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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS.
TECHNICAL MEMORANDUM NO. 413.

MULTIPLICITY OF SOLUTIONS IN AERODYNAMICS.*

By M. Dupont.

One of the most striking phenomena which accompany the flow
of fluids such as air and water about bodies, is that of changes
'in character. This phenomenon is still very 1little understood.
We.W111 first discuss the nature of these changes and then show
that pure theory leads to a multiplicity of characters of flow,
among which we will endeavor to indicate those bearing some

analogy to experimental results.

I. Historical Sketch

The first category of facts concerns bodies placed at the
same angle of attack with reference %o the air flow, for which
it is found that the coefficient of resistanpe or drag changesv
suddenly in the neigﬁborhodd of a ‘certain &elocity corresponding,
above and below this value, to two different appearances in the
flow. .

The discovery seems to have been made by Eiffel, who commu-
nicated it to the Academy of Sciences in 1912. Comparing his

ovn results with those on spheres published by the thtingen

Laboratory in 1909, results differing from simple to triple,

* "Sur la multiplicite des solutions en aerodynamique." From
"La Technique Aeronautique," Dec. 15, 1926, and Jan. 15, 1927.



N.A.C.A. Technical Memorandum No. 413 ' 2

Eiffel experimented with spheres of different diameters through-
out the whole range of velocities, from O to 30 m (about 100 ft.)
per second, attainable in his Auteuil Laboratory. He was sur-
prised to find that the coefficient of drag varied with the ve-
locity of the air and the size of the sphere. He was thus en-
abled to ekplain the considerable discrepancies with the Gottin—
gen results. These discrepancies, however, have never been en-
tirely eliminated, due to the fact that aerodyramically, the
sphere is a very capricious obstacle. Thus originated the no—'
tion of critical velocity separating two different characters

of flow, a notion which was soon to be generally adopted for

all cylindrical and streamlined bodies.

There is another .order of variation of the character of the
flow, when there is a change in the angle of attack of certain
bodies relative to the flow. The coefficients of'drag and of
1ift generally increase regularly with this angle, except for
a certain particular value, where a substantial change takes
place in the flow. The first fact, in this sense, Was noted by
Rateau in 19092, for small oblique planes at én angle of attack
of 25 to 35°. This was subsequently confirmed by Rateau, on
carefully examining the polars of ceértain wing sections or pro-
files, and has since been generally adopted for all wing sec-
tions. For the latter, the critical angle of attack is partic-
ularly important. Below this angle, the high 1lifts, created by

the large negative pressures on the upper surface of the leading
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edge, increase in direct proportion with the increase in the
angle of attack, until fhe 1ift suddenly falls off, after a per-
iod of inétability. This entails two consequences for the air-
plane: a sudden drop in altitude and loss of controllability.
This constitutes the so-called "stalling" of the airplane.
Knowledge of such an undesirable disturbance consequently has
definite value.

It was very quickly recognized that the two types of changes
in the character of the flow occur at the same values of the
product of velocity X dimension or (more generally and for dif-
ferent fluids) at the same Reynolds Number VD/v (v being the
kinetic coefficient of viscosity).

In Fig. 1, the variation in the coefficient of drag of cyl-
inders according to Gottingen is plotted against VD/v for a
very wide range.* The logaritimic scale was adopted for both
coordinates, the first consequence of which is to render the
fall of the coefficient very noticeable. The intermediate hori-
zontal range and the inception of the range at very high veloci-
ties are very clearly shown. The velocities and dimensions of
importance in aerodynamics are precisely astride the critical
value of VD. This value corresponds, for instance, to a veloc-
ity of 13 m (42.65 ft.) per second for a cylinder of 20 cm

(7.87 in.) diameter.

*Extract from an article by Marchis on the laws of variation of
the coefficient of drag of the air for a few bodies ("Bulletin
technique du bureau Veritas," June, 1924.
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Another ad&antage of the logarithmic scale is that it shows
what takes place at very small VD. This zone is not important
in practice. The point 1 farthest to the left corresponds to
diameters of 0.05 mm (0.002 in.) and velocities of 1 m {(3.28 ft.)
per second. At most it would serve for piano wires of 1 mm
{(0.04 in.) with velocities of 5 cm (1.97 in.) per second. Aside
from this utilization, the zone in question is of considerable
theoretical interest by reason of the rapid and continuous var-
iation in the coefficient of drag. Here there is a different
kind of flow for each corresponding velocity. At this point,
where the effect of the viscosity is predominant, the experi-
mental multinlicity of the kinds of flow corresponds to the the-
oretical multiplicify of the solutions, as we shall see farther
on.

The investigation of these kinds of flow has often led ex-
perimenters to make the filaments visible either in air or in
water by smoke or colored fumes, or by liquids of different re-
fractive powers, or by powders rendered brilliant by an elec-
tric spark. We cannot»refer to them al1l, from iHMarey to Riabou-
chinsky ané Colonel Lafay. We must, however, express our admi-
ration for the remarkable results obtained by Camichel, of Tou-
louse, in water or viscous liquids. Very interesting experi-
ments are now ininrogress under the direction of Toussaint at
the Institute of Saint Cyr. Unfortunately the smoke or fumes

beconme invisible when the velocity exceeds a few meters oer
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second, all the more because, in tae small tubes or spaces, th=z
flow may become turbulent at high velocitieg, thus confusing all
observations.» '

It may be said that the upprer range has never been material-
ized with the probable transfer of the separations toward the
rear. It has been found'possiblé to render visible the interme-
diate stage with separations near the main or midship section,

a transition point with sudden changes of velocity on either
side; and-the turbulent zone within which are produced various
motions which are quite gentle in immediate proximity to the
body. 'When the velocity is diminished, one observes the vorti-
ces of Karman carried along by the current and constantly re-
newed. Camichel's most surprising results; however, concern very
low velocitvies or what amounts to tns same thing, the medium ve-

locities with more or less viscous fiuil

7]

.s.* They illustrate

o~

the contimual variation in the character of the flow with the
velocity. Each type of flow is characterized by two vortex
cores, two voints of bifurcation of‘the filaments on the surface
cf the vody, and a neutral point downstream, 211 these charac-
teristics changing gradually with the velocity. Some of the
corcs are even of spiral form, which is interesting, in view of
what follows. inally, at Jower velocities or an exaggerated

viscos sity, the vortex cores disappear downstream end the fluid

*Cez the remarkeble photographs by Camichel in the "Technique
Lerona J*quP" of Novewmber 15, and December 15, 1225. The follow-
ing Gescriptions especially concern Figs. 10, 17 30, 21, 33, 235
and 20©.
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closel& follows the contour of the body. Noteithat these figures
have a gradually increasing resemblance to the theoretical flow
of a perfect fluid, i.e., a fluid without viscosity. We have
‘come to the conclusion that the characteristics of these flows
can‘be studied in a perfect fluid and corrected by taking ac-
count of the viscosiéy, but without any substantial alteration.
In finishing this sketch, we will call attention to the
work of Pawlowskl at the University of Michigan (reportéd by
Dzrewiecki), the results of whichfhave not yvet been published.
This investigation has the advantage of having been made at ve-
locities of 15-20 m (49-86 f+t.) per second, which are quite
near the velocities in current use. Since at these velocities,
it was no longer a question of smoke oi fumes which dissolved'
immediately, the motion was revealed, at least in the vicinity
of the body, by the lines left on white lead by a current of
H,S 1liberated by a very fine tube, as close to the body as pos-
sible. Pavlowski found that the separations occurred at a point .
D on the front upper surface, cven at the smallest angles of
attack (Fig. 2), the separated filament then following a path
very near the upper surface, but without its being possible to
confound them, because in the angle thus formed, however small,
the same condition occurs as for large angles of attack, i.e.,
the oresence of a neutral point O separating a forward zone,
where the fluid follows the surface in a diiection contrary to

that of the genecral flow, and a rearward zone where the fluid
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rejoins at the point P, the filament which has followed the
lower sirface. The point of separation would thus be fixed
near the leading edge for the smallest angle of attack and
would thereafter very but very little. If the above results
are coafirmed, they arc of such a nature as to modify the cur-
rent conception of the nature of the flow avout airfoils-and
to attribute to the phenomena of separation a very important
role, e&en at the smallest angles of atfack.

Whether with or without separation, we propose to show
here that the mechanics of perfect flulds suggested to the im—
agination a multitude of solutions. To make an "a priori
choice presupposes a criterion which we do not yet possess.
Lacking this, the best method will be comparison with experi-
ence and the climination of solutions which do not agree with
it. From this gradual refinement, there will perhaps be
evolved, if not the true type,.a typc corresponding sufficient-
ly to the reality to satisfy our nced of knowledge and of ap-
vrlication. This criterion will'nbt be a comprehensive coeffic-
ient of drag ready for universal application, which can be
sufficiently appioximated even for a2 theory deficient in its
details, but a local verification like the distribution of
pressures or velocities on thé surface of bodies sufficiently
complicated so that'the discordances are gquickly revealéd.
Such, for example, are wing sections.

We will confine ourselves to the parallel flow, so that
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generalizations will be possiblc and casy. The suifaées tested
will therefore be endless cylinders placed at right angles to
the flow. These cylinders are reduced to their right sections
in the motion diagrams, so that we will have only curves and the
most convenient curve of all, namely, the circle. The circle
can be studied either as an endless cylinder (symmetrical motion),
or as transformed into a wing section (dissymmetrical problem).
The result to be obtained on the circle will be the knowledge

of the ftangential velocities generating'the presgures and, in
particular, the location of the points of zero velocity. By a
transformation of %the Joukowski type with two poles P and P,
it is in fact, possible to make 2 pointed profile correspond to
a circle with the center C and the voint P at a point of

zero velocity (Fig. 3).

II. Solutions without Separation

These are the simplest to discuss and, in certain céses,
useful to know approximately. The general conditions of the
problem are too well known to require much attention. The fluid:
is su?posed to be perfect and incompressible and the motion per-
~manent on the whole. The vwroblem is to determine a velocity
poténtial which; combined with a general motion of translation;
gives the complete flow around the object, here a circle. This

condition of flow is a condition of nullity imposed on the normal
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velocity at the surface of the body in the resulting motion.
The vody is supposed to be stationary inr a moving current. In

certain parts of this discussion, 1t may be convenient, however,
to supﬁbse the body to be in motion and the fluid to be at rest
to infinity.

There is a solution known in principle since La@lace anq
D'Alembert and which has the characteristic of being regular,
both outside the Tody znd on ite surface. The works of mathe-
maticians of the nineteenth century have demonstrated that 1t
is the only regular votential function giving the flow along
the surface. Since Neumann, it has been known how to calculate
it, as the potential of a simple layer spread over the surface.
The .resulting figure for a cylinder is well ¥nown (Fig. 4).
This solution, so well determined that 1t seems to be the only
possible one, has, nevertheless, two éerioﬁs disadvantages. On
making the integral of the pressures around the body, the re-
sult is a zero drag. lloreover, it has never been exberimentally
obtained in fluids such as alr and water. 3By a paradox alreadly
mentioned, this pattern is obtained in ite general appearance
only by exaggerating the viscosity to the maximum, i.e., Dby
keeping as far ‘away as possiple from the perfect fluid.

It is therefore necessary to discard this solution, which
was, in fact, done long ago. Up 1o the end of the nineteenth
century; the principal efforts crystallized around a solution

with separation, the "wake" of Helmholtz, of which we will speak
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again. It was not until the Peginning of the present century
that an entirely new way was Giscovered. ’Its voint of devarture
was Joukowski's theory, which has since been so greatly developed.
Before discussing it, let us say that this solution is not the
only one. This idea, actually so little diffused, was the ob-
ject of an unpublished invsstigation by Mr. Girault of the S.T.A€.
The functions susceptitle of representing the flow of = pzrfect
fluid around a given body are as numerous as desired fcor choosing
irregular ones according to certain lines or surfaces and for de-
termining "a priori" the nature of these singularities. Physical
motion is not generally possible in their vicinity (due, for ex-
ample, to infinite velocities), but it will suffice to eliminate
fromvthe space utilized the neighboring lines of flow, in order
to obtain, outside, a motion perfectly compatikble with the phys-
ical data.

Joukowski's solution.— This is based on a dissymmetrical

flow around a circle in view of its transformation into a pro-
file. It is well known that an endless rectilinear vortex gives
oifoular lines of flow (Fig. B5) in a perpendicular plane. The
velocity along the circumference of a circle, of radius r, 1is

equal to A/r, A %being the intensity of *the vortex. This num-

ber has a simple mechanical signification. The circulation

around a circle, or product of the velocity at each point, multi
plied by the element of arc, added for all the elements of the

curve, is equal to 2w A. It is independent of the circle con-
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sidered and is generally the same for every closed circuit énclos-
ing the point O which is the trace of thc vortex. In the vicin-
ity of this poinit, the velocity would theoretically be infinity,
put this difficulty is avoided by not utilizing the part flowing

inside a circle of finite radius. By superposing this moticn on

flow outside the cirole,.whuse figure is well known (Fig. 8).
The consequences deduced oy Joukowskl are as simple as thev are
remarkable.

1. The reaction of the flow on the circle develops a force
perpencicular to the previous direction of translation of the
air and proportional to the vortical circulation. The drag is

2. A similar transformation of the circle on another curve
changes neither the drag (zero), nor the 1ift, which remains

proportional to the circulation, which is itself constant.

3. In particular, a judicious transformation discovercd by
Joukowskl gives a well-streamlined profile, provided with a thin
trailing edge, to every angle of attack of which there corre-
sponds a flow transformed without discontinuity (Fig. 7). The
resultant of the pressures would be a pure lift proportional fo
the primitive circulation around the circle.

The apolication will demonstrate that this transformation,
chiefly arbitrary, would yield very good wing profiles and *hat

the hypothesis of the circulation, no less arbitrary, would give
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a 1ift closély approximating reality. In reality, however, the
drag is not zero. Bevond a certain critical angle of attack,
the agreement would disapoear completelv. Nevertheless, the ex-
planation seemed to be found for the great relative 1ift which
we.s the essential fact in the pfdperties of airplane wings at
small angles of attack.

This agreement {of 20-25%) is unique in the history of aero-
dynamics, if we consider the pureness, without corrections, of
the theory which leads to it. This was the foundation for the
great success of Joukowski's idea. Generalizations have followed
with Prandtl and his pupils, but its pureness has diminished
with experience, as also the agreement in detail. It has also
been sought to explain the origin of this circulation by reason-—
ing based on the hvpothesis of the "fluid wing" of Prandtl and
which appeared to terminate naturally in it. This reasoning,
however, doés not eliminate the implicit postulate that things
take plaée in reality <the same as in theo:y.

The guestion rests entirely on a detailed comparison of ex-
perimental and theoretical results. The comparison of the theo-
"retical and experimental pressures was made in the S-T.A€. (Tech-
nical Section of Aeronautics - Bulletin No. 22 of the "Service
Technique de 1'Aéronautique," December, 1924) according to meas-
urements made on a Joukowski wing (430) in the Eiffel Laboratory
(Fig. 8). The value shovm on the ordinate is the ratio k of

the dynamic pressures to the generating pressure; if we adopt
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K = O corresponds to surface points vhere the velocity is equal

the theorem of Bernoulll at the surface k =

to the velocity of the air stream in the wind tunnel. X = 1
corresvmonds tc voints of zero velocity (1arge front end).

K < 0 correspvonds t2 regions where the velocity exceeds that of

the air stream, which is very clearly the case for a large part

(=0

of the dorsal surface. The abscissas are the arcs of the pro-
file traversed from voint to point in passing through the upper
and then the lower surface.

The éurve is obviously quite uncertain. The first impres-
sion in the comparison is & certain remarkable conformity of
appearance. A first difference appears on the upper rear,
where the experimental pressure seems to become oohstant. It
fs thought that separations occur which disturb the phenomena.

| We think, however, that the most important discrepancy,
and the one the least rémafked, occurs on the front upper sur-
face in the zone of sirong negative pressures, important for
the 1ift, where the theoretical negative pressure attains 3 to
5 times the experimental pfessure and the maximum theoretical
velocity attains 1.45 times the experimental velocity, the net
discrepancy at an angle of attack of a few degrees and which
becomes very much greater above 15 or 20°. This difference, so
great in detail, amounts in the aggregate, to only 20 to 25%
for 1ifts below the critical anglé of attack. This is why

Joukowski's theory constitutes & satisfactory approximation as
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small angles of attack. We predict that it is not the last stage
and that, independently of the separations to be considered, the
distribution of the velocities at the sensitive points must be

revised.

Solutions with scurces and vortices.— The way being thus op-
ened, we see that the problém can be approached in an infinite
number of vays. The rectilinear Vortex of Joukowski was suggest—
ed by the analogy of the ejuations of hydro (or aero) dynamiés
and electrodynamics, the field of velncity of the vortex being
precisely the field of force of an endless rectilinear flow.

Here are other ekamples, however, by comparison with static
electricity.

In 1850, Rankin had corbined two fields analogous to those
of electric masses, in crder to arrive at well-streamlined sur-
faces of revoluticn, which have produced good shapes-for air-
ships. Static electricity‘uniformly distributed on a straight
line is represented by.a roint in a plane perpendicular to the
straight line (Fig. 9). In this plane the lines of force are
straight lines meeting at this point. Transposing in the domain

L

of fluids, thé velocities are centripetal or centrifugal and
equal to B/r. B has a simple physical signification. 23 m B
represents the output of fluid appearing or disappearing per
second at the point consideied on the unit length of the straight

line, which characterizes either a source or a "sink," to use an
3 ] 3

expression coined by Drzewiecki). B is the intensity of the
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source and is eilther positive or negative.

Certain precautions are necessary in order to apply to the
motion of the fluids either an addition or subtraction of matter
in permanent motion. Let.us note, moreover, that the velocity
is infinite in the vicinity of the individual points. Some writ-
ers, like Riabouchinsky, see in it the mathematical image of the
cavitations which appear on the downstream.side of the body.

By superposing a source on & vortex, we have another type
of singularity charactarized by spirals as lines of flow (Fig.
10). The source-vortices Weré systematically investigated by
Riabouchinsky ("Bulletin du S.T.Aé.," April, 1926). In fact, the
spiral form of the lines of flow is aquite frequent in nature.

On applying these various singularities to the circle, it
remains to find combinations of sources, vortices, or source-
vortices, which yield circular lines of flow. By superposing
them on the regular potential of Laplace, a very wide range of
theorefioal motions is obtained.

It should be mentioaed that among the phenomena imaginable,
some .are found inside the body (like Joukowski's vortex) and are
cdmpatible with an external physical motion, while others may

be internal and can be accepted only with reservations. Here

are a few examples.

1. Two vortices of opposite intensities and conjugated

with reference to a circle (more often a number of such pairs)
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admit this circle as the line of flow. One application is known
under the name of "Fovpl vortices."* Behind a circle in a sym-—
metrical flow (Fig. 11), there are two symmetrical pairs of oppo-
site intensity. Foopl subjects them to the condition that each
vortex center remain moticnless under the action of the other
centers and of Laplace’s field of regular potential. The problem
has one indeterminaticn. We can choose, on a certain curve, one
of the vortiées, e.g., the upper one to the right. 4 well-
determined intensity snd a very distinct kind of flow correspond
to each position, each figure being characterized by two rear
points of zero velocity, which are normally the origins of two
lines of flow separating the filaments continuing their down-
stream course from those which retrace their path by turning
contimiously on themselvés. It is difficult not to attach to
these theoretical figures the series of appearances obtained by
Camichel behind a cyliinder at a very low velocity. In this ex-
ample we have acceptal.le internal vortices and other external

ones, which must be subj:cted to the above reservations.

2. Circular lines of flow are produced by two sources of
the same sign conjugate with reference to a circle and completed

by a source of the contrary sign at the center of the circle

-
-

(Riabouchinsky).

3. Such sources can be associated with the vortices of

*Foppl, "Minchene Sitzungsberichte," 1923. Sece also Howland,
"The Journal of the Royal Aeronautical Society," April, 1925.
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No. 1, in any number of pairs (Riabouchinsky).

4. Two opposite sources (or vortices) approaching each
other indefinitely produce a double source (or double vortex)
whose lines of flow are tangential circles (Fig. 12), the veloc-
ity v Dbeing of the fomm C/r2. It may be considered either as
a double source fixed on the circle in question, or two sources
conjugate with refereace to the circie. They may therefore be
made to approach each other indefinitely and to have singulari-
ties of the order of D/r3. )

C. Witoszynski, in particular, utilized a fixed double
source in a point of the circle combined with the regular poten-
tial of laplace, in order to obtain a dissymmetrical flow, appli-
cable to wing profiles. It was for the special purpose of veri-

fying his conclusions that Pawlowski undesrtook the experiments

already described.

Witoszynski's soluti:cn.— In addition to the long list derived

from electrical analogizs, other functions can be found. A re-
markable model was recently made'by Witoszynski ("Mécanique des
profiles d'aviation," trarslated from Polish into French by
Ziembinski, Cheron, 1924, according to an original principle
which which we will now considef. The task is to produce a dis-
symmetrical motion around a-circle for the purpose of transforming
it into a profile (Fig. 13). In contrast with the preceding ex—

amples, in which one complete revolution around a body brings
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the same velocity of the fluid back to the same point, the func—
tion here adopted reguires two revolutions.

Let us imagine that the leaf of paper is split from a point
of the contour clear to the left, and let us follow a closed cir-
cuit from a certain point on the verso (front or uvper side of
the paper). Encountering the slit at a certain moment, we pass
to the recto {back of %he paper) and return to the initial voint
with a different veleccity. Continuing the revolution, we return
to the slit with a velocity different from the preceding revolu-
tion and finish the second revolution on the verso, in order to
recover the elements of departure at the initial voint. By this
device, each side of the leaf represents a different motion of
the fluid. Witoszynski places the cusp {(singular point of sepa-
ration or discontinuity where the velocity becomes infinite,
since it varies as 1 ! r/?) on the back of the paper and uses
the front of the paper only where the velocities are finite.

A 1ift and a drag'are also found.

One difficulty remains. Along the slit the velocity dif-
fers from point %to point, which fact requires a sudden change
of pressure. Physically a troubled zone must be created, of
which the slit is a sort of skeleton. In the transformation in-
to profile, it is arranged for the beginning of the slit to be
a point of zero velocity which will correspond to the point,
and the transformed slit will be the wake of the profile.

The comparison of the pressures obtained by this method
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with those obtained experimentally was made on the same profile
430, which has already served as a criterion for the results ob-
tained by Joukowski ("Bulletin du S.T.Aé.," Decemder, 1924).
Aside from a few differences (Fig. 14) due to separation at the
rear, the zone of great negatiﬁe pressures shows an agreement
much more complete than with the first theory. For such a com-
plicated curve, this can hardly be the result of chance. The
tentative-method, dbligatory in the rresent state of aerodynam-
ics, here gave very good results. The above comparison is due
to Girault. At angles of attack above 10 or 15°, the agreement
rapidly disappears.

We have shown what a diversity of sclutions is already of-
fered when one seeks a flow surrounding the whole body, where
the region behind the body does not oppose the region in front,

from the continuity viewpoint.

ct

By adding certain

93]

ingularities to the regular potential,
one can -obtain images of flow about a cylinder, of striking
analogy to the reality, though only at very low velocities.

For wing profiles, it is at small angles of attack that certain
theories give a satisfactory agreément for practical utilization.
The effect of the separations is encountered, however, at the
highest veloclties and the largest angles of attack. The sur-
face is divided into two very distinct‘regionsi the front region,
which the fluid washes in a very regular and permanent flow; the

rear region, in contact with a fluid more or less dead and pos-—
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sessing various motions. This brings us to the complete problem
in the latter hypothesis. The multiple solutions, which have
already appeared, will increase still further. We will endeavor

to give an idea of then.
ITII. BSolutions with Separation

The separation hypothesis has long been offered to explain
the draz of a body. For this, Eelmholtz invented the
theory of the wake ard attached to the rear of the body a mass
of relatively immobile fluid at constant pressure. It is con-
ceived that one thus breaks the equilibrium of the pressures
before and behind, characterizing the solution of Laplace, and
that a drag is created (Fig. 15). In considering the problem,
it is seen, however, that the two surfaces bounding the wake
must separate'indefinitely, and that the rear pressure must be
the atmospheric pressure, a doudle consequence far from experi-
ence. |

Witoszynski's conception is nearer the reality. It reduces
the phenomena behind the body to the diagram shoﬁn in Fig. 16.
The fluld separates at two points of the contour and follows
two lines varallel to the general direction of the relative
flow. Between these two lines, there is a space which has the
following properties. In contact with the body there is a neg-
ative pressure pg aﬁd thé velocity V of the whole. At in-

finity the dynamic pressure is O and the velocity 0. Every-
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thing takes place as if, in this domain, each second, a certain

V  in vassing from the dynamic

mass of air took the velocity
pressure C to the negative pressure 7py,. These two facts re-

quire the creation of a certaln amount of motion, at the exvense
of drag. Witoczynski has Crawn from this idea very interesting

conclusions

oy

, but this scheme does not take into account the de-

A

tails of the phenomena on the downstream side of the bodv. .

Separation.—- We¢ ¢o net consilder as separation proper a case
already encountered in which the fluid leaves the wall normally
by fusion of the two contrary currents at a point of zero veloc-
ity (Fig. 17). The pressure would ihere be a maximum and equal
to the generative pressure. Hothing similar has even been con-
firmed as vositive pressure in aerodvnanics, the zone of +he
separations being alwvays under negative pressure. From this we

conclude that the velocity at the point of separation is not
zero and that the fluid leaves the contour tangentially (on ex—
cluding, at this point, any discontinuity of velocity (Fig. 18))

This conclusion involves an aspect of the provlem very differ-

o)

nt from the complete contouring of the body. After separation,
the course of the fluid, which has préviously followed *the con-
tour, vecomes the new boundary of the current coming from up-
stream andé will result from the solution itself. Within these
limits there is a surface comprising, in part, the body itself
and, in part, a certaln downstream region. In this latter do-

main, there is a second wmotion suvordinated to the first by the
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conditions at the limits. We will here consider only the first
motion. The second current can be at the velocity potential
with a different Bernoulli constant (the limit of the wake being
then a discontinuilty of vélocity), or more generally vortical in
all its points and still more generally "non-permanent," al-
though the first motica may be. In brief, the conditions at the
limite are not simply a ccadition of zero normal velocity (tan-
zent to the downstream wall of the bedy and to the wake itself),
but a cdndition of ecuality of pressure on hoth sides of the
wake. The latter entails a vortical non-permanent flow. These
conclusions from the theory would moreover agree with the cur-
rent investigation of a turbulent downstream zone. Its theoret-
ical determination is difficult and an analysis would doubtless
be unable to give it. It would here be rather a question of
diagging by friction, along the surface of digcontinuity and of
physical mixture, to the rointe where the equality of prescure
could not ve maintained.

It 1s these motions which would absorb the energy necessary
to vroduce the drag. If their analysis is difficult, it must
e femembered that they areée manifested by a negative pressure,
very nearly constant on the downstream wall. The knowledge of
this negative pressure, combined with the pressures of the gen-
eral motion, would give by integration the drag sought, but we
have not yet procecded that far.

For the time being, we are trving to treat the problem of
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the first motion. It admits as unknowns, the point of separa-
tion and the shape of the wake. The latter %ill depend on the
" solution itself, but we need to know in advance at least how
this wake behaves quite far bekind the body. The existence of
a drag necessitatses a residie of turbuleﬁce downstream. This
residue is slight and, since on the cther hand it is natural
to think that the fluid, s:zvarated by the body, tends to com-
bine behind it, we will atitich to the wake the condition of
closing comvlietely at infinity a 1i§iting case susceptible of
being modified by the result, which will make it possible to

They ars here more numerous than in Seétion IT, not only
because of ignorance of the separation voint, but also because
the regular solution of the potential of the velocities, so well
determined for a closed contour or surface, is so no longer for
a portion of thg contour cr surface. In addition to the normal
velocity on the wall (%he only precise condition at our dis-
posal), it would be necessary to give the value of the potential
at every point, which nothing renders possible to calculate.
If we add to this.the fact that special sclutions can be suver-
posed on the regular ones, we will have an idea of the complex;
ity of the problem. |

A very important observation must be made on the subject of
these singularities. Thus far, for locating them, we had at

our dispcsal the interior of the body (example of Joukowski's
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vortex). Here we have also the interior of the wake, since the
motion considered is exoressly outside this domain. The problem
of separation, thus stated, therefore enables the introduction
certain singularities outside the body, without including

the reservations required in Section II. We will find both
cases in succession and for the same body. Perhaps it will be
possidble to see in them the image of two distinct kinds of flow
analogous to those obttined experimentally.

Lastly, in order to termirate with the principles, we can
generalize the well-known conception which consists, for a given
body, in envisaging on the inside, a sort of prolongation of
the outside flow, a prolongation not materialized in the fluid,
but which is explained by the existence of a motion of tﬁe
whole, in which the partial contour cf the body, prolonged by
the wake, is a line of flcw. All the internal lines of flow
cut the downstream vall =2nd must be taken away from ithe real
motion. Nevertheless, their conception can ve of service. In
fact, the theoretical solutions, which will be presented 1éter,
comprise these two parts: the real motion and the extended
fictitious or imaginary wmotion.’

- These statements were necessary in order to comprehend the
character of the problenm. Théy are all based on the fact that
the fluid separates tangentially to the surface with a velocity

not zero.
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Solution with simple laver and source-vortices.- We will

now give & solution of the nroblem for a cifcle in a symmetrical
flow, with a view to its application to a cylinder, the gener-
alization being immediate for any contour whatsoever. Since the
points of separation are nct known in advance, it will be necesy
sary to study all the poscible cages. Since the solutions,
whether regular or i1regu1ar; are all multiples,'we will begin
by choosing one of thex accarding to the only definite condition
we have, namely, the value of the ncrmal velocity at every point
of the washed portion of the body.

We have a motion with a preliminary potential which is that
of the translation of'the whole. Thilg translation has a compo-
nent normal. to the washed surface, known at evry point. The
complementary potential té be sought'will have at every vnoint &
normal velocity equal and opposite to the first. We know how to
calculate such a function, since it is the potential of a cer-
tain simple laver on the surface or partial contour.

For the physics of liquids, a simple layer is a sburce, but
a source distributed on a contour or surface, the density U at
every point being such that the output of a small element ds
is +2 Ty ds toward the outside and -2 T uds toward the in-
side. The normal being directed toward the concavity, u is
negative for a source and positive for a sink (Fig. 19).

3 f pds =M 1is equivalént to the total intensity of a

source, the total output being 23 r M. According to the sign
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of M, +the simple layer is either repulsive {source) or attract-
ive (sink) in the whole.

This solution is only the first step. Had it been necessa-
r& to hold to it, it would have suggested to us "a posteriori®
a condition for the pcint of separation. In fact, according to
the voint chosen, the density on the boundaries of the layer
has a given value, which c¢ntails & discontinuity of velocities.

Bv annulling the density, we obtain & continuous separation, as

to velocities, which enjoys a sort of privilege. Fig. 20 shows

U]

n example of a cylinder with the optimum angle of 77° 28', +to

(o3
0]

compared with Figs. 10 and 17 of Camichel's article previous-
ly referred to.

It remains to satisfy our last condition, which is the clos-
ing of the wake. It 1s easy to see that it is not realized by
the simple layer. Here the fiction of the prolonged motion
wiil be of servige. Consicered as & fissure in the sheet of
paper, on its upstream vortion, the contour leaves other than
2 r M, which is the output of all the fictitious or‘imaginary
filaments within the wake. Far enough in the rear, their resid-
ual velocity is only one of translation, if h 1is the distance
of the two asymptotes from the wake. hV = 2 r M, which gives
h a value other than O. (In the abovementioned example,

h = 1.25 D.) There is no closure for any simple layer of output
not zero. (Let us note that Y4 = O for the total contour, as

is suitable.)
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In order to remedy this, it is'always voesible to add any
fuﬁotion to the tentative potential, thus far represqnted only
by the translation. The new potenfial can be calculated from
the simple layer which, combined with the first two, will ren-
der it possible to pass around a predetermined portion of the
object. ' \

If this additive initial functica is regular, especially
within the wake, the oatput of the internal fictitious filaments
is not altered up to infinity.. A singularity is therefore re-
quired in the interior, which is capsble of absorbing the out-
put of the source, i.e., a total assembly of sinks of capacity, .
equal and of opposite sign. One can thus be assured that, be-
yond the first sink, the total output of the filaments within

he wake is zero and that, sufficiently far to the rear, the

.

4

two bvoundary lines of the wake will reunite.

Let us note thet the additive function no longer needs,
as in Section Il, %o have a circular line of flow. Therefore
the number and disposition of the sinks remain arbitréry within
the body or the wake, but the conception is there. The body
throwing off the fluid acts as a source spread ove;la portion
of its surface. The fluid separates. At the rear there is a
vacuum, which is closed by the effect of the sinks situated in
this zone or even ingide the body. We thus réturn, by a gener-

al and deductive method, to the former conception of Rankine

when he sought good cshapes for airships. It is always under—
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stood that the real motion will e limited %o the fluid which
has followed the contour of the body, and that the theoretical
existence of sinks entails no physical contradiction.

A secondary condition arises here, although natural in per-
manent motion. BEvery singular center in the domain of the fic-
titious motion is subjected to a field composed of the transla-
tion, of the simple layer 2nd of the other sinks. Let us take,
for example. {(Fig. 19), two simmetrical Gownstream sinks of the
cylinder. The attraction ¢f one of the sinks for the other can
equilibrate the vertical compornent cf the field of the simple
layer. lothing counterbalances the component of translation
which is preponderant. The sinks therefof have a motion which
is incompatible with the pormanent motion. We will try to real-
ize thé equilibrium evén tcor the fictitious motion. It will be

necesgary to add to each sink & suitable vortex which can offset

J

the translation and wrose direction is indicated on the fipure.

In sumring up, we are led to conéider a general solution
based on a simple laver and on souroé—vortioes, in order to re-
alize the three conditions: wvartial circumferential flow,
closing at the rear, and equilibrium of the singularities.

It is obvious, from the simplest example, that these ac-
cumulated conditions do not suffice to determine completely the
problem of a circle with two symmetrical source-vortices. The
unknovns are reduced by the symmetry to the angle of separation,

to two coordinates and to thie respective densities of the
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sources and of the vortex constituting one of the singular points,
or five in all.

To recapitulate the conditions, the horizontal and vertical
equilibrium furnish two, and the closure a third. It is neces-
sary to add one wmore, the annulment of the residual deﬁéity at
the point of separation (continuity of the velocities). In
spite of everything, therc still remains one indeterminate.

The point of separaticn rem2ing arbitrary.

The only vositicns of equilibrium found are ingide the

ing

circle, one oorresponding to each point of separation. It can
likewisc te demonstrated that the csheet separated at angles
above 120° does not again cut the circle (Fig. 21). This kind
of solution tends to unite the flow at high velocities, at less
important separations, without external vortical appearances.

We have found no pogitiong of equilibrium outside the cir-
cle. If we consider two source-vortices in this domain;'they
cdnnot remain stationary ard this opens up the much more compli-
cated question of their evolution. These mobile singularities
cannot be rejected, because they remind us of the vortex‘trails
investigated and oonfirmed by Karman. They corresvond rather
to the flow with large separations and to a temporary wake.

We have not completed the study of the analogous problem
in a dissymmetrical flow, for the purpose of transforming the
circle into a profile.l It is certain, however, that for a

slight dissymmetry (small angle of attack) the singularities
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will be internal and that, on exazgerating the dissvmmetry
(1arge angles of attack), they will come out at a certain mo-
ment, crecating a second anpearance to the flow abqut the pro-
file.

This is only one examrle, because it is obvious that we
can comvlicate the problem by varying the number and disposition
of the source-vortices. The field is therefore still vast for
thig type of solution based on the simvle layer and the source-
vortex. We may add that its generalization is immediate in the

case of the three dimensions.

Solution with double laver and gimole vortices.— In clos-

ing, we wish to show how an entirely different method likewise
leads to a general type very distinct from the first, by utiliz-
ing the resources of conform representation. We will first ex-
amine the case of a symmetrical flow. We can arrive at a flow
separating from a circle tangentially with a finite velocity,

by tranéforming 2 continuous solution without separation.
Starting with the vortices of Foppl already mentioned, there
are two pairs, one internal and one external, which are in equi-
librium. There are twb voilnts of zero velocity in the direc—
tion of the flow, and two other‘symmetrical ones on the down—
stream contour. The two latter points give off filaments which
reunite on the axis quite far to the rear. They form the sepa-
ration between the upstream fluld which flows to infinify and

that which flows indefinitely around the voritex cores. They
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constitute, without any discontinuity, a sort of wake which is
closed at the rear.

Let us transform the circle according to Joukoweki (Fig. 22)
by taking as the foci of the *transformation, the two symmetrical
points of zero velocity situated on the flanks of the circle.

"

We will obtain an arc, ending at these two points, and two fil-

aments which will reunite a% the rear, forming the new wake.

2>
From the four initial vortices, there will remain in the new
system only one pair which will, moreover, be in equilibrium.
(It should be noted that the space inside the original circle
is transformed into a complete system communicating with the
former by a fissure which is the arc of the transformed circle.)
Foppl found an infinity of these systems in equilibrium, each one
corresnonding, in the transformation, to a vnoint of separation.
Hence we have a second figure of flow, where the point of
separatvion remains arpitrary, and where the singularities con-
sigt simply of two symmetrical vortices within the circle5
Their position is shown on the same figure (21) as the source-
vortices of the first type presented. The voints differ a 1it-
tle, but there is, on the whole, quite a decided resemblance
between the two results.
Nevertheless, the type is very different. This 1s obvious
on seeing that, at the upstream wall of the transformed arc,
the velocities of the motion of the whole arc tangent to the two

faces and that the only thing which differs is the value of the
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votential on one side and on the other. We recognize here,
without being able to procesd farther, the action of a double
layer spread over the surface. In brief, the type thus discov-
ered restores a system cf double layer and of vortices. It re-
quired an artifice to arrive 2% it in a simple manner, because
the direct problem of the determinations of double layer by
normal velocities is wery complicated.

The cage of the dlscymmet

ot
4

rical flow is interesting. We
will firet try to gencrelilza the vortices of Foppl in the dis-
symmetrical hypothesis. It gives, in general, four points of
zero velocity without swvmmetry (Fig. 23). A first transforma-
tion, with the two of zerc veleccity avove the rear wall, as
foci, realizes a dissymmetrical flow around a circle (Fig. 24).
Then, on taking, as the focl, the third point of zero velocity

at the rear and another within the circle, the arc ie trans-

}'h

formed into a ile about which there is obtained 2 flow with

L\)
\ -

,.‘ .

separation (Fi ig.

The sclution involves very complicated calculations. At

a predetermined angle of attack of the profile, one has the

choice of the separation betwecen certain limits, as in the first

2
type. There exist, after all, two vortices which, according to
the case, are either within or without or astride the profile.

Our investigation is not yet complete
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Conciusion.- The essential thing in this discussion is a

new class of possible solutions added to the other and causing

us to anticipate, between these two extreme tvpes, & whole series

of intermediate types. In this great multiplicity there are in-
cluded, as special cacss, all those of non-separation.
It ehould be noted, rmoreover, that all the fixed conditions

1

which, strictly spealing, are not ecually indispensable, still
leave a variable pararceter, which is the choice of the separa-
tion. Therefore, we still have to sclect one condition, but
which? ¥ill it enable us o make a choice in their infinite
diversity? We are far from being able to answer this question.
This is the reason why, for the time being, comparison with ex—
perience will be our best guide.

It may be asgked in whet direction to search. Is it the

L

correction required by the viscositv? Is 1t a more general con-

4

dition, analogous to the natural laws of minimum work, of mini-
mum action? It ig impossible to say vet. In the latter direc-
tion, we can indicate only one result, in the incomplete soclu-
tion -constituted by the pure simple laver.

In this hypothesis} we have seen that the separation can be
determined by the conditicn of amulling the density of the sim-
ple layer at its limit. This condition entails, among others,

one remarkable conseouence. IFor this particular separation, the

potentinl, in every point of the svace, passes through a minimum
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or a maximun, so that there would thus be a position of equilib-
rium relative to the value of the potential. The condition of
equilibriur imposed on the singularities of the motion is based
on the same idea. Without our being able to draw any further
vrecise conclusiong, it is, perhaps, an indication to be borne

in mind in studying problems relating to the perfect fluid.

Translation by Dwight M. ﬂlner
National Advisory Comaitte
for Aeronautics.
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Fig.2  Scparation according to Prof. Pavlowski.



N.A.C.A. Tcchmical ¥emorandum Ho.413 Figs.3 & 4

Fig.3 Transformation of a circle into profile
430 according to Joukowski.
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Fig.9 DNegative source or sink.

——blo -

Fig.1l0 Source vortax.
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Fig.20 1Indefinite cylinder separation at 77028!',

Equilibrium &f the
vortices t

\

Fig.21 Interior position of equilibrium of the source-
vortices and vortices.
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around and arc.

Fig.24 Dissymmetrical flow.(Transformation of Fig.33 with
IT and III as poles) 1' and 2' vortices transformed.
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