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AERONAUTICAL SYMBOLS 

1. FUNDAMENTAL AND DERIVED UNITS 

Length ____ _ 
Time ______ _ 
Force _____ _ 

Symbol 

I 
t 
F 

Metric 

Unit 

rneter ___________________ _ 
second ______ ___________ _ _ 
weight of onc kilograrn ____ _ 

Symbol 

m 
sec 
kg 

English 

Unit Sy~bol 

foot (or mile) _________ 1 ft. (or mi.) 
second (or hOllr) _______ sec. (or hr.) 
weight of one pOlilld lb. 

POWCT ___ -- _I P 1 kgjmjsec_ - - - --- - - - -- -- -- - - - - - - - - ---I horscpower - - ---- - - - --

speed ____ ____________ {~j!r-~~~======= == === = === == === == == = IT.ii~~~======= ==== = = = = = 

IIP. 
aI. P. H. 
f. p. 8. 

2. GENERAL SYMBOLS, ETC. 

W, Weight,=mg 
g, Standard acceleration of gravity = 9.80665 

m/sec. 2 =32.1740 ft./sec. 2 

W m Mass =-, 'g 
P, Density (mass per unit volume) . 
Standard density of dry air, 0.12497 (kg-m-4 

sec.a) at 15° C and 760 mm =0.002378 (10.
ft.-4 sec.2). 

Specific weight of "standard" 'air, 1.2255 
kg/m3 = 0.07651 lb./ft.s 

mk2, Moment of inertia (indicate axis of the 
. radius of gyration, f.:, by proper sub-
script) . 

S, Area. 
S"" Wing area, etc. 
0, Gap. 
b, Span. 
c, Chord length. 
b/c, Aspect. ratio . 
j, Distance from c. g. to ele,ator hinge. 
J.L, Coefficient of viscosity. 

3. AERODYNAMICAL SYMBOLS 

V, True air speed. 

<j, Dynamic (or impact) pressure=~ p va 

L, Lift, absolute coefficient OL= ~ 

D, Drag, absolute coefficient 00 = ~ 
CjIJ 

0, Cross - wind force, a b sol ute coefficient 
o 

Oe=qs 
R, Resultant force. (Note that these coeffi

cients are twice as large as the old co
efficients Le, Dc.) 

iw Angle of setting of wings (relative to thrust 
line). 

it, Angle of stabilizer setting with reference to 
thrust line. 

'Y, Dihedral angle. 
Vl Reynolds Number, where l is a linear 

P p:' dimension. 
e. g., for a model airfoil 3 in. chord, 100 

mi./hr. normal pressure, 0° C: 255,000 
and at 15° C., 230,000; 

or for a model of 10 cm chord 40 m/sec, 
corresponding numbers are 299,000 
and 270,000. 

Op, Center of pressure coefficient (ratio of 
distance of O. P. from leading edge to 
chord length). 

{3, Angle of stabilizer setting with reference 
to lower wing, = (it -iw). 

a, Angle of attack. 
E, Angle of downwash. 
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REPORT No. 320 

THE MEASUREMENT OF FLUCTUATIONS OF AIR SPEED BY THE 
HOT-WIRE ANEMOME.TER 

By II. L. DRYDEN and A. M. !{UETUE 

SUMMAR Y 

The hot-wire anemometer suggests itself as a promising method for measuring the fi'uctuatillf} 
air velocities fo und in turbulent air flow. The only obstacle is the presence of a lag due to the limited 
energy input which makes even a fairly small wire incapable of following 1'apid fluctuation with 
accuracy. This paper gives the theory of the lag and describes an experimental arrangement for 
compensating for the lag for frequencies up to 100 or more per second when the amplitude of the 
fluctuation is not too great. An experimental test of the accuracy of compensation and some results 
obtained with the apparatus in a wind-tunnel air stream are described . While the apparatus is 
very bulley in its present form, it is believed possible to develop a more portable arrangement. 

INTRODUCTION 

In a historic paper (reference 1) Osborne Reynolds distinguished experimentally two Lypes 
of fluid motion in pipes which are to-day termed laminar and turbulent. In the laminar motion 
the fluid particles follow cach oLher in paths parallel to the axis of the pipe and the flow is steady
i. e., the speed at any point is not a function of the time. In the turbulent motion the fluid is 
filled with a mass of eddies, and while on the average the flow is parallel to the axi' of the pipe 
there is a rapid fluctuation of the velocity at any point about a mean value . A stream of moke \ 
or colored fluid introduced into a laminar flow retain its identity for a considerable tinl<', 
whereas in a Lurbulent flow the stream is very rapidly diffu ed throughout the fluid. In laminar 
flow Lile stresses are transferred from layer to layer of the fluid solely by the action of molecular 
diffusion, whcreas in turbulent flow there is in addition a molal' diffusion or the transfer of momen
tum by exten ive groups of molecules. The velocity distribution in laminar flow may be com
puted from the equations of motion of an incompressible vi cous fluid on the assumption that a 
steady state of flow exists in which the lines of flow are parallel to the axis of the pipe. The 
speed is found to be a parabolic function of the radial distance from the axis of the pipe. In 
Lurbulent flow the speed is found to vary as a power of tho distance from the wall of the pipo 
over most of the cro s section, but it can not as yet be shown how this rosult may be deriyed 
from the equations of motion nor can a physical meaning be attributed to tbo expon nt of the 
power law. 

It was shown experimentally by Reynolds that turbulent motion could not oxist if the value 
of the ratio VDp/fJ., now known as the Reynolds umber, was less than 2,000. V denotes the 
mean speed of flow, D the diameter of the pipe, p the densiLy, and fJ. the vi cosity of the fluid. 
At Reynolds umbers much larger than 2,000 laminar motion is not possible, while in a certain 
intermediate range laminar motion is unstable, the degree of stability being dependent on the 
magnitude of Lhe disturbances present. 

The e conceptions of laminar and turbulent motions and of the Reynolds umber as a cri
terion determining the type of flow have been extended to fluid motion in general. In the 
extension the designation "turbulent motion" has sometimes been restricted to those cases 
in 'which the fluctuations of velocity are more or less random in nature. In general, however, 

3 
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the periodic motions which occur behind many bodies as, for example, behind cylinder , and 
which may be appro)""1mately represented as the effect of a limited number of moving singularities 
(vortices), are also cla sed as turbulent motions. 

In wind tunnels it is desired to reproduce as closely as possible the same relative flow as if 

\ 

the model were moving forward in till air. To obtain this result, it is neces ary to secure an 
air stream of large cross section as compared to the cross section of the model and of tmiform 
and steady speed throughout. It is at once apparent that the ideal condition can not be secured. 
In the fu'st place the Reynolds umbers required for even moderate speed and cross-sectional 
areas are far above 2,000, so that the flow is of nece sity turbulent. In the second place, the 
distribution of average speed in fully dev loped laminar or turbulent flow (i. e., far from the 
entrance of a tube) is not uniform acro the section find therefore un atisfactory. The com
promise usually made is to work near enough to the entrance of a large tube that the eHec of 
the walls does not have time to reach the center. Condition arc therefore not t ady, and 
turbulence i always present. 

Turbulence in wind tunnels does not eem to produce any large effects as judged by a com
pari on of re ults obtained on imilar models in different wind tunnels except for cylinder, 
sphere, spheroids, ellipsoids, and airship hulls. In these instance very large effects are pro
duced. (Reference 2 and 7.) The de ire Lo make some direct measurement of the turbulence in 
wind tunnels was the incentive for the work here descxibed, but before proceeding further it is 
desirable to pecify in more detail what i meant by the word /I turbulence." 

In 1895 Reynolds (reference 3) gave a mathematical formulation of turbulent flow. He 
began by a consideration of the meaning of the velocitie entering into the general equation of 
motion. The equations are obtained on the as umption of a continuou medium wherea we 
know in fa,ct that the medium i discontinuous, consi ting of individual molecules. We think 
of the velocity at any point at a given instant not as the velocity of a ingle molecule at that point 
but as the velocity of a fictitiou fluid particle. We imagine a small volume around the point, 
for example, a mall sphere of radius r, and define the velocity at the point V, a the average 
velocity of all the molecules within the sphere. To satisfy the conditions of continuity, the 
sphere mu t be so small that the variation of average velocity taken about other point within 

the sphere is small. Thus if we con ider the variation in any direction s, r dd2~ must be negligible . s 

in compari. on with ~~T. On the other hand, the phere mu t be large compar d with tbe mean 

free pat,n of Lhe molC'cules. After an infinite imal interval of Lime dt, we as ume that the" pRr
tiele " has reachecl the point 17dt. The fluid particle may thu be given a definite mathe,mati('ol 
meaning, hut it has no physical exi tence and in particular it does not con i t always of the 
same molecule, . 

It is pos ihle to define the velocity at a point in a manner no involving the conception of a 
fluid particle by taking the vectorial average velocity of all molecule pas ing through a mall 
volume around the point in a certain time dt, which is long enough to include a large number of 
molecules . 

The eITe t of the motion of the molecule is taken care of in th theory hy a 8y tem or 
stl"e se , which arc explained a due to the tran fer of momentum by the molecular motion. 
1n Lerm of the kinetic theory of ga es for the simple ease of two-dimensional parallel flow, the 
transfcr of momentum per unit area per unit time is proportional to the den ity, the mean 
molecular speed, the mean free path, and the velocity gradient. In term of hydrodynamical 
theory, the tress is equal to the product of the coefficient of vi 0 ity, which is a con tant for 
a given fluid at a given temperature, and the velocity gradient. 

Reynolds proposed to treat the problem of turbulence in omewhat the ame way. H e 
propo ed to ubstitute for the real motion an average or mean motion on which fluctuat ions 
were superposed and to take accotmt of the effect of the fluctuation by a sy tom of tres 0 . 

In the imple ca e of two-dimen ional paranel flow the additional hearing stress turns out to be 
p uv where p is the density and uv is the mean value of the product of the superposed fluctuating 
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components parallel and at right angles to the mean flow. Reynolds was also able to et up 
equations giving the relations which must exist between the variables in the steady state (in the 
kinetic sense)-namely, the condition that the rate at which the energy of the mean motion is 
converted to energy of the fluctuations is equal to the rate at which the energy of the fluctuations 
is dissipated by viscosity or in terms of the kinetic theory converted into the energy of the 
molecular fluctuations or heat motion. 

H. A. Lorentz (reference 4) and J. M. Bmgers (reference 5) have tated the equations of 
Reynolds in a somewhat different form and have shown that the lmowledge of three mean values 
is sufficient to permit the computation of the resistance. These are the mean value of the prod-
uct uv, the mean value of U1T, and the mean value of the square of the vorticity. 

Th. von Karman (reference 6) has given an excellent summary of the theory of turbulence 
developed along these lines to which the reader i referred for a summary of the mathematical 
treatment of the subject. It is clear from this summary that the treatment outlined by Rey
nolds has not as yet led to anything conclusive, principally because there is no method of com
puting the required mean values and because there is not sufficient experimental data on the 
fluctuations to give a clue to fruitful hypotheses. The great need at the present time in the 
further development of the theory of turbulence is more experiments on the actual fluctuation 
to supplement the data already available on the distribution of mean velocity. 

It has been pointed out that the ordinary theory of laminar flow is based on certain average 
velocities which could be defined in term of pace averages or in terms of time average. The 
averao-es taken for tmbulent flow to obtain the mean or fundamental motion may al 0 be ba ed 
on either space or time average, and it is usually assumed that the same result will be obtained 
in all cases provided the spaces and times over which the averages are taken are suitably chosen. 
It is clear that this method of procedure can be applied to a given flow in a great many way 
by using space and time intervals of different orders of magnitude. The result obtained depends 
on what we wish to consider as the basic or fundamental flow. The process is an artificial one 
based on convenience, and some of the confusion as to the meaning of tmbulence arises from 
the failme to appreciate this fact. For example, in the case of the natmal wind we might 
consider averages over 5-minute intervals, 5-second intervals, or O.05-second intervals, depend
ing on the purpose in question. In no case would the fundamental motion be an absolutely 
stationary one, and in every case the conception of tmbulence would be different. In most 
practical cases we define the fundamental flow as the one indicated by the instruments at our 
disposal which give mean values over a period ranging from, say, one second to one minute. 
Every physical instrument gives some kind of an average over a certain volume determined 
by its size and over a certain interval of time determined by its inertia 01' other lag charac
teristics. With the above definition of the fundamental motion we may have as many defi
nitions of turbulence as we have instruments at om disposal. 

The particular conception of tmbulence adopted in this paper is based on a fundamental 
motion defined by time averages taken over several seconds. Any variation with frequency 
greater than one per two or three seconds is included in the superposed turbulence. For the 
present we have no means of taking averages over any extensive volume and no means of 
obtaining the particular average values used in the present form of the theory. It is the object 
of this paper to outline a method by means of which the fluctuations of the air peed at a given 
point may be measured and to give typical results obtained in the turbulent flow in a wind 
tunnel. 

PREVIOUS WORK AT THE BUREAU OF STANDARDS 

In Technical Report o. 231 of the ational Advisory Committee for Aeronautics (refer
ence 7), the first work carried out at the Bureau of tandards on the problem of turbulence 
in wind tunnels is de cribed. One section of that report deal with measurements of the air 
resistance of cylinders in the turbulent flow behind wire screens of varying mesh, and another 
section deals with attempts to measure fluctuations of static and impact pressures by means 
of a diaphragm pressure gauge connected to the pressure nozzle by rubber tubing. 



• 6 REPORT NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

In practical wind-tunnel measurements we are interested in the effects of turbulence on 
the air forces on the models .under investigation, but experiment shows that the results obtained 
for one model can not be applied to another. Tlu seemingly direct method of attack also 
suffers from the difficulty that no numerical value can be assigned to the turbulence produced 
by the wire screens commonly used and that there is no method of extrapolation to obtain the 
result for an air stream free from turbulence . 

Attention has therefore been turned to the more fundamental problem of measuring di
rectly the variation of tatic pressure, speed, and direction of the air stream. Since the publi
cation of National Advisory Committee for Aeronautics Technical Report No. 231 (reference 
7), much attention has been given to the development of methods involving the transmission 
of pressure and to the possible study of directional changes by means of small, light, freely 
pivoted vanes. All of these mechanical methods have been u;succe sful, primarily due to the 
large inertia or the low natural frequency of the mechanical system. All such systems seem 
to oscillate with their natural frequency, abstracting the required small energy from the air 
stream. 

In February, 1926, we began an inve tigation of the po ibility of using a hot-wire ane
mometer for the measurement of speed fluctuations. After several months' work with a wire 
about 0.075 mm in diameter, it was concluded that the lag in the heating and cooling of the 
wire was so great that the method was not very promising. At about this time a paper by 
Prof. J. M. Burgers, of Delft, on Experiments on the Fluctuations of the Velocity in a Current 
of Air (reference 10) was ealled to our attention, in which experiments with wires of much 
smaller diameter than we had used gave very promising results. ,~e were, however, unable to 
re ume work on the problem until July, 1927. I During the ummel' of 1927 we were fortunate 
in having associated with our taft Dr. Arthur E. Ruark for a period of two and one-half 
months. Doctor Ruark assembled it great deal of the lleee sary electrica1 apparatus, instructed 
other members of the section in its usc, and made a number of experiments with everal 
suggested arrangements. While Doctor Ruark was not a sociated with us in the design of the 
circuits finally used, it is a plea ure to acknowledge rus contribution. 

INVESTIGATIONS WITH THE HOT-WIRE ANEMOMETER 

The classical work on the hot-wire anemometer as an instrument for measuring air speed 
is that by L . V. King. (Reference .) Many additional papers on the subject have appeared 
since that paper was published, many of them dealing with variou modifications of the elec
trical circuit and of the form of Lhe -w-ire mounting . It is not proposed to give llny complete 
bibliography, and we shall, in facL, refer only to those experiments in which measurement of 
fluctuations were attempted . The first work of trus kind with which we are familiar is that 
by E. Huguenard, A. Magnan, and A. Planiol (reference 9) on the measurement of gusts in 
natural winds . The e inve tigators give a bri.ef theoretical treatment of the problem of the 
lag of the hot-wire anemometer and a method of computing corrections for lag. 

Two years later the paper of Professor Burgers (reference 10), wruch has already been 
referred to, was published . Burgers also gave a brief computation of the lag, and by the use 
of wiTes about 0.015 mm in diameter he was able to reduce the lag considerably. He showed 
by the use of two instruments that the wire should not be longer than about 1 cm, since this 
was the maximum spacing for which the two wire gave the same indicaLions at a given instant. 

I; Burgers described a method of recording directional variations. 
In 1927 A. Fage and F. C. Johansen (reference 11), of the ational Physical Laboratory, 

described some mea mements of iluctuations behind plates in connection with measurementf; 
of average speed and direction. A wire 0.025 mm in diameter was u ed in conjunction with 
a string galvanometer and the measurements were made at low wind speed to nunimize the 
eftect of lag. 

The papers of Anrep, Downing, and their coworkers (reference 12) deserve mention in trus 
connection, since the method of computing the correction for lag given by Huguenard and rus 
coworkers was independently derived. 
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COMPUTATION OF THE LAG OF A HOT- WIRE ANEMOMETER 

ince the theore~ical treatment of the lag of the hot-wu'e anemometer given in the papers 
referred to above does not lend itself readily to the computation of the response of the instru
ment to an irr gular or even to a periodic fluctuation of speed, we wish to give a more compre
hensive computation: 

The following symbols will be used: 

dII f' f h ' h ' dt =rate 0 lllcrease 0 eat energy ill t e WIre, 

i= heating current (maintained constant), 
R = instantaneous resistance of the wu'e, 
T = instantaneous terp.perature of the wire, 
R = average resistance of the wire, 
T= average temperature of the wire, 

To = air temperature (room temperature), 
Ro = resistance of the wu'e at temperature To, 
V = instantaneous airspeed. 

R.=resistance of the wire in an au' stream of constant speed V. 
T.= temperature of the wu'e in an air stream of constant speed V. 
m = mass of the wu'e, 
s = specific heat of the wu'e, 
a= temperature coefficient of resistance of the wU'e, 

V = average wind speed. 
p = 211" times frequency of all· speed variation. 

K(T- To) =rate of heat los from wire by radiation -and free convection. 
O(T- T o) = rate of heat loss from wire by forced convection of air tream of speed V. 

We assume that the rate of heat loss from the hot wu'e in an air stream of peed Vis given 
by King's equation (reference 13), rate of heat loss equals K (T- To) + O(T- T o) V, in other 
words, that the rate of heat 10 s does not depend on the rate of variation of the air speed. We 
assume further that the heating current i, is maintained at a con tant value and we under
stand by T the mean temperature at any instant as determined by the instantaneou resistance 
of the wire. By expres~ing the fact that the rate at which heat energy accumulates in the wire f 
is equal to the rate at which electrical energy enters, less the rate at which heat energy leaves, 
we obtain the fundamcntal equation 

dH ,-dI=i2R-(K+ O-y V) (T-To) (1) 

N dH d T. h' . h d - . h t t ow -dt =4.2 ms dt smce t e illcrease ill eat energy pro uces an mcrease m t e empera ure 

of the wire. Likewise T - To=Ri.~o and thus ~~ = R~a ~~. On substitution of these values, 

we obtain 

4.2ms dR =i2R- (K + O,JV) (R- Ro) (2) 
Roa dt Roa 

from which R is to be determined . If the cycle is performed very slowly so that ~~ = 0, the 

equilibrium value R., would be determined by 

(3) 

Equation (3) is the equation of the usual calibration curve of the wire and is found to be in 
accordance with the experimental results as to the dependence of R. on i and V as shown in 
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Figures 1 and 2. The following cliSCll sion requires only that the heat 10 be proportional to 
j (V) (T- To) whether the wire be in temperature equilibrium or not. Solving equation (3) 
for K + 0"';17 and substituting in equation (2) we obtain 

4.2ms dR i2Ro (R.- R ) 
Roa dT=-R.-Ro 

(4) 

find then by adding and subtrflcting Ro within the parenthe is on the right and some simple 
transformations 

R - Ro 
R,- Ro= 4.2m dR 

1 - i2 Ro2a (.IT 

For implicity in further di cussion we rewrite thi equation in the form 

4.8 
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FWllRE I.-Cnlihration cunes for 8 bot wire (din meter, 17,,) lit 
dilTerent hooting currents 

F,GURE 2.-Thc <Iota on Figure 1 plotted to show the concordonce 
with King's equation 

R-Ro 
R.-Ro R~ 

R - Ro = 1 - M ~(1!:.-Ro) 
dt R-Ro 

(6) 

where 

(7) 

M has the dimension of time flnd i. the single constant 1 nece sary to characterize the behavi l' 

of the wire for a given heating current and operating temperature. 
The physical meaning of Mmay be seen by uppo ing that the air speed i uddenly changed, 

so that R,changes from a constant value of, ay, RI to the value of R, and inve tigating the change 

I The variations of 8 and a with temperature are negligible under the conditions of operation. 
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of R. We find rather imply t~at R - R = (R(- R)eM. lJ1 is therefore the time required for 

- 1 _ 
It. - R to become cq II al to Ii times the original difl"ercnce Ri - R.2 

It should be noted that the occurrence of the lag is not dependen t on a thermal lag. "\Vhen 
the speed decrease rapidly, the electric current is not able to upply ufficient energy to rai 0 

the temperature of the wire fast enough to corre pond to the equilibrium temperature, and when 
th speed increases rapidly the supply of energy reduce the rate of cooling. The apparenLly 
unsymmetrical respon e obtained by Richardson (reference 14) was produced by oscillating tho 
wire in it own convection current with appro;"''llnately the ame maximum speed as that of the 
convcction current. The phenomena involved in a hot wire 0 cilIated in still air are so compli
cated by the presence of the convection current and by the air motions set up by the wire and its 
mounting that thi special ca e i under tood to be excluded from the treatmont given in this 
paper. 

Equation (6) may bo written 
R - Ro 

d (R-Ro) R-Ro 1 
dt Ii - R 0 + jJf. (Re - Ro)- = 11 

R -Ro 

Tho formal soluJion of this linear equation when },If may be regardC'd as constant is 

r dt f dt 
• jJf. (Re - Ro) M (Eo - Ro-) 

R - Ro R - Ro 

= f ie dt +con t. 

(8) 

(9) 

in which, of course, Re is a function of t detemlined from the velocity variation by means of equa
tion (3). Unfortunately the integration involved under any rea on able a sumption as to the 
variation of velocity with time are very troublesome. Their evaluation in any useful form is 
beyond tho skill of t he author . We therefore tuTU to simpler method of attack. 

It is obvious that it is always possible to rever e thc problem, that is, knowing Rand 

~l~ , to determine Re· This i the u ual experimen tal problem. Let LI uppose that WI-' obtain 

on the record a inll oidal curve represented by 

R-Ro = (ll-Ro) (1 +a sin pt) 

By ubstitution in (6) and simple transformations we obtain 

Re- Ro = 1 + a 
R - Ro 

l-tM2p2 sin (pt +tan- 1 Mp) 
l -ap M cos pt 

(10) 

(11 ) 

If apM i small compared to unity, Ee- Ro al 0 undergo a sinu oidal variation. We hall 
sec la tor that in many ea es aplJ1 i mall, which moan physically that tho variation of)"e is
tance are mall a compared to R - Ro, hence the variations or temporature mall as compared to 
the temperature head T- To, and hence the speed variations small a com pared to the mean 
speed. It, is of intcrc t thcreforc to inycstigate the econd approximation find to soo how large 

the' spe'ed variations may be. Expanding -- }r and performing the' multiplication, 
1 - ap J.1'J. cos pt 

(12) 

" rhjs cOOlputation was mude by IJ uguenard and his coworkers, by Burgors, and by Anrep and his coworkers in tile papers previousl)" 
referret! to. 

42455-29-2 
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lIenee the average value of 
R e - Ro is 1 + 1. a2p2.1112 + 
R -Ro 2 

(13) 

A more complete calculation gives / \ -2M2 for the average value of RRe- RRo Therefore if the 
~l-ap - 0 

resistance variations are large, the observed mean resistance is too low and the corresponding 
mean speed too high. This error in the mean speed is offset to some extent by the curvature 
of the resistance-speed curve which cau es the mean resistance to correspond to a speed lower 
than the mean speed. apM may be as large a 0.14 without introducing an error in the mean 

R - R 
~ larger than 1 per cent, whieh means that the Bpeed may vary by ± 15 to ± 20 per cent 
R-Ro 

""ithout introducing serious error in the mean speed on accolmt of lag . The effect of curvature 
of the resistance-speed curve must, however, be considered for such large speed changes. 

Similarly, by computing the maximum and minimum value of Re - Ro we find for the 

. l' d f h fl ., Re - Ro approXlmate amp ltu e 0 t e llctuailOn III Ii _ R o 

a.J1 + M2p2-a2p2M2 
- 1-a2p2JJ12 

(14) 

and the error in u ing a·.j1 + .1I12p2 is less than 2 per cent for apM = 0.14. 
We now return to the case in which apM is neglected for more detailed consideration. 

Returning to equation (4) we suppose that Re- Ro in the denominator on the right may be 
replaced by R-Ro without ensible error- i. e., that Re-R is negligible compared to R - Ro. 
We then obtain 

dR 
J,1- =R -R dt e 

(15) 

The solution of this linear equation consists of a transient term containing the factor e--k 
and a periodic term, if R. is periodic. The tran ient term soon becomes negligible and will not 
be considered further . To obtain the periodic term, we suppo e that R. is expanded in a 
Fourier eries such that 

R. - Ii = a1 sin pt + a2 sin 2pt + . 
+ bj cos pt + b2 cos 2pt + .. 

. + an in npt + · ... 
. + bn cos npt +. . . . 

We then a sume that 

wb('l1ce 

R-R= Cl sin pt + C2 in 2pt + · ... +cn sin npt+· . 
+d1 cos pt t d2 co 2pt +· .. + d" cos npt + · 

dR 
dt = Cj P cos pt + 2C2P cos 2pt + · .. . + nc"p co npt + · 

- d1 p in JJt - 2d27} sin 2pt - · ... - nd"p in npt - · ... 

Wf' then have on substituting in (15) 

wl1('nce 

.Mnc"p cos npt = b" cos npt - d" cos npt 
- l.{nd"p sin npt = an sin npt - Cn sin npt 

(16) 

(17) 

(J 8) 

(19) 

(20) 

/ 
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Thus 

(21) 

_ '<' { a n . ( -I~,r) bn ( -I~,r) } 
- ~ / U 2 2 ? Sill npt - tan ff.Lnp + / M2? 2 COS npt - tan ff.Lnp 

"V1 +.LI'l.-np- "V1+ n-p 
(22) 

Hence the general result is that the term of frequency ~! has its amplitude diminished in the 

ratio / ~f2 2 2 and ufter a phase retardation of tan-I Mnp. This i the generalization of 
""\ 1 + pn 

cquation (11) when apM is small. 
We may state thi important result as follow ': If the equilibrium value of the resistance 

is expanded in a Fourier series, the actual value of the re istance will be such that the nth har-

monic is reduced in amplitude in the rati0.J \ 2 M2 and i retarded in phase by an amount 
l + np 

tan- I np.i\1 where p is equal to 271" time the fundamental frequency and M equal 4.2 m'2 (R'l' - To ) 
~ 0 

Con ider the ca e of platinum wire and let 7' be the re istivity at temperature To, l the 
length of the wire, A the area of cro section, and p the density. Then 

For platinum, l ' = 0.000012, p = 2l.37, s = 0.035 appro).."imately, and if operated at ay 500 0 C., 

M = l.31 X 108 ~2 . For wire 0.017 mm. in diameter, A = 2.265 X 10-0 and talci.ng i as 0.2 ampere, 
~ 

M = 0.016 second. For this time constant the values of the amplitude reduction factor and 
the p.ha e hift are as follows: 

-

Frequency p 
1 

. .jl +p2M2 tan- 1 Mp 

--
1 ___ ___ _____ 6.3 0. 995 6° 5 __ ___ _____ _ 31. 4 .884 2 ° 10 __ __ __ __ __ 62. .6 7 47° 20 _______ __ _ 135. 7 .402 66° 5o __________ 314. 2 . 1 6 79° 75 ___ ___ ____ 471. 2 .125 83° 100 _________ 628.3 .094 85° 200 __ _______ 1,256.6 .043 89° 

The limitation of the hot wire for high frequencie is apparent. We see that while Burgers , 
for example, was able to obtain records of variations of reasonable frequency, the amplitudes 
were not properly reproduced. The value of M is found to vary roughly as the area of the wire 
(not as A2 since i must be varied roughly as .JA), and for a given wire and fixed temperature 
head to decrease as the wind speed increases (since i can be increased). It is advantageous 
to use as Iowa temperature as the sensitivity of the apparatus permits and we have in most 
cases used temperatures only 1000 C. above the air temperature. 

Returning to equation (15) the correction for lag may be made graphically by a simple 
construction. At a point P on the curve of the observed re istance R (fig. 3), draw the tangent 
and the perpendicular to the time axis. The value of R. is given by the point on the perpen
dicular which is di tant by an amount M measured parallel to the time axis from the tangent. 
A correction similar to this is given by Anrep and Downing (reference 15) as based on a method 
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given by G. J. Burch (reference 16) for correcting for the lag of a capi ll ary electrometer. It hould 
be noted that the method is valid only if the speed variation arc mall. If the speed vari~l
tions are large, a method along imi1ar but not imple lines may be derived from equation (6). 

M The form of equation (22) sugge ts that it might be pos ible Lo 
restore the amplitude and compensat for the lag of the hot wire by 
an electrical method. The equation is of the ame form as that for 
the current in a circuit containing 1'e istance Rand indll ctfwcc L, 

providcd~ = AI, the time con tant of the hot wire. If in an ampli

FIGURE 3.-0rnphiC>l\ method of cor- fier we can po, on to the succeeding stage the voltage variation in 
recting for\ag a circlut with this time con tant, the amplitude can be 1'e tored, 

and an advancement of phase made to compen ate for the lag of the wu'e. The development 
of such an arrangement is not as simple as might appear and we shall reserve until a later section 
a descrip tion of the compensating circuit, the th ory of its action, and a description of the experi-

menta! Lest of its action. The compensation can not be made perfecL as i obviolls from the 
limiting ease of high-frequency variation of ail' peed whel'e the change of 1'e istance of the wire 
apPl'oache ;.:el'O. ,Ve can noL expe I, to get n, positive result from H, zero efl'cct and Lhe com
pen aLion is therefore confin ed 1,0 [reqllen 'ies les than a certain uppel' lilllit. 

-'i ~ 
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GENERAL ARRANGEMENT OF AP PARATUS 

In the apparatus developed at. the Bureau of tandard, the wire, of platinum about 
0.017 mm in diameter, i heated from a 120-volt storage-battery line through a large wamping 
re istance so as to keep the hea ting cllrrent very nearly constant. Potential leads arc provided 
for the mea urement of the voltage drop across the wire, from whi h the resi tance i readily 
computed. The resistance of the wire is a function of the air speed. Variations of airspeed 
produce yarjation of resistance and hence of the voltage drop aero s the \\'ire. The voltage 

... 
~ 

I 

120 v: 
I 

.J. 

800n 

A )-----, 

Healing circuif 
6.5.12 

Manganli? 

Currenf measuring 
pofentiometer 

Pofenf/omefer for 
f77easuring mean vollage 

To omplifi"er 

FIGURE 5.~.-Wiring diagram of healing circuit and circuit for measurement of ruc"n speed 

variation arc amplified by mean of a direct current resistance coupled amplifier. In the 
amplifier is incorporated the compensating circuit already referred to, which compensates for 
the lag of the wire over a certain range of frequencies. The plate current of the la t tage of 
the amplifier is passed through a fixed resistance and the voltage drop across this resistance is 
balanced by a voltage divider. In the balancing circuit there i placed, in addition to tho 
direct-current milliammeter which serves as the indicating instrument of the voltage divider, 
an alternating-current milliammeter for measuring the alternating current produced by the 
fluctuations. If de ired, an 0 cillograph element may be ub tituted for the Illternating-clIlTent 

Inpul 

SOOOOSl. SOOOOSl. 

3~PAmp. Power IF· Amp. 

111---.111--'----:8-+----'------'-------
~V ~V 

1....-_____ ...:.B:,...-____________ ---iII~-_-111 

FIGU RE 5B.- 'l"iring diagram of amplifier, compensator, nnd output circuit 

DC AC 
0 -15 0-5 

miliiallllllC'lC'J" and lhe wave form photographed. A phoLograph oC LhC' appRrat us is Rhown in 
Figure 4 and a wiring diagram in Figures 5a and 5b. For simpli ity, certain protccLi\'e s\\"itche. 
and the oscillograph circuit are omitted in the wiring diagram. 

THE H EATING CIRCUIT 

It is essential to maintain the heating current reasonably 
u eel in the amplifier is es entially an electro tatic device and i 
If one connects a hot wire directly to a battery, the voltage aero 

constant . The electron tube 
operated by voltage changes. 
the wire will}"emain approxi-
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mately constant and equal to the battery voltage (absolutely equal except for the drop in the 
leads and in the battery) irrespective of changes in the resistance of the wire. Hence, to secure 
the greatest sensitivity it is desll.'able to maintain the current constant. The resistance of the 
wire when hot was usually about 4 ohms and the heating current was usually 0.2 ampere . The 
maximum variations of resistance in which we are interested do not usually exceed ± 0.25 
ohm. Thus .by using the laboratOl-y'120-volt storage-battery line with 596 ohms in serie with 
the wire, the maximum change in the heating CUTrent during the fluctuation was about I part in 
2,500, and a voltage fluctuation equal to 0.2, the value of the cUlTent, time the r esistance 
fluctu ation was impressed on the amplifier. 

To measure the current accurately and to maintain it at a constant value as the mean 
resistance of the wire varied with changing mean speeds, a 6.5-ohm manganin resi tance was 
placed in series with the wire, and the potential drop across this resistance was measmed by an 
improvised potentiometer consisting of a 2-volt storage cell, a 10,000-ohm dial box, a standard 
1,000-ohm resistance, a portable galvanometer, and a standard cell. 

THE CIRCUIT FOR MEASURING MEA RESISTANCE 

The mean voltage drop acro s the wll'e was measmed by a similar potentiometer except 
that a 4-volt storage celi, a 1,000-ohm dial box, and a milliammeter (range 0-1.5 milliamperes) 
were used. S"vitch S2 in the diagram (fig. Sa) permits a check of the potentiometer by a stand
ard cell, Switch S[ enables the wire to be removed from the amplifier circuit, still retaining a 
closed circuit when the switch is closed in position A. Switch S3 enables the removal of the 
indicating milliammeter from the circuit, retaining a closed circuit on the grid of the first am
plifying tube when closed in position A. The procedure is as follows: S2 is closed in position A 
and the potentiometer checked against the standard cell, S2 is then thrown to position B and 
remains there subsequently. S I and S3 are closed in position B and the potentiometer adjusted 
until the milliammeter fluctuates equally about the zero mark. By opening S3 the fluctuations 
are passed on to the amplifier. After a reading has been taken, S3 is closed in position A, S I 
thrown to position A, the dial box set to zero, and 8 3 opened, the object of this procedure being 
to avoid disturbance to the amplifier by keeping the same average voltage on the grid of the 
first tube. After these adjustments, known voltages can be applied to the amplifier by turning 
the dial box, and the amplification can be measured. 

TH E AMPLIFIER 

The amplifying circuit is one given by R W. King (reference 17) as suitable for direct 
current amplification. 0 condensers or transformers are used and there is therefore no selective 
amplification. The coupling condensers of the more common resistance condenser coupled 
amplifier are replaced by large 0 batteries in series with a voltage divider for fine adjustment of 
the bias voltage. Since the reduction of the wiring diagram given by King to a workable ampli
fier was attended by some difficulties, it is desired to make a record of the more important ones 
for the benefit of others intending to use this type of diJ'ect-current amplifier. The wiring 
diagram given in Figure sb gives the type of tubes used, the values -of the battery voltages, and 
the coupling resistances. . 

The first difficulty encountered was that due to rapid drifting of the current in the last 
stage, caused partly by leakage currents from the 0 batteries, which are at high potential, and 
partly by small changes in voltage of the variou batteries. The measures taken to reduce the 
drift to a workable value of about 1 milliampere in the plate current of the power tube in 5 to 
10 seconds, corresponding to a voltage change of about 0.001 volt in S to 10 seconds at the first 
grid, were as follows: 

(a) To insulate all 0 batteries by means of paraffin blocks. 
(b) To use a somewhat smaller plate voltage on the tubes than recommended for ordinary 

radio use.3 

• It should he noted that the so-called plate voltage speCified by some manufacturers really denotes the B-battery voltage to be applied to " 
plate circuit in which a specified external resistance is placed . 
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(c) To use storage cells for B batteries. 
(d) To use 50,000-ohm coupling resistances. 

In spite of these precautions it occasionally happens on days of high humidity that the amplifier 
is unworkable because of a large drift. Trouble from this source is greatly reduced when the 
amplification is reduced. 

A second serious difficulty arose in the attempt to use a common B battery for all stages. 
It will be seen that the B battery i common to the input circuits in this type of amplifier and 
forms a coupling between the tages. If the B ·battery remained of con tant voltage, this 
coupling would cau e no trouble, but unfortunately the voltage depend on the current drain. 
The variation is e pecial1y large for the ordinary light-duty dry cells which we attempted to 
use at first, and many peculiar effects were found. This difficulty was removed by the use of 
storage B batteries and by using a separate battery for the power tube. 

It is found that the amplification changes with time. It is necessary to run the amplifier 
about 15 minutes before beginning observations and to measure the amplification frequently. 
To insure that the tubes are always worked on the linear portion of the characteristic curve 
milliammeters are included in each stage. The characteristics of the amplifier are such that 
blocking does not occur if the limits of the power tube are not exceeded. It is neces ary 
occasionally to check the characteristics of each tube. 

Since in various applications it wa de ired to measure variations from 0.005 volt to 0.10 
volt, or even 0.2 volt, it was desirable to be able to vary the amplification in reasonably close 
steps. Each stage amplifies about 12 to 15 times, · and. to secure finer adjustment than was 
possible by varying the number of stages arrangements were made in the first stage to pass on 
one-fourth, one-half, three-fourths, or all of the drop across the coupling re istance. 

A direct check was made of the nonselectivity of the amplifier (compensating circuit 
omitLed) by observing the amplification of a known alternating current and comparing with 
the direct current amplification. Frequencies up to 120 cycles per second were tried and no 
electivity was observed. 

OUTPUT CIRCUIT 

In the output circuit the potential difference aero s a fixed resistance is balanced by a voltage 
divider. The tap on the voltage divider resistance is set once for all, 0 that no current flows 
in the balancing circuit when the plate current of the power tube is at the value corresponding 
to the midpoint of the linear part of the characteri t.ic curve. Balancing is subsequently made 
by the 0 bia voltage divider of one of the tages of the amplifier. Under these conditions the 
relation between the unbalanced current shown on the milliammeter and the voltage applied 
to the grid of the first tube i linear over a considerable range (± 10 milliamperes). The 
alternating curront still remaining is mea ured by an alternatino- current milliampere of range 
o to 5 milliamperes. If the alternating current does not exceed 5 milliammeters, and the mean 
values of the plate current of the various stages are at the proper values, the tubes are known 
to be "orking within the linear range of the characteri tic curves and are not blocking. 

COMPENSATING CIRCUIT 

It ha been shown that compensation can be made for the lag of the wire by passing on at 
some stage the voltage variation in a circuit containing inductance L, and resistance R, such 
that LIR equals the time constant ]f, of the wire. We may compute the performance of circuits 
containing a vacuum tube by assuming (reierence 18) that the tube impresses a voltage fJ.e, fJ. 

being the amplification factor, and e the grid voltage, in a circuit consisting of the external 
impedance and the plate resistance of the tube Ro. The distortion term is negligible if the 
tube is operated in the linear range of the characteristic curve . Since the grid-filament resistance 
of the succeeding tube is very high and the grid current negligibly small, we need only to 
compute the voltage variations passed on to the next tube. 

The compensating circuit (fig. 5b) consists of a tube of plate resi tance R o, a resistance RII 
and an inductance L of resistance R2 . The voltage drop across the inductance L and resistance 
R2 is passed on to the next stage. As is customary in similar calculations we consider only the 
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variahle }Hlrl of the plate (,UlTcnt which ,ye call J o, and the variable parL of the grid YoiLage, 
which we call e. ," e have then 

and Lhe yolLage passed on to the next tu1 e as 

or 
J.le (R2 +ipL) 

Ro + R( + R2+ ipL 

AILer some r educLion, we find Lhi ex:pre'sion equivalent Lo 

II w can meet the three condition, that RO;2R
( + 1 is large a compared with 114' Lha L 

R2 p2D. L 
Ro+Rl+R2(Ro + RI) IS small compared to unity, and that Rz is equal to the time con tant of 

the wire, we haye the compen ation de ired. 
In the actual circuit, Ro= 50,000 ohm, RI = 100,000 ohms, R2 varie from 700 to 5,000 ohm ' 

(by mean of adjustable rheo tat) and L = 13 henries. arrying through th limiting case for a 
frequency of 100 cycle - i. e ., p = 62 - we have .the following table: 

p2L2 

Rz 
Ro+Rl pL 

(R!!.;tRl+ l Y p2£2 W R2 p2£2 
Rz R-; R22 (Ro1hRl+1 y --+---Ro+ Rl Rz(Ro+ R1) 

700 215 11. 65 46, 700 136 0.0029 0.69 
5,000 30 1.63 961 2.66 .0027 .12 

The error in compensation for amplitude is only 0 .15 l)er cent, but ih elTor in phase He 
apparently much greater . ,Ve find from the preceding equation that the pha e elTOl' could he 
mflde maller hy u ing 1 megohm for R I , but thi procedure would reduce the amplification, anel 
ince the mean quare value doe not depend on the relative phases of the variou componenls 

into which the complex wave hape may be resolved, we have actually u cd 100,000 ohms. 
Furthermore, the error are in reality not as great a they scem. Thus for Hz = 700, the pha cis 

advanced by an amount tan-I ~1. 6695 =6. 9 in tead of the correct amount tan-1 1l.65, i. e., 1.7° 

in lead of 5.1°, and for R2 =5,000, by 55.4° in Lead of the correct 5 .5°. In other words, the 
errol' in pha e is only 3°. The compen ation i therefore regarded a. ati fa. tory forIrequencie 
up lo 100 cycles. The error at 500 cycle is only 4 per cent in amplitude and abouL 15° io 19° 
in pha e. 

The compen H Lion is ecureu at lhe expC'll e of the yollage amplification of thi lage 
which is 

\ 
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For the tube used (jJ. = 30) and the value given above, we find that this tage docs not amplify 
at aJl but actually reduce the voltage under some conditions. Thus the direct-current amplifi
cation is 0.14 for R2 = 700 and 0.59 for R 2 = 5,000 and the amplification at 100 cycles 16.4 for 
R2 = 700 and 1.1 for R2 = 5,000. The compensation i therefore ecured by reducing the low
frequcncy amplification and an additional tage of amplification i required to make up for this 
]0 ' So 

To ecure the computed performance it is very nece ary that the inductancc L be inde
pendent of the frequency and of the ClllTen t, which means that no iron can be used. The 
re i tanee must ttl 0 be reasonably low. I'll. Brooks and H. NL Turner (r ference 19) have shown 
that to ecure a given value of L IR, a definite ·weight of wire is required, and in th present ca e 
it wa only neces ary to wind o. 26 wire (about 14 pounds) on a pool until the de ired L IR 
was 0 b tained, in thi case abou t 
0.018 second, L being 13 hen
ries and R 735 ohms. Smaller 
values of L IR could then be 
ecured by introducing addi

tional resi tance in eric with 
the coil. 

EXPERIMENTAL TEST OF COM
PENSATI G CIRCUIT 

Because of the importance 
of this feature of our apparatus, 
we made special tests to obtain 
a check on the accuracy of com
pensation. The experimental 
arrangement for this purpo e 
( hown in fig. 6) consi ted of a 
motor-driven crank, connecting 
rod, and leyer sy tem for im
parting an approximately har
monic motion to a Ii de oper
nting on the outside of a brass 
pipe 174" inches in diam.eter. 
The pipe \Va provided with a 

FJG u /(l~ O.-.\pparntlls for cx pcrim entaltest of C01llpc tlsntion 

bell-mouth entrance at one end, and the other end wa in erted in the wall of the 54-inch wind 
LlInnel. A hot wire could be mounted within the pipe on the slide through a narrow slot. 

The object of thi arrangement was to be able to maintain a rea onably teadyair tream 
past the "\-\'ire and to superpo e on thi teady relative motion a harmonic motion by 0 ciIlating 
Lh e wire. The experiment was made in a tube rather than in the wind tunnel itself, so as to be 
able to eliminate all interference from the motor, crank, connecting rod, and le,-er sy tems. 

The procedure \Va a follow: The hot-wire mounting wa remoyed from the pipe and It 

relation found between the speed at the center of the pipe and the peed indicated by the wind
tlmnel gauge. The wire was then replaced and calibrated- i. e., the yoltage drop across the wire 
was measured at eyeral wind speeds. The wire W9 then oscillated at several frequencies and 
amplitude so ehosen that Lhe product of freqllency and amplitude, and therefore the maxilllllm 
speed produced by the oscillation, was con tanL, ftnd th reading of Lbe alt rnaLlng-t.urrenL milli-
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ammeter in the output circuit noted. A typical experiment of this kind gave the folio'wing results, 
the compensating circuit operating ; 

Double Frequency Mean amplitude of cycles per Voltage Corresponding speed vari-
motion of speed second variation I ntion 

wire 

Ji't./sec. mm FL./sec. 
46.9 12.71 20 0.0171 6. 3 
45. 1 6. 36 40 .0173 6.1 
45.1 4. 23 60 . 0176 6.3 
44.0 0 0 .0056 2.0* 

(* Due to turbulence 
of stream in the 
pipe). 

I The voltage variations are derived [rom the milliammeter readings by assuming a sinusoidal wave form, bence lDuJtipl)-ing by 2 2 to get th.e 
double amplitude Bnd tben multiplying by the amplification ratio. Since the mean speed varies a little from one read ing to another, a given voltage 
variation does not correspond always to exactly the same speed variation. 

We may attempt to correct for the unavoidable turbulence in the pipe by assuming that the 
value for a stream free from turbulence is "'/6.22 -22 =5.9 ft. /sec. The value computed from 

li d d I " 'd 1 " 12.71 f / the amp 'tu e an requency, a summg SlllUSOl a motIOn, IS 271" X 20 ;< 305 ' or 5.2 t. sec. 

Oonsidering the several sources of error and the difficulties introduced by the turbulence of the 
stream, the dillerence between the two values may not be considered excessive. 

Further experiments were made by the use of the oscillograph instead of the milliammeter 
with the hope of being able to average out the effects of turbulence in the pipe. ample records 
are given in Figure 7, and a typical set of results in the table. The wire used was not the same as 
the one used with the milliammeter and the mean air speed wa. omewhat different, so that the 
relation between voltage variations and speed ariations is not the same a.s for the preceding 
table. The value of the time eonstant was computed as 0.00415 second. 

[Uncompensated, 3.25 mm on fiJm=O.OO.J volll 

plitude of cycles per 
Double am- I Frequency 

motion of wire second 
Mean double 

amplitude on film 
"Yfp'M'tlmes observed 

amplitude 

12.71 
6. 36 
4. 23 

20 
40 
60 

mm 
9. 6 
6. 
5. 5 

mm 
10. 8 
9.8 

10.2 

Mean 10. 3 
or 0.0127 volt or a 

speed variation of 
5.5 ft./sec_ 

[Compensated, 1 mm on fiJm=O.OO.J voltl 

Double am
plitude of 

motion o[ wire 

mm 
12.71 

6. 36 
4. 23 

Frequency 

Ovelts/sec. 
20 
40 
60 

Mean double amplitude 
on film 

mm 
3.1 
3. 0 
3. 0 

Mean 3. 03 
or 0.0121 volt or 

5.3 {t./sec. 
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These values show better agreement with the computed value of 5.2 ft ./sec. and illustrate 
the marked difference in response when uncompensated as compared with compensated. 

As a result of these and other measurements, we b elieve that the net effect of the many 
sources of error, including the errors in determining the time constant of the wire, do not on the 
average exceed 10 per cent, and since we are attempting to measure variations of air speed which 
do not remain of constant amplitude this error is not excessive. 

We appreciate full well the errors involved in using a wire 7 mm long in a pipe 32 mm in 
diameter because of the variation of air spees! over different parts of the wire, but we feel that a 
direct mounting in the wind tunnel involves very much larger errors due to interference effects. 

Uncompensated 20 cycles per second 

Uncompensated 60 cycles per second 

Compensated 20 cycles per second 

Compensated 60 cyclcs per second 

FIGURE 7.-0scillograpb records of test of compensation 

The in1possibility of obtaining a stream free from turbulence and the necessity of keeping the 
superimposed speed fluctuation reason ably small offer insuperable obstacles to an extremely 
accurate check, but we may accept these experiments as evidence that no large factor has been 
overlooked in the theory of t he compensator. 

The determination of the correct value of M under given conditions requires a knowledge 
of the diameter, density, temperature coefficient of resistance, resistance at room temperature, 
specific heat, and mean temperature of the wire. Of these quantities, the wire diameter is mo t 
sensitive and is the most difficult to determine accurately. We have used a value obtained 
by the interferometry section by using the wire to form a wedge between two optical flats and 
counting the number of fringes. The value is probably correct to ± 2 per cent. A check on 
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this value was obtained by mea uring the resistance of a known length of wire. The resistance 
at room temperature wa measured by a sensitiye bridge method so that the current through 
the wire was very small. The density wa taken as 21.37 gm Icm3, the temperature coefficient 
as 0.0037, and the specific heat as 0.032. The e values should, strictly speaking, be modified 
according to the wire temperature, but with the accuracy attainable i t does not seem worth 
while to do so at present. At high frequencies the percentage error in the amplitude of the 
speed .fluctuation is equal to the percent age error in ]1, while at low frequencies it i ome
what less. 

A word should perhap be aid about the influence of the temperature di tribution along 
the wire. The di tribution may b calculated appro}.-imately from the known heat conductivity 
of the material, the rate at which heat is generated by the electric current, and the heat 10 s to 
the air stream. It is found that the arithmetic mean temperature differs from the maximum 
temperature by 272 per cent for a maximum temperature of 150 0 and by 472 per cent for a max
imum temperature of 500°. The errors introduced in taking variou types of mean value do 
not therefore exceed 2 or 3 per cent. After all, the wire is about 350 diameters long and i not 
at all hort as compared to the diameter. 

Centimeters 
o 5 10 

I I ! 1 , 

FlGLTRI!: .-Win' mounting ror c(lntrnl pfl rt or ai r stn';ull 

wall (Bakelite) 

Cen f lmeter3 
0 1e 3.,S 

! ,I I I 1 I I 

Bakelite plate";; 

Centimeters 
0 102030 
I , I , 

F,Gl'RE 9 .- \\,ir~ lIlounting ror USC nell" Lhe Lunnel "",11 FJOU R}~ lO.-O~ncrR l relaLion or the two wire mountings 

MEASUREME TS OF WIND T EL TURBULE CE 

To illu trate the usc of the apparatus de crib d in thi paper and the general nature of the 
results obtainable, we will describe some measurement made in connection with the problem 
of turbulence in wind tunnel. The methods of mounting the wire and of traversing aero the 
tunnel at a given section are illustrated in Figures ,9, and 10, showing ~he mounting used in the 
main body of the stream and near the wall. Every efl'ort wa made to eliminate intederence 
efl'ects from the upport and to ecure reproducible condition neal' the wall. A bfikelite 
plate 7.5 em wide was et into the wall extending about 43 em upstream and 7 cm down tream 
from the eetion fit which the traver e was taken. The wire, about 672 mm. long, was supported 
by Lwo tifl' prongs extending through small holes in the bakelite Lo a block trayeling on a microm
eLer crew. The zero position of the crew was obtained by obs rving the reflection of the wire 
in the smooth bakelite surface. Thi wire mounting could be used for di tance from the wall 
up to 5 mm. The remainder of the cro section was explored by a wire mounted on two prong' 
pantllel Lo Lhe wind sLream aLLached Lo a carriage sliding on a Ll'ut about 37 em dowllsLream. 
(Fig. 8 and 10.) 
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The wire was placed in every case at right angles to the wind direction and to the line of , 
traverse. In thi po ition it i least ensitive to directional changes and re ponds to any change I 

in the resultant speed. 
A brief description of the 54-inch wind tunnel in which this work was carried out has been 

given elsewhere. (Reference 20.) The only change of importance since that description was 
publi hed has been the removal of the diffuser and the installation of a room honeycomb. Figure 
11 shows a sketch of the tunnel with the section indicated at which traverses were made. Trav
erses were made only along a single horizontal li ne toward one wall of tho tunnel. 

The procedure ~vas a 
follows: The wire was placed 
at tho center of the tunnel 
and calibrated again t a static 
plate, which in tum had been 
calibrated against a Pitot 
tube placed at tho point ub
sequently occupied by the 
WIre. For tho traverse near 
the wall the wall in trument 
was calibrated agninst the 
centE'r instrument. The tUll

nel was then operated nL the 

I 
Honeycomb o 

, , ,t, 

I 
Honeycomb 

Scale 
o 100 200 
~ 

em 

F, (:lIl>: J I.-Sk c t~h of 54-inch win d tUllnel with tra \'ersc pOS itions 

!speed at which it was de ired to makc the travel' e and tho mean voltage drop acro s the wire 
balanced with tho wire in the desircd traverse po ition. The timo constant of th wire was thE'n 
computod and the compensating resi tance et so that the ratio of the inductance to the re ist-

I ance was equal to the time con tanto The iluctuations were then impre sed on the ampliner, 
\ the direct-current milliammeter reading of the output balancing circuit reduced to as near zero 

as possible, and the reading of the al temating-current milliammeter noted. In this process 
two observers cooperated, and an attempt wa made to obtain the best average reading of the 
altemating-current milliammeter when the direct-current instrument was fluctuating equally 
about the zero mark. In other word, an effort was made to confine attention to disturbances 

ID 

~ 

'" /.,/ 

,.,... 

10 
fJ, mm 

100 1000 

FIGURE 12.- Logarithmic plot of tbo djstribution of mean speed, 5 feet downstrcilm from tho working section. 
I/ = djstanco from wall, mm. V=mean speed at distance 1/. V.=mea u speed at centcr of working section 

of frequency greater than one cycle in one or two seconds. After the reading was obtained 
the wire was switched out as explained in a previous section and the change in current in the 
balancing circuit for a known change of voltage determined. The wire was then moved to a 
new position and the process repeated, the amplification being adjusted if necessary to giv a 
reading in the neighborhood of 2 to 4 milliamperes. 

\ The variations in speed were computed in the following way: We know that the reading 
of the alternating-current milliammeter is proportional to the square root of the mean square 
deviation of the resistance from its mean value. We therefore computed the amplitude of the 
sine curve, giving the same square. root of the mean square value and read off from the cali
bration curve the speed corresponding to the mean re i tance plus this amplitude and the mean 
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resistance minus this amplitude. We called the mean of the two speeds, the mean speed, and 
their difference the double amplitude of the speed variation. 

If the resistance-speed curve were linear, the above procedure would give accurately the 
speed variation giving the correct square root of the mean square value, irrespective of the 
actual wave form. The curvature of the resistance-speed curve introduces an error which we 
see no way of eliminating at present. For small variations the calibration curve may be con
sidered approximately linear, and the errors from this cause are probably not very great. 
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FIOURE 13.-Logaritbmic plot o[ tbe distribution o[ the double amplitude o[ tbe speed fluctuations, expressed as 
ratios to tbe mean speed at tbe center o[ tbe working section. v=distance [tom wall, mm. IlV=double amplitude 
of speed fluctuation. V.=mean speed at center of working soction 

Figure 12 shows the disliribuliion of mean speed along a line from the center of the tunnel 

Ito the east wall 5 feet downstream from the working section, plotted with logarithmic scales to 
show the power law variation. The break in the curve at a distance less than 1 mm is not due 
to the presence of the wall, since the presence of the wall causes a greater heat loss, cools the 
wire, and hence gives too high a value for the speed. A method of correction for the effect of 
the wall has been given by B. J. Van del' Hegge Zijnen (reference 21), in which it is assumed that 
the heat loss to the wall is independent of the wind velocity. This correction has been applied 
to our values. The correction was negligible for distances greater than 1.2 mm. Van del' Hegge 
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FlOUR\: H.-Logaritbmic plot of the distri bution o[ tbe uouble amplitude of the speed fluctuations, expressed as ratios 
to the local mean speed. l/=distatlcc from wall, mm. Il V=double amplitude of speed Ouctuation. V=mean speed 
at distance II 

Zijnen gives an interpretation of this peculiarity of the distribution curve, for which reference 
may be made to the original paper. 

It is seen that the air stream consists of a core of approximately uniform speed sUlTounded 
by a region near the wall in which the speed decreases. The equation of the curve of mean 

speed in this "boundary layer" is ~ =(r)" where Vis the local mean speed, Vo the speed of 

the core at the working section, y the distance from the wall, 0, the thickness of the boundary 
layer, in this case 135 rom, and n a constant, in this case 0.15. 



MEASUREME T OF FLUCTUATIONS OF AIR SPEED 23 

The accuracy of measurement of the mean speed is not as great as one might secure by the 
use of a wire of greater diameter. The wire used, 0.017 mm in diameter, was extremely fragile 
and broke very frequently. The calibration curve was subject to erratic changes of the same 
type as those described by Bailey and immons (reference 22) for a wire 0.025 mm in diamet,er 
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FIGURE 15.-Distribution of mean speed at tbree sections. lI = distance 
from wall, mm. V= mean speed at distance 1/. V.= mean speed at 
center of working sect ion 
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FIGURE 16.- DistributJon of the double amplitude of tho speed fluc
tuations at three sections, expressed as ratios to the mean speed at 
the center of the working section. I/= distance (rom wnIl, mm . 
e. V=double amplitude of speed lI11ct uation. V.=menn speed at 
center of working section 

but even more troublesome. In spite of calibrations two and four times per day and of numerous 
returns to a reference point dUl'ing a traverse, it was difficult to secure an accuracy of better than 
± 1.5 per cent in the mean speed. ome of the difficulty arose from the ability to see fluctua
tions on the balancing instrument. To meaSUl'e fluctuations, the wire must be small, and judg
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ing lby the frequency of failure the diameter 
used is close to the lower limit of mechanical 
strengt.h for use at speeds up to 60 foot
seconds. The traverses were made at a mean 
tunnel speed of approximately [;5 foot-seconds. 

Figure 13 shows the distribution of speed 
fluctuations, also on a logarithmic scale. The 
ordinates of the curve are equal to the double 
amplitudes of the speed fluctuations expressf'd 
as a ratio to the mean speed of the central 
core of the air stream at the working section, 
derived from the square root of the mean 
square values on the assumption of a sinu
soidal wave form as previously explained. 
The abscissas are distances from the wall. 
There is a definite correlation between the 
variation of the speed fluctuations and the 
variation of mean speed. Over the central 
core the double amplitude of the fluctuations 

40 60 80 100 120 140 of speed is reasonably constant, as is the mean 
Y,mm speed. In the boundary Jayer the fluctuations 

FiGURE 17.-Distribution of the double amplitude of the speed Ductus- increase to a flat maximum at about 15 mm 
tions at thrce sections, expressen as ratios to the loeal mean speed. 
tI = distaoce from wall, mm. e. V= double amplitude of speed Ductua- from the wall and then decrease as the wall is 
tion . V=mean speed at distance 11 approached. 

In Fig me 14 the speed fluctuations are expressed as ratios to the mean local speed instead 
of to the speed of the central core as in Figure 13. It is probably only a coincidence that the 
limiting value of the amplitude (i. e., half the double amplitude) of the speed fluctuation at the 
wall expressed in this way (0 .15) is nearly equal to the exponent occurring in the law of distri
bution of the mean speed (0.15). 
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In Figures 15, 16, and 17 we have plot Led on a linear calc the a\'erage curves for the work
ing section, a section 150 em down tream, and a ection 131 em upstream, the locations being 
shown on Figure 11. Compari on of Lhe working ection and the downstream section shows 
the expected course of event. The boundary layer increase in thickness, and consequently 
the peed of the core increa e a little. The large yariation of peed extend to the limit of the 
new boundary layer, while the variation of peed in the core are omewhat reduced. 

The upstream traver e hows anomalous result, repeatedly checked, which we believe to 
be due to the fact that the honeycomb axi i at a man angle to the tunnel axi. The traverse 
shown over a comparatively limited region and can not be c n idered fI repre entative of 
conditions over the entire eros eeLion. ince we do noL haye suflicient data to make a ompl'e
hen ive report on the speed variations in our 54-inch wind tunncl and the value given arc 
intended a illustrative of the kind of re ult obtainable, we shall omit any further eli cus ion. 

The preci ion or per'hap lack of preci ion i indicated clearly in Figure 13. We believe 
that the chief difficulty lies in the fact that thero arc actual changes in the mean values for 
the time intervals used-i. e., the turbulence as defined by our method of mea urement i not 
con tanto 

FIGURE IS.-Oscillograpb record of speed Ductuatiou Dear the wall 

We have, of cour e, been most interested in the turbulence in the core of the air tream. 
A typical et o[ values of the double amplitude of the peed variation taken in the core at 
the working ection i shown below. 

Distance from center (cm) 

46 wesL _________________ _________ _ 
30west ___________________________ _ 

~g~~;;~~===~======================: 30 easL __ ________________ __ _______ _ 
46 east _________ __________________ _ 

~ean __________ ______ _____ __ _ _ 

Fir t run 

O. 043 
.045 
.041 
.043 
.045 
.047 
.045 

.O~ 

econd 
run 

O. 041 
.040 
.041 
,041 
,041 
.043 
.043 

.~ 

The mean of a number of readings at the three ections gave the following result 
131 cm upstream ______ ____ _____ __ ___ ____ __ ______________ ___ __ _____ __ ____ O. 060 
Working section___ ____ _ _ _ _ _ _ __ __ ____ _ _ _ _ _ __ _ __ _ _ __ _ _ ___ __ _ __ ____ _ ___ _ _ _ _ ,043 
150 cm down treaIU ___ ____ ____ _______ ___ ____ __ .. __ .. ___ _____ _ __ __ ____ __ ____ .035 

As a matter of interest, an oscillograph record of the wave form near the wall is shown in 
Figure 1, The light ray is interrupted at intervals of appl'oximately 0.15 econd. 

MEASUREMENTS BEHI D CYLI DERS 

In the development of the apparatu we made a few mea lIl'oments of the fluctuations 
present behind a cylinder 3 inche (7.5 em) in diameter and extending completely across the 
tunnel at the working section, We wish to u e these measurem.ents (figs. 19 and 20) to illustrate 
another application of the apparatus. While the accuracy of the e measurement i not very 
great and the cylinder was much too large for the tunnel, blocking about 7 per cent of the cro -
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sectional area, the qualitative information as to the rapidity with which the Karman vortex 
system is di ipated is of some intere t. The diagrams are self-explanatory. 

CONCLUSION 

The apparatu de eribed i very bulky, far from portable, and in many re peets incon
venient to use. W c believe, however, that a great improvement i pos ible, and we are now 
engaged in redesigning the amplifier, using very large coupling condensers in place of the large 
C batteries. By acrificing a little in ensitivity and accuracy the wire may be hated from 
a 6 or 12 volt torage battery.4 With everal change of thi nature we hope to produce a 
more portable apparatus. The exten ion to mca urement of directional variation 11 ing the 
2-wire arrangement of Burgers is relativel}T ea y. 

In conchl ion we wi h to acknowledge with apPI'cciatlon the a sistaI1ce or OllI' associatrs, 
Dr. Arthur E. Ruark, 1e sr . K. H. impson, P. . Ballifl', R. H. Monisb, and W. H. Boyel. 

1.4 

12 

10 

.8 
V 

Vo 
6 

~ 
1 

l/ 
0 

o "!' s--r-. 

[Qx 

0 0 

J..o~ :x/,D = 4.2 

8 
"X./D = 0/ 

0 

If' K. II r~x/D = 4.2 
x/n=o/ 

.2 

.0 -2.4 -i 6 -.8 0 B 16 2.4 
y/ D 

FlGl'IU, 19.-ni~trihution of mean sl){)()d hehind n cylinder 
3 inches in diarnrtrr. V=mran speed at point (x, Y). 
~·.=lDeaD sp~crl of undisturhed stream 

oj' 

I~ 
V -4. 

2 

0-
r 

~2 -2.4 -1.6 -8 

Ii' ~ 

o .8 
!J/ O 

~ 
\ 

1.6 

'\ b>, -
2.4 

F,GURE 20.-Distribution o[ double amplitude o[ speed fluctuations 
hehind a cylinder 3 inches in diameter. l!. V=doubJe amplitude of 
speed Ouctuations 9t point (x, y). l ',=mean speed of undisturbed 
air stream. C'f. Figure 19 [or coordinates (x, 1/) 

REFERENCES 

1. Reynolds, Osborne: An Experimental In\'estigation of the CirclIlllstances Which Determine Whether the 
Motion of Water 'hall be Direct or Sinuous and (th Law of Resistance in Parallel hannels. Phil. 
Trans. Royal Society, 1 3, vol. 174, p. 935. 

2. Bacon, D. L., and Reid, E. G.: The Resi. Lance of I heres ill Wind Tunnels and in Ail'. (1924) . A. C. A. 
Technical Report No.1 5. 

3. Reynoldi<, 0 borne: 011 the Dynamical 'I'll ory of Incomprcssible Viscoll~ Fluids and the Determination 
of the Criterion. Phil. Trans. Royal Society, 1 95, vol. 1 6, Part 1. 

4. Lorentz, II . A.: Abhandlungen ubel' theoretische Physik, Leipzig, 1907, p. 43. . 
5. Burgers, J. 1\I.: Ve/'sJagen del' Ron. Akad. v. Wetensch, Am iel'dam, 1923, vol. 26, p. 5 2. 
6. Von Karman, Th.: Abhaudlungen aus dem Acrodyn. InsL. Aachell, vol. 4, p. 27. 
7. Dryden, H. L ., and Heald, R. H.: Investigation of Turbulence in Wind Tunnel ' by a SLudy uf the 1"101'1 

about Cylinders. (1926) N . A. C. A. Technical Repolt No. 231. 
8. ling, L. V.: Phil. Trans. Royal Society, London A 214, p. 373, 1914. 
9. Huguenard, E., Magnan, A., and Planio\, A.: La Technique Aeronautiquc, 1923, Nov. 15 and Dec. 15; 

1924, Jan. 15 and Feb. 15. (For translation, see N. A. C. A. Technical Memorandum 0.264: A Method 
for the Instantaneous Determination of the Velocity and Direction of the Wind (1924). 

10. Burgers, J. M.: Ron. Akad. v. \Veten ell. Amsterdam, vol. 29, p. 547, 1926 proceeding. 
11. Fage, A., and Johansell, F. C.: Proc. Roy. oc., London, vol. 116, 1927, p. 170. 

, As this paper goes to press, the redesigned equipment has been in use for several months and direct correlation bas been obtained between 
measurements of forces on spheres and streamline models and measurements of speed Ouctuntions. 



26 REPORT NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

12. Anrep, D owning, and coworkers: Journal Sci. Instruments, 3, 1925-26, p. 221. Heart, Vol. Xl V, No.2, 
1927. 

13. King, L. V.: Phil. Trans. Royal Soc., London A 214, p. 373, 1914. 
14. Richardson: Journal Scientific Instruments, vol. 3, 1925-26, p. 323. 
15. Anrep and Downing: J ournal Sci. Instruments, 3, 1925-26, pp. 221 and 3 5. 
16. Burch, G. J.: Proe. Roy. Soc. 48 (1890), p. 89 . 
17. King, R. W.: Journal Opt. Soc., vol. 8, January, 1924, p. 98. 
18. Carson, J . R.: Proc. Inst. Radio E ngineers, 7,1919, p. 187. 
19. Brooks, M., and Turner, H. M.: niv . of Ill. Eng. Exp. Station, Bull. 53, 1912. 
20. U. S. Bureau of Standards: Scientific Paper No. 394. 
21. Zijnen, B. J. Van der Hegge: Doctors Dissertation, T echnical High School, at D elft, 1924, p. 1l. 
22. Simmons, L . F. G., and Bailey, A.: Note on a Hot-Wire Speed and Direction Meter. Brit. Aeron. Research 

Committee Reports and Memoranda 0.1019, 1926. 

BUREAU OF STANDARDS, 

WASHINGTON, D. C., January 8, 1929. 

ADDITIONAL COPIES 
OF TIDS PUBLICATION MAY BE PROCURED FROM 

THE SUPERINTENDENT OF DOCUMENTS 
U. S. GOVERNMENT PRINTING OFF1CE 

WASBlNGTON, D. C. 
AT 

15 CENTS PER COpy 
V 



---------~-~~~-" ----~-- - _._--



JUL .-a 2 1974 
l 
I 

0. 


