniform profile. This suggests that care must be extended in applying a
blade designed for a uniform effective gas-temperature profile to the
gas-temperature profile represented by the cosine waves. This difficulty
with the poorly cooled blade designs can probably be eliminated in most
caseg of present interest by improving the blade cooling effectiveness
(decreasing cooling-effectiveness parameter).
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2. For design conditions of most immediate interest (design com-
pressor pressure ratlo of 10, design root stress near 25,000 psi, turbine-
inlet temperatures around 2600° R, and blade designs having a cooling-
effectiveness psrameter near 0.30), the effective gas-temperature profile
represented by the complete cycle of the cosine wave with a maximum var-
iation of 800° R requires sbout 7 percent more cooling gir than that for
the uniform profile except for a blade-inlet cooling-air temperature ahbove
1000° R (flight Mach number around 2.0). For a Mach number near 2.5, the
cooling-air flow for this condition might be increased by about 35 per-
cent. This increase would probably be reflected into spproximately a 1-
and 2-percent loss in thrust and horsepower, respectively, for the tur-
bojet and turboprop engines. However, with this complete-cosine-wave
preofile, the turbine inner and outer shrouds are exposed to the lowest
gas temperature and may, therefore, require either no cooling or at least
g minimun of cooling while good combustor performance is afforded.

3. As the design blade stress is Increased, the effective gas-
temperature profile given by the complete cycle of the cosine wave be-
comes less favorable, but the profile represented by one-half cycle of
the cosine wave becomes more favorable. For -a high design stress of
75,000 psi, blade cooling-effectiveness parameter of 0.30, and turbine-
inlet temperature of 2600° R, this half-cycle cosine profile requires
gbout 10 percent more cooling air than the uniform profile for flight
Mach numbers up to gbout 2.0. Thilisg increase diminishes to nearly zero
at a flight Mach number of 2.5. Thus, for these conditions, the engine
performance would be affected only slightly. On the other hand, with the
gas-temperature profile represented by this one-half cycle of the cosine
wave, the inmner-shroud cooling problem is minimized at the expense of
additional cooling on the more sgccessglble outer shroud.

4. The optimum effective gas-temperature distribution (absolute
minimum rotor coolent flow) exposes the turbine inner shrouds to the
hottest gas layers, while the coolest region, in general, exists near
the blade midspan position. For most cases of lmmediate interest, the
ges temperature near the inner shroud is around 4000° R or higher,
resulting in an extreme shroud-cooling problem. The corresponding -
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coolant-flow decrease compared wlth the wmniform profile is about 20
percent. For a turbine-inlet temperature of 2600° R, this might be

reflected into approximately a l-percent saving in tbhrust and horsepower
for turbojet and turboprop engines.

Lewls Flight Propulsion Leboratory
National Advisory Committee for Aeronautics
Cleveland, Ohio, July 20, 1855
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APPENDIX A

SYMBOIS
amplitude of cosine wave representing temperature profile, °r
crossg-sectional metal area, sq ft
critical velocity of sound, 4T gRT
constant in eq. (9), °R
blade length or span, ft
constant
exponent (see eq. (26))
specific heat at constant pressure, Btu/(1b) (°F)
function
funetion = . . e e S -
function
acceleration due to gravity, 32.2 ft/secz
effective inside heat-transfer coefficient, Btu/(sec)(sq ft)(°F)
inside hest-transfer coefficientj—Btu/(sec)(gq £+)(°F)
outside heat-transfer coefficient, Btu/(sec)(sqg £t)(°F)
coolent-flow parameter, [(l + x)cpwaJ/holob

inside perimeter of blade used for defining effective heat-transfer
coefficlent, ft

outside perimeter of blade, ft

number representing either 1 or 2

'optimum effective gas~-temperature profile

heat-transfer rsate, Btu/sec

e
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R gas constant, 53.3 £t-1b/(1b)(°R)

r radius

S stress-ratio factor

T statlic temperature, °r

i total temperature, °gr

ik relative total temperature, °R

i average temperature, °R

U blade speed, ft/sec

v absgolute veloclty, ft/sec

W relative velocity, ft/sec

Y weight flow, 1b/sec

X spenwise distance from blade root to any polnt on blade, £t

x* x/b

@ flow angle measured from axial direction, deg

T ratio of specific heats

A cooling-effectiveness parameter, h_/he

p static density, Ib/cu £t

p! total density, lb/cu £t

a stresas, psl

. representing effective gas-tempersture profile given by complete
cycle of cosine wave

- representing effective gas-tempersasture profile given by one-half
cycle of cosine wave

Subscripts:

a air
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al

av

allowable
everage

blade T
effective

gas

hub

tip

tangential direction
uniform

axial direction
turbine inlet

turbine exit

NACA RM E55G14
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APPENDIX B

PROOF THAT ALLOWABLE BLADE TEMPERATURE DISTRIBUTION RESULTS
IN ABSOLUTE MINIMUM COOLANT FLOW

A direct method of minimizing the cooling-air weight flow while
regtraining the maximum blade tempersgture by the alliowsble blade temper-
ature was not developed. However, a relatively simple indirect method
suffices to prove that the blade temperature corresponding to the allow-
gble blade tempersture results in the maximum average effective gas tem-
perature for a given cooling-air weilght flow. This is equivalent to
proving that the alloweble blade temperature distribution results in the
ghsolute minimum cooling-alr weight flow for a glven average effective
gas tempergture. This proof is derived in the subsequent parsgraphs.
Throughout the proof, the values of w_,, b,, s b s 1o, and T
are ;gld constagt. ’ : ar Por Be ' P ° 8B

The hegt flow through the differential surface element dx is given
by the following three equations:

R = Bolgh(Tg,e - Tp)ax™ (22)
dQ = wgep ATy (B2)

and
dQ = hplb(T, - Th)ax* (B3)

Equations (Bl) and (B2) may be integrated over the entire blade span to
glve

1 1 .
Q. _ . x = =
hylob - f Tg:e dx” - Tp dx™ = Tg:e To (B4)
0 0
and
e _ m - mt
Walp - Ta,t a,h (B5)
If equation (B4) is rewritten as
_— Q —_—
Tg,e = Aolob Ty (B6)
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it 1s clear that the average effective gas temperature Té,e can be

increaged by increasing the average blade temperature Ty, provided the
total heat-flow rate Q does not decrease. It will be proved that
does not decrease ag T, 1s increased.

The meximum average blade temperature subject to the restreint that
the blade temperature cannot exceed the allowable blade tempersture cor-
responds to the average allowable blade temperature. It must be proved
that as Tﬁ is increased to Tb,al the value of @ is not decresased.

Since T! , is constant, equation (B5) shows that Q decreases only if
t

Té " decreages. Thus, the problem is reduced to proving that Té
2 b

does not decrease as T, increases.

t

Consider & comparison of the cooling-alr temperature distributions
for Ty < Tb,al! except at a finlte number of tangency points, and

T, = E%,al' These distributions are illustrated for a particular case in
sketch (b), where Tj,a1 18 associated with Ty,a1+ In this sketch,
Té,al is arbitrarily drawn to exceed T; at all spanwise positions:

_____F%,al
7—"‘_‘Tb
3]
]
~T}
"; /’-—- ?,&l
&=
0 x* 1.0 o

Sketch (b).

If equations (B2) and (B3) are combined, the slope of the temperature
distribution curve can be expressed by

dTé _ hflob
ax * Wacp

(Tp - Ta) (B7)

From equation (B7) and the sketch (b), the rate of change of the cooling-
air temperature at x¥ = O 1is greater for T, = Ty, a1l then for

ﬁﬁ)< E% al* (In the event that a tangency point exists at x* = 0, the
2
rates of change in the temperastures are identical. However, the argument
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may be pursued by proceeding to a spanwise position immediately beyond
x¥ = 0.) Thus, in the neighborhood of the blade root, T el T}, as
3

shown in sketch (b). If the cooling-air temperature at the tip is less
for T, =T, 57 than for Ty < Ty o9 (i.e., T3 o1 < T3), it is clear

that the corresponding curves of the cooling-air temperature distributions
must cross at. some spanwise position. If thils occurs, it is necessary

that at the intersection point T _; = T, and Ta,al o Fa, povever,
3 d.x* d_X*

equation (B7) shows that these canditions are incompatible if

Iy, 5-Tb,al' Thus, the cooling-air temperature st the blade tip cannot

decrease as T, 1s increased to Tb,al' This completes the proof, since

this implies that @ does not decrease and therefore Té e must
inecrease. ?
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APPENDIX C

EVALUATION OF RELATION BETWEEN EFFECTIVE GAS AND
TURBINE-INLET TEMPERATURES

The difference between the total sbsolute and relstive gas tempera-
tures at the turbine inlet as given by the energy equation is

Ve - we
w _ L 1l _ 1 -1 _
T1 -1 = 2gre, T Zaw (V% - W) (c1)

Taking the difference between equation (Cl) applied at hub section and
applied at any spanwlse position gives

1 - _ mn T-l 2_ 2__ 2 2
(Ti-Tl) (Ti, Tl,) el U R R h) (c2)

For free-vortex flow at the turbine inlet, the velocities at different
radial positions are related by the equations

U r

T " )

~bu b | } (3)
Vi,un T

Vi,x,b = Vi,x = Wi xn=Wi,x

Employlng the last expression and the equsations

v a

1 1,x

2 _ 2 2
LA

equation (C2) becomes

( T") (Tl, - T h) L_ (V?L,u - V?.,u,h - wi,u + W?.,u,h)
(c4)

Furthermore, if Wl u 18 replaced by its equivalent (Vl,u - U), equation
(C4) becomes
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@ - 1) - @n- T ~kam G- o, -y )
- (2,

r,, \2 2
o) - ) R S @ @] o

Equation (CS) relates the difference between the total absolute and
relgtive gas temperatures et any spanwise position to the value at the
turbine hub. The value of this difference at the hub sectlon can now be
related to the turbine blade tip speed and hub-tip radius ratio for im-
pulse conditions with no exit whirl if losses are neglected. This rela-
tion will now be determined, since these assumptions are reasonable for
the purpose of this report. For such conditlons, the turbine velocity
diasgram at the hub can be represented as in sketch (e¢). In this case,

or, using equation (C3) and the condition

ch R

ccl—d.z

1,h

Vi,%x,h

Sketeh (c).

Since

2 2
V?.,h =Vi,x,n + v?_,u,h = (w?.,h - ) + (20y)
W?.,h + 3U§
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equation (Cl) applied at the hub gives

2
I 3(y- l)Uz 3(T-1)Ui Ty,
1,h - "1,h = T ZgR ZerR \ry (ce)

If equation (C6) is introduced into equation (c5), the temperature dif-
ference at any spanwlise position becomes

. -t (2 |« @] e

Introducing the radial poeition x¥* as given by

o = r - Ty
ro - Ty,

this expression becomes

r \2 r 2
T - T - =22 (B} do-tae®(2on (c8)
1 2yeR ry, Ty

Fquation (C8) expresses the difference between the total absolute
and relative gas temperstures at any spanwise position in terme of only
the turbine tip speed and hub-tip radius ratioc. The average difference
petween these temperatures can be obtained by integrating equation (C8).
The average difference welghted according to the annular area and there-
fore welght flow per uniform speclfic weight flow is

2b '
(1) - Mgy = g | #(3 - T o
r

or

(r-1)bry (——) r °
(y -T),_, = [} + x*({ - %ﬂ 4 - [} + i*(rﬁ - %I] axt
&V~ ygR(r% - rf) Th

(c9)

Upon integration, this expression reduces to
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i . \2 o 8
ot @]

If it is finally assumed that the total relative temperature is equal to
the effective gas temperature, equations (C8) and (C1l0) become

2 2
™-T znglUi i—:) 4-[1+x*%-):, (27)

2 2
= — _r -1 Th Ty
N SIE] (=)
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Cooling-eir bleed temperature, °R
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Temperature, °R
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Optimm effective gas tempersture, Tg, e °Rr
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Coolant-flow ratio, Wa/wg un
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