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METHOD FOR CALCULATING WING CHARACTERISTICS BY LIFTING-LINE THEORY USING
’ NONLINEAR SECTION LIFT DATA

By James C. Siverus and RoserT H. NEELY

SUMMARY

A method is presented for caleulating wing characteristics by
lifting-line theory using nonlinear section lift data. Material
Jrom various sources is combined with some original work into
the single complete method described. Multhopp’s systems of
multipliers are employed o obtain the induced angle of attack
directly from the spanwise lift distribution. Egquations are
developed for obtaining these multipliers for any even number
of spanwise stations, and values are tabulated for 10 stations
along the semispan for asymmetrical, symmetrical, and anti-
symmetrical lift distributions. In order to minimize the com-
puting time and to illustrate the procedures involved, simplified
computing forms condaining detailed examples are given for
symmetrical lift distributions. Similar forms for asymmetrical
and antisymmetrical lift distributions, although not shown, can
be readily constructed in the same manner as those given. The
adaptation of the method for use with linear section lift data
18 also llustrated. This adaptation has been found to require
less computing ttme than most existing methods.

The wing characteristics calculated from general nonlinear
section Lift data have been found to agree much closer with ex-
perimental data in the region of marimum lift coefficient than
those calculated on the assumption of linear section lift curves.
The calculations are subject to the limitations of lifting-line
theory and should not be expected to give accurate results for
wings of low aspect ratio and large amounts of sweep.

INTRODUCTION

The lifting-line theory is the best known and most readily
applied theory for obtaining the spanwise lift distribution of
a wing and the subsequent determination of the aerodynamic
characteristics of the wing from two-dimensional airfoil data.
The characteristics so determined are in fairly close agree-
ment with experimental results for wings with small amounts
of sweep and with moderate to high values of aspect ratio;
for this reason, this theory has served as the basis for a large
part of present aeronautical knowledge.

The hypothesis upon which the theory is based is that a
lifting wing can be replaced by a lifting line and that the
incremental vortices shed along the span trail behind the
wing in straight lines in the direction of the free-stream
velocity. The strength of these trailing vortices .is propor-
tional to the rate of change of the lift along the span.
trailing vortices induce a velocity normal to the direction of
the free-stream velocity and to the lifting line. The effec-
tive angle of attack of each section of the wing is therefore

-

The *

different from the geometric angle of attack by the amount
of the angle (called the induced angle of attack) whose
tangent is the ratio of the value of the induced velocity at.
the lifting line to the value of the free-stream velocity. The
effective angle of attack is thus related to the lift distribution
through the induced angle of attack. In addition, the ef-
fective angle of attack is related to the section lift coefficient
according to two-dimensional data for the airfoil sections in-
corporated in the wing. Both relationships must be simul-
taneously satisfied in the calculation of the lift distribution
of the wing.

If the section lift curves are linear, these relationships may
be expressed by a single equation which can be solved analyt-
ically. In general, however, the section lift curves are not
linear, particularly at high angles of attack, and analytical
solutions are not feasible. The method of calculating the
spanwise lift distribution using nonlinear section lift data
thus becomes one of making successive approximations of
the lift distribution unitl one is found that simultaneously
satisfies the aforementioned relationships.

Such a method has been used by Wieselsberger (reference 1)
for the region of maximum lift coefficient and by Boshar
(reference 2) for high-subsonic speeds. Both of these writers
used Tani’s system of multipliers for obtaining the induced
angle of attack at five stations along the semispan of the
wing (reference 3). Tani, however, considered only the case
of wings with symmetrical lift distributions. Multhopp
(reference 4), using a somewhat different mathematical treat-
ment from that which Tani used, derived systems of multi-
pliers for symmetrical, antisymmetrical, and asymmetrical
lift distributions for 4, 8, and 16 stations along the semispan.
Multhopp’s derivation, in slightly different form and nomen-
clature, is presented herein and tables are given for the
multipliers for 10 stations along the semispan (the usual
number of stations considered in many reports in the United
States).

For symmetrical distributions of wing chord and angle of
attack, the multipliers for symmetrical lift distributions may
be used with nonlinear or linear section lift curves. For

asymmetrical distributions of angle of attack, the multi-

pliérs for ‘asymmetrical lift distributions must be used if
nonlinear section lift curves are used. If an asymmetrical
distribufion of angle of attack can be broken up into ‘a
symmetrical and an antisymmetrical distribution, the anti-
symmetrical part may be treated separately if the section
lift curves can be assumed to be linear.
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The purpose of the present paper is to combine the con-

tributions of Multhopp and several other writers, together
with some original work, into a single complete method of
calculating the lift distributions and force and moment
characteristics of wings, using nonlinear section lift data.
Simplified computing forms are given for the calculation of
symmetrical lift distributions and their use is illustrated by
a detailed example. The adaptation of the method for use
with linear section lift data is also illustrated. No forms
are given for asymmetrical or antisymmetrical lift distri-
butions inasmuch as such forms would be very similar to
those given. ‘

SYMBOLS
S wing area
b wing span
c chord at any section
s root chord
¢, tip chord
c mean geometric chord (S/b)

b2

¢ mean aerodynamic chord (% J; l czdy>
A aspect ratio (b*/S)
z coordinate parallel to root chord
Y coordinate perpendicular to plane of symmetry
z coordinate perpendicular to root chord and parallel

to plane of symmetry
free-stream dynamic pressure (% pV2>

q

R Reynolds number (oVe¢/u or pVe'/u)
p magss density

14 free-stream velocity

U coefficient of viscosity

C. wing lift coefficient (L/gS)

¢ section lift coefficient (I/gc)

L

l

wing lift
section lift

Co wing drag coefficient (D/qS) .

Cp, wing profile-drag coefficient

Cp, wing induced-drag coeflicient

Cay section profile-drag coefficient

Ca, section induced-drag coefficient

D wing drag

Cn wing pitching-moment coefficient (3/qSc’)

Cmngpy section pitching-moment coefficient about section
quarter-chord point

M wing pitching moment

C, wing rolling-moment coefficient (L’/gSb)

L wing rolling moment

C,, wing induced-yawing-moment coefficient

C,, wing profile-yawing-moment coefficient

a angle of attack of any section along the span
referred to its chord line

o angle of attack of root section referred to its chord
line

aq, angle of attack of root section referred to its zero
lift line

oy section induced angle of attack
a, effective angle of attack of any section
o section angle of attack for two-dimensional airfoils
oy, angle of zero lift of any section
ay angle of zero lift of root section
as(;=o) wing angle of attack for zero lift
€ geometric angle of twist of any section along the
span (negative if washout)
e aerodynamic angle of twist of any section along the
span (negative if washout)
€ geometric angle of twist of tip section
e aerodynamic angle of twist of tip section
a wing lift-curve slope, per degree
a section lift-curve slope, per degree
Two-dimensional lift-curve slope
Edge-velocity factor )
cos 6 coordinate (2y/b)
A, coefficients in trigonometric series
Bonk multiplier for induced angle of attack (asymmetrical
distributions)
Nt multiplier for induced angle of attack (symmetrical
distributions)
Vi multiplier for induced angle of attack (antisym-
metrical distributions)
Nm multiplier for lift, drag, and pitching-moment
coefficients (asymmetrical distributions)
Noms multiplier for lift, drag, and pitching-moment
coefficients (symmetrical distributions)
Om multiplier for rolling- and yawing-moment coeffi-
cients (asymmetrical distributions)
Oma multiplier for rolling-moment coefficient (anti-
symmetrical distributions)
E edge-velocity factor S~—————emlgemmeter>
pan
Subscripts:
Max maximum value

al value for additional lift (Cr,=1)
b value for basic lift (C,=0)
) value for constant value of a,,
(e) value for given value of ¢,

THEORETICAL DEVELOPMENT OF METHOD

LIFT DISTRIBUTION

The methods of Tani (reference 3) and Multhopp (refer-
ence 4) for determining the induced angle of attack are
fundamentally the same, differing only in the mathematical
treatment. The method presented herein is essentially the
same as that given by Multhopp. In the following deriva-
tion the spanwise lift distribution is expressed as the trig-
onometric series

¢c

T=}__‘_,A,, sin nd 1)
as in reference 5, where 6 is defined by the relation cos 6= 2Ty

It may be noted that each coefficient A,, as used herein, is
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equal to four times the corresponding coeficient in reference 5.
The induced angle of attack (in degrees) at a point 3, on the

lifting line is
dl CzC
180 b (o2

™ 87!' —b/2 dy
h—y

dy 2

;=

 This integral (in different nomenclature) was given by
Prandtl in reference 6. If equation (1) is substituted into
equation (2) and the variable is changed from y to 8, the
induced angle of attack at the general point 6 becomes,
according to reference 3,

18

(37
4 sin

BZnAn sin ng (3)

The problem of obtaining the induced angle of attack is thus
reduced to one of determining the coefficients of the trigo-
nometric series.

The lift distribution (equation (1)) may be approximated
by a finite trigonometric series of 7—1 terms where, for sub-
sequent usage, 7 is assumed to be even. The valuesof ¢,c/b

at the equally spaced points 0=7L'7r in the range 0<6<r are
qually 7 g

expressed as
r—1
(%>m=nz=‘if1,, sin n " @)

where m=1, 2, 3, . r—1. Conversely, if the values of
¢.,c/b are known at each point, the coefficients A, of the finite
series may be found by harmonic analysis as

=25 1(c,c> smn«— (5)

7m1

If equation (5) is substituted in equation (3), a double
summation is obtained for the induced angle of attack as

180 = ‘ c,c . mmw
a )= i s Zn sin n0> [ sm n—,—]

180 /e = mw mm
“Trremi 220 ,,."Z?["°S”(0“T)“’°S“("+7)]
If the induced angle of attack is to be determined at the
same points 6 at which the load distribution is known, that

is, at the points 0=I%: then

a,.=——-———180 &e gn cosn(——-k_m)7r—co n———-—(k+m)r
i .k 52\ b )52 r r
41rrsm7 !
—r—l c__lg
—m=!( b mﬁmk (6)
where

k+ m) 7r] @)

It can be shown that, if cos ¢=1,

= _rcos(r—1)¢—(r—1)cosr¢—1
nZJncos ne= 2(1—cos ¢)

If $=0, a numerical series is obtained

= r(r—1
S (=)
=1

By use of these relationships in equation (7) it is found that,
when k4m is odd,

Br— 180 1 - _ 1 ‘
mk— —
47r Sll’].kr"E ]—c,()sQ_C__-i_.;:,n—)"r 1—cos (k Wl)'ir (83,)

r

when k=m,
180, ,
Bm=—""p2 lc1r (8b)

87 sin—
and when k+m is even and k=m,
Bri=0 (80>

For a symmetrical lift distribution

().=(%)...

Qg =0 _

and

k

so that the summation for a;, needs to be made only from 1

to r/2
~3 (9;,—0) - ©)

m=1

where, when £+ m is odd,

Nt =Bmxt Brom, & (fOI' m#g)

cot (k+m)w ot (k—m)w
180 r r (10a)
27r sin fem in (et m)m in (e—m)x
r r r
Nine=Bmx (fOI' m=%>
o 180 (10b)
2kw | :
T (cos - T 1)
when k=m,
Nont= Bt
- 180r
8w sin k—: (10¢)

and when k4 m is even and k>=m,

(10d)

Rmk";_‘
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For an antisymmetrical lift-distribution

($).—)...

Xy = T g

and

In this case the summation for a; needs to be made only

from 1 to o— 1 since (ﬁf) =0; then
2 b ri2

.
i—l
(14
a= 3 (5°) ns (an
Eoa= b m

where, when k4m is odd,
'Ymk:ﬁmk—ﬁr—m,k

180 1 1
T 9y - =
2mr| e (Ic—{—rm)r sin? (k T:In)w

(12a)

when k=m,

Ymr= Bmx
- 1807
8= sink—;r (12b)
and when k4-m is even and k=m,
'Ymk=0 (120}

Moultipliers can thus be calculated so that the induced
angle may be readily obtained by multiplying the known
values of ¢,¢/b by the appropriate multipliers and adding the
resulting products. The multipliers are independent of the
aspect ratio and taper ratio of the wing. Tables I and 11
present values of Bz, and A, and v, respectively, for

.. 47 47 . .
r=20. Similar tables for Tgf))""’”’ and 180 Y+ are given in

TABLE I.——-INDUCED-ANGLE-OF-ATTACK MULTIPLIERS 8, FOR ASYMMETRICAL LIFT DISTRIBUTIONS!

1 ‘L’E) ]
[a"‘ mg—‘l( 0 /m B
\
™~ 2y .
~ b —0. 9877 0. 9511 —0. 8910 —0. 8090 —0. 7071 —0. 5878 —0, 4540 —0. 3090 —0. 1564 0
N
2y Nk -
b m 19 18 17 16 15 14 13 12 11 10
~
—0. 9877 19 915 f51 —166. 985 0 —7.019 0 —1.401 0 —0. 486 0 —0.220 1 0. 9877
—. 9511 18 —329. 859 463. 533 —122. 749 0 —7.438 0 —1.792 0 —.701 0 2 . 9511
—. 8910 17 0 —180. 336 315. 612 —96. 737 0 —7.073 0 —1.920 0 —. 819 3 8910
—. 8080 16 —26.374 0 —125. 246 243. 694 —81. 067 0 —6. 680 0 —~1.977 0 4 8090
—. 7071 15 0 —17.020 0 —97.524 202. 571 —71.139 0 —6.391 0 —2.026 5 7071
—. 5878 14 —7.246 0 —12. 604 0 —81.392 177.054 —64. 735 0 —6.228 0 6 5878
—. 4540 13 [ —5.166 0 —10.126 0 —71. 296 160. 761 —60. 725 0 —6.192 7 4540
—. 3090 12 —2.958 0 —4.022 0 —8. 596 0 —64. 817 150. 611 —58. 514 0 8 . 3000
—. 1564 11 0 —2. 241 0 —3.322 0 —7.604 0 —60. 768 145. 025 —57. 812 9 1564
0 10 —1. 468 0 —1.804 0 —2. 865 [ —6. 950 0 —58. 533 143. 239 10 0
. 1564 9 Q —1.153 0 —1.518 0 —2. 554 0 —6. 530 0 -57. 812 11 —. 1564
3090 8 —. 810 0 —. 946 0 —1.319 0 —2.340 0 —6.288 0 12 —. 3090
4540 7 0 —. 646 0 —. 800 0 —1.176 0 —2.192 0 —6.192 13 —. 4540
5878 6 —. 467 0 —. 530 0 —. 691 0 —1.068 0 —2.092 0 14 —. 5878
7071 5 0 —.368 0 —. 441 0 -—. 604 0 —. 981 0 —2.026 15 —. 7071
8090 4 —. 261 4 —.291 0 —. 366 0 —. 528 0 —.903 0 16 —. 8090
. 8910 3 0 —. 192 0 —. 225 0 —. 297 0 —. 452 0 —. 819 17 —. 8910
9511 2 —. 118 [ —. 130 0 —. 161 0 —. 224 0 —. 361 0 18 —. 9511
. 9877 1 4] —. 060 0 —. 069 0 —. 090 0 —. 133 0 —.230 19 —. 9877
~
1 2 3 1 5 6 7 8 9 10 PN 2
b
— ~
2 ™~ !
. 9877 . 9511 . 8910 . 8090 L7071 . 5878 . 4540 . 3090 L1564 0 b” \\ i
~
~

1 Values of k at top to be used with values of m at left side; values of £ at bottom to be used with values of m at right side.
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TABLE IL.—INDUCED-ANGLE-OF-ATTACK MULTIPLIERS An; FOR SYMMETRICAL LIFT DISTRIBUTIONS AND va.: FOR
ANTISYMMETRICAL LIFT DISTRIBUTIONS

e l -

~ > 0 0. 1564 0.3000 0. 4540 0.5878 0.7071 0. 8090 0.8910 0.9511 0.9877

2y > -

b m~* 10 9 I 8 I 7 | 6 l 5 \ 4 \ 3 ‘ 2 | 1

~ J
Multipliers Ak ¥ ("‘) Amk

0 | 10 143. 239 —58. 533 0 | —6.950 I 0 | —2,865 l 0 | —1.804 ‘ 0 l —1.468
6t |9 —115.624 145025 | —67.208 | . 0 | -~ | 0 | —4.810 | 0 | -3.304 | 0
3000 | 8 0 —64, 802 150. 611 —67. 157 0 | —9.96 | 0 | —s068 | 0 | —3.708
. 4540 7 —12.384 0 —62.917 160, 761 —72.472 0 | —10.9% | 0 | 5812 | 0

. 5878 6 0 —8.320 0 —65.803 177. 054 —82.083 | 0 ~13.134 | 0 —7.713
L7071 5 —~4.051 0 —7.372 0 —71.743 202, 571 ] —97.965 0 | —17.388 0
(8090 | 4 0 —2.880 0 —7.208 | 0 ~81.43¢ | 243.604 | —125.537 | 0 —26.635
8910 | 3 | —1.638 0 | -28n 0 | ~73m 0 | —96.962 | 315512 | —180.528 0
9511 | g 0 [ —1ooz | 0 ~2.016 | 0 ~7.509 | 0 | —122.880 | 463.533 | —329.076
. 9877 I 1 —. 459 ) 0 ' —.620 0 ‘ —1.401 0 I —7.089 ’ 0 | —167. 045 ‘ 915. 651

Multipliers m w3 (%Q)m Yok

0. 1564 9 | l 145. 025 —54. 237 | 0 —5.049 0 —1.804 ‘ 0 I —1.087 ‘ 0
3000 | 8 | —52.226 150. 611 —62.477 0 " o | —3om | 0 2147
. 4540 7 r 0 —5%. 533 160. 761 —70.120 0 —0.326 | 0 | —4519 0
w8 | 6 | —4136 0 | —63. 668 177. 054 Zgo.701 0 | —12.07 __ o | -6
. 7071 5 | 0 —5.410 | 0 —70. 535 202. 571 Zo7.084 | 0 —16.651 0
8090 4 | —1om 0 —6.152 0 —80. 701 243.004 | —124.055 0 —26.113
. 8910 3 | 0 —1.468 0 —6.775 0 —96. 512 315512 | —180.145 0
| 2| | =30 0 —1.567 0 —7.217 0 | —122.619 463.533 | —320.741
L9877 1 . l 0 —.353 0 —1.311 0 —6.950 | 0 —166.926 915. 651

references 7 and 8, 1’(‘Spoctivoly, but no dorivation is given

2T

therein.  Tables for 186 Bm, 180 Nz, and 180 Ymi ATC glVen in

reference 4 for values of r=8, 16, and 32. An inspection of
tables I and 11 shows that positive values occur only on the
diagonal from upper left to lower right and that almost half
of the values are equal to zero. The multipliers 8, and A
may be used with either nonlinear or linear section lift data,
whercas the multipliers for v, may be used only with linear
section lift data.

The method of determining the lift distribution becomes
one of successive approximations. For a given geometric
angle of attack, a distribution of ¢; is assumed from which
the load distribution ¢,c/b is obtained. The induced angle
of attack is then determined by equation (6), (9), or (11)
through the use of the appropriate multipliers and sub-
tracted from the geometric angle of attack to give the
effective angle of attack at each spanwise station. From

section data for the appropriate airfoil section and local
Reynolds number, values of ¢; are read which correspond
to the effective angle of attack of each secction. If these
values of ¢, do not agree with those originally assumed, a
second assumption is made for ¢; and the process is repeated.
Further assumptions are made until the assumed values of
¢, are in agreement with those obtained from the section
data.

WING CHARACTERISTICS

Once the lift distribution of a wing has been determined,
the main part of the problem of calculating the wing char-

acteristics is completed. The induced-drag and induced-.

yawing-moment coefficients are entirely dependent upon
the lift distribution and it is assumed that the section profile-
drag and pitching-moment coeflicients are the same func-
tions of the lift coefficient at each section of the wing as
those determined in two-dimensional tests.
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The calculation of each of the wing coefficients involves
a spanwise integration of the distribution of a particular

function f (gb’!i) This integration can be performed numeri-

cally through the use of additional sets of multipliers which
are found in the following manner.

It
f(zTy>=f(cos 6)—3A, sin nf

then

f ( > ( ) f(‘A sin 76) sin 6 df

=§ Al

Since the values of f <27y> are determined at the points 8:7%1-’

A, can be found by harmonic analysis as in equation (5)

x> HOR

Therefore
@)= 23,5
b
r—1
=2 f<2b?j> T (13a)
m=1 m
where
™ . yin
=gy S0 —

If the distribution is symmetrical, f (Z;z) =f <gby—> and

[ rCHaF)—2Zr(F),m  asv
Vs ™= 2Mm (m#%)
Nms™= N (m:%)

The moment of the distribution f (%y) can be found in a

similar manner

f <2y> <2y) (22/) f (Z A4, sin n6) sin 8 cos 0 db

where

Z 2
= 2y 2mr
_27' m=1f(T m !
r—1
437 (%) o (142)

where
T . 2mm

0'm=§ sin T

If the distribution is antisymmetrical, f (%Zj) =—Ff (Z_by) ,

[ 1) () a(2) 45 () e 80

Tma™— 2Um

where

Values of 9, ms, om, a0d 6, are given in table ITI for »=20.

TABLE III.—WING-COEFFICIENT MULTIPLIERS

27){/ m Tm Nms Tm Oma
—0.9877 19 0. 01229 ~0. 00607
—.9511 18 . 02427 ~—. 01154
—. 8910 17 . 03066 —. 01589
—. 8090 16 . 04616 —. 01867
—. 7071 15 . 05554 -. 01964
—. 5878 14 . 06354 —. 01867
—. 4540 13 . 06998 --. 01589
—. 3000 12 . 07470 —. 01154
—. 1564 11 07757 ~. 00607
10 . 07854 0. 07854 0 0

. 1564 9 L 07757 . 15615 . 00607 . 01214

. 3090 8 . 07470 14939 . 01154 . 02308

. 4540 7 . 06998 . 13996 . 01589 . 03177

. 5878 6 . 06354 . 12708 . 01867 . 03735

L7071 5 . 05554 11107 . 01964 . 03927

. 8090 4 . 04616 . 09233 . 01867 . 03735

. 8910 3 . 03066 . 07131 . 01589 .03177

9511 2 . 02427 . 04854 . 01154 . 02308

9877 1 . 01229 . 02457 . 00607 .01214

Wing lift coefficient.—The wing lift coeflicient is obtained
by means of a spanwise integration of the lift distribution,

b/2
b e[ (D)

For asymmetrical lift distributions

r—1
Cp=AS ‘i,,f) - (158)

m=1

For symmetrical lift distributions
/2
=435 (%), m (15b)

Induced-drag coefficient.—The section induced-drag co-
efficient i3 equal to the product of the section lift coefficient
and the induced angle of attack in radians,

_71'01(!1;

%= 180

The wing induced-drag coefficient is obtained by means of
a spanwise integration of the section induced-drag coefficient
multiplied by the local chord,

J‘b/z T
-5 o2 180

_éf cie Tald(2y>
T2 b 180
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For asymmetrical lift distributions -~ - = . L
Tmo . (16m)
For symmetrical lift distribut.ions

r/2 ¢.c
'Di 180 = ai "lms

Profile-drag coefficient.—The section profile-drag coeffi-

(18b)

cient can be obtained from section data for the appropriate’

airfoil section and local Reynolds number. For each span-
wise station the profile-drag coefficient is read at the section
lift coeflicient pleviously determined..- The wing profile-
drag coefficient is then obtained by means of a spanwise
integration of the sectlon proﬁle-drag coefficient multiplied
by the local-chord, ‘
b/2
Sf b/2

1 c 2y
=§ f_l o g ¢ d (T)

For asymmetrical lift distributions

r—=1 c g
Coy= 2 (ea 2)_1m . (178)
For symmetrical lift distributions
/2
Cor=32 (040 Z)_ o (17b)

Pitching-moment coefficient.—The section pitching-moment
coefficient about its quarter-chord point can be obtained
from section data for the appropriate airfoil section and local
Reynolds number. For each spanwise station the pitching-
moment coefficient is read at the section lift coefficient
previously determined and then transferred to - the wing
reference point by the equation

. cm:cmm_z [¢; cos (as—az)-l—b‘ao sin (o;— ay)]

where x and 2z are measured from the wing reference point to
the-quarter-chord point of the section under consideration,
‘afid upward and backward forces and distances are taken
as positive. The section pitching-moment coefficient about
its aerodynamic center may be used instead of ¢m,,, in which
case & and z are measured to the section aerodynamic center.
The term €4, sin (a,—a;) may usually be neglected. The
wing pltchmg-moment coefficient is obtained by the spanwise

integration
. 1 (o
'0”"=Wf cnC’dy S

| —"f.l(“"‘”g) (Zy) -

27 L 817256—490—2

—%}[c, sin (as—aij.—cdo cos (as—__ai)] i (18) .

7
 For asymmetrical lift distributions
H(”'”“) m (19a)
For s&mmetrical lift distributions
=3(%) . (19b)

Rolling-moment coefficient.—The rolling-moment coefhi-
cient is obtained by means of a spanwise integration

1 b/2
01=_§5 f € CY dy

_ Af c,c2yd<2y>

~—AZ (%) o (208)
m=1 m
For an antisymmetrical lift distribution
r
! ree
C——AS (%) e (20b)
m=1 m
Induced-yawing-moment coefficient.—The induced-

yawing-moment coeflicient is due to the moment of the
induced-drag distribution,

fb/z wclcai
COn= Sb ) _y2 180

A c_zcwgz_/ (2?/>
180 &

A r—1
=11rSO 2 3 “‘> m @D
m= m

The induced-yawing-moment coefficient for an antisymmet-
rical lift distribution is equal to zero and has little meaning
inasmuch as the lift coefficient is also zero. The induced-
yawing-moment coefficient is a function of thelift and rolling-
moment coefficients and must be found for asymmetrical
lift distributions..

" Profile- -yawing-moment coefficient. —The profile-yawing-
moment coefficient is due to the moment of the profile-drag
dlstrlbutlon

A 1 [bi2 L
* g -0,,0=5—,bf cdocy dy
fl cdoc 2y <2y)
(""") on 22)

‘APPLICATION OF METHOD USING NONLINEAR SECTION LIFT
DATA FOR SYMMETRICAL LIFT DISTRIBUTIONS -

The method described is applied herein to a wing, the
geometric characteristics of which are given in table IV.
Only symmetrical lift distributions are considered hereinafter
inasmuch as these are belleved to be sufﬁ(:lent for illustrating
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: TABLE IV—GEOMETRIC CHARACTERISTICS OF EXAMPLE WING
TaPer TatI0, Co/Ctu oo e me e men e mm e em e 2.5 Root Seetion. . eiicamonal JE NACA 4420
Aspect ratio, A e, 10.05 Tip section - O RSP RY NACA 4412
Span, §, ft______ _- 1500 Geometric twist, u, deg_ ________ y —3.50
Area, S,sqft ... 22.39 Aerodynamic twnst e, deg.
Root chord [ | P - 2,143 Edge velocity factor, B o
Mean geometrxc chord, G, ft__.__ .- 1,483 Wing Reynolds number, B__
Mean aerodynamie chord, ¢/, ft e 1. 592 ap,deg o e N
A
2 g c c c & a . ,
X3 c R a b H g o B b « deg ¢ deg
[¢] 0. 200 4.70X108 1. 0000 0.1429 1.435 1.932 0. 0969 0. 01385 0 0 0
.1564 .195 4.26 . 9062 21295 1. 300 1. 586 L0973 . 01260 . 0690 —. 24 -. 235
.3090 .188 3.83 . 8146 . 1164 1.169 1.282 . . 0978 . 01138 L1517 —. 53 —. 516
.4540 . 180 3.42 . 7276 . 1040 1.044 1.022 . 0984 . 01023 . 2496 —. 87 —. 849
.5878 .171 3.04 . 6473 . 0925 . 929 . 809 . 0991 . 00917 . 3632 -1.27 —1.235
.7071 .161 2.70 . 5757 . 0823 . 826 . 640 . 0999 . 00822 .4913 -1.72 —1.670
.8090 .150 2.42 . 5146 .0735 .739 . 512 . 1007 . 00740 . 6288 -2.20 —2.138
.8910 . 139 2.18 . 4654 . 0665 . 668 .418 . 1014 . 00674 7658 —2.68 —2. 604
L9511 .129 2.02 . 4293 . 0613 . 616 . 356 L1020 [ . 00625 . 8862 -3.10 =3.013
.9877 .123 1.4 . 3061 . 0437 .439 .181 L1021 . 00446 . 9698 -3.39 —3.297
For tapered wings with straight-line elements from root to construction tip:
c 2y ce 2y/b
_1 (1— ) (e,) s €fce
(Alter values of ¢/c: near tip to allow for rounding.) (Use value of ¢/c, before rounding tip.)

the method of calculation. The lift, profile-drag, and pitching-
moment coefficients for the various wing sections along
the span were derived from unpublished airfoil data obtained
in the Langley two-dimensional low-turbulence pressure
tunnel. The original airfoil data were cross-plotted against
Reynolds number and thickness ratio inasmuch as both
varied along the span of the wing. Sample curves are given
in figures 1 and 2. From these plots the section character-
istics at the various spanwise stations were determined and
plotted in the conventional manner. (See fig. 3.) The
edge-velocity factor E, derived in reference 9 for an elliptic
wing, has been applied to the section angle of attack for
each value of section lift coefficient as follows:

ae=E(ay—ay) +ay
LIFT DISTRIBUTION

Computation of the lift distribution at an angle of attack
of 3° is shown in table V. -This table is designed to be used
where the multiplication is done by means of a slide rule or
simple calculating machine. Where calculating machines
capable of performing accumulative multiplication are avail-
able, the spaces for the individual products in columns (®
to @ may be omitted and the table made smaller. (See
tables VII and VIII.) The mechanics of computing are
explained in the table; however, the method for approxi-
mating the lift-coefficient distribution requires some explana-
tion. The initially assumed lift-coefficient distribution
(column @) of first division) can be taken as the distribution
given by the geometric angles of attack but it is best deter-
mined by some simple method which will give a close approxi-
mation to the actual distribution. The initial distribution
given in table V was approximated by

A 1 \/ <2y> ] Cre

A+ 1.8
where ¢, is the lift coeflicient read from the section curves

for the geometric angles of attack. This equation weights
the lift distribution according to the average of the chord
distribution of the wing under consideration and that of an
elliptic wing of the same aspect ratio and span. When
the lift distributions at several angles of attack are to be
computed and after they have been obtained for two angles,
the initially assumed ¢; distribution for subsequent angles
can be more accurately estimated in the following manner:
Values of downwash angle are first estimated by extra-
polating from values for the preceding wing angles, and
then, for the resulting effective angles of attack, the lift’
coefficients are read from the section curves.

The lift coefficients in column of table V, read from
section lift curves for the effective angles of attack, will
usually not check the assumed values for the first approxima-
tion. In order to select assumed values for subsequent ap-
proximations, the following simple method has been found
to yield satisfactory results. An incremental value of lift
coefficient Ac, isobtained according to the following relation

Ac, = (_®)m—1+3(—®)m+ (—®)M+1
m )74

where circled numbers represent column numbers in table V
and where K has the following values at the spanwise
stations

2y
T ‘ K
@ to 0.8910 8 to 10
9511 11to 13
9877 14 to 16

and (@®—@),, is the difference between the check and as-
sumed values for the mth spanwise station. The incre-
mental values so determined are added to the assumed values
i order to obtain new assumed values to be used in the next
approximation. This method has been found in practice
to make the check and assumed values converge in about
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" FIGURE 1.—Variation of characteristics of NACA 4421 airfoil with Reynoids number,
(Similar curves plotted for each thickness ratio.)

three approximations if the first approximation is not too

much in error.
WING COEFFICIENTS

Computations of the wing lift, profile-drag, induced-drag,
and pitching-moment coeflicients are shown in table VI.
Since the lateral axis through the wing reference point con-
tains the quarter-chord points of each section, the z and 2
distances in equation (18) are zero, and the pitching-momeht
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FIGURE 2.—Variation of characteristics of NACA 44-series airfoil with thickness ratio.

R=4, 70><10°;2T”=0. (Similar curves plotted for Reynoldsnumbers corresponding to each station.)

coefficient of the

of o

APPLICATION OF METHOD USING LINEAR

wing is determined solely by the values

SECTION LIFT

DATA FOR SYMMETRICAL LIFT DISTRIBUTIONS

Although the method described herein was developed
particularly for use with' nonlinear section lift data, it is
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readily adaptable for use with linear section lift data with a
resulting reduction in computing time as compared with
most existing methods. When the section lift curves can be
assumed linear, it is usually convenient to divide any
symmetrical lift distribution (as in reference 10) into two
parts—the additional lift distribution due to angle-of-attack
changes and the basic lift distribution due to aerodynamic
twist. The calculation of these lift distributions is illustrated

REPORT NO. 865.—NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

in tables VII to X for the wing, the geometric characteristics
of which were given in taple IV.
1t should be noted that tables VII and VIII are essentially
the same as table V but are designed primarily for use with
calculating machines capable of performing accumulative
multiplication. If such machines are not available, these
- tables may be constructed similar to table V to allow spaces
for writing the individual products.

T T T T T T 7 T
6 %—y = 0! | 0.1564 __a':eos'o___a 4540 | 05878 | 07071 | 08090 _| 08910_] 09511 _| 09877 _]
: R=470x/06| 426x/06| 3.83x/08| 3.42x/06| 3.04x/06| 2.70x/06| 2.42x/08 | 2./8x/(£ 2.02x106| [.44x/08
L. 200 [ 0195 [ 0188 | 0180 10471 _] 0161 "[o. 150 [ 0r39 | 0/29 [ 0s23 7]
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2 . )4 AL IA L AL LA
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& / / / / / /
€6 7
g / /
PEREN AR
S / - / /
2 /g 7 /
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e
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(a) Litt.
FIGURE 3.—S8ection characteristics of example wing.
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FIGURE 3.—Oobtinued. -* -
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plying the effective angle of attack «, by ayc/b.

METHOD FOR CALCULATING WING CHARACTERISTICS 11
16 P™ I T T T T T 1 1 L 1
- - 7;7‘= 0 01564 _| 03090_) 04540 _| 0.5878 _L 0.707/ _{ 0.8090 | 0.8910 _| 0.95/1 _| 0.9877
14 R=4.70x/06 | 426x/06 | 3.83x/06| 3.42x/06 | 3.04xI06 | 2.70x/06 | 2.42x106 | 2.18x108 | 2.02x108 | 1.44x/06
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FIGURE 3.—Concluded.

LIFT CHARACTERISTICS

Two lift distributions are required for the determination
of the additional and basic lift distributions. The first one
is obtained in table VII for a constant angle of attack
(¢’=0) and the second one in table VIII for the angle of
attack distribution due to the aerodynamic twist (a,,=0).
The check values of ¢,¢/b (column @) are obtained by multi-
The final

approximations are entered in table IX as <C—é§> (aay) and

ﬂf)
b (€

The (%), distribution is the additional Tt distribu-
tion corresponding to a wing lift coefficient Ck(aas) determined
in table IX through the use of the multipliers 5,,. It is
usqdlly convenient to use the additional lift distribution

ﬁzl_crcorresponding to a wing lift coefficient of unity. This

distribution is found by dividing the values of (95—6 o)
by Cr e,y
The (c_gg « )distribution is a combination of the basic
‘I

lift distribution and an additional lift distribution corre-
sponding to a wing lift coefficient UL(‘z’) also determined in

" attack in radians.

table IIE " The basic lift distribution c;)_bc is then (-i'e:t;ermined~

C;alc

by subtracting the additional lift distribution Criep)

G:c .
from b )(‘t')

Inasmuch as the wing lift curve is assumed to be linear,
it is defined by its slope and angle of attack for zero lift
which are also found in table IX. The maximum wing lift
coefficient is estimated according to the method of refer-
ence 10 which is illustrated in figure 4. The maximum lift
coefficient is considered to be the wing lift coefficient at
which some section of the wing becomes the first to reach
its maximum lift, that is, ¢;,4-C, ¢, ;=¢;,, . This value of
C;, is most conveniently determined by finding the minimuﬁ"l

¢, .—¢C . I~
value of IL“C’—I” along the span as illustrated in table IX.
la1 -

INDUCED-DRAG COEFFICIENT

The section induced-drag coefficient is equal to the prod-
-uct of the section lift coefficient and the induced angle of
The lift distribution for any wing lift
coefficient is
€1,¢

+ (23)

The corresponding induced angle of attack distribution may

be written as ..
e e ai=a1a10L+aib (24)



TABLE V.—CALCULATION OF

LIFT DISTRIBUTION FOR EXAMPLE WING

SOILAVNOYEV Y04 FALLINIWOD AUOSIAAY MTVNOILVN—' 698 "ON Lu0du4

® ® ® ® ® ® ® ® ® ® ® ® | © | @
2 « ¢ —3 9;73 AerX® (géD ‘e Check
b ko) | med) |(Tablerv)| @X@ 0 .1564 .3090 .4540 .5878 .7071 .8090 .8910 .9511 9877 | 2y | @@ ©
143.239 | ~58.533 0 —6.950 0 —2.865 ) ~1.804 0 ~1.468
0 3.00 0. 513 0.1429 0.0733 10. 50 —4.29 0 —.51 0 —.21 0 —.13 0 -1 1.88 1,12 | 0.464
—115.624 | 145.025 | —67.208 0 _10.158 0 —4.840 0 —3.394 0
.1564 2.76 . 517 . 1295 . 0870 —7.75 9.72 —4, 51 0 —.68 0 -, 32 0 -.23 [ .9§ 178 . 531
0 —64.802 | 150.611 | —67.157 ) —9.916 0 —4.968 0 ~3.768
.3090 2.47 .523 L1164 . 0609 0 —3.95 9,17 —4.09 0 —. 60 0 —.30 0 —-.23 90 1. 57 522
_12.384 0 —62.917 | 160.761 | —72.472 0 ~10.926 0 —5.812 o
a .4540 2.13 . 519 . 1040 . 0540 —.67 0 -~3.40 8.68 -3.91 0 —. 59 0 -.31 0 7 1.36 . 514
2 0 —8.320 0 _65.803 | 177.054 | —82.083 0 —13.134 0 ~7.713
E .5878 1.73 . 501 . 0925 . 0463 0 —.39 0 —3.05 8.20 —3.80 0 —.61 0 —.36 .60 113 . 500
Q
g —4.051 ) —7.372 0 —71.743 | 202.571 | —97.965 0 ~17.388 0
§ .7071 1.28 477 . 0823 . 0393 —.16 0 —.29 0 —2.82 7.96 —3.85 0 —.68 0 .65 .63 . 474
£ 0 _2.880 0 —7.208 0 81.434 | 243.694 | —125.537 0 ~26.635
.8090 .80 . 430 . 0735 . 0316 0 —-.09 0 —.23 0 -2, 57 7.70 —3.97 0 —.84 .55 .25 449
Z1.638 0 —2.371 0 ~7.370 ) —96.962| 315.512 | —180.528 0
.8910 .32 . 360 . 0665 . 0239 —.04 0 —.06 0 —.18 0 —2.32 7.54 ~—4.31 1} .42 —. 10 413
) ~1.062 0 ~2.016 0 —7.599 0 ~122.880 | 463.533 | —329.976
9511 —.10 .281 . 0613 L0172 0 —. 02 0 —.03 0 —-.13 0 —2.11 7.97 —5.68 R -.87 . 326
—.459 0 Z.620 0 _1.491 o ~7.089 o —167.045 | 915.651
9877 —.39 .228 . 0437 . 0100 0 0 —-.01 0 —.01 0 —-.07 0 —1.67 9.16 1.94 —-2.33 165
P 1.88 .98 .90 77 .60 .65 . 55 .42 .77 1.94
143.239 | —58.538 o —%.950 0 2.865 ) —1.804 ) —1.468
3.00 0.498 0. 1429 0,0712 19, 20 —4.17 0 —. 49 0 -.20 0 —. 13 0 —. 10 161 1.39 .491
_115.624 | 145.025 | —67.298| 0 ~10.158 0 —4.840 0 ~3.394 1)
.1564 2.76 . 516 . 1295 . 0668 —-7.72 9.69 —4.50 0 —.68 0 -.32 0 -2 0 1.07 1.69 . 5623
0 —64.802 | 150.611 | —67.157 0 —9.916 ) —4.968 0 -3.768 ‘
.3090 2.47 524 . 1164 . 0610 0 —3.95 9,19 —4.10 0 —. 60 0 —.30 0 -2 .95 1.62 517
12.384 0 —62.917 | 160.761 | —72.472 o ~10.926 [} —5.812 o '
.g .4540 2.13 517 . 1040 . 0538 —.67 0 —3.38 8.65 —3.90 0 —.59 0 —~.31 0 T4 1.39 L6517
E 0 Z8.320 0 —65.803 | 177.054 | —82.083 0 ~13.134 0 —-7.713
.g .5878 1.73 . 500 . 0925 . 0463 0 -.39 0 —3.056 8.20 —3.80 0 —.61 0 —.36 .60 113 .8500
g —4.051 0 —7.372 0 —71.743 | 202.571 | —97.965 0 —17.388 o
g .7071 1.28 478 . 0823 . 0393 —.18 0 -.29 0 —~2.82 7.96 —3.85 0 —.68 0 .58 .70 . 480
& 0 —2.880 1) —7.208 0 —81.434 | 243.694 | —125.537 [ —26.635
.8090 .80 .441 L0735 . 0324 0 -.00 0 —.23 0 —2.64 7.90 —4.07 0 —.86 .61 .19 443
~1.638 ) —2.371 0 —7.370 o -96.962 | 315.512 | —180.528 0
.8910 .32 .382 . 0665 . 0254 —. 04 [} —.06 0 -.19 0 —2.46 8.01 ~4.59 0 .70 -.38 . 386
0 ~1.062 0 —2.016 0 —7.599 0 —122.880 | 463.533 | —329.976
9511 —-.10 . 292 . 06813 L0179 0 —.02 0 —. 04 0 —. 14 [/} —2.20 8.30 —5.91 .89 -, 99 .312
—.a59 0 —.620 0 —1.491 ) —7.089 0 —167.0a5 | 915.651
98771  —3| o1l Lol o006 0 0 —o 0 —.o1 0 - 0 —1.60 8.7 vl —ime|
2z 1.61 107 .95 .74 . 60 .58 .61 .70 .89 1,33

ran




. . H?
143.239 | ~58.533 0 —6.950 (] —2.865 o —1.804 ] —1.468 |
0 3.00 | 0497 o0.1420| o.070 10.17 —4.16 0 —.40 0 -2 0 .13 0 -.10 155 145 497
—115.624 | 145.025 | —67.298 0 —10.158 [ —4.840 [ —3.394 [}
.1564 276 | .B17T( .125]| .0670| ~7.75 9.72 —4.51 0 —.68 0 —.32 0 -2 0 112 164| .58
o —64.802 | 150.611 | —67.157 o —-9.916 [ —-4.968 [ —3.768
.3090 247 .s22{ .ue4| 0608 0 —3.04 9.16 —4.08 6 | -0 0 ~.30 0 -2 .01 156 | .51
—12.384 0 —-62.917 | 160.761 | —72.472 [} —10.926 ) —5.812 [
g .4540 213| .56 .1040| .0537 —.67 0 —-3.38 8.63 —3.89 0 —.59 0 -3 0 .74 139 517
fé 0 —8.320 ) —65.803 | 177.054 | —82.083 0 ~13.134 o -7.713
e .5878 L73| .500]| .0025| .0463 0 ~.39 0 —3.05 8.20 —3.80 0 —.61 0 ~.36 .60 L3 .50
g: ~4.051 0 -7.372 [} —~71.743 | 202.571 | —97.965 0 ~17.388 0
o .7071 128 .40 0823 | .03 —.16 0 -2 0 —2.83 7.98 ~3.86 0 —.60 0 .59 69| .47
E ) —~2.880 0 —7.208 o —81.434 | 243.694 | —125.537 0 —26.635
.8090 800 3| .0735| .03%6 0 -0 0 -2 0 —2.65 7.04 —4.09 [) —.87 .62 18| 442
~1.638 0 —2.371 ) —7.370 0 -96.962 | 315.512 | —180.528 0 -
.8910 .32 .385] 0665 | .0256 —.04 0 —.06 0 —.19 0 —2.48 8.08 —4.62 0 0| —.38| .38
o —-1.062 [ —2.016 [} —7.599 ) —122.880 | 463.533 | —329.976
.9511 -0 .20| o613 0183 0 —.02 0 —.04 0 —.14 0 —2.95 ° 8.48 —6.04 99| —~L09| .300
—.459 [ —.620 ) —1.491 0 —7.089 0 ~167.045 | 915.651
9877 | —.39| .24 .0437| .0088 0 0 —.01 0 —.01 0 —.07 0 —1.64 8.97 137 -L76| .22
z 1.55 112 .91 4 .60 .59 .62 .70 .99 ‘ 137 I
TABLE VI.—CALCULATION OF WING COEFFICIENTS FOR EXAMPLE WING
[A=10.05; 0, =3.00}
® ® O] O] ® ® @ ® ® @® - @ ®
2% Multipliers | - (deg) 57'3,,“"c 2 s z c—;f o 5% C-ai:r‘
b me (Section (Section
(Table V) | (Table V) (®X®) | (Table V) data) (Table IV) | (DX®) data) (Table IV) | (®X®)
0 .07854 | 0.0710 1.55 0.1101 0.497 0.0077 1.435 0.0110 —0.081 1.932 —0.156
.1564 .15515 L0670 1.12 L0750 517 . 0078 1.300 L0101 —. 081 1.586 —.128
.3000 | .14939 . 0608 .91 0553 .522 0076 1.169 . 0089 ~. 081 1.282 —.104
.4540 .13996 L0837 T4 . 0397 .516 L0076 1.044 . 0079 —.082 1.022 —.084
.5878 .12708 . 0463 .60 .0278 500 .0076 929 L0071 —. 085 .809 —.069
.7071 .11107 0304 .59 .0232 479 . 0076 826 . 0063 —. 090 .640 —.058
.8090 .09233 .0326 .62 .0202 .43 .0076 739 . 0056 —. 092 .512 —.047
.8910 .07131 . 0256 .70 L0179 .385 . 0076 .668 .0051 —. 092 .418 —.038
.9511 .04854 . 0183 .99 L0181 .29 . 0076 616 . 0047 —.092 .356 —.033
.9877 .02457 . 0088 1.37 . 0134 .924 . 0079 .439 0035 —.091 .181 T
CL=AZ(®X@)=0.490 Cpy=Z(@X®)=0.0077
cp,-i‘?(——gf;@w.om Cn=Z(@X@)=—0.084
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TABLE VII.—CALCULATION OF

LIFT DISTRIBUTION FOR EXAMPLE WING FOR =0

® ® ® ® ® ® @ ® } ® ® ® @ ® ® ® ®
Multipliers Ami
. // « Check
2 e 1o 9 8 7 6 5 4 3 2 1 ECK®D | a, o e e
b %% | (Assumed) |~ s@xen | @@ | @X® | erwy|
o // @X®)
S .1564 .3090 .4540 .5878 L7074 .8090 .8910 L9511 .9877
20 ®
e ;
0 10.000 | 0.1107 143.239 | —56.533 0 _6.950| o0 —2.865{ © —1.804| o —1.468 | 2.202| 7798 | 0.75% | 0.01385 | 0.1080
1564 1050 —115.624 | 145.025 | —67.298| 0 10158 | o “a840| o 3394 o© 1475 | 8.6 | 825 | 01260 | 1074
g | 3090 0982 0 —64.802 | 150.611| —67.157| 0 —9.916] 0© “a968| o 23.768 |  1.3% | 8.644| .s454| .01138 | .0884
£ | asa0 0904 “12.384| o ~62.917 | 160.761 | —72.472| © “1o.26| o “s.812| o0 L26 | 8.764 | .s62t| 0102 | . o897
é .5878 0819 0 Z8320| o _65.803 | 177.054 | —82.083| O 13.134| o0 —7.713 | 1236 | s8774| .8695| .00017| 0805
g
& [ 707 o728 —4.051 0 —7372| o0 —71.743 | 202.571| —97.965] 0 “17.388| o0 1257 | 8743 | e | o008z | .o7me
% ~8090 0632 ) —2.880| o “7208| o —81.434 | 243.694 |—125.537 | 0 | —26.635 | L1411 | 8580 | .80 | 00740 | .0036
& 8910 10533 ~1.638| o0 —2.371 0 _7370| o0 - —96.962 | 315.512 |-180.528 | 0O’ 1787 | s.213| 838 | .o0674 | o065
~9511 T s 0 —1.062| o —2.016| o© —7.599| o0 —122.880 | 463.533 |—329.976 |  3.754 | 6.246 | 6371 | .00625| 0390
N .9877 ™ oats 459 0 —620, 0 “1.491] o —7.089| o —167.045 | 915.651 | so12 | Loss| 2030 | .ooade | .0080
0 10.000 0.1103 | 143.239 | -58.533 0 _6.950| o -2.865| 0 —1.804 0 —1.468 | 2004 | 7.906| o7eer| o038 | 0,100
1564 1055 | —115.624 | 145.025 | —67.298 0 “1o.158 0 a8a0] o —3.394 o 1553 | 8.442 | .s214| 01260 | 1064
g | -3090 0985 0 —64.802 | 150.611 | —67.157| 0 —9.916| o0 4968 0 —3.768 | 1302 | 8.608| .8410| o3| 0880
5 | 4540 0901 | —12.384| o0 —62.917 | 160.761 | —72.472| © Z10.926 | o 5.812 0 Le213 | 8787 | .%646 | 01023 | .08%
g .5878 .0813 0 —8.320 0 —65.803 177.054 -82.083 0 —13.134 0 ~7.713 1.177 8.823 . 8744 . 00917 . 0809
% .7071 0723 —4.051 0 7372 o0 —71.743 | 202.571 | —97.965 0 _17.388 0 L5 | 8705 | .eme | 00822 | .07
5 | 8090 0634 0 —2.880 0 —7.208| o —81.434 | 243.694 | -125.537 0 —26.635 | 152 | 8.4%0 | .8539| .007140| .0628
3 | sst0 0835 “1638| o —2.371 0 Z7.370 0 —96.962 | 315.512 | -180.528 0 2014 | 7.885| 796 | 00674 | .0m32
9511 0411 0 _1.062| o —2.016 0 -7599| o0 —122.880 | 463.533 |—320.976 | 3.319 | 6.621 | .673 | .00625 | 0414
9877 0232 —.459 0 Z620| o —1.491 0 —7.089| o0 —167.045 | 915.651 w832 | 5168 | 5277 | .00M6 | .0230
0 10.000 o102 143.239 | —58.533 0 ~6.950 0 —2.865| o0 ~1.804 0 ~1.468 | 2060 | 7.910| o0.769¢| o0.01385 | 0.1100
1564 1057 | —115.624 | 145.025 | —67.298| 0 —10.158 | o _4.840 0 —3.394 0 1602 | 8.308| .8171| .ot260 | . 1058
g | .3090 T 0984 0 —64.802 | 150.611| —67.157 0 —9.916| 0 —a968| o —3.768 | 1377 | 8.623| .8438| 0138 | 0081
'g .4540 ] 89| -12.384| 0 —62.917| 160.761| —72.472| © “{o.926| o —5.812 o 1203 | 8.705 | 8654 | 01023 | 0900
% | 5878 | L0811 ) _8.320 0 —65.803 | 177.054 | —82.083 0 ~13.134 ) —7.713 | 1162| 8.8 | .878|  .00017 | 0810
% T 707 i o722 |  —4.051 0 _7.372| o ~71.743 | 202.571| —97.965 0 _17.388 ) L8| 8782 | 8773 | o082z | .o722
g | -8090 | 0632 0 ~2.880 0 ~7.208 0 —81.434 | 243.694 | —125.537 o —26.635 1402 | 8.508| .88 | .00740 | .0630
& | .e9t0 | 0534 ~1.638| o0 2.371 0 —7.370| o —96.962 | 315.512 |~180.528 0 2111 7.889| 7090 | .00674| .o0m32
9511 7 o1l ) Z1.062| o “2.016| o —7.599 ) —122.880 | 463.533 | —329.976 |  3.300 | 6.601| .6733 | .00625| 0413
877 —l 0232 —.459 | 0 - _620 o 1.491 0 _7.089 0 —167.045 | 915.651 4810 | 5.160| 6268 | 00446 | 0230
, ,
§+1.273‘/1—(2—”)’
First assumed chc =c———mb—aoaﬂ..
. 3,6 .

o, =Z@®XAmk.
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TABLE VII.—CALCULATION OF LIFT DISTRIBUTION FOR EXAMPLE WING FOR a,, =0

s

® @ ® ® ® ® @ ® ® ’ (@] ® @ ® ® ‘(é( @

Multipliers Amy iﬁ
' v l l \ u I Check
W | aiee| % ) 8 7 6 5 4 3 2 1 E@XO) o e e

b V) 1 (Assumed) |~ - coxey | @@ (aoxllj) (Table IV) b

2 // ‘“ @X®)

74 .1564 .3080 .4540 .5878 .7071 8090 .8910 L9511 .9877 1

S0 0] i

P i
0 0 0 143.239 | —58.533 0 —6.950 0 —2.865 0 —1.804 0 ~1.468 |  0.460 | —0.460 | —0.0446 | 0.01385 | —0.0064
1564 | —.235 —.0025| —115.62 | 145.025| —67.298 0 —10.158 0 —4.840 0 —3.394 0 05| —.340| —.0381 01200 | —.008
g | 3080 | —s6| 0051 0 | —64.802 | 150.611 | —67.157 0 ~9.916 o | -a.s68 0 —3.768 012 —.508| —.0516| .01138 | —.0060
g |_4s40) —ew| —oom| 1238 ° —62.817 | 160.761 | —72.472 ) —10.926 ) —5.812 ° —107| —7a2| —.0i30| .ow03| — oor
5| 5878 -1ms| - 0 ~8.320 0 —65.803 | 177.054 | —82.083 ) ~13.134 0 —7.713 | ~.z21 | —Lowd| —.1005| .00917| —.0093
& 7071 |-r1en| o —4.051 0 -7.372| 0 ~71.743 | 202.571| -97.965 0 ~17.388 0 —.373 | —l297 | —.1206| .00822| —.0107
% | 8090 | —2138| — o3 0 ~2.880 o | -7.208 0 —81.434 | 243.694 | —125.537 ) —26.635 | —.506| —L542| —.1863 | .00740| ~.014
E | 8910 | -2604| —. o139 ~1.638 0 —2.371 0 ~7.370 0 ~96.962 | 315.512 | —180.528 0 —.023 | —1.681 | —.1705 | .00674 | —.0113
9511 [ ~3.03| —.0181 0 -1062| o —2.016| O | -7.599| 0 |-122.880 | 463533 (-329.976 | —L7W|-123%| —.1350| .00625 | —.00%7
.9877 | —3.207 | — o001 | —~.459 o | 620l o | -14s1] o | _—7o088] o  |-167.045| 915.651| -3.553| .ot6| —.026L] .00146] .o0m1
0 0 —0.002 | 143.239 | _58.533 0 f ~6.950 0 [ —2.865 o | -1eoa| o —1.468 |  0.275 | —0.275 | —0.0206 | 0.01385 | —0.0038
1564 | —. 235 —.0038 | —115.624 | 145.025 | —67.298 | 0 ~10.158 0 —4.840 0 —3.394 0 075 | ~-.310| —.0302] .01200| —.0039
§ | 3080 0 —. 0036 o -64.802 | 150.611 | —67.157 0 ~9.916 0 —4.968 0 —3.768 014 | —.530| —.0518| .01138 | —.0060
£ | 4s40| —8e —.0077 | -12.384 ) -62.917 | 160.761 | -72.472| 0 ~10.926| © —5.812| 0 —.095| —.754| —.0742| .01023| —.0077
8 | .s878| —1.235 —097|, © —8.320 0 —65.803 | 177.054 | —82.083 0 ~13.134 0 —7.713 | —.202| —1.033 | —.1024 | .00917 | —.0085
& | 7071 | —row| —ome —4.051 o —7.372 0 ~71.743 | 202.571 | —97.965 0 —17.388 0 —.350 | —1.820 | —.1310 | .00822 | —.0109
E .8090 | —2.138 —.0125 o —2.880 0 ~7.208 0 —81.434] 243.694 | —125.537 0 —26.635 | —.571| —1.567 | ~.1578 | .00740| —.0116
& | .8910 | —z 601 — o124 ~1.638 0 —2.371 0 —7.370 0 —96.962 | 315.512 | —180.528 0 —844 | —1.760 | —.1785 | .00074| —.0119
9511 | —3.013 |  —.o0w00 0 ~1.062 ) —2.016 0 —7.599 0 —122.880 | 463.533 (—329.976 | —1.456 | —L.657 | —.1588 |  .00625 | —.0097
.9877 | —3.297 —~. 0066 ~—.459 o —.620 0 ~1.491 0 —7.089 0 —167.045 | 915.651 | -—2.014 | ~1.283 | —.1310| .00446 | —.0057
o o —ow2 | 143.239 | -58.533| o —6.950\ 0 —2.865 o —1.804 ) —1.468 |  ©.210| —0.210 | —0.0203 | ©.01385 | —0.0029
1564 | —.235 —.0040 | ~115.624 | 145.025 | ~67.298 0 | —10a158 0 ~4.840 ) ~3.394 0 085 | —.320| —.0311| .01260 | —.0040
g | 3090 ~a6| —ooe 0 ~64.802 | 150.611 | ~67.157| 0 ~9.916 0 —4.968 0 -3.768 (09| —.525| —.0513| .0L138 | ~.0060
E‘ .4540 | — 849 —0077 | -12.384 o —62.917 | 160.761 | ~72.472 0 ~10.926 ) —5.812 0 —.095| —.754 | —.0742| .00028 | —.0077
£ | .5878 | -1.23s —. 0090 0 —8.320 0 _65.803 | 177.054 | —82.083 0 ~13.134 0 —~7.713 |  —.207 | ~L028| —.1019| .00917 | —.000
&1 agomt| 1ew| —om ~4.051 ) —7372 0 —71.743 | 202.571 | —97.965 o —17.388 0 —.331| —1.339 | —.1338| .o0%22| —.ol10
2| .8090 | —2138| —.oz 0 ~2.880 0 —7.208 0 —81.434 | 243.694 | —125.537 0 —26.635 | —.550 | —L.588 | —.1509 | .00740 | —.0L18
€ | 8910 | —2004| —om| —1.638 0 —2.371 0 —7.370 ) —96.962 | 315.512 |—180.528 0 —.830 | —1.774 | —.1788 | .00674 | ~.0120
L9511 | —3.013 —. 0104 0 —1.062 0 ~2.016 0 —7.599 0 —122.880 | 463.533 | _329.976 | —1.351| —1.662 | —.1695| .00625| —.0104
.9877 | —3.207 —. 0063 —.459| 0 —.szo‘ 0 ‘ ~1.491 o _‘ 4.05' 0 —167.045 | 915.651 | —1.915| —1.382 | —.1411| .00446 | —.0062

e _§+1'273‘\/ _(272!)1
First assumed T=—2A—+—3.§———ao-'.

Lay, =Z@XNmk.
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TABLE IX.—CALCULATION OF LINEAR LIFT CHARACTERISTICS FOR EXAMPLE WING
[A=10.05; aq,=10.00; ay =—3.90]

same manner as

or

(26)

(27)

(28)

® @ ® ® ® ® ® @ ®
Clg € Clymaz™Clp
cie b cic ClaiC one £ Cig Ctp ct
2 Multipliers b ) e b /e 5 Cren iy [ maz Cig
b Nms 7% ® (@ ) (@ O—®
(Table VIT) [\ C (%=, /| (Table VIII) ((DXCL (e/)) [(6E0)] (Table IV) (Sectiondata) ®
0 0.07854 0.1102 0.1323 —0. 0029 -0.0105 0.0076 0.1429 0.926 0.053 1.421 1.477
.1564 | .15515 1057 1269 —.0040 —. 0100 0060 .1295 980 046 1.418 1.400
.3090 .14939_ . 0984 L1181 —. 0057 —. 0093 . 0036 . 1164 1.015 . 031 1.423 1.371
.4540 .13996 . 0899 . 1078 —. 0077 —. 0085 . 0008 . 1040 1.038 . 008 1.432 1.372
.5878 .12708 .0811 0974 —. 0096 —. 0077 —. 0019 . 0925 1.053 —.021 1.441 1.388
L7071 .11107 . 0722 0567 —.0111 —. 0068 —. 0043 . 0823 1.053 —. 051 1.436 1.412
.8090 .09233 . 0632 0759 —.0121 —. 0060 —. 0061 L0735 1.033 —.083 1.418 1.453
.8910 07131 B . 0534 . 0641 —. 0129 —. 0051 —. 0069 . 0665 . 964 —~. 104 1.404 1. 564
L9511 .04854 L0411 0493 —. 0104 —. 0039 —. 0065 L0613 . 804 —. 106 1.419 1. 897
.9877 .02457 . 0232 . 0279 —. 0063 —. 0022 —. 0011 . 0437 . 638 —. 004 1.412 2,361
CL ) =AZ(@XE)=0.833 CL ey =AZ(@XE)=—0.079
CL ja, _=Crey_ oo
a=—"0 0 0833 Gy =g 00
Cp,.0e=Min. value in @=1.37 @, gy =0t e, . -2.95
TABLE X.—CALCULATION OF INDUCED-DRAG COEFFICIENT FOR EXAMPLE WING
[4=10.05; CL{a, ) =0.833; Cilew) =—0.079]
® ® ® ® ® © | o ® ® ® ® ®
. %igy ) . 1c e 57.3cq; ¢ 57.80d; ¢ 57.3c4;,
2 Multipliers (%, Fitey ®ia ey i b b b b b
b e a2 (@X@)+
(Table VII) ({ Ct (=a,y /| (Table VIID) (@XCL(“:)) [(6E0)] (Table IX) { (Table IX) | (@X®) (OXE)) (@OX®)
0 0.07854 | 2.060 2.474 0.210 —0.195 0. 405 0.1323 Q. 0076 0.3273 0.0724 0. 0031
.1564 .15515 |  1.602 Lo | .085 —152 | 237 L1269 o060 | Lzm2 | . 0416 L0014
.3090 .14939 1 1.377 1653 | 009 -1 .140 .1181 0036 | 1952 | 0225 . 0005
.4540 .13996 ‘ 1. 203 1. 445 —. 095 —. 114 019 . 1079 . G008 . 1559 . 0032 0
.5878 .12708 l 1. 162 1.395 —.207 ~. 110 —. 097 L0974 ' —. 0019 L1359 B —. 0121 . 0002
7071 11107 1.218 1. 463 —.331 —. 116 —.215 . 0867 ) —. 0042 . 1268 —. 0248 . 0009
.8090 .09233 1.492 1.792 —. 550 —.142 —. 408 0789 | —.00s1 | L1360 | —.0419 0025
.8910 .07131 2.111 2. 535 —. 830 —. 200 —. 630 . 0641 l —. 0069 ' . 1625_ ] —. 0579 . 0043
9511 .04854 3.399 4. 081 —1.351 —.322 —1.029 . 0493 ' —. 0065 . 2012 ’ —.0773 . 0067
.9877 .02457 4.840 5.812 —1.915 —. 459 —1.456 L0279 ’ —. 0041 . 1622 ’ —. 0645 . 0060
_ 4g®x@) Aﬂ@wm) AZ(@OX@)
C”-‘—( 57.3 CL2+( 57.3 T T
=0.0322C2—0.0003 C.-+0.0003
The values of a;,, and a;, are determined in table X in the where
Ci, C ¢, C o
c; C C;.C ta1 I ‘a1
al b s : — —_ =
b and 5 in table IX. The induced-drag b & 573
e e e e .
distribution is therefore Tian? _ O @iy | €10 iy
1 b b 573" b 57.3
an
Ca ic_ C, ay Cr. €
D T b 57.3 T OC
b b 57.3
The calculation of each of these induced-drag distributions
is illustrated in table X together with the numerical inte-
Cq, € Cq, € . S I NP : S
€a 0 iy O+ “Ciagy O,+ €a,,C 25) gration of each distribution to obtain the wing induced-drag
b b F b LT h coefficient.
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1.6 '—‘l,,.,a,,—lczh 4,’— o DISCUSSI(‘)N ' . ‘
14 s e | The characteristics of three wings with symmetrical lift
= T < distributions have been calculated by use of both nonlinear
/2/ 1.37¢,, N and linear‘section lift data and are presented in figure 5
R N together with experimental results. These data were taken
:"/0 L : ] \ from reference 11. The lift curves calculated by use of non-
ST e | \ linear section lift data are in close agreement with the
& s N | experimental results over the entire range of lift coefficient,
¥ | whereas those calculated by use of linear section lift data are
g & \ in agreement only over the linear portions of the curves as

'E would be expected. .

2 4 It must be remembered that the methods presented are
(;&;)’ subject to the limitations of lifting-line theory upon which
P the methods are based; therefore, the close agreement shown
in figure 5 should not be expected for wings of low aspect
0 2% ratio or large sweep. The use of the edge-velocity factor
T more or less compensates for some of the effects of aspect
-2 ] ratio and, in fact, appears to overcompensate at the larger

(% v 2 3 4 5 6 .7 .8 .9 1.0
Spanwise station, 2y/b

FIGURE 4.—Estimation of CL,,.,,, for example wing. (CL"Irlz estimated to be 1.37.)
PROFILE-DRAG AND PITCHING-MOMENT COEFFICIENTS

The profile-drag and pitching-moment coefficients for the
wing depend directly upon the section data and therefore
their calculation is the same whether linear or nonlinear
section lift data are used. For the linear case the section
lift coefficient is

Clzcl(ﬂOL‘[—Clb

for any wing coefficient ;. By use of this value for ¢,
the profile-drag and pitching-moment coefficients are found
as in table VI.

values of aspect ratio as shown in figure 5.

Additional comparisons of calculated and experimental
data arc given in reference 11 for wings with symmetrical
lift distributions, but very little comparable data are avail-
able for wings with asymmetrical lift distributions. Such
data are very desirable in order to determine the reliability
with which calculated data may be used to predict experi-
mental wing characteristics.

LANGLEY MEMORIAL AERONAUTICAL LLABORATORY,
NarionaL Apvisory COMMITTEE FOR AERONAUTICS,
LancLey Fievo, Va., December 20, 1946.

L6
o[ N g
L5 Z-®
+ 96/( ’ // ‘]
j /"d/ —o— Experimental | / A ¢ %“
vl oGl T |
VY 4 i
1.0 |
o it 4 4
- 2 4 *
T .8 Vi /
3 7 / ‘
b ]I
Q.6 I
2 4 o b
S b
7 /] ;
A 4 !
7
) ! //
) /|
o .02 .04 06 08 20 d2 14 4. 0 4 8 /2 16 . 0 -~/

Droé coef‘ﬁéienf, Cp

Pitching-moment

Angle of attock, as
coefficient, Cm

(a) A=8.04; R=4.32X108%; root section, NACA 4416; tip section, NACA 4412,
TicurE 5.—Experimental and calculated characteristics of three wings of taper ratio 2.5 and NACA 44-series airfoil scctions.
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y-d V.o \
v 7 i . \
—0— Experimental f// /] R|
L2 — —— Calculated (nonlinear) v I
——- Colculated {linear) 4 )i
/| V4
LO 4 Vi 1
d >
~ 4 4
LS )/
w8 / A
<
KU} f/
.8 4
£ 5 / 7 ,
Q- }
3 / - /7 !
17 4 |
N
/ !
T
- / |
7 I
0 / ?
/ ;
\ V4
. /
(b) { )
0 .02 04 .06 .08 SO 2 J4 -4 0 4 8 /2 /6 . ) 7} -/
Orag coefficient, Cp Angle of aftfock, a's Pitching-moment
coerlficient, Cn
(b) A=10.05; R=3.49X10%; root section, NACA 4420; tip section, NACA 4412.
FiGURE 5.—Continued.
L6
.4
- !
o] —o— Experimental o<
L2 ~—10 —~Z— Coleulated (poriinear) A7 [oro Bl
- Coleuloted [linear) / 3; i
Pyt I
p 72 *§|
L0 7/ nl
ﬁ / . // )
= 8 é‘ / /A
8 / 7 ¥
£ A
% i / 1
Q.6
Sy 1 i
-~
i / j
4 4 !
|0 / l
- Y !
.2
/ !
|
o / |
()3 4
_‘2
2] .02 04 .06 08 /0 N7 S -4 o 4 & /2 /6 J , 2] -/
Drag coefficient, €p ’ Angle of attocH, as Pltching-morment

(¢) A=12.06; P=2.87X108; root section, NACA 4424; tip section, NACA 4412,

FIGURE 5.—Concluded.

coefficient, Cm




L

METHOD FOR CALCULATING WING CHARACTERISTICS ‘ 19
REFERENCES 6. Prandt], L.: Applications of Modern Hydrodynamics to Aero-.
. Wieselsberger, C.: On the Distribution of Lift across the Span nautics. NACA Rep. No. 116, 1921.
near and beyond the Stall. Jour. Aero. Sei., vol. 4, no. 9, July 7. Munk, Max M.: Caleulation of Span Lift Distribution (Part 2).
1937, pp. 363-365. Aero. Digest, vol. 48, no. 3, Feb. 1, 1945, p. 84.
- Boshar, John: The Determination of Span Load Distribution at 8. Munk, Max M.: Calculation of Span Lift Distribution (Part 3).
High Speeds by Use of High-Speed Wind-Tunnel Section Data. Aero. Digest, vol. 48, no. 5, March 1, 1945, p. 98.
NACA ACR No. 4B22, 1944. . ceps .
e T e . b 2 C f - Th f h
. Tani, Itiro: A Simple Method of Caloulating the Tnduced Velocity | =~ S°0ncS Robert T.: Correction of the Lifting-Line Theory for the
. Effect of the Chord. NACA TN No. 817, 1941.
of a Monoplane Wing. Rep. No. 111 (vol. IX, 3), Aero. Res. . .
Inst., Tokyo Imperial Univ., Aug. 1934. 10. Anderson, Raymond F.: Determination of the Characteristies of
. Multhopp, H.: Die Berechnung der Auftriebsverteilung von Tapered Wings. NACA Rep. No. 572, 1936.
Tragfiigeln. Luftfahrtforschung, Bd. 15, Lfg. 4, April 6, 1938, 11. Neely, Robert H., Bollech, Thomas V., Westrick, Gertrude C., and

pp. 153-169. (Available as R.T.P. Translation No. 2392,
British Ministry of Aireraft Produection.)

. Glauert, H.: The Elements of Aerofoil and Airscrew Theory.
Cambridge Univ. Press, 1926.

Graham, Robert R.: Experimental and Calculated Characteris-
tics of Several NACA 44-Series Wings with Aspect Ratios of 8,
10, and 12 and Taper Ratios of 2.5 and 3.5. NACA TN No.
1270, 1947.

U. S. GOVERNMENT PRINTING OFFICE: 1949



N T

. z , V
Positive directions of axes and angles (forces and nipmentg) are shown by arrows
Axis ) Moment abotit axis Angle . -Velocities
—| - Foree — :
- %am!l(;l v 1- : Linear | .- :
: s Sym- 818 - .. |Sym-| Positive | Designa- |Sym-] (compo- -
Deslgna.txpn ggl1 symboll Designation ggllx direction t?ogn gol ngnt z_ill;gng Angular
. , A " axis .
Longitudinal-___.__. X | X | Roling... L | Y=z |Roll.__ ¢ u T p
ral. S Y | Pitching. ... M Z—sX Piteh________ .8 v q 3
Normal..__.._...__| Z- Z- | Yawing.......|- N - X—f')Y Yaw....._.| ¢ w r
Absolute coefficients of moment Angle of set of control surface (relatlve to neutral
-~ L N M- N position), &. (Indlcate surface by proper subscript.)
C’l=__ . —Om=_ [ A A
-~ qbS "o qeS — gbsS , . .
~(rolling) -~ (pitching) - (qumg) ) ,
o ' s PROPELLER SYMBOLS
D  -Diameter ’ ' , , P
'p . Geometric pitch P B Power, absolute coefﬁment OP—— o
D Pitch ratio ' R
Z{,Z, Tnflow velocity v 0,» - Speed-power coeﬂiclent——‘/ 4 »
V., . Slipstream velocity . 7 Efficiency
T  Thrust, absolute coefficient OT?pn—Z;); n ' Revolutions per second, rps - v
} o . ( @ Eﬂ'ectwe helix angle=tan ) _
Q Torque, absolute coeflicient OQ=p—n;ﬁ ’ o & -\2wrn

© .1 hp=76.04 kg-m/s=550 fb-lb/sec
- -1 metric: horsepower—O 9863 hp
1 mph=0.4470 mps
1 mps=2.2369 mph

1 1b=0.4536 kg

1 kg—2 2046 1b

1 mi==1,609.35 m=5,280 ft
"1 m=3.2808 ft

5. NUMERICAL RELATIONS




