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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS.

TECHNICAL UEMORANDUM NO. 436.

=

APPROXTHMATION

b

ETHOD FOR DETERMINING TEE STATIC STABILITY
OF A MONOPLANE GLIDER.* |
By A. Lippilsch.
Symbels (Figure 1)

F = wing arei (m®);

»?/F = Ay = aspect ratio of wing;
by o = F/op = mean chord of winug (m);
by = span of wing {(m);
f = area of elevator (m®);
by = span of elevator (m);

1 = distance (m) from leading edge of wing to center
of pressure of elevator, which may oe assumed to
be at 1/4 the mean chord of the elevator measured
from ite lead:ag edge, though it is allsowable to
take the distiace 1o the elevator Liinge as an ap—
proximation; )

e = (1~ g) = dgistance (m) of elevator from lateral
axis ©f wing. :
bg®/f = Ag = aspsct ratio of elevater;
o0 = longitudinal dihedral angle, which is shown zs posi-
tive in figurs 1) .
ap® = angle of attack of wing;
&HO = effoctive angle of attack of elevator;

#WNaserunssverfauren zur Destisaung ler staticchen Stabils
beim Tindozker,® a cummunmicatisn frwr the Research Inst
the Rnom-fossitten Sccietv. From "Zaitschrifd fur Flugs
und lotoriuftschiffahst," June 14, 1937, pp. 351-35¢.
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.

ag® = downwash angle of elevator;

Cap = 1ift coefficient of wing;

C.s = 1ift coefficient of clevator;

e

K - QGy _ change in anglc of attack )

B = oz — T T - 7
’ ACap chang2 in 1ift coefficient of wing

Aty change in angle of attack .
g in 1ift coefficient of elevator

. _  0a, _ changa in downwosn angle
OCgm 11t -oeff.cier. of wing
Crpy moment coefficient of wing with reference 1o loca-
i t1on of center of gravity at the distance X t;
Cipyx monent coefficient of ¢levator with reference to

location of center of gravity at the distance x t.

Since the following calculations afford an approximate
solution of the static stability, Cy, is put in place of ¢,
and, likewise, the 1ift is employed instead of the air-force

component perpendicular to the longitudinal axis of the airplaira.

Derivatioa of the Formulas

a) Moment Coefficient of Wing

4

The wing moment with reference to the rotation cenier at
the forwarl end of fthe chord is represenied by the wzll-zziown

formula

o
a7

The course of cop, &as plotte
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is obvious from the airfoil test in question. This course of
the funchion Sm - f{cy), 1s known to be nearly independent
of the aspect ratio of the wing ("Ergebnisse der Aerodynam-

ischen Versuchsanstelt zu GOttingen," Report I, Fig. 36) and

is expressed approxinately by

Cmp = © Cap + Smgs - (3)

in which the factor o rspreseats =n approximately constant
gquantity and can be assuma2d to have a mean valiue df 0.25. The
moment ccefficient of the wing with reference to the center of
gravity at the distance x t from the front ernd of the wing

chord is then

Chipy = (@'~ %) ogp + mg (3)
1
- 4.4F
“mFx T F g g

b) loment Coefficient of Elevator /

With a constent location of the center of pressure of the
air forces on the elevator, the moment of the same, with refexr-

ence to the center of gravity at the distance x t, 1is
Mg = f (1 - x 1) q cay (4)

In order to be cble to refer the mcment cocfficient of th= ele-
vator also to tnc 1ift coefficient, we must, on the one hand,

CXPIS8S  Cgy feks Cap- Cn the other hand, the moment coeffici-
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ent of the elevator must be developed as

) ‘
=

[Tes

gy Ftq

gy,

]
b | b
AN

The 1ift coefficient of the elevatct is depenvent on the ef-
fective angle of attack within the range of the same..

The angle of attack ¢f the elevator is therefore

Between the angle of attack of a wirg and the corresponding
1ift coefficient, we can now introduce, for the normal flight

range, the approximate expression
i = ko Cn — O A
OF = kg Ca — % . (7)

Hereby the factor k 1is a quantity essentially dependen?’ only
on the agpect ratio of the wing, so that the effect of the pre-
file shape may be disregarded and be designated only by the cou-
stant tem 0o, 'which is then the angle at which the 1ift be-
comes zero. The same result can likewise be obtained from the
test result of the wing vrofile used, in which connsction 1t
may be remarked. that, with tapered wings whickh change profile
toward tlelr tipé, a mean valuve betveen the outer and inner
profiles wust be used.

The downwash angle o, can likewise be brought into de-

pendence on the 1ift coefficient of the wing. The formula
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. - : - —_— - g i N .
derived frem H. Eelmbold (V"Zeitschrift fur Flugtechnlik und

¥otorluftschiffahrt," 1937, p. 11) can e wiitten

O C
QG = ‘[,5—7']'[?" Cg [ — :7:__..—3'“—_1 (u- 0.5 v)1-
Ca” +

e et o e e

u = 1.36 + - - -
€
- <
R ]
_ N O €° 4 2 L
v = - e
g € )\/ € 4+ 4

Since U - 0.5 v is small in comparison with wu,. a mean value,

independent of ¢, can He used for

\
Cq
,,,,, 2 — (u - 0.57v)
Jcgh o+ 1
so that the downwash angle can be expressed accurately enough
10 y N

Sy = K CaF (8)

In Figire 4 the factor & 1s plotted against the aspect ratio,

d

ct
(O]

the plain curveé being for rectangular wings and the dot
curves for elliptical wings. FoT trapezoidal or scmi-elliptical
shapes, the corresponding mean values must be used.

The effective angle of attack of the elevator can then be
written

Oy = (kp - X) Cay ~ (¢o + O) (9)
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The 1ift coefficient is likewise

O«
CaTT = "—“‘—'——_b" (10)

whereby, with the usual symmetrical profile shépes of thes ele-
vators Cgg = 0. The factor kg depends, the same as for a

wing, essentiaily on the aspect ratio of the e€levator and may
be obtained from Figure 3. Accordingly, we can represent the

1ift coefficient of the elevator by

kF.— K dn + O )
0] . SN

c = C - 11

a E kH a’F KH ( !

Hence the moment coefficient of the elevator, with reference to

the center of gravity, is

B . 1'1—1 — K Ied o
_ T N o * 7N, )
Cm.. = = (= — X} — e Cgmn - - 12
mhx F \ t y; ( kH a,F 1—H ,‘,) ( )
in which
= m = 1n
K jan
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c)  Tntal ¥oment of the Compined Wing and Elcwvator
and the lioment Coefficient with Reference

to the Center of Gravity
The total momert is the sum of the wing and elevator mo-
ments. 1t is therefocre
I — 'f\"’_‘ '!I‘ET
Miotol = b7 + 21

Mg, = CmFx Ftag+ cmHX Ftq

= y — ~ . 5
q Cmgx Cmpy t Cmpx (13)

By using equations (3) and (12), we obtain

= (e - . L1 _ ]
O g {(a x) + m F( : X>j Cap +
: 0L )
TG — = £ — 3 .
+ Tomg = ={ 5 X/n]

If we combine the temms which vary with the displacement of the
, 1

center of gravity, the moment coefiicient of the system becomes

Vor o, ) P
I A / o 2N
= e \ — i1 = A —
omgX {\; - ) X Ql + 1 7| Cep
(b, \ . £, .,
<F n OmO/ tF nox (14)
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After introducing the abbreviations \
£f1 (f 1 \
a M =—- = A { = n - ¢ =0
R \F t o )
' i
1 + = % =B = n =D,
E F

v : Bx) ¢,_ — (C - Dx]
2 [3he
gx T

.The function for O e is therefore restored to an equation of
fei}

the first degree, from whose coursc the following deduction con
be riade with rcfcecreonce to the static stability of the wing-and-
elevator system in question.

If (A-Bx) >0 and (C - Dx) > 0, then the course is

the same as represented in Figure 5. The intersection with tiie

¢, axis determines the 1ift coefficient at which the airplane
flies with the eleve.tor .n

its nomal position. Since tiuils

1ift coelficient usually lies tetwecn CaF = 0.7 ond 1, the
condition
-
O = DX = 0,70 + 1.00.
A - Bx
must be f11filled. The dash lines then indicate, respectively,

tail heavinesg and nose

the lines indicates that the airplane is stable,

heaviness. The positive direction of

i.e., that

any change in the flying attitude, due to external causes, re—,

leases forces which tend to restore the previcus atfhitude.
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The stability limit is resched when (C - Dx) =0, i.e.,
when the line passés through the origin of the coordinates
(Fig. 6). The extreme limit, however, at which the airplane
can be rcgarded as still manageable, 1s reached when the in-
clination of the lines is likewise zero, and the function'
Cy., = £ (cap) coincides with the cg’axis. In this exireme
case, any stecring maneuver in elthcr the posivive or negative
direction proauces instability,xwhile in the ecualization, as
shown in Figure 5, the elevator produces stability.

If the picture of the function is as represented by Figure
7, the airplane 1s unstable and requires, in individual cdseé,
a change in thc location of the center of gravity, of the lon-
gitudinal dihcdral angle, or of the dimensions of the elevator
or its distance. The longitudinal dihedral angle for fhe ex-—
treme rear limit of the location of’the center of gravity can

‘be deterained by the formilas

- N . o
C-Dx =0 =5 T 0 - F X - Ong B
o g (18)
m
Lo = = =
.I_l_... Lox
‘ Ft F
The 1ongitudind1 dihedral angle is then

Os= kg no - %o _ (17)

If, therefore, it is desired to test the correctness of & fin-

ighed airplane, the longitudinal dihedral angle (0] or the
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location of the center of gravity (x) 1is introduced as a
variable.

In general, these two fectors suffice for obtalning a per-
fect trim. For designing, however, the formulas are available
for determining the magnitude and distance of the control sur—
faces. If, for example, the condition is made that, in norme.l
flight (always to be sought with (cl/QW%naX or  (ow®/ cw?)payx
according to the structurzl viewpoint), the elsvator is not 1o
be subjected to pressure, either up or down, there are vbtained
for the dimensions oertéin fiducial 1lines, which are deduced
from the following formulas.

If the elevator exerts no 1ift, its moment is zero. It

must therefore be

_f/(1 - . :
Criy = F-<%-— X }(mcaF - n); (19)

/

In order that therc shall be stability ir this case, the wing

moment must likewise dlsepoedr and
ey =0 = (@ - x) Cap * Cm, (20)

Cap 18 defined by the attitude of nomal flight, so that x
may be ccmputed as ~

X =0 + —9 (21)

With tnis value of x we then obtain, by equation (19), an
eprCOQ1on for the possible characteristics of the alrplane

(w1ng area, length of tail, longitudinal dihedral and aspect
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ratio). For the further calculation, one can utilize the sta-
bility limits, which are given by the formilas already explained.

(A - Bx) 20
(G - Dx) 0

Y

d) Illustration of the Computation Formulary

by an Example for Testing the Static Stability

In order to ecnable a simple evaluation of the derived fér—
mula, a formulary of the oémputation process was published by
the Aviation Section of the Research Institute of the Rhén-
Rossitten Society on the Wasserkuppe. The appiication of this
formulary may be illustrated by an example (See Formulary-and

Figs. 8-9).

Fommulary (referring to Figure 8).

1. Wing nrea Fo . 18 me
2. Wing span brF 12.0 n
3. lean wing chord ty = %F | 1.5m
4. Wing aspect ratio b§2 = Ap .l%% =8

5. Elevator arca f 2.4 P
€. Elevator span by 2.5 n
7. Elevator aspect ratio D?? = fyg -2?%5 =23.6
8. Distance of elevator

from leading edage of l 4.0m
Wlng. N
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Formulary (referring to Figure 8) Cont.
9. Distance of elevator e ( 3.35m
from lateral axis of
wing.
10. Longitudinal Gihedrel 5 1°
angic.
11. Distonce between c-ge. S = x tp 0.55 m
and leading edge of
Ting.
15, ¢ =-&__=2:20-0,54 Table 11 4.740
bF;B 3. K
13. Table I. 1%.1°
kg
anl .
14. Tadle I 17.8°
! i
i
15. Crg = 0-020 (100 op = 9.0)
n . =0
10- G‘C) = e 60,0
. = -
17. x = 8_ =955 = 0.35
i 1.50
: e -
Group

Registration ho.

School G(lider III

Acceptance No.

Stability
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18 K — K .
_ F 13,1 — 4.7 _ 8.4 _
m= B 17.8 =175 = 047
194 0. +0 T L o i
5=10° o T 6.5 + 1 7.5 _ '
n= Ky 17.8 =355 - 043 |
19b5= _1° 6.5 - 1. - _2:5 = 0,31
(n) 17.8 17.8
19¢c . _.o G.E 7 Q. K .
0 =3 __~_/__i" [» = _<-0 = . 5
(n) 17.8 17.8 0.5
a0 £ 1 2. A><4 4.0 _ 9.5
A= Sn .l = 0.235+C. 47 5= = 0.43
; 0.35+m Tt 0.235+0.47 T 0N Ce25+C. 4 5%
31 . F . o4 -
B= 1L+ 7 1+ 0.47 -3’:3"— =1 + 0.083 = 1.0€3
228 0 T T
0_—_‘.—‘.- ..f.. l — _2._”_/L_>£_4-_‘..Q (R — 4.0 = =~ i
C: F 't}» 6} Cmo 18 Xlo 5 Ooéfg 0.09 O.].Q:S 0009 A ().O\Jg i;
22 0 4%4 .0 :
o= -1 2.4%4:0 . 27.0.09 | = €.110-0.09 = 0.030
() 13%1.5
280 0o o 4:)(/1 O - -
o= L2222 0.53-0.09 . = 0.188~-C.09 = 0.088
(C) 16%1.5 ! :
358 £ 2.4 o |
0=1° Lin L2z 0,43 = 0.056
D= o ! 18 J
23D
G= 10 8:4 5 31 = 0.041
(D) 18
83C5-z0 8:-2 0,53 = 0.071
(D) 18
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Let us suppose that an airplane is to De tested, whose
dimensions are shown in Figure 8. Lines 1-13 of the formulary
are then filled out by inscribing the pertinent values. The
éaF: %y, and ¢, values of the given Wing profile are plotted
against one another in Figufe Q. Thése values can be obteined
directly from the results of the normal tests, with the aspect
ratio 5, at the thﬁingen Aerodvnamic Institute. Attention is
again calied to the fact tnat, for wings with variable angle of
attack, variable profile, cr variable chord, the corresponding
mean values are to be found. The measuring points are joined
by two straight lines, deviations from which, especially at
smaii and large cg VvValues, aré disregarded.

Th

W

values ¢y, and Op given in lines 15-16, are then

)_I

obtainsd for ¢z = 0. The values for kp, kg, and Kk are taken

e

¢

+

from Figures 3-4. The values Qf kp and kg, - for the aspect-
ratio coefficieﬁts of the wing and elevator, can be read di-
rectly frum Figure 8. The valve of K, however, 1is interbolated
from Figure 4, whereby, if the aspect ratio in question is not
represented by a curve, ‘'we must interpolate between the adjacent
curves, remembering that the distance between the éurves dimin—
ishes as the aspect ratio insreases. For elliptical outlines
the dotted curves are usecd.

For the aspect ratio of a rectangular wing (Ap = 8) we
thus obtain the value K = 4.7. This number is to be found as

the intersection of the curve
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2

-
A

o

Ay = i - L= 5
= fp =3 with €—bF8—O.o4

i

ATter lines 12-14 heve thus been filled out, we calculate line
17 and can now determine the factors of the stability equations,
oy inserting the corresponding values and calculations in the
formulary. If we also desire to obtain information concerning
the changed positions of the elevafor and their effects, we
must find, in addition %o the value of n in the attitude of
nermal flight, two other vealues, corresponding respectively, to
a raised and a depressed posltion of the elevator, which are
charccterized by a slight increase or decrease in the longitud-
inal dihedral angle o (£3° in our example). The values bf A
and B can be found directly by the determination of m. For

¢ and D we then calculate three pairs of values, corresponding
to the thrce clevator positions.

Lines 34-37 (a, b, c¢) of the formulary give the factors of
the stability equations for different positions of the center
of gravity. The portions encloscd by heavy lines distinguish,
as also for n, € and D, +the normal flight attitude for the
neutral position of the elevator, which corrgsponds to the
length determined by the attitude of thce manned airplane and

tered in line 11. The effect of the shifting of the center

o
o
v

O

i gravity is shown by the other values, which are calculated

-

erent distonces (x) to the center of gravity.

55

or the dif

The values in these four lines serve for plotting the
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’_la

course of the stability cquations in Figure 10, by entering. the
bundredfold values of C - Dx on the ¢4 axls in the negative
direction, because this value has a negative sign corresponding
to equation (15). The pertinent hundredfold volue of gu—-——

is sought cn the positive ¢, axis, and the corresponding
points on the ¢, and ca axes are joined by a.straight line.
For cach line of x (24-37) there is a separate diagram, since
the lines corresponding to the alffcrent elevator positions
must rUn paralicl to one anothcr.

In our example we sce that the location of the center of
gravity at 0.35 of the cherd gives good stability and mancuver—
avility. The latter is assured by the fact that the elevator
deflection of +2° covers the whole usual range of the 1ift
coeflicients. .

. The extreme position of the center of gravity is calculated
from lines 38-29, whereby the szaller value of x¢ applies,
namely Xol in our case. ‘

This formulary is therefore intcnded to furnish, in addi-

Ao

tion to a stabllity cheok for the builder, a practical aid in
-calculating and dimensioning gliders.

The Aviation Section cf the Rhon-Rossitten Society, Wasser—
kuppe, will give special information at any time to any'one wiho
encounters difficulties in using the formulary.

Tranglation by Dwight U. Miner,

National Advisory Committes
for Aeronautics.
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Figs.4,5,6,7.
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