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RESEARCHMEMORANDUM

APPLICATIONOFTCHESICEEFFORMOFHARMONICANALYSIS

TO THECALCULATIONOF ZERO-LIFTWAVEDRAG

OFWING-BODY-TAILCOMBINATIONS

By GeorgeH. HoldawayandWilliamA. Mersman

suMMARY

ThetechniquesofthecamputingprocedureofNACARM A53HL7havebeen
significantlyimprovedbya newprocedureofharmonicanalysisusing

. Tchebichefpolynomials.Thisimprovedmethodisdescribedin detail.with
illustrationsof itstwomainadvantages;theseare,simplificationof
thecomputingprocedures,andtheprovisionfora comprehensivecheck0 solutionwhichticludesa directcheckofhowwellthenumberofharmonics
usedrepresentthearea-distributioncurve.Forthepresent,no specific
recommendationcanbemadeas to thenumberofharmonicswhichshouldbe
usedforallconfigurationsin@ing wave-dragcomputations;however,
certainguidesaregivenintheconcludingremarksofthereport.The
newprocedureisalsoevaluatedby comparisonswithanal@2calsolutions,
resultsfromthepreviousmethod,andexperimentalresults.

INTRODUCTION

Thecomputingmethodofreference1 hasbeeneffectivelyusedto
estimatethezero-lj.ftdrag-risecoefficientsofvsriousrelativelysmooth
wing-body-tailcombinations(refs.2,3, and4). Howeverthisoriginal
methodinvolvesseveraloperations,andthecheckingprocedures,suchas
wereusedinreference3, sretime-consumingsadcheckbackto onlyth
slopesofthearea-distributioncurvesandnottothearea-distribution
curvesthemselves.

Itisthepurposeofthispaperto presentandto analyzeanother
. methodforrepresentingtheslopeofarea-distributioncurves,whichwill

allowfora morerapidcomputationofwavedragandwillpermittheuse
ofan improvedmethodof checkingthecomputations.Thebasicmethodfor

~ computingthewavedragis fundamentallythesameas inreference1 and
isbasedonthetheoryofreferace5. The mati differenceisthat
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Tchebichefpolyaomia.ls(refs.
torepresenttheFouriersine
distributioncurves.

6 and~,alsospelledChebyshev)areus4-
seriesdefiningtheslopesofthearea-

Thenew.methodis evaluatedby comparisonofresultswithanalytical
solutions,resultsframthepreviousmethod
Machnumbersupto1.8.

, andexperimentalresultsfor
Theconfigurationss-elected,forwhichexperi-

mentaldatawereavailable,includedmodelsofa triangular-wing
interceptor-typeairplane,a swept-winginterceptor-typeairplane,anda
body-tailconfigurationwitha scoop-inletduct.

SYMBOLS –

An

CDO

CDOr

ACDO

c

M.A.C.

do

1

M

.m

N

n

q

s

coefficientsdefim.ingthemagnitude.oftheharmonicsofa
Fouriersineseries

zero-liftdragcoefficient,dragat zerolift
!&

theoreticalwavedrag
z~o-liftwave-dragcoefficient, at zerolift

q%

zero-liftdragriseabove
zero-liftdrag-risecoefficient, subsoniclevel

q%
localchordmeasmedparalleltoplaneofsymmetry

meanaerodynamicchordofthetotalwing

maximumbodydiameter

fuselageorbodylength

free-streamMachnumber

ductmass-flowratio -.

numberoftermsorharmonicsusedintheFouriersineseries

a harmonicoftheFouriersineseries

free-streamdynamicpressure .-

projectionof Ss ona planeperpen;dicul.arto x axis
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.

s~ areaformedby cuttingconfigurationswithplanesperpendicular
or obliquetothe x axis

.
s?(x) slopeof S curvesasa flmctionof x,U

dx

%? totalwingarea

x distancealongthe x axismeasuredframthemid-lengbh
position

.—

X>Y>z Cartesiancoordinatesas conventionalbodyaxes

e anglebetweenthe z axisandtheintersectionofthecutting
planesX withthe yz plane
(Seeref.1 fordescriptivesketchesanddetafleddefinitions.)

E distancealongthe x axismeasuredfranthemid-lengthposition
ditidedby onehalfofthebodylength

9 transformationofthelengthx to radians,arccos~ or
. arccos~

x a series ofparallelcuttingplanestangentto theMch cone
. (AtM =1.0theseplanesareperpendicularto the x axis.)

$ angleinthe ~ planeforwardbetweenthe Y axisintercept
ofthecutt3ngplanesX onthe ~ plane,
arc tan(K cose)

Tn(~)= COS I@ Tchebichefpolynomial,reference6

Vn(g).= = ~-l(~) Tcheblchefpolynomial,reference6

COMPUTINGMEZHOD

A summaryofthecomputingmethodispresentedhere,withthecamplete
detailsgivenintheappendix.As showninreference1 (basedonthe
theoryofref.5),thewave-dragequationmaybewrittenin coefficient
formas

CDO’=&J’%T‘n’d’n=~
(1)
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where An isconsideredas havinga length

J

S
An=% St(x)sin

o

NYLCARMA55J28

dimensionandisdefinedas

nq d(p (2)

Introducethevariable,~ = ~ = coscp;then’equation(2)maybewritten,
.

An=&
I

‘s(g) *
-1

wherethelimitsaredefinedinfigure1:

titroducetheTchebichefpolynomial,reference

Vn(g)=E&J-
Theneqpation(3)forthecoefficientsofthe
writtensuchthattheintegrandisa function

(3)

.

.

6: P

Fouriersineseriesmaybe
ofonevariable:

f

1

An=+-l S;(E)Vn(E)d~,n=l,2,3,. . . (4)

-.
“

Becauseofthissimplificationthecomputationofthesecoeffi.clentsand
N

thesummation
I

llAn2canbeperformedby onecontinuousoperationon
n=l

a digitalcomputingmachine.Likewise,a reversecheckcomputationcan
be performedby onemachineoperation.Thewave-dragcoefficientsare
computedfhm equation(1)bya simplelnte~ationaswasdonein
reference1.

Therearedefiniteadvantageswhicharecharacteristicofthenew
camputingmethod.Iteliminatestheintermediatestepsoftheprevious
method(ref.1) consistingofcamputingtheslopess’(x),plottings’(x)
asa functionof (p,andthenreadingthisslopecurve.Thenewmethod
worksdirectlyfromthearea-distributioncurvesofthemodel.An addi-
tionalmachineoperationhasbeenprogramed(seetheappendix)which
permitsa checkcomputationfromthe An coefficientsbacktothearea
curve.Thisisanall-inclusivecheckwhichmayalsobeusedto evaluate

.
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.
theadequacyoftheselectednumberofharmonicsusedinrepresentinga
particularcurve.Supervisionofthecomputationiscuttoa minimumby

. thepreviouslymentionedimprovemembs.

Themachinetimerequiredtomakec~mputationsby thenewmethodis
one-halfthatofthepreviousmethod(ref.1). Thisccmprisondoesnot
includethetimelostusingthepreviousmethoddueto datahandling
betweensteps.Thetimerequiredto determinetheareadistributionof
themodelsisnotconsideredinthisreportandwouldnotvarybetween
thewave-dragcomputationmethods.To camputetheFouriersineseries
solutions(25harmonics)frompuncheddatacsrdsrepresentingonearea
curve,usinga MagneticDrumCalculatoryonly5 minutesarerequired.
Thechecksolutionrequiresabout10minutes.Thusontheassumptionthat
fivesreacurvesarerequiredperWch numberc~putition,the~c~e
timerequiredfortheFouriersolutionusingtheimprovedmethodwouldbe
lessthan1/2hour; andthecheckingtime,lessthan1 hour.

A completederivationofthenewcomputingmethodandthechecking
procedurearegivenintheappendixwhichcontains:

1.

2.

3*

4.

5*

6.

An
parts:
Fourier

TransformationtoTchebichefformforcomputingFouriercoeffi-
cients

Generalintegrationprocedure

Tchebichefintegrationcoefficients
(a)Linearapproximation
(b)Quadraticapproximation

Checkingprocedure

Constructionandcheckingoftables(availableonpuncheddata
cardsuponrequest)

TheoryandPropertiesofTchebichefPolynomials

RESULTSANDDISCUSSION

evaluationofthenewcomputingmethodwillbe discussedinthree
knownanalyticalsolutionscamparedwithcomputedvaluesofthe
coefficients;pr-ous solutionsfromreference3 comparedwith

Ii
. newcomputedvaluesofthedragparameterY fin2;andavailableexp=i-

mentalvaluesof drag-risecoefficientscomparedwithcomputedVsJ.uesofa
wave-diagcoefficientsat zerolift.
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.
CheckofMethodbyAnalyticalSolutions

.

Thefirstlmownsolutionconsideredwill.bethatfora Sears-Haack
body. Theshapeofthisminimum-dragbodyforprescribedvolumeandlength
isdefinedin figure2. Thefinenessratioof12.5andtheactualdimen-
sionswerearbitrarilyselected.Thetheoreticalequationforthezero-
~ift~ve--g coefficient(CD‘jfig.2) is seentobe independentof
Wch number(forslenderbodie~orforMachnumbersnear1.0). Alsonote
thatthederivativeoftheareacurveisexactlyequalto A=sin2q where
& definesthemagnitudeofthe sin2cpcurve.Thecoefficient& is
theonlynonzeroterm;thereforeequation(1)simplifiesto

Z A22CDO; ‘—
%“

(5) _

where,inthiscase,thereferencearea(~) isreplacedbythebodymaxi-
nmmcross-sectionalareafora body-alonetest;thatis,

2A=2cDot=— . g.+(*)2
do=

and

(6)
.

,x
—

Forthedimensionsselected,~ = 53.9198inches.

Forcomparisonwiththistheoreticalsolution,theareacurvein
f@ure2 wasanalyzedbythenewmethodusingTchebichefpolynomials.
Theareaswerecamputedfor200equalincrementsof x, datacardswere
punched,andthe An valueswerec~mputedfor25harmonicswiththe
resultsas shownintable1. Evenforthelin”karapproximation(see
appendix)betweendatapointsof S(g),thevalueof2A22equalto206.502
isinexcellentagreementwiththetheoreticalvalueof206.521,andthe

25

total summation
1

nAn2 equalto206.731showsan erroronlyonthea“der
n=x

of1/10of1 percent.Forallharmonicsotherthanthesecondthecoef-
ficientsshouldbe Zero.Theareasframthechecksolutionagreedwell
withtheoriginalvaluesforthiscase,witherrorslessthanthepossible
errorsintheoriginaldata(0.05percentof G(g)maximum).Fora body
thatis closedat bothendsthefirstcoefficientoftheFouriersine
seriesisalwys equalto zero,as inthesolutionpresentedintableI.

.’

I’ora bodywhichdoesnotcloseat theends,thefirsttermIA12represents
thefunctionofwavedragfora vonK&m&n ogiveonan infinitecylinder. .
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Thecylindercross-sectionalareais equalto
orisequalto thebaseareaminusinletarea. model..

thebaseareaofthebody
inthecaseofa ducted

ThesecondknownsolutionconsideredwiU bethatfora simplified
areacurvewitha discontinuityof slope.Thiscurvewasselectedin
orderto checktheover-allcomputingprocedureforallvaluesof n from
1 to 25,becausethepretiousSears-Eaackcaseprimarilycheckedthecompu-
tationofthesecondharmonic.Theareacurveisshowmbythesmallinsert
infigure3(a)andisdefined:

S(E)= o for-0.6< E <1.0
and

S(E)= -(E+0.6)for-1.0< E <0.6

Thecoeffici=tsAn werecomputedbyhandfromtherelationship

T-O .6

An = -7&Tnl
-’-1.0.

Thesehand-computedvaluesof An srecmnparedwithmachhecomputations
basedontheareacurvereadat 200equalintervals(tableII). Notethat

* themachinesolutionsagreedverywellwiththehandcomputedvalues
(withinfivedecimalplaces). Thesemachine-computedvaluesof An
wereusedto computethechecksolutionsshownforboththeareacurve
(fig.3(a))andthederivativeoftheareacurve(fig.3(b)).Thearea
curveis enlargedintheregionofthediscontinuityofinterest(E= -0.6)
inorderto showthechecksolutiondifferences(fig.3(a)).At thisdis-
continuitythemaximumerroris2.3percentof S(g)maximum,otherwise
theerrorislessthan1 percent.Thistypeof checksolutiongivesan
obviousgeametricpictureoftheaccuracyofthecomputationforthenumber
ofharmonicsusedrelativetotheaccuracywithwhichtheortgindarea
curveis computed.

Althoughnotrequiredby thenewcomputingmethod,thederivativeof
theenttieareacurveis shownasthesolidlineinfigure3(b).This
slopecurveisplottedagainstcp inthemannerusedintheprevious
methodof computingwavedrag(ref.1). Thecircularcheckpointswere
computedbythemethodofreference3,butthesamevaluesof An (based
onTchebichefpolynomials,fig.3(a))wereused. Theovershootofthe
checkpointsnearthediscontinuitiesisduetotheGibbsphenomenon
(ref.8) andisnottrulyan tidicationoftheaccuracyoftheFourier
coefficients,An. Theinterpretationofthistypeof checksolution,reLa-
tiveto errorsinarea,isnotobviousandis certainlymoredifficult.
thanthecheckoffigure3(a).Thisdifficultywasalsoapparentforsame
ofthecheckcasespresentedinreference3.
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CheckofMethodby Prior
.

Solutions
.

Althoughmoreinvolved,thepreviousc~mputingmethodhasbeenfairly
successfulin evaluatingwavedrag;therefore,a directcomparisonbetween

N
thetwomethodsofthesolutionsofthedragparameter7 nAn2ws made.

Fromreference3,two
4

total summations
r

nAn2,
n=x

theareacurve(figs.k(a)

f-ln=1
areacurveswereselectedwhichhadsimilar

onecurvehavinga discontinuityinslopeof

N
and4(b)).Thedragparameters

I
tin2

n=z
computedbythetwomethodsarecomparedintableIII. Theagreement
indicatesthattheTchebichefsolutionsarecomparablewithin2 to 3 per-
centevenfora curvewitha discontinuityof slope.Duetothereduced
numberofoperationsinvolved,thenewmethodhaslesschanceforerror.

Thechecksolutions,ofthesetwoareacurvesshowninfigure4,
werecomputedbythenewmethod,usingtheTchebichefvaluesof An
(tableIII). Aswasnotedinreference3, thechecksolutionsindicate
a fairlysatisfactoryfitoftheareacurveinthecaseoffigure4(a),
andan incompletesolutionfor N = 25 inthecaseoffigure4(b).How-
ever,incontrastwiththechecksolutionsofreference3,thesecheck
solutionsdirectlyshowtheerrorsinarea.

CheckofMethodby ExperimentalResults

Availablegeometricandexperimentaldataforthreemodelswere
utilizedto checkthenewmethod:a triangular-winginterceptor-type
airplanemodel,a swept-winginterceptor-typemodel,anda free-flight
modelhavingtailsurfacesbutnowing(thismodelwasalsoconsidered
witha largescoop-inletandductsystem).

Triangular-winginterceptor-typeairplanemodel- Model1.-The
dimensionsandpertinentgeametricdataofthemodel.arepresentedin
figure~ (dataframref.9]. Theexpertientaldata,alsofromreference9,
areshownin figure6 withthecomputedresultsandmodelcross-sectional
areadistribution.Theexperimentaldragcoefficientsareidentifiedas
minimum-dragcoefficients,becausetheliftvariedfromapproximately

--

zeroliftatlowsubsonicandhighsupersonicspeedstoa peakvalueof
CL = 0.05atM =0.97. Thefriction-dragcoefficientswereapproximated ?-
by themethodusedinreference10. Theempiricalcorrectionfactorof
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.

l.1’jsuggested(ref.10)forthebodyportion
agreementwasobtainedwiththesubsonicdrag

. correction.

9

wasnotappliedsincegood
coefficientswithoutsuch

Theagreementbetweentheexperimentalandtheoreticaltotal-drag-
coefficientcurves(fig.6)is consideredtobe good,witherrorsless
than10 percent”oftheexperimentalminimum-dragcoefficients.Theerror
inpercentageofthewave-drag-coefficientincrement,assumingthe
friction-dragvariationis correct,wouldbe increasedtoalmost16 per-
cent. An assumptionofnovariationinfriction-dragcoefficientwith
Machnumberwouldindicateessentiallyno errorat all.supersonicspeeti.
ASwasdiscussedinreference3, thetheorydoesnotapplywhentheLeatig
edgeofa wingwitha roundedleadingedgebecomessonic.Forthiscon-
figurationtheleatigedgesofthehorizontal.stabilizersaresupersonic
forMachnumbersgreaterthanapproximately1.4andthewingleadingedge
issupersonicforMachnumbersgreaterthanapproximately1.6. Ihasmuch
as thewingisthinandthehorizontaltailisa smallpartofthetotal
configuration,thecomputationsat M = 1.8areconsideredtobea fair
approximationinspiteoftheviolationoftheassumptionsofthebasic
theory.Theleadingedgeoftheverticalsurfaceofthetailisnotsonic

. untilM = 2.0.

As a secondaryevaluationofthecomputationsforthistriangular-
P wingmodel,areacurveswithchecksolutions(N= 25)arepresentedin

figure7 forMachnumbersof1.0,1.2,and1.8. Thesecurves~lustrate
thedegreeof errorb theareacurveswhichareapparentlytolerable,
inviewofthegoodcomputeddrag-coefficientresultsshowninfigure6.
Thissuggeststhattheareacurvesareeffectivelysmoothedby boundary-
layeror separationeffects.Forthe M = 1.0curve(fig.~(a)),computing
additionaltermsoftheserieswouldprobablyimprovetheagreementbetween
thecheckcurveandtheoriginalcurve,butwouldincreasethedisagreement
withthedrag-risecoefficientsat M = 1.0. Thechecksolutionsforthe
M = 1.2curves(figs.7(b),7(c), and7(d)]areconsideredto be satis-
factorybecauseonlyslightradiichangestotheoriginalbodywouldbe
reqtiedto giveareaswhichwouldmatchthecheckcurve.Experimental
resultshaveindicatedthatsmallchangesh areaofthisorderorless
wouldhavelittleeffectonthewavedrag.Thechecksolutionsforthe
M = 1.8 curves(figs.7(e)and~(g))areconsideredonthebasisofthe
areacurvesalonetobe questionable,particularlyforthe270°cut
(fig.T(g)).

k thiscase,forthe M = 1.8 computations,additionalharmonics
overthe25usedareevidentlyrequiredto improvetheagreementbetween
thesreacurves.Increasingtheharmonicsto 49gaveagreementbetween
theareacurvesandthechecksolutions(generallywitti thewidthof. theltie),withthemaximumerror(270°cut)beinglessthan2-1/2percent
ofthelocalareacurvevalues.Thecmputedwave-dragcoefficientsfor
N = 49were8 percentgreaterthantheexperimentaldrag-risecoefficients
at M = 1.8(fig.6). &creasingthenumberofharmonicsabove49would
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furtherimprovetheagreementwiththeareacurve,butWotidincr~sethe
disagreementwiththeexperimentaldragresults.Thistendsto support

.

thepreviouslymentionedfactthatat M = 1.8,thesupersonicleading
m

edgesofthebluntairfoilsectionsareinviolationofthetheoretical
limitationsofsmoothnessor slenderness.

Swept-winginterceptor-typeairplanemodel- Model2.-Thedimensions
andpertinentgeometricdataofthismodelarepresentedinfigure8. The
dimensionsshofiweretakenfromlayoutdrawingsfurnishedby themanu-
facturerforthisparticularversion.Thelayoutdrawingsalsocontained
detailsasto fillets,etc.;fromwhichcomprehensiveareadistributions
werecomputed.Flight-testresultswereobtainedfromreference11 for
a modelofa similarlow-tailversionoftheairplane.Theareadistri-
butionsforModel2 andthemodelofreference11arecomparedinfigure9.
The essentialdifferencebetweenthemodelsisthatthelow-tailversion
ofreference11 hadthinnertail.surfaces.M additionthefuselagelines
onthemodelofreference11werefairedtoa pointaheadoftheproposed
nose-inletlocationandthemodelhadno duct.

Thetwoareacurvesshowninfigure9 wereanalyzedby thenewcom-
putingmethod(N= 25)whichgavewave-dragcoefficientsfor M = 1.0.
Thecomputedresultsarecomparedinfigure10withex’@@me@al*g-rise.... ‘.:
coefficientsfromreference11. Theonlyexactcomparisonwhichcanbe
madeisfortheexperimentandcomputationforthemodelofreference11
for M = 1.0. Theperfectagreementisfortuitous,particularlyata *

Machnumberofl.OYbutstillthisisa favorableindicationforthenew
computingmethod.Thedifferencebetweenthecomputedresultsforthe
twomodels(M= 1.0)isonlyslightlyover10 percent,basedontheexpsri- ‘–
mentalresults.

ThecomputationsatthetwohigherMachnumbershadtobemadefor
theairplaneforwhichdetailedareadistributionswereavailable;there-
fore,a directcomparisonbetweenthetheoryandtheexperimentcannot .
bemade. However,thedifferencesatthesehigherMachnumbersshould
be oftheorderofthedifferencesat M = 1.0(orless),thusreasonable

—

agreementisindicat~.No correctionforfrictiondxagwasmadeinthis
case;however,thepriorexampleshowedthatthevariationinfriction-.
dragcoefficientwithMachnumberwouldbe slight.Computationswerenot ‘“-~
attemptedaboveM = 1.4becausesonicleadingedgesofthefairlythick
wingswithroundedleadingedgeswouldproduceabruptchangesinarea
distributionwhichdefinitelyexceedthetheoreticallimitations.For

—

thistypeofwingthe25-termsolutiondoesnotcloselyfittheoriginal
areacurveintheregionofthediscontinuity,as sh~ ~ reference3
andfigure4(b).

Scoop-inlet-ductmodel- Model~.-Theresultsoftheexperimental
investigationofthismodel.havenotbeenpublished;however,thetest
procedureswereidenticalwiththoseofreference12. Detailsofthe

.

,model.sanda briefdiscussionoftheexperimentaldataaccuracyare
included,sothatcomparisonswithwave-dragcoefficientscomputedbythe .-
newmethodmaybe correctlyevaluated.Thedimensionsofthebasicbofi
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.
andtheductedversionaregivenin figure11.andtablesIVandV. The
testsofthescoop-ductversionweremadeat ductmass-flowratiosof

7 approximately0.6and0.9usingtwoductnozzleswithdifferentthroat
sizes.Theaccuracyoftheinstrumentationandtheaccuracyofthefinal
dataweresimilarto thevaluesofreference12. Forthescoopmodel,
particularlyforthetestwithamass-flowratioof0.6,theerrorsat
subsonicspeedswereincreased,dueto fluctuationofductpressures,to
a possiblemaximumerrorindragcoefficientsof*0.02.

TheexperimentalresultsforModel3 arepresentedinfigure12:
Theinternaldragcoefficients(comptitedby”themethodusedinref.12)
weresubtractedfromthetotal.dragcoefficientsat eachdatapotntto
obtaintheexternaldragcoefficients.Externaldrag-risecoefficients
weremeasuredrelativeto theexperimentaldataata Machnumberof0.8
(fig.12(b)).Thesmalldifferencesbetweentheexperimentaldrag-rise
coefficientsat thetwodifferentmass-flowratiosareprobablynotsig-
nificantinviewofthepossibleerrorsinthesedataat subsonicspeeds.
Theexternaldrag-risecoefficientsofthebasicmodelareof coursemore
accuratethanfortheductedmodels,becausethebasicdatiweremore
accurateandno correctionforinternaldragwasrequired.

.
ComputedWave-dragcoefficientsarealsoshownin figure12(b).The

computationforthebasicmodelwasstraightforward,checksweresatis-
. factory,ad theagreementwithe~erti-~tionCm be consideredas

anothercheckofthenewmethodofcomputation(differences% 10 percent
orless).Tnthecomputationsfora mass-flowratioof1.0itwasassumed
thata streamtubeequaltotheduct-inletareapassedthroughtheduct
relativelyundisturbedwithoutcontributingtotheexternaldragcoeffi-
cients(fig.13). Theduct-inletareawasremovedasa constantvalue
fromfuselagestation81.5(ductinlet)tostation13k(ductexit).The
areadifferencebetweentheductinletandtheexitwasaddedasa constant
valueto theordinatesoftheportionofthemodelaftoftheductexit,
ontheassumptionthattheincreaseddiameterofthestreamtubeismain-
tainedandaffectssamewhattheexternalwavedrag.Anothersimplified
procedurefordeterminingtheequivalentareadistributionwastriedwhich,
inthiscase,gaveessentiallythesameresults.Thearearemovaiwas
determinedby takinga straight-linevariationfromtheinletareatothe
exitarea. As inthepriormethod,thisprocedureremovedthesteps(at
theinletandexit)intheoriginalareacurve.

.
Thecomputedwave-dragcoefficientsfor(ml/~)= 1.0werecompared

withexperimentaldrag-risecoefficientsfor(ml/~)x 0.9,i~smu~ as
theexperimentalvariationof exbernaldrag-risecoefficientswithwss-
flowratiois slightat transonicspeeds(e.g.,seedataofref.13Zcon-
vertedto drag-risecoefficients).Agreementbetweenexperimentaland

. computedvaluesisgoodwithmaximundifferencesoftheorderof 6 percent
oftheexperimental.values.Thisexampleisnotconsideredas a firm
indicationoftheaccuracyofthecomputingmethodbecausetheexperimental
datacouldbe in errorby10 percent.Withintheevidentaccuracyofthe
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.

theoryandexperiment,thechecksolutionfor N = 25 (fig.13)indicates
anadequaterepresentationoftheareacurve.Additionaltermswouldbe
requiredforan e=ct fit. .

Theamputationsforamass-flowratioof0.6usedthelatter
describedprocedureforremovingarea.

-.
Removinganareavaryinglinearly

fram0.6 oftheinletareato 0.6 oftheexitarealeftsizablestepsin
theareacurve(solidline,fig.14). Theselargestepsintheareacurve
resultin infiniteslopesanda configurationwhichisoutsidetheintended
limitsofthetheory.Somearbitraryfairingscouldbe insertedat the
ductinletbaseduponestimatedlocationoftheshockwaveaheadofthe
duct,buteventhisfairingwouldberatherabruptandwouldnotremove
thediscontinuityat theexit.Additionaltheoryandexperimentationare
requiredtoknowhowto correctlyhandlethistypeofdiscontinuity.ti
spiteoftheselimitations,a 2~-termcomputationwasmadeto clarifythe
difficultiesandto illustratewhythecomputationisan inadmissibleone.
Theccmputedwave-dragcoefficientsfora,mass-flowratioof0.6predict
a largeincreaseindrag-risecoefficientwitha decreaseinmass-flow
ratiofrom1.0to0.6. However,as inreference13,theexperimentsindi-
catelittlevariationindrag-risecoefficititwithmass-flowratio.

Thecheck,solutionsfor N = 10andN = 25 (fig.14(a))indicatethat
.

the2>termsolutionisnotadequateto fitthecuzveandatleastdouble
thenumberoftermswouldberequiredto evenapproachaclosefit. .
Increasingthenumberoftermsabove25wouldofcourseincreasethedis-
agreementfithmeasureddragcoefficients, andthiscaseisclearlyan
inadmissiblecomputation.zAt presentitisrecommended,forductedcon-
figurations,tomakethecomputationsofwavedragonlyfora mass-flow
ratioof1.0,andestdmatethepossiblevariationswithmass-flowratio
fromexperimentalresults.

COI?CLTJDINGIzEMARm

TheuseofTchebichefpolynomialssimplifiesthecomputationof zero-
liftwavedragandprovidesa directcheckofhowwell.thenumberof
harmonicsusedrepresentsthearea-distributioncurve.Forrelatively
smoothdistributionsofarea,about25harmonicssreusuallysufficient
torepresenttheareacurveandto cmputewavedraginreasonableagree-
mentwithexperimentaldata.

EvenforcomplGxairplaneconfigurationswithslightdiscontinuities
inslopeoftheareadistribution,25harmonicsgavereasonableagreement

%t wasofinteresttonotethata veryarbitraryselectionof
18termsgavedragresultsinagreementtiththeexperimentaldata,but
thechecksolutionfor18terms(fig.14(b))resultedinan extremefair-
ingoftheareacurve.



withthemeasureddragrisealthoughthecalculatedvalueswerefora
smoothedareadistributim.Thissuggestedthatsmalldiscontinuities
mightactuallybe smoothedbyboundary-lay=or separationeffects.

Ontheotherhand,forconfigurationswithlargediscontinuitiesin
slope(e.g.,producedby a ductwitha mass-flowratiootherthan1.0),
thecomputed“smoothed”areadistributionandwavedragvariedmarkedly
withthenumberofharmonics.Thisistobe expectedbecauseifan infi-
nitenumber.ofharmonicswereused,an infinitedragwouldbepredicted
whenthereisa stepintheareacurve.

Incontrasta smoothbodymayrequireveryfewharmonics(aslowas
1 or2)to givean exactfitofthesreacurveandan accuratewave-drag
prediction.

AmesAeronauticalLaboratory
NationalAdvisoryCommitteeforAeronautics

MoffettField,CsJ.if.,Oct.28,1%5
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APPENDIXA

TCHEBICHEFFORMOFHARMONIC

TmasformationtoTchebichef

ANALYSIS

Formfor

huputingI’ourierCoefficients

NACARM A55J28

.

.

.-

lhreference~ thestreamwisevariationof cross-sectionalarea
S(x)isexpandedina Fouriersineseriesin q:

(Al)
—

wheretheGlauertangle,q, isgivenby

(A2)
,

Thebasicproblemthenisto devisea practicalprocedureforcomputing
.

theFouriercoefficients,An. To begin,theyaregivenbytheclassical.
formulaofharmonicanalyses: x-

(A3)

To transform.totheTchebichefform,introducethedimensionlesscoordi-
nate,~:

titroducingtheTchebichefpolyncmukls,referepce6,

onemaywriteequation(A3)as

An=&
J

‘~vn(g)d~>
-1 ‘e

n=l,2,3,. . .

(A4)

(A5)

—

(A6)” -

.

co
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(AsumnaryofthetheoryandpropertiesoftheTchebichefpolynomialsis
givenattheendofthisappendix.) Duetothefactthat
Vn(-E)= (-l)n-%n(~),equation(A40),equation(A6)canbe simplifiedto

SinceVz(~). 1, fhmthe
cient,A~,canbe ccsnputed

A=

Vn(g)*
[ 1

S(g) + (-l)nS(-~) dEj (A7)

definition,equation(A5),thefirstcoeffi-
immediately:

[
4 s(1)-‘x s(-1)~ (A8)

L J

Henceforth
%

willbe consideredonlyforthepositiveintegralvalues
ofn=2,3, . . . . .

h thenextsectiongeneralnumerical.integrationformulaswillbe
developed,andb thefollowingsectiontheywillbeappliedto

. eqyation(A7).

.
General

Thegeneralproblemof
type

IirtegrationProcedure

thenumerical.evaluationof integralsofthe

Jb
f(~)g(~)d~

a

hasbeendiscussedby Sheldoninreference14,andthepsrticulacase
inwhich g(~)isa trigonometricfunctionhasbeentreatedbyFilonin
reference15. Heretheproblemisgeneralizedto includeanyderimtive
of f(~)ratherthanjustthefunctionitself.Theso-called‘strip
method”isused,inwhichtherangeof integrationisbrokeninto N
stripsof eqti length,and f(~)isappro-ted ineachstripbya poly-
nomial. Thus

b N-1

J IJ

ak+~
f(E)g(~)dE= f(~)g(~)d~ (A9)

a k-~ak

where a. = a, a=,a2, . . .,aNa=,aN = b aretheboundarypointsof
. the N strips.Thetnte~alovereachstripis evaluatedby approximating

f(~)bya polynomial.ofdegreem andsubdividingthestripinto m

~
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intervalsoflengthA, thisintervallengthbeingconstantthroughout
theentirerange (a,b). Thus,thelatticepointswithinthe kth strip
are ak,ak +A, . . .,ak +.~ = ak+z. Sincethecaseofmostinterest
isthatinwhich f(~)representsexperimentaldata,itisassumedthat
f(~)isnotknowncontinuouslybutonlyattheselatticepoints.Hence
it 2sdesiredto obtainan integrationformulainvolvingonlythese
points:

J

ak+x In
f(~)g(~)d~=

I
~m,j,k)f(ak+ @) (Ale)

ak J=0

wherethecoefficientsa(m,j,k)aretobe determinedas functionsof
8(E). Substitutingequation(AIO)

‘a

Ifall.thelattice
range,a = Eo>E~9E.~9.

andrearrangementof

L
k=o

pointsare
. .,gm=

E~+j =

equation(All)

in(A9)gives

m

z
a(m,j,k)f(ak+ @)

j=0

numberedconsecutively
b,then

ak+~ .

gives

~ P(m,r)~(Er)

(Au]

overtheentire

.

.

—

.

(A12)

“-

wherethe VIS arejustthe a?s
IL correspondingto eachstripboundarypointcontainstwo a~s,one

suitablyrenumbered,exceptthatthe

beingthelast a fortheleft-handstripandtheotherbeingthefirst
a fortheright-handstrip,thus:

p(m,o)= a(m,O,O)

v(m,km)= a(.m,O,k)+ u(m,m,k-1)
k=l,2,3,. . .,~-l

1

(A13)
p(m,km+ j)= a(m,j)k)~ k=O,l,. . .,N-1

j=l,2,. . .,m-1

p(m,Nm)= a(m,.m,N-1)
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Thusequation(A12)isthedesiredintegrationformula,thecoefficients
p beinggivenby eqution(A13),whilethecoefficientsa areimplicitly.
definedby equation(AIO).Itreudnsto determinethemexplicitly.This
isdonebyrequiringthatequation(AIO)be exactwheneverf(~)isa
polynomialofdegreem. (Itmustberememberedthatallnwnericalinte-
grationformulasare-approximations@en theintegrandsarearbitrary.)
Thisis equivalenttorequirtigthatequation(AIO)be exactforanyset
of m + 1 linearlyindependentpolynomialsofdegreem. !l%emostconven-
ientchoiceisthesetofLagrangianinterpolationpolynomialsL(m,S,k;~)
definedby (ref.16):

IOifr#jL(m,j,k;ak+ @ = ~ ~ ~
= J

(ink)

An explicitrepresentationis

~-(ak~~)
L(%iiJ% E)=;

i=oak+@-(ak+@
i#J
~-llm-j

H (E- &+i) (A15)= j!(m- j)!Ami=o
i#J

SubstitutingL(m,j,k;~)for f(~)inequation(AIO)gives,byvirtueof
eqpation(A14)theexplicitformulaforthe ox

not

then
lmast

.

More
f(~)

f

ak+z
a(m,j,k)= L(m,j,k;3)g(E)dE (AL6)

ak

generally,ifitisdesiredto evaluatean titegralinvolving
butanyoneof itsderivatives,

formulas(A3.0)
bereplacedby

through(~6) remainval.id,exceptthatin (u6) L
thecorrespondingderivative

drL(m,j,k;~)
d~r

while f isreplacedbythederivativeintheintegrandsbutnotinthe
sums.
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Clearlytheeffectivenessofthisentireprocedurehingesuponthe
difficultyof calculatingthe a &ramequation(u6). To estimatethis
difficultyitisworthwhileexhibitingsameofthe L~s explicitly;the
secondformofequation(Al>)gives,for m = 1, 2, ~,respectively:

(A17)

I%isa straightforward,thoughtedious,taskto extendsucha table
toashigha degree,m, as isdesired.Thecalculationoftheintegral
in equation(AL6) thendependsonthenatureofthefunctiong(.EJ).This
calculationcanbeperformedanalytica.llywheneverg(~)isa polynomial,
trigonometric,hyperbolic,exponential,orlogarithmicfunction.For
morecomplicatedfunctions,g(~),itmaybenecessarytoresorttonumeri-
calintegrationatthisstage,whichalmostdefeatsthepurposeofthe
entireprocedure?However,theseintegrations(eq.(JiL6)) are perfomved
onlyonce,andthenequations(A12)and(A13)areapplicabletoarbitrary
functionsf(~). Inthenextsection,then,theseresultswillbeapplied
totheintegralsof equation(A7).

.
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Tchebichef”IntegrationCoefficients
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Writingequation(A7)inthe

J’1A’n=&
o

formoftheprecedingsection,

_ Vn(~)d~
d~

(A.20)

with .

Sn(~)= S(k)+ (-1)%(-~) (A21)

thedesiredresultis,analogousto eqution(AJZ),

An= ~~ ~n,r%(~r) (A@

. where M = mN,thesubscriptm hasbeen
subscriptn hasbeenaddedforclarity.
equations(A13),but(D6) nowbecomes

-

droppedforbrevity,whilethe
The Wts arestillgivenby

(A23)

Thesewillnowbe integratedexplicit-yforthelinear(m= 1) ad qud-
ratic(m= 2) cases.

Linearapproximation.-h thelinearcaseeachstripconsistsofa
singleinte~ ofwidthA, m = 1, ak = ~k= kA,M = N,NA = 1, andthe
derivativesoftheh~angian interpolationpolynomial.sare,from
eqyation(A17)

dL(l,O,k;E)=
d~

Substitutionin equation(A23)

a(l,O,k)

a(l,l,k)

-1 dL(l,l,k;E) .Lz; d~ A

gives,for j = 0,1,respectively,

JEk+l-1=—
A

~k

1
f

~k+l
=-
A

~k

(A24)
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~ (ITn
Now, by equation(A~),Vn = -—n d~~ andthereforeequation(A24)canbe
integrateddirectlyto give

[
a(l~l)k)‘n+ Tn(~k+l)- Tn(~k)1

Substitutingtheseinequation(A13)andchangingthenotationtoagree
withequation

4lhlr=—tinA

(A22) gives

[
Tn(0)- Tn(A]

1

\[-Tn(Er-L)+ 2Tn(E.r)- Tn(Er+=)],r=I.,2). . .,N-I (A25)
L J I

In the linear case, then,
tions(&21.),(A22),and(A2.~).

Quadraticapproximation.-
oftwOintervals,eachofwidth

J
thecampletesolutionisgivenby equa-

Ihthequadraticcase,eachstripconsists
A,ln=2, M= ~, ak = E.*=2k&m=l,

polynomialsare,fromandthederivativesoftheIagrangianinterpolation
eqmtion(A18),

dL(2,0,k;~) = 2~--_(4k+_3)A
d~ 2A=

dL(2,1,k;~) =
d~ A2

dL(2,2,k;~) . 2j - (kk+l)A
de 2A2
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substitutioninequation(=3) gives>for J = 0~ly2yrespectivdy>

21

J

Now,framequation(A42),

vn+~(5)+vT_J-L(5.)

theserelations are substitutedin equa-

2EYn(5)

1 dTn ~
and,asbefore,Vn = ~—.d~
tion(A26),theintegratio~canbeperfomn~immediatelyto give

a(2,0,k)=2*
[ 1]
w(n+l,k) +W(r -l,k) - (4k+ 3)R(rYk)A

[
a(2,1,k)=* (4k+ 2)W(n,k)A- W(n+ l,k)- W(n- l,k)

1}

a(2,2,k)=m~
[ 1)
W(II+l,k) +W(n - l,k)- (4k+l)W(n>k)A

(A27)
where

Tn(&k+=)- Tn(E~)
W(n,k)= (A28)

n

I?orthis caseequation(AI-3)becomes,inthenotationof equation(A22):\

IJm,o=:~(%m
~n,a .~a(2,0,r)+~a(2,2,r- 1)

1

(=9)
=~a(z,ljr), r=o,l,. . ●,N-lPn,2r+l

h the quadratic casej then} the cmplete solutfon i6 given bY
equations(A21-),(A22),~d (A27) to (W)”
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Itis clearfirmequations“(A15)and(A23)thatin
higherde~eeapproximatingpolynomials,itisnecessary
gala ofthetype

ordertouse
to evaluatelnte- .

forsuccessivevaluesof j = 0,1, 2, . . .,.m- 1. Whileno explicit
foxmulaswillbe given,thesection“TheoryandPropertiesofTchebichef
Polynmdals”doesincludesamerecurrencerelationswhichcanbe usedin
an obviouswaytoperformsuchintegrationssystematicallyforsuccessive
valuesof j. b everycasetheresults,a andp.,involveonlytheone
kindofTchebichefpolynomials%(~)> Tti1(6),etc.

Numerical
constructed,by
raticcases.

tablesoftheintegrationcoefficientsKm havebeen
theproceduresdiscussedbelow,forthelinearandquad-

Checking Procedure
—

.—

Ihanylengthynumericalcalculationitisdesirabletohavea check-
ingprocedure,

.?
evenifitmerelyconsistsofrepeatingthecalculation.

Zathepresentcaseitispossibleto domuchbetterthanthis. Oncethe
Fouriercoefficients,An,havebeencalculated,theycanbeusedina
reversesenseto calculatetheareadistribution,S(~),whichcanbe com-
paredtiththeoriginaldataasa check.Thisisa quiteeffectivecheck,
sinceitdetectsanyofthefollowing:errorsinthetheoryitself,errors
inthetablesofintegrationcoefficients,errorsinreadinggraphical
data,errorsduetousingtoofewtermsoftheFourierseries(eq.(A2)),
round-offerrors,anderrorsmadeby thecomputhgmachineor.humanopera-
tor. Clearly,suchan independentcheckingprocedureispreferabletoa
mererepetitionofthedirectcalculation,w~-chwouldonlydetectmachine
or operatorerrors. —

Sucha checkiseasilyderivedfromequation(A2).?!ransformingto
thevariable~ bymeansofequations(A4)and(A5)gives

Fromequation(A45),

[

Vn+~(.5j)
;&F--

Vn-=(g)
n+l n- 1]1’

(A30)
—

.

n=2,3,. . . .



Substitutingthese,tieqgation(A30)gives

23

and

. s(g)

where C is ELconstantofintegration.

S(3]canbe obtainedinunediately.

( )
=C+~k~+arcsinEA=+~

(A31)

1[ 1
G“ J& w--

n+l n-1
n=2

s(l) =

EliminatingC in equation (A32)

ft A=c+—8

gives

(A33)

Itisslsoconvenientto set E = -1 ineqyation(A32),giving

s(-1)= c - & Al



24

Usingthisto eliminateC in equation(A3Z)
for .&jgives

ITACAR&IA5~28

.
andthensubstituting-lj

.

S(-EJ)= S(-1) (-:E &z= )-arc cos~A1+

t-r (-’’’’”[-- -1 ‘A”)—n.a

byvirtueof equation(AkO). Equation(A33)isusedas
tivevalues of ~ and(A34)fornegativevalues.They
morebrieflyas

a checkforposi-
canbewritten

where

f%(~) = * ($CF- arc C!osg)
[ }

(A36)
Vn+l(E) Vn-~(~)

1%(~) =+d~ —-—n+l n- LJ n=2,3,kL,. . .

—.-

.

andin (A35)eithertheupperorlowersignistobeusedthroughout.It
shouldbe emphasizedthatequtions(A35)and(A36)constitutea check
regardlessofthechoiceofanyparticularmethodof computingtheFourier
coefficients,An.

ConstructionandCheckingofTables

Theusefulnessofthepresenttheoryliesinthefactthatitmakes “
possibletheconstructionofnumericaltablesoftheinte~ationcoeffi-
cients,I.Lu,equations(A25)and(A29),andofthecheckcoefficients,
Cn(.$j),equation(A36). Oncesuchtableshavebeenprepared,thecalcula-
tionoftheFouriercoefficients,An,frame@.ation(A22)andthechecking
by.meansofeqyation(A35)isa straightforward,systematic,arithmetical.
procedure,whetherornotautomaticcamputingmachineryisavailable.Such
tablesof coefficientshavebeencomputed(andareavailableonpunched
datacardsuponrequest)forintegralvaluesof n from1 to 98,andfor ““ -
~ intherangeofO to1 atan intervalof0.01.Allthesecalculations
wereperformedonan EM type605IILectronic_CalculatingPunch.Fixed-
decimal.,13-digitarithmeticwasused,andthefinalvaluesof the

.-
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coefficientst-L~ad %(~) werero~dedoffto10 digitstobe ~ a form
suitableforuseinmagnetic-drumcalculators.Thesequenceof calcula-
tionswasas follows(seenextsectionforproofs):

b. Tn+@ = 23Tn(~)- Tn-=(3),n = 1,2,3,~*.,99

d. Vn+l(g)= 23Vn(~)- Vn-=(S),n = 1,2,3,...,99

e. %(E) wasthencomputedusingequation(A36)tith n = 1,2,3,...,98,
E =0.00,0.01,0.02,...,0.99,1.00

f. Tn(5)- Tn(E- 0.01)was computedfor n = 0,1,2,...,99,~ . 0.01,
0.02,...,1.00

g. ~(n = 2,3,..., 98, r = 0,1,...,100)wascaputedforthelinearcase
fromequations(A25).

h. W(n,k)wascomputedfor n = 1,2,...,99,k . 0,1,...,49framequa-
tion(A28)

i. cL(2,j,k)wascomputedfor j = 0,1,2,k . 0,1,2,...,49fromequa-
tion(UT)

ii. vm(n=2,3,...,98; r =01,...,100)wascomputedforthegyadratic
casefromequation(A29j

Asa prel~ry check,thetablesof Tn(~)andVn(~)werechecked
usingequations(A43):

Tn+l(E) = ETn(E)- (~- E2)vn(E)1n=o,l,. . .,98
vn+l(~) = Wn(~) +Tn(&)

Thetablesof I_Lmwerecheckedas follows:Forthelinearcase,the
integrationformula(A22)shouldbe exactif S(g)islinear.Thatis,
eqyations(A20)and(A22)shouldgivethesameresultsfortheFourier
coefficients,An,wheneverS(g)islinear.Thischeckwasappliedfor
variouslinearfunctionss(g). Forthequadraticcase,equations(A20)
and(A22)shouldgivethesameresultfortheFouriercoefficients,An,
wheneverS(g)islinearor qgadratic.Thischeckwasappliedforvarious
linearandquadraticfunctionss(g).

Thetablesof checkcoefficients,b(~),were~e~edby co~~ct-
inganalyticfunctionsS(g)havingonlya finitenumberofnonvanishing
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.

l?ouriercoefficients,An,W ofwhich-e calc~ated@@i~Y and
thensubstitutedinthecheckeqyation(A35). .

‘l?hepurposeof thesechecksis to ensurethatallthetablesare
freeofnumericalerrors.Therestillrem- thequestionoftwoother
sourcesofmor: theapproximationof S(E)bya polynomial,andthe
useof onlya finitenumberoftermsAn. Thesetwoeffectsarediscussed
inthemainbodyofthepresentreport,particularlyinconnectionwith
theSears-HAackbody. Ingeneral,suchquestionscanonlybe examined
empirically.Ifthecheckprocedureindicatgthepresenceof errors,
threethingscanbe done.MorecoefficientsAn canbetaken,a finer
intervalA canbeused,orhigherdegreepolynomialapproximationcan
beused.Anyofthesecoursesofactionrequiresex%endingthebasic
tables.JhmanypracticalcasesthedatafunctionS(g)isoriginally
obtainedby fairinga curvethrougha reaso-blenumberofpoints.Obvi-
ously,theuseofa finerreadingintervalA isincapableofyielding”
greateraccuracyin suchcases.Useofhigherdegreepolynomialsis same-
timesjustified,butthisalso- giveillusoryimprovements.For
example,a curvewithsharpchangesinslopeisbetterapproximatedby
shortstraight-linesegmentsthanby longersrcsofhigherdegreepoly-
ncmlials. FimaK1.y,theuseofmoretermsintheFourierseriescanbe .
reducedtoanabsurdityoncethewavele@gthsinvolvedbecomeshorterthan
thereadingintervalA.

—
.

TheoryandFtrop-iesofTchebichefPolynomials

TheTchebichefpolyncmdal.ssredefinedinreference6 as

Tn(Ej) = cosnq

Un(~)= [sin(n+l)q]/sinq1

(A37)

where ~ = cos(p.SinceUn-l(~)is closelyrelatedtotheFouriercoef-
ficient,An,itseemsconvenientto introducethenotation

.(A38)

Sincetheprincipal.propertiesofthesepolymmials,includingthefact
thattheyarepol~bmial.sin g,aretreatedextensivelyinreference6,
thepresentsectionwilllistandproveonlythosethathavebeenused
inthisreport.

First’,thefollowingareobviousfrom,thedefinitions: .—

To(~)= 1, U(5) = ~> Vo(k)= 0, V=(EJ=1 (A39)
.
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.
N- considertheeffectofreplacing~ by -k,sothat q isreplaced
by fi- ql,thatis,Cos(fi- q))= -C!osCp:

-

Tn(-~) = COS II(YC - q) =

Thus

and

cosnn cosnq

-cosnsrsinn
-cosn sincp

Tn(-5i)= (-~)nTn(E), v~(-u = (-l)n%nm (AkO)

forall.integralvaluesof n.

Next,setting~ = 1 gives(p= O,Tn = 1,while Vn istheindeter-
minateform

sinncplim —
cp+osti~

ApplyingLtHospitalisrulegives

Tn(l)= 1, Vn(l)= n (A41)

Recurrencerelationscanbe obtaineddirectlyfromthedefinitions
usingthetrigonometricadditionformulas

sin(a~b)=sinacos b~cosaslnb

cos(a~b)=cosacos bksinasinb

Byuseofthese,thefollowingareeasilyproved:

Tn+z(6)= 2~Tn(3)o Tn-l(~)

‘n+l(~)= 2~Vn(~)- vn-1(~)1

Tn+~(~)= ~Tn(~)- (1- ~2)Vn(6)~

(A42)

VU+=(6)= ~Vn(~)+Tn(~)

Numerousdifferential.andintegralidentities
tothetrigonometricalformulas

dsin$ d COS$
—= COS*,— =dq d~

1 (A43)

areobtainable,analogous
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Forexample,differentiatingthedefinitionof ~ gives

Thus,differentiating

thatis

Nextconsider

d~—.
*

-sin(p=-m

d!I!n(i?J)
— = nVn(~)
d~

NACARM A55J28

.

(A44)

[ ]3* cos(n+ l)cp - cos(n- l)cpd

-sinn sin, ~ =Vnsinq-Sinv

—.

-c

thatis -.

(A45)

Finally,to evaluateintegralsofthetype(seeabove)

I(j,n)s
J

@Vn(~)d~

considerfirstthecase j = 0. Thiscanbe integrated
virtueof eqyation(A&) to give

I(O,n)=~Tn(~)

(A46)

immediatelyby
—.

(A47)‘
--
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Next,if j>1, usetherecurrencerelation(A42)towrite

I(j,n)=
J

&~gvndg . *
J[

*J-1
1vn+z(g)+vn-z(~) dg

thatis

[
I(il,d =* 1(J - l,n- 1) + I(j- l,n+1)

1

29

(A-8)

Thus,fromequation(A47),I(O,n)canbe evaluatedfor n . 1,2,. . . .
Thenfromeqmtion(A48),I(j,n)canbe obtainedby recurrence,using
theone additionaleqyation

I(j,o) =0 (A49)

since Vo(~)= O.

By,meansoftheseequationstheintegralsI(j,n)canbe evaluated
systematically,eitheranalyticallyornumerically.Thegeneral.integra-
tionprocedurepresentedabovecanthenbeappliedto extendtheTchebichef
integrationcoefficientstoanydesireddegreeofpolynomialapproximation.
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TABLEI.- MRllONICSOLtlTIOllFORA FINEKIEXRATIO12.7 —

n

7
8
9

10
11
12
13
14

19
20
21
22
23
24
25

SEARS-EAACKBODYBYTCEEBICKEFPOLYNOMIALS

Linear
approximateIonl

0.00000
-10.161.25

.00000

.00091

.00000
-.00091
.00000

- .0082L
.00000

-.01982
.00000

-.02552
.00000

-.02876
.00000

-.0293
.00000

-.0211.3
.00000

-.04124
.00000

-.03279
.00000

-.07421
.00000

Linear
approximation1

0.000
206.502
206.502 -
206.502
206.502
206.502
206.502
206.502
206.502
206.506
206.506
206.514
206.~4
206.525
206.525
206.534
206.534
206.542
206.542
206.576
206.576
206.599
206.599
206.79
206.731

Quadratic
approximation 1

N

I
fin=

11=1

0.000
206.504
206.w4
206.504
206.504
206.504
206.504
206.5Q4
206.504
206.505
206.505
206.506
206.5Q6
206.V6
206.506
206.50’7
206.507
206.508
206.w8
206.w
206.~L
206.524
206.524
206.548
206.548

.

.

‘MethodsusedinapproximatingS(~),seetheappendix.
Thetheoreticalsolutionforthisbodyis:

m

z
31An2= 2A22 = 206.5a Sq in.

n=l
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‘TABLEII.- T’CKEBICEEFSOLUTIONFOR

33

ANAREACURVTI
WITHA DISCONTINUIICYOFSLOPE

-1.0

4
[1

-o .6

n An =-— Tn An(machinecomputed)1n2fi -1.0
1 -0.254648 -0.254648
2 .4Q7437 .407438

-.410832 -.410837
: .293354 .293359

-.136980 -.136983
2 .026293 .026296

-.001958 -.001961
: .045998 .045999
9 -.104130 -.104131
10 .126592 .=6594
l.1 -.099202 -.099202
12 .0460~ .046071
13 -.006268 -.006269
14 .003874 .003874
15 -.032859 -.032858
16 .065408 .065407
17 -.074838 -.074839
18 .054970 .054970
19 -.022337 -.022337
20 .001456 .001456
a -.005707 -.005707
22 .028363 .028362
23 -.049488 -.049490
24 .0521-33 .052133
25 -.034900 -.03490

%&chinecomputation,linearapproximationof
S(E),seetheappendix.

1.0
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TABLEIII. - COMPARISON01’TCEI!231C-SOLUTIOIVSWITHVALtlE3COh@~EDBY

THEMEIHODOFREFERENCE1 FORA BASICSWilF’Z-W~GMODEL(REF.3)

.

AreaCurve

M=l.5,19=90°,Y=OO

Tchebichef
N

I
nAn2

n=l
o

282
283
315
g;

414
321.
529
628
643
686
703

;Z
729
732
736
737
749
750
757
759
763
764

Methodofref.1
N

z
nAn2

n.1

0
277
277

:;

;2
513
524
610
624
676
692
708

:;
721.
724
725
736
736
744
744
748

No discontinuityof dope.
Difference- 2 percent

M=l.5,e=22.5°,Y=46.0°

Tc~bichef

z
nAn2

n=l

o
278
278
284
290
291
322
326
344
385
386
483
493
533
588
598
649
660~.

712

z:
739
759
783

Methodofref.1
N

z
nAn2

n=l

o
272
272
284
289
290
320
326
349
393
393
4$!0
496
552
602
605
663
676
695
726

DlsEontinuityof slope.
Difference~ 3 perc&nt.

Seefigure4 forplotsofTchebichefchecksolutions.
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TABLEIV. - FUSZJ.AGEORDINATESOFBASICEQDY- MODEL3

Fuselagestation,
I
Radius,

in. in.

o
5.00

10.00
20.00
30.00
40.00
y.oo
6Q.00
70.00
80.00
go.oo

102.00
110.00
120.00
130.00
140.00
1~.oo
160.00
170.00
Ma.00
19.00
200.00
ao .00
ag .00
225.38

0.28
1.46
2.41
3.90
5.07
6.01
6.78
7.40
;.;;

8:41
8.50
8.46
8.30
7.99
7.67
7.36
7.10
6.70
6.27
5.77
5.25
4*5Q
2.32
0

35
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—

UIBLEv.- FUSELAGEORDINATEHOFSCOOPBODY- MODEL3

Btatioz

%%+
30.00

m

mar

m

m

!02.ca

bte:S
a

[All dimensiomgiven in inches. ]
—

-

lial
9.9
8.3$

M

-Y

--q

+9.
;:!2
L97
3.43
.82

~

6:32

%

4Z

:.25

*
---
6.5(2

615
-..
6.48
6.39

6;;
3.46
2.03

m
i
;k:%l
14.24
13.(3)
13.19
1.2.17
10.80
8.&...

H?
.92
0
w
1 .62
:I..76
13.12
U..84
10.10---
8.9..-

;:;
0

!) fmdefix

4-=#zF”i”

Y.m.89‘8.28
I

1Al
.39

-i

130.60

O.b

134co.

-12.25
L.45
.45

r1.
km ofsymbols,

B.02

. 1
15:Z
i?I..76
13.76
13.3.8
12.81
3.2.00
6.70
6.00
5.28

T.@

jrmdiiofnose ad tailportionEof f’umlage.

m
1 .62
;1 .76
13.I.2
u .63
10.67
.-.
9.35-..
7.58
:.85

15.$K)
1 .62
i?1 .76
U.gl
10.6L
8.10
6.ca
3.98
---
2.18
.33

b
1 .62
.?L .76
12.g8
Lop

;g
---
2.20
.95

$

6:XL
..-
5.96
5.98-..
5.96--
-..

%$
7.16
6.46
6.I.2

la

z

3.93
3,45

2.20
1.33
---
...

3.50
2.18
1.57
1.15

2.&
2.07
~79

.

.

.

.
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sin
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Figure1.-DefiultionoftheTchebichefpolynomial.BusedtorepresenttheFourierd.neserieB
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Figure3.-
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FigureJ.-Plotof Tchebichefcheck~olutionaforarea curvespreviouslyanalyzed(ref.3).
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Alldimensions In inches 16.64 r- “ &#j’fip)
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S

y
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3.08
:.;7~: f!

c/4 line
hgle-of-ott~ irdcatm titer af gmvity Lo L% sectian %PI

65A 003

I
Horizontal tail

Aspect ratio 4.00
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.2 W:*f+
MAC
Airfoil section NACA

65A 006

~ 90.25~
Vertical tall

We view

Area (totoll
Airfoil section

figure 5.- Triangular-wiDginterceptor-typeairpl.aaemodel (ref.9); Model 1.
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Figure6.- Wdmgular-wing airplane(M3del1, fig.~) -hum-drag coefficienfmand cross-
6ecii@ areadistribution.
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Rlgure 7.- Projected-ueadistributionforthetriangular-wingairplene(Model1) forWch numbers
of 1.0, 1.2, and 1.8withcheckBolutionefor N = 25.
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FigureT.-Continual.
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Dihedral angle, O deg
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Airfoil section, NACA 64AO07
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Dihedral angle, O deg
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All dimensions in inches.
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Figure8.- Swept-winginterceptor-typeairplanesimilarto low-tail.versionof referenceXl; ‘4
Model.2. R
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Figure 10.- Comparisonof expmimental.@g-rise coefficientsfromreferenceU. tithcomputed
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Figure11.- Scoop-inletductmodel;Model3.
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~ Scoop model, # z 0.6
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Mach number,M

(a) Total and internal drag coefficient.

— Experiment
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Inadmissible computation

-- -- ._
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- Basic modei
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Mach number,M

(b) External drag-rise coefficient.

Figure12. - Experimentalandcomputeddragcoefficientsforthescoop-
inlet-ductmodel;Model3.
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