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FORMULAS FOR THE ELASTIC CONSTANTS OF PLATES WITH INTEGRAL
WAFFLE-LIKE STIFFENING *

By Nogrris F. Dow, CearLEs LiBovE, and Raree E. HuBka

SUMMARY

Formulas are derived for the fifteen elastic constants associated
with bending, stretching, twisting, and shearing of plates with
closely spaced integral ribbing in a variety of configurations
and proportions. In the derivation the plates are considered,
conceptually, as more uniform orthotropic plates somewhat on
the order of plywood. The constants, which include the effec-
tiveness of the ribs for resisting deformations other than bending
and stretching in their longitudinal directions, are defined in
terms of four coefficients a, B8, o', and B, and theoretical and
experimental methods for the evaluation of these coefficients are
discussed. Four of the more important elastic constants are
predicted by these formulas and are compared with test results.
Good correlation is obtained.

INTRODUCTION

Growing interest in integrally stiffened comnstruction,
evidenced by such papers as references 1 and 2 and by the
large forging press program (ref. 3) and the chemical milling
process (ref. 4) which will provide facilities for production,
emphasizes the need for information on the structural char-
acteristics of integrally stiffened plates.

A primary requisite for the prediction of structural charac-
teristics of plates is a knowledge of their elastic constants.
In the present report, therefore, formulas are derived for
the fifteen elastic constants associated with the bending,
stretching, twisting, and shearing of plates with closely
spaced integral ribs running in one or more directions. The
ribbing patterns covered by the formulas are illustrated in
figure 1 and include those considered in reference 5. The
rib cross section is arbitrary, although special auxiliary
formulas are given for the rectangular-section rib with
circular fillets at its base.

The elastic-constant formulas derived involve four co-
efficients «, 8, @, 8’ for each rib which define the effectiveness
of the rib in resisting deformations other than stimple bending
or stretching in its longitudinal direction. For most purposes
5 rcasonably accurate evaluation of these coefficients is
required. Experimental and theoretical methods of evaluat-
ing them are discussed.

As a check on the correctness of the elastic-constant
formulas, the predictions of the formulas for four of the
more impertant elastic constants are compared with experi-
mental data.

(c) (d)

(a) Longitudinal or transverse.

) e (b) Longitudinal and transverse.
(¢ ewed.

(d) Skewed plus longitudinal
and transverse.

Frcure 1.—Ribbing configurations considered.
SYMBOLS

Plane I is defined as the plane in which N, acts and in
which ¢, is measured. Plane II is defined as the plane in
which N, acts and in which ¢, is measured. Plane III is
defined as the plane in which ., acts and in which v,, is
measured. These three planes are illustrated in figure 2.

GENERAL SYMBOLS

C:: coupling elastic constants associated with
Cry bending and stretching and defined by the
Cyx force-distortion equations (1), (2), (4), and
Oy (5), Ib=t

Cu coupling elastic constants associated with
Chr bending and stretching and defined by the
Ca force-distortion equations (7), (8), (10),
022 and (11), n.

Cy coupling elastic constant associated with

twist and shear and defined by the force-
distortion equations (9) and (12), in.

D,, D, bending stiffness in z- and y-directions,
D, D, } respectively, in-lb

) twisting stiffnesses relative to z- and y-

directions, in-1b

E Young’s modulus of material, psi
E, E, extensional stiffnesses in z- and y-direciious,
E, E; } respectively, 1b/in.
G shear modulus of material, psi

Gy shear stiffness of plate in zy-plane, Ib/in
M., M, resultant bending-moment intensity in z- and
y-directions, respectively, 1b

1 Supersedes recently declassified NACA RM L53E13a, “Formulas for the Elastic Constants of Plates With Integral Waffle-Like Stiffening’’ by Norris F. Dow, Charles Libove, and

Ralph E. Hubka, 1953.
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X
K

resultant twisting-moment intensity with re-
gard to z- and y-directions, b

N, intensity of resultant normal force actingin
z-direction in plane I, Ib/in.

N, intensity of resultant normal force acting in
y-direction in plane II, 1b/in.

N,, intensity of resultant shear force acting in -
and y-directions in plane III, Ib/in.

8 coordinate, measured parallel to skewed rib,
I, e

t coordinate, measured perpendicular to skewed
rib, in.

T coupling elastic constant associated with
twist and shear and defined by the force-
distortion equations (3) and (6), Ib~!

w displacement in z-direction, in.

U Vv strain energy, in-lb

x coordinate, measured in longitudinal direc-
tion, in.

Y coordinate, measured in transverse direction,
in.

2 coordinate, measured perpendicular to faces
of skin, in.

Y2y shear strain, with respect to z- and y-direc-
tions, of plane II1

€, €& strain of plane I in z-direction and of plane IT

in y-direction, respectively
L Poisson’s ratio for material

Mz, My Poisson’s ratios associated with bending in 2-
and y-directions, respectively, and defined
by the force-distortion equations (1), (2),
(7), and (8)

Poisson’s ratios associated with extension in z-

e uy I and y-directions, respectively, and defined

By M2 l by the force-distortion equations (4), (5),
(10), and (11)

SYMBOLS REPRESENTING DIMENSIONS

bz, b, z-wise and y-wise length, respectively, of
smallest repeating unit of plate, in.

b, spacing of skew ribs, equal to b,/sin 8 or
b,/cos 6, in. .

bs rib spacing (measured between center lines of
parallel ribs), in.

bw rib depth, H—{;, in.

d diameter of largest circle that can be inscribed
in cross section at intersection of rib and
skin, in.

h, k distance from planes of zero strain to rib
centroids, in.

H overall height of rib plus skin, in.

rw radius of fillet, in.

Ry corner radius, in.

t thickness, in.

t average or equivalent thickness, in.

6 angle of skewed ribbing, measured from the

longitudinal direction, deg

REPORT 1195—NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

SYMBOLS USED IN EQUATIONS FOR ELASTIC CONSTANTS

a constant used in equations for calcu-
lating o'y,

cross-sectional area (including fillets)
of z-wise, y-wise, and skewed ribs
(Aw, includes area of two ribs),
sq in.

Ay general symbol for Ay, Ay, or Ay,

f, g,k constants used in equations for calcu-

lating oy, and By,

Iy, [Wu Iy, cross-sectional moment of inertia of
r-wise, y-wise, or skewed ribs
about their centroids (I, is twice
the moment of inertia of a single
skew rib), in4

dimensionless distance from middle
surface of sheet to planes I, II,
and III, respectively, expressed as
fractions of the overall height H

dimensionless distance from middle
surface of sheet to centroid of z-
wise, y-wise, or skewed rib, ex-
pressed as a fraction of the overall
height H

constants used to locate the effective
centroid of a rib for resisting bend-
ing in its transverse direction

a general symbol representing a,, «,
or a,

constants used to locate the effective
centroid of a rib for resisting
twisting

a general symbol representing o',, a;,

or o,
constants used to define effectiveness

AWzy AWV; AW.

kl) kII; klII

EW,, ]-fW”, ];W.

QrrLy, Qezp, QXUL
oz, oy, O

I4 2 ’
oz, Xy, A g

Brr, Berr, Pur of a rib in resisting stretching in

Bz B, Bs its transverse direction

B general symbol representing 8., 8,,
or B,

Bz 8y Bs constants used to define effectiveness
of a rib in resisting shearing

g’ general symbol representing 8’;, 8,
or 8y
SUBSCRIPTS

L longitudinal

S sheet or skin

T transverse

w rib (web)

s, x,Y indicate application to skewed, z-
wise, or y-wise ribs or directions

LL lower limit

UL upper limit

exp experimental
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DEFINITION OF ELASTIC CONSTANTS

If the rib spacings of integrally stiffened plates such as
those shown in figure 1 are small in comparison with the
plate width and length, it is plausible, for purposes of study-
ing overall or average behavior, to assume that the actual
plate may be replaced by an equivalent uniform orthotropic
plate. Figure 2 shows an infinitesimal element of the
equivalent plate subjected to bending moments of intensity
M, and M,, twisting moments of intensity M,,, stretching
forces of intensity N, and N, acting in planes I and II,
respectively, and shearing forces of intensity N, in plane
III. The locations of planes I, II, and III are arbitrary.

The behavior of the element can be described by a set of
force-distortion relationships in which elastic constants
appear. Such relationships for special rectangular ortho-
tropic plates having their axes of principal stiffness parallel
and perpendicular to their edges, as considered herein, are
obtainable from reference 6. If deflections due to depth-
wise shear are assumed to be negligible as is customary in
ordinary plate theory, the following equations (egs. (1)
to (6) of ref. 6) are obtained:

g%;; _gi:+ 5 My | CaNACoN, (1
%;’:I%i M,-%%-{-C,,N,—}-OWN, )
%=%+ TN,, 3)
o= — Ol C M+ iR N, @
e,,=—0,,,M,—0WM,,-—;E—’: N;—{—% (5)
v,,,=2TM,,,+%7;—"’ ®)

w O%w Qw . .
h — et — )
where oy and Y are the curv atures, o7 is the tw 1st,

¢, and ¢, are the extensional strains in planes I and II, re-
spectively, and v, is the shear strain in plane IIIL.
According to these equations, fifteen constants are needed
to establish the force-distortion relationships—namely, two
bending stiffnesses D, and D,, a twisting stiffness D,,, two
stretehing moduli £, and E,. a shearing modulus G, two
Poisson’s ratios u, and u, associated with bending, two
Poisson’s ratios p’, and ', associated with stretching, four
coupliiig teriis Cpp, Oy, Oy, and £, associated with hending
and stretching, and one coupling term T associated with
twisting and shear. Not all these constants are independent,
however; for example, as a consequence of the reciprocity
theorem for elastic structures, u,=D,u,/D, and u’',=E v ,/E,.
The form in which the force-distortion relationships have
just been given is not the most convenient form for some
applications, particularly for buckling calculations. For
such purposes & more suitable form is obtamod when the

dy

=——e—— Plone 1

~——=-——~Flane T
——eesw—Pione M

Ficure 2.—Forces and moments acting on element.

first three equations are solved simultaneously for M., M,
and M,, and these expressions are then used to eliminate
M,, M,, and M,, in the last three equations. The six new
force-distortion equations thus obtained are

M=—D: (St 30+ a4 CuNy (@)
My=—Ds 55+ 30+ Oul+CuN, ®)
M,,=2D, %4- CiN,, (9)

=0 T+ 0 TE+ I~ N, (10
6= Cin ot O S~ N+ 1
Yo=—2Cx %+%‘f (12)

where u,= Dsu./D; and w=Eyu/Ey.

Of the fifteen elastic constants appearing in equations (7)
to (12), two, u; and u;, were also in the original set of force-
distortion equations. The remaining constants (Iy. D, Dy,
El, Ez, Gk, M1, M2, 011, 012, 021, 022; and Ck> are “new.” The
algebraic relationships between the new and the original
elastic constants are given in appendix A.

METHOD OF ANALYSIS

The analysis is made for a plate with the general pattern of
ribbing shown in figure 3 (a), which includes, as special cases,
the patterns of figure 1. A typical repeating element of the
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plate is indicated by the short-dashed rectangle in figure
3 (a) and is shown three-dimensionally in figure 3 (b).

The analysis is based on the assumption that each of the
four rib segments shown in figure 3 (b) may be replaced by
three orthotropic sheets of material parallel to the skin, each
one covering the entire area b5, and each fastened to the
skin by means of many hypothetical, perfectly rigid, infinites-
imally small bars imbedded perpendicularly through the skin
and sheets (see fig. 4). The substitute sheets are assumed to
offer no interference to one another. (The rib is understood
to include any fillet material but no part of the skin.) The
properties of the three substitute sheets are so chosen that

(0) l'by%

e Rib centroids

(a) Most general pattern of ribbing considered.
enclose typical element.)
(b) Three-dimensional view of typical element.

Ficure 3.—Repeating element of plate with integral, waffle-like

(Short-dashed lines

stiffening.
! _-»--Rigid bars i /Orthotropic sheets
@—zzmm#?// 2R R AT~ ——— -
%_fm‘ /// //W V7777277777, ;m-

e

tdeqlized

one sheet (labeled () in fig. 4) represents only the effective-
ness of the rib in resisting stretching and bending in its
longitudinal direction, another (labeled (2)) represents only
the effectiveness of the rib in resisting stretching and bending
in its transverse direction, and the third (labeled (®)) repre-
sents only the effectiveness of the rib in resisting shearing and
twisting relative to its longitudinal and transverse directions.
(The transverse direction, as used herein, is the direction in
which iy is measured, see fig. 3.) In order for the three
substitute sheets to accomplish their purpose, they are
assigned the following properties:

(a) Sheet (D) has & volume equal to that of the rib segment
it replaces, with its center of gravity at the same level as
that of the rib. Its stretching or compressing modulus of
elasticity in the direction of the rib is E and its modulus
transverse to the rib is zero. Its stiffness per unit width for
bending in the direction of the rib is equal to the bending
stiffness of the rib about its centroid divided by the rib
spacing (i.e., b, for a y-wise rib, b, for an z-wise rib, and b,
for a skew rib, fig. 3(a)), whereas its bending stiffness in the
direction transverse to the rib is zero. The shearing and
twisting stiffnesses and Poisson’s ratios of the sheet are
assumed to be zero.

(b) Sheet @ has a volume equal to some fraction g of
the volume of the rib segment, with its center of gravity at
some distance off above the middle surface of the skin.
The modulus of elasticity for stretching or compressing in
the direction transverse to the rib is £, whereas that in the
longitudinal direction of the rib is zero. The bending, shear-
ing, and twisting stiffnesses, and Poisson’s ratios for sheet (2
are all assumed to be zero.

(c) Sheet (3 has a volume equal to some fraction 8’ of
the volume of the rib segment, with its center of gravity at
some distance o’H above the middle surface of the skin.
Its modulus of elasticity for shearing relative to the longi-
tudinal and transverse directions of the rib is @, whereas its
twisting stiffness relative to these two directions is zero,
as are the stretching and bending stiffnesses and Poisson’s
ratios.

On the basis of the foregoing assumptions, the integrally
stiffened plate has been converted to a more homogeneous
plate somewhat on the order of plywood. The assumption
of rigid bars connecting the substitute sheets and the skin

1

Actuot

Ficure 4,—Comparison of idealized and actual rib-skin combinations.
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is equivalent to the assumption that material lines normal
to the surface of the plate before deformation remain straight
during deformation. If it is further assumed that these lines
remain perpendicular to the surface of the plate and that the
stresses are in the elastic range, any of the methods used for
ordinary isotropic plate analysis may be readily extended to
the present idealized structure.

For the present purpose an energy method is adopted to
determine the six forces and moments necessary to maintain

ow O™w o™
the prescribed uniform deformations ~— o oy = W Szoy
and v,,. The equatlons obtained for these forces and mo-
ments in terms of the distortions are put in the form of equa-
tions (1) to (6) to yield formulas for the original elastic
constants or in the form of equations (7) to (12) to yield
formulas for the new elastic constants.

The details of the analysis and the derivation of the elastic
constants are presented in appendix B. The formulas
obtained for these constants are presented in the following
section and the evaluation of «, 8, o, and 8 is discussed in
two succeeding sections.

Izsz (Iqu—Iaz)_AazAsz(zz_ks)Z(Ev—]:'s)z_A 2

AI(k, k)it o

FORMULAS FOR ELASTIC CONSTANTS

In this section the formulas are presented for the calcu-
lation of the fifteen elastic constants appearing in equations
(1) to (6) and the thirteen new constants appearing in equa-
tions (7) to (12). The formulas are presented for the most
general type of plate considered, which is illustrated in
figure 3. For plates with one or more sets of ribs omitted,
the formulas also apply when the terms representing the
areas and moments of inertia of the omitted ribs are set
equal to zero.

The formulas for the constants in the original force-
distortion equations (1) to (6) are as follows:

D, EH‘[I-—AAA % k)z_u,(jz)] (13)

D,=EH® [I,,—A—” (%, —F )2_w(£—2)] (14)

1 ELI\

h.\.

D.,—EH° (52”1) (15)

(16)

E.=EH 1

AI(Ic k)42

"I(k k) (f—k)+ A, LR, k)]}

Ay<I,Iy—I,2)+A,A,I,(1'c,—k,)Z—A.(Z.—kl) [4,1,(k,—k)—24 I(k —ie)) + A Ay —ky) (By—F)] )

Az,,

A2 (LI—I)—A2A A, (k) (ky—k,) —A,2
E,—EH

1,(k.—k,) (ky—k,) + A, L(E, k)]} (17)

AL — I+ A A, L(k—ku)' —A, (ks —Fkxr) (A LG—kn)—24 I(k — k) A A (Fe—ler) (o—F) ]

G.,—EH 18
[ W+4A,,,@ —km)] 1s)
12
— . 19
T A—A2A,(— k)" (19)
1.2 o
—— — L] 3 - "0
Hy I,A;z—Angz(kx_kl)z ( )
AJLIL—15 +A»Asz(zz_kI) (TC,—IE.) +A:AvIz(va—kn) (E,—IE,) +4:4,1, (z’_kl) (z”_kn) -
r A:ZIa@s—kI) @x_kII)A"i‘AsAsz@z—kl) (ch_kll) (Ez_’Es) (Ey—ia) (21)
O AL~ 1)+ A AL —k) — A, (ko) [A L (e — ) —24, 1, (-, — k) +A4,4,(F— o) (F,— )]
[ A(LL— 144, AT, (Fe—er) (b )+ A A Loy —leet) (oy— ) +- A AT, (Fe— k) (By—heur) —
s | AL (b + 4.4, 4, (k) (b= ) (B~ E) (B~ ) #2)
O AL~ I+ A A L(Fy— k) — A, (o) [AL L (s — k) — 24, (ee— o) + A, A, (e —her) (B —F,))
AAT— AT AA, (k)
ky —= [ -
0 i 1 A‘2 A'2 (23)
== I

AczAz 7. 7. \2 sz
Iz— ﬁ (kz"_kc) —'I‘z(j‘z)




_A,A,,'IE,,—AXI_Q)
—AAk,— Ak,

o] At A ”
o= G =5
LA 1y ,Lz( L 2)
ASAI/(TCII ks) (k AIAyEJ:"—AsZEs)
=2 TR\
Cpe : 2 A A B (25)
EH 7 Aasz (k ]:; )2 jsz
g Bkl 3
A Ak ~A%, AAF—k,)
ky— = My —
G| A T A
w EH2 DAY
AjPA 12
Iu_ —Szy (ky_k")z—#y(gf)
1 [2(k—k
[ 2t on

The formulas for the constants in the new equations (egs.

(7) to (12)) are as follows:

D=EH | L= G k) | 28)
AﬁA - -
D,=EH? [ T,*u (F,—F,)" (29)
D,=~EH (%) (30)
Az
El:EH(Ay) (31)
_ru(A ‘
Gi=EH(A.) (33)
A,
M1=Z” (34)'
_4s
“2_Az (35)
O ___H (]C A:A,,EI—A,ZZ,
n= s 1— IT,“’ (36)
Cro=H [‘1"‘1 (T k) ] (37)
Cz.—HL 1,44, ( k k)] (38)
Co=H (kl Ak, _A k) (39)

w
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OkZH(-I;:zy—kIII) (40)

here

E Young’s modulus of material, psi
H overall height of skin plus ribs, in.

The quantities 4,, I,, 4,, 4,, 4,, and A,,, k., k,, k,, and

kyy, I, I, I,, and I,, appearing in equations (13) to (40) are
defined by the following equations:

Al=A,4,—A2 (41)
Ip=1A2+ AAA,(k—k,) (k,~k,) (42)
Aw b, . Aw/b, A
A;:l_lﬂzg J;}/ 18 "}1/ + ’j{}b’(coswws sin® g+

A=

A

B 1+ sin? @ cos? 0) 43)
Ay /b, A b, A
V= 1_1 2H+3z W;{/ vjq/ W/ sin* 6+ B, cost 8-+
B s F sin® 6 cos 0) (44)
Ay /b,
A= l_lf ZE-F u}}/ (sin20 cos’ 8+ B, sin® 9 cos? §—
B, T—F— sin® @ cos’ 0) (45)
1 , 1 Awfb, 1 Aw/b
S H+"’2(1+#> g vsary m T

141’—/: l:sin20 cos?6+ B, sin?@ cos?9-+ 8/, _ 1 cos226:|
H 2(1—{—;1.)

(46)
- Aw /b, Aw /b, A
k= /T |: WI/ (sz) +8, Wu/ (au) WS/ (kWs COS40+
Bsas sm“0+ﬁ’,a’, e sm %6 cos 0)] 47
! Aw, /b, Ay [b, Aw,
=4 [B 2 o)+ ’;; (Fw, ) +-57 i (kw sin6--
Bsas cos0+B 0y —— sm"’o cos 0>:| (48)
- Aw /by , -
=1 [ wsl (lcws sin®f cos?6+B,a, sin?@ cos?H—
B’ 2 sin?g coszo):l 49)
T4 ,
T , Ilwr/b AWy/br ’
ot { sty gy T e
Aw (b= .
W’/— [kWs sin’6 cos?64-Bsa, sin®g cos?d+
Bsa’s S1+1) cos“20 (50)
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R

b= FZER 7O

1 &5 5
i () + costti—pg )+

Ay /b, Aw,[b:
WZ/ (kW, kz) +8y V/ (ay k)+

Aw,/ b,

[(Ew,—%,)“’ cos‘lH—ﬂ,(az,-—E,)2 sint -+
B (a R k,) s1n %9 cos 0)] (51)

Iw/b IW,/:. 1 ts /512
Ill 12(1 “2) (H + Hua + H3 sin 0+1_”2.ﬁs(k11)+

=AW’/ % (a T’ +A"’”/ % (Bw— )+
Av;'l/b' [(_IEW,—E,)z sin*0+8,(a,—k,)* cos*0+
8 (a’—k,)’ <12T# sin?0 cosza)] (52)
et () iy 2 00
Aw, /by

L(Iow —Fk, ) sin?6 cos?0+B,(a,— k,)? sin?0 cos*6—

B (o/s—Fk,)° <F sin’6 cos"’o)] (53)
1 Ly /b
IW:G(T—{—;S (—§- —+4 ‘VHs sing C0326+1+ H (kﬂl) +
A /b b T
8. 1-2H4 ;1’—/1 (a's—Fw) 8 —— 1+ ?r/ (ay—F)'+
Aw/bs f — =
4 ‘g/ { (Fw,—kz)" sin®s cos?6+

7. \2 .+ , ' T\ 1
By(ats—kz,)*sin?0 cos?0+4", (o s—kzy) [2——(1 m cos220]}

(54)
where

b., by, b, the spacing of the z-wise, y-wise, and skew ribs,
respectively, in.

8 the angle of skew of the ribbing, deg
H the overall height of skin plus ribs, in.
ts the thickness of the skin, in.

[ Poisson’s ratio for material

Equations-(43) to (54) contain the quantities Ay, Aw,,
and Ay, LW:, Ich kW and [y, IW, and Iy, which deﬁne

the areas, locations of bt:um.u.ulc, and momcnfe of inertia of
the ribs. For rectangular ribs with circular fillets, as shown
in figure 4, these quantities are given by the equations

Ay /b_ { [1 0.420 (rw,) (tw):l ts t”’z B (5
b { o () oo

533978 O -60 -2

An}_}/b’=2{1—-[1——0.429< >(tw):| i tf (57)

(Eq. (57) contains a factor 2 to account for the fact that
there are two ribs in the skewed direction—one at an angle
+6 to the z-direction and the other at an angle —o6 to the
z-direction.)

T __ 1 ts th ts 1 tS
kw =4, 751 2 (1‘ o 096( )(tw,)( Wb T2H

H (58)
- 1 "tw,, ts 1t
b= Ao L2<1 +o 096< )( ) Jnetem
H (59)

- 2 [1 tw, ts 1t
i 3(-5) oo () () 5) ek

(60)
I""f/b { = (1 +(1— )(%—Ew,)2+
0.00755( 7 ) (1) (ts)’ +o429( W‘)(ts )l-sz

\ tS / \tW /\H/ ‘/W / \LL/

D D)) S
e (-0
owrs () ) 20m (2 ()
P
e (3 (R
o () ) 002 2 )
] S

The values of ki, ki, and ki depend upon the locations of
the centroids of the forces N,, N,, and N,,, respectively, im-
posed upon the plate element. (See fig. 2.) For the impor-
tant case in which V, acts in such & plane that it produces

2
no curvature % and NV, acts in such a plane that it produces

2
no curvature %‘;: C., and C,, must equal zero (see egs. 1 and

2) and, therefore,

P A A—A A A AR~
1 —
A ,"’

(64)
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A A —A kA A A — ) The average or equivalent thickness of integrally stiffened
i (65) plates having rectangular ribs with circular fillets in the
) various configurations considered herein may be calculated

Similarly, for the case in which N,, acts in such a plane that | from the following formulas: For simple longitudinal or
2 transverse ribbing (fig. 1(a)),

b?c—wby’ T must equal zero and, therefore,
t rw. \:
(’tz—l %—%) 0. 429( t’”)
S 8 S S (67)

kn=

it produces no twist

kIII =Ezy (66)

=1- oo,
If N, and N, do act in such planes that they produce ts ls
Q*w O%w . or
curvatures s— and s—;, the actual locations of the forces ¢ r
oz oy - Ii—l)(b" ) 0429<
(planes I and II) must be known if constants (such as E,, t . ts ts s 68)
¥z, etc.) which depend upon the locations of the applied H H b,
forces are to be evaluated. tsts

For combined longitudinal and transverse ribbing (fig. 1(b)) having a corner radius Ry >rw and with 75 blending

smoothly with 7 at the corners,
E ()
ls

H <bz tW ) by t’V ) ] (
—1 ——— ) Z——2)—0.858 0.429
ts X s ts/\ls g i
2 2 . -
o[ () +() =3 ) | Br—ossn 2 () }
=1 8 s s s s ls s (69)

t
0~ a3,
tS tS tS
For the special square pattern of longitudinal and transverse ribbing having tz, =lw, and ry,=ry,, equation (69)
reduces to
t
() oo () Jron(2) {2 () oam oy
g=1= H <i) s 1) (69a)
tS tS
For skewed ribbing (fig. 1(c)), again for Ry >ry,
tw \2 t
- (g—1>[<§_ w.) ese 20+ (r—4 csc 26) <&”> ] 0.429 ( ) { [(———L—z RW) ™ By
i__ — tS L tS tS ts ts ts 2 t,s ts J (70)
7=

E (t_s) csc 20

For 45° skewed ribbing, equation (70) reduces to the form equivalent to (69a); thus,
t t
- H 1)[(5— W') —0. 858<R“>] —0. 429( ) 2[ b, W) —0.429 R—W—o 351””’]1
i 1— ts tS Ls ts ts ls ts 1J
o H /b, )
tS tS

(70a)

For combined skewed ribbing and transverse (or longitudinal) ribbing in a pattern of triangles, again for Ry >rw,

H bs th tWV>2 2 RW 21
(Tb 1){<t~s F— csc 202 [r—(15-csc 6)? tan 6] T, j
rw N/ tw tw 1
: 0. 429[ <;V)<f——t1—L sin 0) cse 20+< ) by i 9) sec 0
___:1 | N S S ViSm tS . tS tSV_ tS
H
( > cse 26
ls
0.858 f(ﬁwa) [Lot 0+(ot<90~»>:|+<rw”‘)2 t<90_0> s
: J\ ts 2 i)\ 2 is ts J

H /b,
7; E) cse 20

+

+(5)7]

@

rw,Tw [ (270— 0)
ts ts |\ 360
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For the special equilateral triangle pattern having tw =ty =

(71) reduces to

tw and r =rw =rw, as considered in reference 7, equation

I_z.{ 1)[ =—1. 5 — —3.56 )]-—O 429( ) [(b —15 tl —1.186 ——0 406 ]}

(71a)
ts tS> )

For combined longitudinal and transverse and skewed ribbing as illustrated in figure 3(a), for Ry >ry as before,

b, tw,
ts ts E sec 8

bll th
<t—S s cse 06—

‘
Hc ) 1 (bz th th bl/ th
t—s' 1)15 ?; ts sec 0 is Zs ts csc @

tan 0)]—{—2 i 27— [(1+sec 6)*+(1+cse 6)7] 1(

t
il cob 0>+

ts

[ i
H 035, "

tglsts

sz () (5= seco— ano)
—0.429 (ts> ts ts csc d ~ts—cot0+ s 7 Z;seca s * tan 6 )+

( ) —secO———'[cot0+cot{90—0}+C0t%+00t{#}])}

Hb. b,
s ts ts

ts) % O 3011( Is

0.858 <ts)ct +( ) (90 9)+< ><0t0+cot{90 8} +cot +cot{902 }\)—
+{(7)

=+

.

JEN

( ey

ts

Hb, b,

= (72)

tstsis
and, finally, for the special case of combined longitudinal and transverse and skewed ribbing illustrated in figure 1(d)
having ty, =ty =ty rw,=rw,=rw, and b,=b,=1. 414b,, equation (72) reduces m

<——-—1>|:< —2.414 tﬂ —10.82 ( )]-—0 429 ( > T Is

Ry

4.828 ——2 414— —10.75 ———1 4047

t_
o™

EVALUATION OF « AND gt

EXPERIMENTAL EVALUATION

The coefficients «, 8, o', and 8’ occurring in the equations
for the elastic constants express the effectiveness of a rib for
resisting deformations other than bending and stretching in
its longitudinal direction. For the evaluation of « and 8 for
a given set of ribs (longitudinal, transverse, or skewed) prob-
ably sufficient accuracy will be achieved from a direct experi-
mental measurement with a simple model having one set of
ribs with cross section and spacing that duplicate those of
the ribs for which the coefficients « and 2 are being sought
and with a value of {5 equal to that of the actual plate.

A double specimen of the type shown on the right-hand
side of figure 5 may first be used to evaluate g through a
tension test and, then, one-half of the specimen may be used
to evaluate o through a bending test, as illustrated on the
left-hand side of figure 5. The use of a double specimen for
the stretching test is suggested because the symmetry will
eliminate localized bending of the skin between ribs and facil-

{Subsequent work has shown that the approximation 8= 748’ is adequate for all practical
purposes (see ref. 8).

(72a)

n(®)

itate the measurement of overall strain. Because of the pre-
vention of localized bending, the value of 8 should be some-
what higher than that which would be obtained by stretching
a single specimen like the one on the left-hand side of figure 5.
However, such an overestimate of 8 may be desirable if the
actual plate has ribs in more than one direction, because then
the localized curvatures associated with one set of ribs will
tend to be reduced by the presence of the other ribs.

The length-width ratio of the specimen should be great
enough so that any end grips or heavy end sections will offer
negligible resistance to transverse contraction in the stretch-
ing iest and (o the develepment of transverse curvature in
the bending test. Furthermore, the width of the specimen
should be sufficiently large compared with the rib spacing so
that the percentage of the specimen subject to shear-lag
effects arising at the rib ends is small.

The use of these tests for the evaluation of « and 8 are now
described in detail. For ease in discussion, the ribs for which
a and B are being sought are assumed to be oriented in the
y-direction as shown in figure 5. After the values of a, and
8, have been determined, however, the subscript ¥ should
be changed to z or s if, in the actual plate, the ribs under
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consideration are oriented in the longitudinal or skew
direction of the plate.
The conditions of the stretching test illustrated in the

/4

NRNY

F1Gure 5.—Specimens for evaluation of « and 8.

: . 'w_Q*w_ . .
right-hand side of figure 5 are 31—2—~D7—N,,_0. Substi-

tuting these conditions in equation (10) and making use of
equations (31), (41), (43), (44), and (45) gives

Ne_p
€z
Al
=EH A, .
_ AA—AS
=EH A
( 1 §+ Awy/b,( 1 tSLAW’//bI>—( u 1@2
_pg —FH T H ) iemt 7 )-(iZeg
1t +Awy/bz
1—u’H H
(73)
Solving for 8, gives
£§+AW”/bz
8= 1 N:. i H' H (74)
v_AWy/b, FHe, H ts Awy/b,(l »
. . . AW /bz .
where, for rectangular ribs with circular fillets, é is as

given by equation (56). If the value obtained in the stretch-
ing test is used for V,/EHe, in the right-hand side of equation
(74), an experimental value of 8, or B,,,,, is obtained (e
is the z-wise strain averaged over at least one multiple of b,).

The conditions of the bending test illustrated in the left-
hand side of figure 5 are N,=N,=M,=0. Substituting these
conditions in equation (1) and making use of equations (13),
(19), (42), (47), (49), (51), and (53) gives

bzw___ Mz_ Mz 1

d* D, EH* Ap2A, — _ I}
I— 232 (kz_ks)z—ﬂz (171_82

(75)

where

_ b sVl ts gy g Al 73]
_12(1_“2) H +1 (kz) +8, H (au kz)

__#2
- Aw (b,
__ oy Wy
=48 g

L

F—0 - (76)
7,2

M LA —A AR

Ta2= IaZa2+A:A2Ay]_Cz%u J
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Solving for ay gives

LA+

L

(feaga [|2 A. ﬁAw,,/b LA —APAJR
2 y Ty b v A /
{[ (U A—APAR)—IA2 | I+

,,2% 2 h
e }
)]

(I,A. —ApA, 2)}

EH 22

av=

where, as before, for rectangular ribs with circular fillets,
Aw,/b'z

is a8 given by equation (56).

Substituting for M, /EH’ the value obtained in the bend-

ing test, and for 8, the value obtained from equation (74)
permits equation (77) to yield an experimental value of

o*w . .
ay (-5?, is the z-wise curvature averaged over at least one

multiple of b ) The quantities 4,2, 4,, A,, Ay, by, T, I,

are obtained from equations (41), (43), (44), (45), (48), (52),
and (53), respectively, with Aw,=Aw,=Iw,=Iw,=0; thus,

Ar=A,4,—A2 )
_4, Aw,[b: A, Aw/b o om g
z_7+ﬁv I Av—"#—'i‘ I A, -2 H
— 1 Aw b > (78)
kv_;{; H kWu
1, EEA Isf. AN
L=+ Lt (B )

where kv, is as given by equation (59).
THEORETICAL EVALUATION

Accurate theoretical analysis of the situations depicted in
figure 5 is difficult. However, it is possible t0 obtain values
of a and 8 that underestimate or overestimate the stiffness
of the specimens. An underestimate is obviously obtained
by assuming no part of the rib to be effective in resisting
transverse stretching or bending in a direction transverse to
itself. A lower limit-value of g is, therefore,

B=Fr=0 (79)

T 2 o
vviieil p iS taken as Zers, the val

An overestimate is obtained b

of & is immaterial.
nalyzing the two speci~

(D
<.>

[L[‘l‘ ::2( ol )](IZ’ Arakn-4

( Aw,, 7 ) - (77)

mens shown in figure 5 for their small deformations under the
assumption that plane sections perpendicular to the skin and
perpendicular or parallel to the direction of ribbing remain
plane. The results of such an analysis of the two situations
illustrated in figure 5 are as follows:

For the double specimen on the right-hand side of figure 5,
N, to/H

.2 s [
(1=pdg bz+ Awy/bz H (80)
%
e left-hand side of figure 5,
M,

. 1
EH? %’%‘j 120 —ud) f (?) (%)3+f/% (81)
o

where I, g, and f are geometric properties of segments of
length b, of the cross sections shown. The symbol I rep-
resents the moment of inertia of such a segment about its
centroid, g is the integral, taken in the z-direction, of the
reciprocal of the local thickness measured in the z-direction,
and f is £5* times a similar integral of the cube of the reciprocal
of the local thickness. When the ribs are rectangular with
circular fillets, these quantities are given by the following

formulas:
1 ts H (Ay /b ) <1
2

Bt

H AW Jb:
L\ H )“
1tg  H Aw,/b=><1 ts )2
Iw/b Aw,[b 1ts+k _§T{+E< H 2H+k”’
+ H H Wv H(va/bz) 1
G\ " )T

(82)
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t
g ez Ty e b A (83)
t 3
R ML L e (84
S S

where ¢’ and f’ are functions of the ratio of fillet radius to
skin thickness given by the equations

iy EE )

{tan~1\/1+2 ’”—’—"}—« (85)
ls

f'=_ﬁ+4@+; 2+% 2+t_s+l+
T'w ts Tw
6(1—}— ) -
tan~ \/1+2t—w (86)
S

Vi

IWU/bI . . .
and —p5 ls asgiven by equation (62).

2,
The values of N;/EHe, and M,/EHa%zlf obtained from

equations (80) and (81) may be thought of as experimental
results and they may therefore be substituted in equations
(74) and (77) to obtain values of 8y, and ay, corresponding to
an overestimate of the stiffness of the specimen.

A lower overestimate of stiffness can be obtained by analyz-
ing, on the basis that plane sections remain plane, the single
specimen on the left-hand side of figure 5 for both N,/EHe,
and M,/EH® gu; and thus including the localized bending
that occurs during stretching. Besides being more conserva-
tive, the resulting values of ay, and By, would also be more
appropriate if, in the actual plate under consideration, there
were really only one set of ribs. An upper-limit analysis
conducted entirely on the specimen on the left-hand side of
figure 5 would yield the following expression to be used in
place of equation (80):

N, ts/H
EHe,

87)
12 (1—p2) u
b ape

where £ is fs times the integral, taken over a length b, in the
z-direction, of the square of the reciprocal of the local thick-

ness. For circular-filleted rectanguler-section ribbing,
h—lﬁ—t—”— ”+—( ) +4' (88)
Tt H

where A’ is given by the equation:

tan‘l\/1+2 v (89)
) -

o W
S s (s
= = {=+42
7'W+2 Tw 7'W+

Equation (81) would still be used for M,;/EH3 b w

EVALUATION OF o’ AND p't

The coefficients o’ and g/, which define the effectiveness of
a rib in resisting twisting and shearing relative to its longi-
tudinal and transverse directions, are not as readily measured
experimentally nor as readily bounded by an upper limit as
a and B, although, of course, a lower-limit stiffness is ob-
tained by equating 8’ to zero.

An approximate evaluation of o’ and 8’ may be made by
assuming that the same volume of rib material resists shear
as resists transverse stretching, that is,

B,uZBv (90)

and then by determining from computations where this
material must be placed (as measured by «’) in order to give
the proper torsional stiffness as determined with the aid of
reference 9. The computation of o’ is now described in
detail.

Consider an element, like the one on the left-hand side of
figure 5, having only y-wise ribbing and subjected to a pure
M., loading. From equations (3), (15), and (54) the value of
a’, can be obtained in terms of the measured or computed

2
ratio M,, / b?v—gy as follows:
M,
S D
oz oy
~lEmy
2 e
oy (it
2 6(1+w \H/ " 1+uH ™™
2 Aw/b: | -
ﬁ,’m w}}/ (a'y— zv)z] (91)
where
A
E,=——— 92
" B8, W/ b "

Solving for o', gives

b i/ 1 H
a”_\/§<,AWy/bz+ts> EH3 ow ( :l ©3)
B 2(1+4) oz 3y

tA comiprehensive evaluation of o’ and 8’ is now available in reference 8.
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EH® 2w
The value of the ratio M, / 20+5) 2 oy

equation (93) can, in the absence of test data, be derived by
an adaptation of the method used in reference 9 for com-
puting the torsional stiffness of I-beams and H-beams, which

”W%%‘z&() 3(1 ()( <§b£>—
) () whe ) () ()]

204 0z 0y
0105(

where d is the diameter of the largest circle which can be
inscribed in the cross section at the junction of the rib and
skin and can be computed from the formula

d O* e (ens) -
(ts >+1

The constant a in the last term of equation (94) depends on
tWy/ts and rWy/ts. The value of a is obtainable from figure 7

to be inserted in

“t r
of reference 9 or, when %20.61—0.23 <%’); from the
S 8

following formula:
7
a=0.094+0.070 —* (96)
8

The meanings of the various terms within the parentheses

3
of equation (94) are apparent: %(ﬁ) represents the con-
tribution of the skin, considered as an infinite plate, to the

twisting stiffness of the waflle; %(1 )( ) (
is similarly representative of the twisting stiffness of the r1b

tw \* ‘
the term with _0'105<—tﬂ corrects for the fact that the rib
'S

4

is actually not infinitely deep; and the term with a(tii)
S

represents the additional stiffness due to the fillets. The

2b
value 0.105 is based on the assumption that ; W”22.3; for
Wy

values of 2by, /tw, less than 2.3, the number'0.105 should be

replaced by the number obtainable in figure 3 of reference 9
with the abscissa label b/n replaced by the label 2by, /tw,.

JTOANTIT L DTN T
COMTPARISON OF CALCULATED AND EXPERIMENTALILY

MEASURED VALUES OF ELASTIC CONSTANTS

Asapartial checkon the theory, experimental measurements
were made of the stretching stiffness E), bending stiffness
D,, shearing stiffness G:, and twisting stiffness D,, of plates
with integral ribs running either longitudinally or trans-

versely (fig. 1(a)) or skewed (fig. 1 (¢)). The procedures
used for the measurement of D, and D,, were essentially the
same as those described in reference 6 for sandwich plates.
The measurements of E; and G, were made with long-gage-
length resistance-type wire strain gages mounted in the four
corners (or diagonally on the four sides) of square-tube com-
pression or torsion specimens similar to the square tubes of
reference 5. The compression specimens were tested in the
1,200,000-pound-capacity testing machine and the torsion
specimens in the combined load testing machine of the
Langley structures research laboratory.

The experimental values obtained for the stiffnesses are
indicated by the circles in figures 6 and 7. In figure 6 the
stiffnesses are plotted against the angle of skew of the ribbing
(with §=0° and 6=90° corresponding to purely longitudinal
and purely transverse ribbing, respectively) for pla .es having
nominally the same weight. In figure 7, for a given angle of
skew (0=45°), the variation of the elastic constants with
skin thickness is plotted. The relatively large scatter in the
test data is due to the fact that the plates used were sand
castings and, hence, had appreciable variations in thicknesses
from one specimen to another and also within each specimen.

For comparison, theoretical values of the four elastic
constants were computed from equations (31), (13), (33), and

1200 ~

\,'-"”ﬂu(_, B‘BUL
. 800+
£ 2
P-A —
x> - E
o G- &
a00 a8-0

Gy, kips/in.
Dyy , in-kips

Ficure 6.—Calculated and experimentally measured elastic constants
for plates with integral, waffle-like ‘stiffening skewed at angles of
=0 to the longitudinal direction, having by=0.2 in., E=10.7 X 10? ksi,

bw =2, -bl’—z

#=0.32, and having the following proportions: é—=4,
ts tw rw

in addition, for 8=0° or 90°, T_O .4 and for 0°<6<{90°, bbw 02
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2400

1

T

. 1600

£,, kips/in.

800

.
| | | | 1 1 | ] | 1 | | ! ]
0 0
1200
. 800
£
~
&
-
&
400 °
° 9
o]
l { ) | ! ] 1 1 ) l J | ] |
o) 4 8 O ) 8
by by
s fs

Fiaure 7.—Calculated and experimentally measured elastic constants
for plates having integral, waffle-like stiffening skewed at angles of

2, %% g2,

+:45° to the longitudinal direction and having b—w=2, bw R
tw Tw bs

bw=0.2 in.,, E=10.7X10® ksi, and »=0.32.

(15) and are plotted in figures 6 and 7. 'The lowest curve in
each graph is obtained from the lower-limit assumption,
B=0; the highest curve gives calculated upper-limit values
based on the use of equations (80) and (81) in calculating
ayr and Byr; the middle (dashed) curve shows the results
obtainable by using for « and 8 values determined experi-
mentally on specimens like those in figure 5. In each case it
was assumed that 8'=g, and o’ was computed from equa-
tions (93) and (94). Table I summarizes the upper-limit and
experimental values of « and 8 used for these calculations.

In general, figures 6 and 7 indicate that the agreement
between calculation and experiment is within the experi-
mental scatter, with the calculations based on the values
@,z, and B,., giving the best results.

CONCLUDING REMARKS

On the basis of an idealization of integrally stiffened plates
to more uniform plates resembling plywood, formulas have

TABLE 1.

VALUES OF «q, o', 8, AND g’ USED IN THE CALCULATION
OF THE ELASTIC CONSTANTS FOR COMPARISON WITH
EXPERIMENTAL MEASUREMENTS OF E,, G, D,, AND D,,

l
bwity ez l ayL l a'gimp, ., i a'srepy, Bezp Bur
bw/bs=0.2
(8)
1 0. 24 0. 25 0. 45 0. 25 0. 20 0. 53
2 .17 .15 .33 .24 .23 . 45
4 .12 . 085 .43 .31 .14 .29
8 . 004 . 046 . 53 .43 .12 .19
b /bg=0.4
(b)
4 - 0.14 | ______ 0. 44 - 0. 14

* These values (computed from egs. (74), (77), (80), (81), (93), and
(94)) were used for calculating constants for all configurations given
in figures 6 and 7 except those for which §==0° and §=90° (one-way
stiffening).

b These values (computed from eqs. (74), (77), (81), (87), (93), and
(94)) were used for calculating constants for configurations of figure 6
having §=0° and 6§=90°.

been derived for the elastic constants of the plates with
integral ribbing in one or more directions. Two sets of
elastic-constant formulas have been given, based on two
different forms of the force-distortion equations.

The formulas for the elastic constants involve four co-
efficients «, 8, o, and B’ for each rib which define the effec-
tiveness of the rib in resisting stretching and bending in its
transverse direction, horizontal shearing, and twisting.
Experimental means of determining these coefficients are
discussed, as are theoretical methods of obtaining values
corresponding to lower-limit or upper-limit assumptions
regarding the stiffness of the plate.

The predictions of the formulas for four of the elastic
constants are compared with experiment and good correla-
tion is obtained when experimentally determined values (or,
in most cases, upper-limit values) ¢f « and 8 are used in the
formulas for the elastic constants. Despite experimental
scatter, the calculations and experiments agree, in general,
both in magnitude and in regard to trends resulting from
variation in angle of skew of ribbing or in skin thickness.

LANGLEY AERONAUTICAL LABORATORY,
NaTtioNAL Apvisory COMMITTEE FOR AERONAUTICS,
LanGgLEY Frewp, Va., May 26, 1953.




APPENDIX A

RELATIONSHIPS BETWEEN NEW AND ORIGINAL ELASTIC CONSTANTS

The relationships between the new and original elastic constants are as follows:

D=2 D~Di1—peny)
D2=1__D:z#v Dv=D2(1"‘#z#v)
Dk=D‘Ez‘" DW=2D1:
K= E. )
B[ 0. ((2) Catu Go+0s ) (Gt 02
1 1
E— &
= ' 0\\ u.,-Cm ) r 021 ﬂvon ]
1+Elibu LD (1~ papy) _I'f' & LDZ(]‘__"‘Z”V) ,r y
E, A
—E Cz-y (Oxv“]"ﬂy w)+0 D” (0w+ﬂz zv)
1 1— L
E~
Cra— onzz ] 022 #uolz ]}
1+Ez{012 D1 (1—pziny) 0 Dy (1—pzy) J
e Gn___ G GDr
*~1-2D,6,T* P Di+CiPGy

COn=Ce (1 Kalby )—H‘z W(l’“pyzﬂy)

011 - #2021

Cor=D, (T o)

Cia=Car (1 T HzHy Fas w(l—l‘ Ky

021—#110 ( Dz )"i’ovz( D. >

T fziby sity/

O, = 012—ﬂ:022
i Dl(l_ﬂri‘v)

021 —#uOu
C”'_Dz (1—pruy)
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— _D: D, _ Cu—pCu
Cn=Cnu (1 —uznu)+0”” (1 — um;) Cw=Dy(i— Bakty) (A10)
Ci=—D.,,T =—2%"k (A11)
m=p'+ 3
P D,
H zE [C <1 izt v) (Cz::+#y W)+Ovz( D )(Oyz+ﬂx zz)]+E [Ozz(l D )(Ozu+#v W)+0vz( )(Ovv+#z xu):l
l_Ez [OZZ ZZ+ Ml/ llz)+0ﬂ2‘ (1 > (OIII+ l"‘z zz)] *
. Crz— p:Co Cra— 1y Cre
El { 011 D (l_ﬂz#u)]—*_ D2 (1 I‘zl‘u)]}
Cn— Mzozn :| 021 I-lyou :I}
1+Fl { Cu D, (1—pzpy) +0n (1 #zl‘v) J
(A12)
pe=p"y+ 3

D,

Wo B Ol 1252 )t O+ O (12 ) ot i) [+ B (22 ) Cocr O+ O () G e |
1-E, [C,,, (1_ = ,,> (Cavt 1O+ Cuy (1_#2“”) (Cotpa rv):l 4
om0t Jree [t |}

I-l2022 Cr— I-‘uOl2
o e o el

J
(A13)




APPENDIX B

DERIVATION OF FORMULAS FOR ELASTIC CONSTANTS

The basic assumptions of the analysis have already been
described. In the derivations that follow, where the word
“rib” is used, it means one of the substitute sheets, depend-
ing on which property of the rib is under consideration.
Separate derivations are given for the constants associated
with bending and stretching and those associated with twist-
ing and shear.

CONSTANTS ASSOCIATED WITH BENDING AND STRETCHING

In the derivation of the formulas for the elastic constants
-associated with bending and stretching, an element of the
integrally stiffened plate will be considered; the element has

2 2

the average prescribed curvatures % and %y_u; and the strains
e; {measured in some arbitrary plane which will be referred
to as plane I) and ¢, (measured in some other arbitrary plane
which will be referred to as plane II). The development of
these prescribed deformations requires the application of
moments of intensity M, and M, and forces of intensity N,
(acting in plane I) and N, (acting in plane II). These mo-
ments and forces and the locations of planes I and II are
shown in figure 8.

If the strains are assumed to vary linearly through the
thickness of the element, two horizontal planes can be found

2, 2,
(in terms of 'g%f, €z, 27‘5, and e,,) in which the z-wise strain

and y-wise strain, respectively, are zero. These planes are
indicated in figure 9.

Strains of components of plate.—The longitudinal exten-
sional strains of the ribs measured at their cross-sectional
centroids can be written in terms of the curvatures and the
distance between the rib centroids and the planes of zero

extensional strains. The strains of the z-wise, y-wise, and

s Mo, —— Plunei
2 ——i—— Plonell

Fireure 8.—Forces and moments considered for analysis of bending
and stretching.

skewed ribs are, respectively,

o*w
szL=h3 55‘7 (Bl)
O%w
GW”L=]C3 a—yz' (B2)
2 2,
eW-:,:hl %;—f cos® 64k, g—;‘f sin’ @ (B3)

where the subscript L denotes longitudinal direction of a rib,
the subseript # the z-wise rib, the subscript y the y-wise rib,
and the subscript s the skew rib. The distances ks, k3, Ay,
and k&, are shown in figure 9.

The transverse strains of the ribs are as follows:

o*w

€y ='—(\’C2_(1:H) = (B4‘
z oyé /

T

aZ
ew, =—(—a,H) 57 (B5)
2, 2
e, =— (= a,H) 7 sin0—(br—aH) 32 cos's (B6)

The extensional strains of the sheet midplane in terms of
the curvatures are

*w

ész= - W (B7)
2

==k 53 B8)

2 2,
The curvatures 27? and 27? of the element are also the cur-

y
X
Zw
k
- =
— ke
’ (= 7
/J/:/ 7_// /
S h/ /% 5 /
hy Yo T ‘
i =——= a5 /
Sl
2 5

«——-=- Plane of zero x-wise strain
——— Plone of zero y -wise strain
. Rib centroids
Ficure 9.—Dimensions for analysis of bending and stretching.
17
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vatures of the z-wise and y-wise ribs, respectively. The
curvature of the skew ribs is

2, 2 2

%;1?0:% cos® £)+g—y2Q sin’6 (B9

The horizontal shear strain in one of the skew ribs, relative

to the longitudinal and transverse directions of the rib, can

be written in terms of the z-wise and y-wise strains at the

same level, which in turn are determined by the z-wise and
y-wise curvatures; thus,

Tw,=2 [—(ha—a',H) %U-{—(kz—a’,H) g%] sinfcosd (B10)

The z-wise and y-wise ribs have no shear strain.

Expressions for the dimensions k,, h,, A, k1, k3, and ky.—In
the derivation of equations (B1) to (B8) and of equation
(B10), the assumption was made that the strains varicd
linearly from the planes of zero strain. On the basis of the
same assumption, expressions are written for the strains in
planes I and II—the planes in which N, and NV, act and in
which ¢, and ¢, are measured. These expressions are

2,
= —(ha— i) T3 B11)

2,
¢y =— (k— ke H) gé,-" (B12)

from which
h=kH—5 (B13)
o

k=kuH—5 B14)

o7

By geometry the dimensions ki, A;, ki, and k; may be
written

hy=lw H—h, (B15)
hy=kw H—h, (B16)
ky=kw H—k, (B17)
key=ley H—k, (B18)

where EWIH, IFWVH, EW.H locate the centroidal axes of the
ribs from the center line of the sheet. Substituting for A,

and k; from equations (B13) and (14) gives

o7

ho=(Fow,— ) H+550 (B20)
02

ko= (Fow,— k) H+ 52 - (B21)
_6—172

ko= (F,—ku) H+ 525, (B22)

o

Evaluation of strain energy.—The total strain energy of
the element of the integrally stiffened plate can be written as
the sum of the strain energies of its component parts; thus

1 1%

~d 0

1 ["bsect 1 (b
5, o A dst s | e b dat

1 (% . 1 (9"
3. B Andyty |

1 [*Y=me0d 2 ; 1 {°: b, .
§Jo TYw, GB ,Aw,d8+§‘j; J; (Gs,2+€s,, +2M€s,€s,,)

E 1 (% /d%w\? 1 (% /O*w\?

b sec 2 2 2
2f obw Elwads+2ff [bw) (bw

O%w dMw E s
a2 dyt J1— 2 12

W TzEﬂsAW,ds+

drdy (B23)

In equation (B23) the first three terms give the energy of
extension of the ribs in their longitudinal directions, the
second three terms the energy of extension of the ribs in their
transverse directions, the seventh term the energy associated
with the shearing of the ribs, and the eighth term the energy
of extension of the skin. The next three terms give the
energy of bending of the ribs, and the final term gives the
energy of bending of the skin.

Carrying out the integrations of equation (B23), dividing
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by b:b, to reduce the result to strain energy per unit area, and substituting the previously derived expressions for the
distortions ey, ew,, and so forth gives

A A A
:E [% Ve Wy T (cos 6+ 8, sin* 6-|—B’ — sm 6 cos? 0) ez2+2|: ts-{— (sm 8 cos? 6+
2\ 1—u b, R b, b

A -
Bssin?8cos’9—pF, %sm 6 cos 0)] ezey+2{ —; tg (leH— (kw —kp) H—{—B,, ’(a,, k) H4+ bW“ I:(kW‘—kI)Hcos“ 6+

Bs (as—ky) H sin® 04+8, (o/,—k) H —-sm 0 cos? g & 2—}—2 (anH— (kW —ku) H sin® 8 cos® 0+
b

Aw A
By (as—k) H sin? 8 cos? 8— B’ (o y—hry) H( “_ sin? § cos? o)]}e, 1#2 to+B: TW’+—bW1+
v z

Ay
b, (sm“ 6-+8; cost 6-+5’ ,1+ sin? 6 cos? 0)] e,,2—|-2{ sts (kIH)—{- 3 (kW —ky) H sin®6 cos? 0+ 8, (a,— ki) H sin?@ cos® §—

W

| B k) H(l2 s 0 050 | } o 2042 {7ty Gt 48 o) HE S () H

—ky) H sin* 048, (a,—kn) H cos* 6+6', (/s —ku) H (W sin? § cos G)J} & by2 + i 12 (1 ”2)

Iy . A —
; T, + b * cos? 0+ tS (IcIH)2 il (kW —kl)2H2+5,, b (o,— ki) H?+ Vs ,—kn)*H? cos* 6+, (a,—ki)’H? sin* 6+
2
: By (& s—ky)*H? <¥ sin? 6 cos 0)]} o%w w —{—2{12 a= ts + b ts (kexker H)+
Aw [ - - ) .
—b—' I:(kW‘—lcl) (kew,— k) H? sin® 8 cos® 0+, (a;—ky) (ay—ky) H? sin® 6 cos® —
2 200 I Iw
B's (& s—ky) (a's—Fkw) H2< sin® § cos® 0)]}2:; bay2+{12 a— 'u)ts+ bW+ ba ts (kn H)*+

A Aw - A
B: o (ax—len HP = (b — b P+
v £

Fw,—k1)*H? sin'6+p, (¢,—k1)?H? cos 8+

B’s (& s— k)2 H? (H— sin® 8 cos? >]}(b“’w ) (B24)

. .. 1 . 1 . . . .
where the identities 5—=bl sin 6 and bizbl cos 6 have heen substituted to simplify the expressions.

z 3 v 2

Invoking the principle of virtual displacements by differentiating the energy expression (B24) with respect to each
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of the strains and curvatures and dividing by EH or EH? gives the following expressions for the forces and moments:
o' 1 _N,
o, EH EH

Aw /b Ay [b; Aw [b, A
=[1_1_#2 %-{- %I/ ”+ﬁ,, ?I/ + ‘;I/ cos* 0+ 8, sin* B—I-B’ sm 8 cos’ 0)] e,+l:1 —2H ts W’/ (sm 8 cos? 0+

/b

B, sin? 6 cos? §— B’ sm 6 cos? 0)] e,,+{ 1 Is k1+ W/ ! (kw ky)+8y (y—kp)+

Aw,[bs
W.,/ [(kw —ky) cos* 0+8, (a,—ky) sint 848, (o/,—ky) (1+ sin? 8 cos? 0)]}H { y Is kn+
Aw /b, - n 2
?I/ [(k“’-_k“) sin? § cos? 648, (o, —k1) sin’ 0 cos® 6—8', (o, —kw) (1—_?_—“ sin® 8 cos® 0)]}H E;_;zv (B25)
ov' 1 _ N,
o¢g EH EH
Aw [by, Aw [b,
Atz 5 (s 0 cost o, sin 0 cost 081, 1 v 0 co o)) | s e wefhn Avfle

W/ ( int 6+ 8, cos* 0+8', —— 1+ sin? 9 cos? 0)]

“ ts k1+—l— [(kw ky) sin? @ cos® 0+

Bl‘ (aa_kl) Sill2 0 COSZ 0'—6,: (a,l I) E Sln2 6 COS 0)]}H { 1 ts klI+Bz W / ! (az—kII)JF'

Ay /b, A
il / (kw ku)+——w'/ [(kw, k1) sint 8+ 8, (a,— ki) cost 84-6', (o', — k1) (l+ sin? 8 cos® 0)]}H 0w (B26)
oV 1 . M,
> o*w EH*  EHO?
or’

__{i"ltsh+ ;/"ww k8,7 / (oy— )+ W/ [@W—%acm#w+m«n k) sin® 4

B (a/s—ky) (F sin® @ cos? 0)]} e,+{ ” Is k1+ W’/ by I:(kw —k) sin® 6 cos? §+8, (a,— k1) sin? 8 cos? 6—

W/v

Iy /b, Iy [b,
Bs(a's— 1)<1+ sin? g cos? 0)]}6,,+{12 =2 g 3+ v;:l/a +_I{/3 40+ = ls k2 (kW —ky*+

Aw [b:
By ;I/ (oy—lky) i+ —4%— W/ [(lcw,—lc,)2 cost 048, (ay—ky)? sint 6+8'; (o’ s—k1)® (1—_*_— sin® 6 cos® 0)]}H 5 2+

{12 = H) +

2,
B (ay—ky) (az—ky) sin? 8 cos? 0—8', (a’y—k1) (o/s—Fkn) (%L sin? # cos? 0)]}H %%) B27)

* sin? 8 cos? 6 + p Is k;kn+ [(kw ky) (kw —ky) sin® § cos? 0+
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. 1 M,
5 QwEH*" ~EI
oy’

— Aw /b,
={1 I;z E g el W,/ [(kw kn) sin? 9 cos® 8-+ B,(a,—ky) sin® 6 cos? 8—B', (o’ s— k) (lTi—— sin? @ cos?® 0)]}

b, -
o

{ 1 ts ku"r‘ﬁz WZ/ ! (az‘—

B's (o' s—k) (1—+— sin’ § cos® ")]}*""'{12(14—#”)

Aw, /b,
H

B (o s— ) (o — k;ﬂ(msmacos e)]}H +{12(1 (7 ‘S +

Aw,/b . A, b,
B ';{/ - (o)™ + "’”/ (B, ~ )"+ ""/

—ra? (12

5(a—lﬁ\ o8

s\ i) WOS

The equations for N,, N, M, and M, (eqs. (B25) to
(B28)) can be written as

gH—A,e,—}—A.e,,—l-A,(k IcI)H +A (%, kn)H y” B29)

gH—A,e,JrAye,JrA (, kI)H +A (%, k) HZY 5 (B30)

re = A (k) et A E— k) o H L A k) TH S 5+

T ER?

(744, (s — k) (B —hur) | H W B31)

M, -
—grr=Ab—kn) e+ A, (Bi—kn) &+

[Tt A, k) B~k E 25+

(1,44, (Fy—k) 1H 2Y y, B32)

where A;, A, and so forth are given in equations (43) to (54).

In order to identify the desired elastic constants associ-
ated with extension and bending, the foregoing force-
distortion reiationships, equations (B29) to (B32), need only
to be put into the form of equations (1), (2), (4), and (5) or
equations (7), (8), (10), and (11).

CONSTANTS ASSOCIATED WITH TWISTING AND SHEARING

The derivation of the formulas for the elastic constants
associated with twisting and shearing is a parallel one to that

_kll)+ H

Ay, /b,

[(k kn) sin? 0+ﬁ, (a. kII) cos? 0+

+ W'/ Sln 000S 0+ k 2 ts klkn"*‘

[ e —tr) (Br,—len) sin 0 cos® 6-+5, (e —le) (aw—r) sin’ @ cos? 0—

3 I, (b, Iy, /b,
S

I T

L 5 et

I:(_ W, — Icn) sint 6+

qm"’ 6 cos® 0\-'1 H ﬂ)
J1) oy

(B28)

for the bending and stretching constants.
An element of the integra,lly stiffened plate which has the

5 oy
in some arbitrary plane which is referred to as plane III) is
considered. These prescribed deformations can be effected
by the application of twisting moments of intensity M,, and
shearing forces of intensity N,, (acting in plane III) to the
element. (See fig. 10.)

If the horizontal shear strain is assumed to vary linearly
through the thickness, the horizontal plane can be found

average prescribed twist ——— Y and shear strain ¥z, (easured

Y

kmbhg]
fs .7
2

———eee—— Plone I

FiGure 10.—Shears and moments considered for analysis of twisting
and shearing.
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2,
(in terms of %—y and ’Y,,,) which has zero shear strain.

This plane is shown in figure 11.

Strains of components of plate.—The extensional strains
of the longitudinal, transverse, and one of the skew ribs in
their longitudinal directions at their centroids are

ew, =0 (B33)

zL

(B34)

eWuL = 0

2

ew, =+ N 62 5 sin 29 (B35)
The transverse strains of the ribs are
ew, =0 (B36)
ew, =0 (B37)
e, =% (h';— a,H) 5%2:%)2—/ sin 26 (B38)
The extensional strains of the sheet are
es,=0 (B39)
es, =0 (B40)
The twist ab o7 causes bending of the diagonal ribs. The
curvature of one of these ribs is given by
%le;_% sin 20 (B41)

The curvatures of the longitudinal and transverse ribs are

= . - /
/I7 ’7/
/7, q / : /
8 — [ h3 P
\!l / = _
/7'2'/ r— + —
5 |
2 _— Plane of zero shear strain
® Rib centroids

Ficure 11.—Dimensions for analysis of twisting and shearing.

zero. The shear strain in the skin middle surface is given by

— 2k (B42)

’
sz by

The magnitude of the shear strain of the diagonal ribs is
given by
Yo =2k s— o' . H) o cos 26 (B43)
. 7 dx dy

The shear strain of the z-wise and y-wise ribs is given by

, , o*w
Yw,=—2(h's—o'-H) 3z oy (B44)
, , 2w
Yo, = =2 a— o H) oo (B43)

Expressions for the dimensions 4’; and »’;,—The following
expressions can be written for the strains in plane III, in
which N,, acts and in which 7v,, is measured (see fig. 10):

aZ
To=—2W k) 5o (B46)
from which
1
W=k —5 <% (B47)
oz Oy
By geometry
W=k H—H, (B48)
Substituting for k', from equation (B47) gives
h'1=(zw km)H‘i"; g;” (B49)
oz oy

Evaluation of strain energy.—The total strain energy can
be written as

1 [ b, sec 1 [bosece
Uzé‘ J €w 2EAW d8+— f Ew 2Eﬂ AW d8+
0 8y, 8 2 0 Sr 8 3

b, b,
%J; ‘YWZZGBIZAW:dx_i_%J; 7wu2Gﬁ’yAwydy+

1 b, secd 1 (b (b,
: f 'YW,’Gﬁ’JAwsds-%——z— f f V52 Gtodz dy+
0 0 0

JO”’ J"’ )Gts dz dy+ f & “”(a%”) Elyds (B50)
0

In equation (B50) the first term gives the energy of
extension of the skewed ribs in their longitudinal directions;
the second term, the energy of extension of the skewed ribs
in their transverse directions; the next three terms, the

ox oy
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energy of shearing of the ribs; and the sixth term, the energy of shearing of the skin. The next term represents the energy of
twisting of the skin, and the last term gives the energy of bending of the skew ribs.

Carrying out the integrations of equation (B50), dividing by b,b,, substituting previously derived expressions, and so
forth, gives

U

b:b,

=0

Aw
3 I:sm 8 cos? 64 B, sin® @ cos? 8+45/, (H— )c032 29]} Vo

E , ’
[{2(1+m s+2(1+u>" g b +2(1+u>"

4 (2(1+ )ts(kIIIH)-I_ 2(1+ )ﬂ, (a z kIII) H+2(1+ )BIV b - (Ct v

r
i (kws—km)H sin? § cos? 6+

_ N . L2 ror 1
63(&3 kln)H Sln2 8 cos 0+B s\ s an)EI [2(1+M) COS2 20]}) ‘Yzy o1 ay+<6(1+,‘) t33+

Wv

Iy
4T sin? 9 cos® 0+1+ ts(brnH)? + + B'z b 2 (@ s—km)? H2+1 8y (au kun)*H?+

+

km) H? sin’® 6 cos® 04 B,(as— ki) 2H? sin® 8 cos? 8+8', (o ;— kypy) *H? [2(1+ )cos 20]}) 32 o7 by :I B51)

Differentiating the energy expression (B51) with respect to each of the distortions and dividing by EH or EH? gives the
following expressions for the forces and moments:

oU’ 1 Ny
b’Y,,, EH EH
{1t , Aw, /by 1 , Aw,[b: Aw,/
i+ E 2(1_!_#)6 I +2(1+/4) g ——+ [sm 6 cos? 8-+ 8, sin? 0 cos? -+
g’ 1 cos’20]}‘¥ —I—2< — S kit B': W”/ (o' ;— k) + [ Av, /e (o y—km)+
"20+4) ” 2(1+M)H . 2(1+ W 2(1+ wtr o H T
AW“/b { B —k 0 cos? 9+ By(as—k 8 cos? 0+’ ,(as—k 20]})H B52
( m)sm COS +53 Qsg— III) Sln COS +B III) [2(l+ )COS ( )
U’ 1 —9 M,
dw EH?* “ ER?
ox Oy
A b,, bz A b: 1 .
=2yt 7 kot ey 8 S iy PLE B b 2 {("W-""m) sin’ § cos? 6+
Bs(e;—kyp) sin? 8 cos? 0+8' (o . —k \[;cos"’% })‘Y -{-(—1—<E 3+4[W/b sin’# cos? 0-{—— (k 2+
s\ s ) S COs TP s\ s Kirg) 2(1+#> : £ \6(1+/J) H, 11T

l+ Bz W/ : (a'z—km)z'i‘%# 8 / (oy—hrmy)? +4 -/ . {(kw —ku)? sin® § cos® 6+

Bs(a,—k)? sin® 8 cos? §-+8'y(as—kim)? [2(1 " cos? 20]})H 52 0y (B53)
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The equations for N,, and M, (eqs. (B52) and (B53)) can be written as

N, (7 o
ﬁ[=An7n+ 2Az1/(k=”—kIn)H -5_1%/ (B54)
y ) _ 2
2 E'f%: 2 A (ke —lerrt) Yoy + Loy +-4 Al — b)) H % .

where A,,, k.,, and I,, are given in equations (46), (50), and (54), respectively.

Equations (B54) and (B55) may readily be put into the form of equations (6) and (3) or (12) and (9) to yield either

the original or the new elastic constants, respectively.

v 0D

-~ >
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