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THEORETICAL INRVASTIGATION OF HRZTHODS FOR COMPUTIHG
JRAG FROlI WAKAR SURVAYS AT HIGH SUBSONIC SPAZDS

By liax A. Hoaslet

SUHNHARTY

In this report, graphs of constante are givean which
are to be used together with a knowledge of maximum total-
head lose, static—pressure decresment, and the integral of
total—-hesd loss across the wake of an airfoil for the rapid
determination of sectlion proflile—drag coefficlent. The
constants wrere computed under the massumption that the total-
head presstre loes in the wake of the airfoll has a cosine—
squared distribution and that no variation 1in static pres-—
sure exlsts ccross the wake at any glven position. The
range of »ressurse losses, for which the results are given,
ls sufficlexntly large for ususl wind-tunnel and free-flight
deta, raé conpressibility effects are consilderad for :iiach
numbers u» to and including H =2 1, where M 1s the liach
nunber of tha free stream.

Iinclnded In the report are results of computetions
that werc corried out, for free—stream lach numbers between
0.5 and 1.0 and for certmsin assumed types of total-pressure
distribvution in the wake, t0 compare theoretical drag
coefficlisanis ns determined by varlous equatlions based upoan
the momeatum method. Among the assumed wake shapes are
forme sinilisar to those encountered at supercriticeal speeds.
Regsults obtnined by polnt—-by—point methods of integration
ars conhrrasd with those computed by means of the constants
mentionad above. TYor the cases examined, the numerical
agreement becomes less satlsfactory as the maximum total-
head decremnent increases but for such total-head losses as
are usuclly encountered in practice the agreement is quilte
sufficlant. It is therefore concluded that, within the lim-
its of the vanlidlty of the basic assumptions underlying the
momentum method and for total-head decrements of normal
magnitude, tha use of the more rapld technique 1ls Justified
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for wide variations in wake shapes for the iliach number

- range coneldered.

INTRODUCT ION

One accepted method of determining the profile drag
of an airfoil 1s developed from consideratlon of the
momentun defect in the wake of the body. As given by
Jones (roference 1), for velocities at which ailr may de
assumed an incompressible medium, the actual computation
involvez tas evaluation of an integrel with Integrand a
funetioa of total-head and statlie—pressure losses across
the wate, In order to achleve thig evaluatlon in terms of
magsureé cuantities, it is customary to presuppose that
there is no mixing in the wake 1n gtream tubes between the
plans of nmersurement and a second plane which is far senough
dow:stroam thet the static pressure there may be assumed
to have rTeaturned to its original free—stream value,

WYhen gresater velocitles are involved, it has been
found mossidble to modlfy the Jones equation for compressi-
dbillity effects Bo that the deslired section drag may oncs
more be founc 1in terme of the same pressure measurements.
As a counternart to the previous assumption concerning
mixlag, it ls agaln supposed that etreamlinss may be drawn
in the wrlzs, between the two planas, so that total head
1s constent nlong cach stream tube. An sdded condltion
is necesenry, however, 1in order that denslity may be eval-
nuated anéd, to this end, the total energy per unit mass of
alr 1s assuned oconstant in any section across the fiald
of flovw.

The accentance of the momentum method as a vallid way
of finding the drag of an alrfoll section 1s dependent
more on tase nxperimental evidence at hand than on the un-
assallablility of 1ts underlying princlples. 1In reference
3, 6. I, Taylor has shown theorstically that, for certailn
types of -rossure distributions, the indicated drag may
be as nmuch ag 10 percent 1n error depending on whether the
woke downstrenm mixes or flows in g streamline manner., In
references 3 and 4, however, the method appears to have
been substeatiated experimentally by measuremenits taken at
differeat clstances behind the airfoll and by comparisons
with veluass measured on a balance. The conclusioans pre-—
sented 1ln reference 4 indicate that the values of drag
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.coeffleclont obtalnsd by means of the momentum method are
reliable u) to speeds nesr the velocity of sound and that
the presence of shock waves of limited extent does not in-
validates tle result. Thess conclusions must not be con-
sldered es n complete negation of Taylor's results, since
his investigetlion of the pressure distributions encountered
in prectice, as given in reference 1, showed that the error
due to mixing was in the woret case much smaller than was
theoreticelly possible.

The axpressions for drag coefflicilents, for elther the
compreseibla or incompressible case, appear as integrals
which are to be evaluated in the measurement plane. Ac-—
tual velues of head losas and static—-pressure variation cen
be deter:iilined by means of s piltot-traverse method and, as
a consecvence, the glven integrals can be evaluated by
numeriecel integration. In order to avold the lengthy com-—
putatlon involved, an alternate approach has been dsveloped
by Bilverstein and Katzoff (reference 6) in which 1t 1is
assumed thet drag is proportional to the integral of the
total—henrd loss across the wake. The integral of head loss
is obteinod from an averaging rake, an integrating manometer,
or by en integration of measurements madse hy a traversing
tube. Thae »nroportionality factor, imn turn, is evaluated
by assuning » definite type of wake shape and, in this re-~
port, 1ls tabulated ae a function of maximum total-head loss,
statle—~oressure decrement, and ilach number of the free
stream. Zhe resultes given herein deviate somewhat fronm
those given in reference 5 for reasons that will be dis—
cussed later,

In refersnce 6 a comparison was made between values
of draz coefficlent computed by means of point-by-point
integretion and those determined by the integrating method
and proportlonality constaants of reference 6. It was
found that the latter procedure gave results 1n excellent
agreenent with those obtained by the former, at least up
to valuns of the Wach number of the free stream in the
nelghborhood of 0.6. A wide range of shapes was consid-
ered and, renaritably enough, the agreement remained uni-
formly zood for the Mach numbers considerad.

Sirce 1a high—speed wind tunnele 1t is necessary to
evaluats drag at iHach numbers above those considered in
reference G, and since the recalculation of the nropor-
tionality constants resulted in a change in their previ-
ously detarnined values, the present paper has undertaken
the comiarison of theoretical drag coefficlents obtalned
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by differont methods for the high-speed range. The ap-—
ped}anca of shbock wdves on an airfoll may-be- expeocted at
some ver.lue of free—stream Hach number lees than unity and,
a8 & conseguence, the distridbution of total-head loss
differs consideradbly from that usually encountered. Some
of the unl:o shapes considered are therefore chosen to
corresnond aporoximately to thies situation.

OUTLIE] OF MHRTHOD

Connlote details concerning the development of formu-—
las for the drag coefficient may be found in the referasnces.
It 18 consicdered sufficient for the present purposas merely
to list tihe nmain results. The symbols used are defined in
the awnnondix,

In figure 1, the alrfoll section ie indlcated together
with the three planes of especlal importance to the theory,
Plane 0 1e far enough upstream that free—stream conditions
may be assuned to exist uniformly across this section. DPlane
2 18 at o ~reat enough distance downstream that the valye

tlc araggure has returned to its original yalus, Do.
Plane 1 is the actual plane of measurement.

AI-L {‘?...z:J-
sSee “° &
Fronm momentum considerations the drag 4, per unit &aalew sevrhs
length of the airfoll, 1s .

a= [ paValv, - Va)arg (1)

/ d o Jog L o ted -t wredr.
C/E‘V‘P“"’"‘ﬁh\tulwmf d-ff/"lV:(V"’v‘) Y cTEFeE et edniln |
where tho integration across the wake 1s in plane 22 A
proof of thle relatlon, valld for subsonlc compresslible
flow with nossible 1limited shock waves, 18 glven in ref-
erence 4,

The »roflle—drag coefficlent for the airfoil section
i an immediate consequence of eguation (1), so that

v v
- = /r 22 2 (1 -2y, (2)

Y
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If the fluld is assumed to be incompresgibla and continu-
-—~ous, and 1f no mixing is supposed to take place 1in the

stream tubes between planes 1 and 2, equation (2) can be

written as '/4467’»/49.37 o o B Com bra

Ve sy

“n

0q = E'/p J/g_:P1 Pa _ Ho‘ B,
' c Jy Ho— Pp Ho = Po

./g * I
From this 3ora of the equation, the dreg coeffidlent 18

directly caleulable once the distridutions of afagtig- -
pressgure and total-—-head losg acraoss tho wake are knowa. .

If it is assumed, as Silyversteln and Katzoff dia in
roeferenca 5, that the integral of total-head loss scross' -
the wa':s is »Hroportlional to the section~drag coefficlent,
a proportionplity ccnstant ?1 may be introduced so that

H,—~- E H,—-H
°d=hf 2 1gy,-= ri.‘l(_&__l> (4)
cVy Bg=Pg ¢ Ny - Polay

where the subscript av. denotes average value across the
wake., Iz roferences 5 and 6, F; 1s tabulated as computed

Da-p
from equatlioas (3) and (4) under the supposition that Q
Hy = H, Hy—2,
s consgtant and that ——~——~—— bhas a cosine—-squared dis—
, Ho=Po
l tribution; that 1is,
t
1‘. BH,~H, Hy ~ H'1 -
- = - . oos _w-
o~ Po 0o~ %o

max

4

whers |¥y| = and 1s measurnd from the center line of

the wale., In figures 2(a) and 2(b) extended values of 7,
o

P,~DP
are given in graphical form as functions of —32——2

H,-Pp
- 0 o
(ng H, .
HO—PO Lnax

and
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¥hen compreesibility effects are to be considered,

factors I, or rc/ri _are used, so that

‘et ]-;ﬂl; By ::o-dyl i — [‘1 °<Eo-:o>av] (6) &

.—/,_arr/ _7.4-
The evaluztion of F, is sim r. to that of Ii and pro—~

ceeds as follows: iquation (2) 18 rewritten in such a fornm
that the integrand mey be calculated directly from the .
free—strenm liach number, the static—pressure loses, and the
total-hend lose in the wake.  If constant values of the
first two parnmeters and a cosine-squared dlstribution of
the latter are assumed, it is possidle to find o, and

gsubsecguently to solve equation (3) for Foe In figures

3(a) to s(e) will be found F,/¥; plotted as a function

( , and EaT“Pg,
max Ho=Po
In this report, two forms of equation (2) are used

in the nolnt-by-point integration for the compressible
case. The first expression,

w1 |2)

=1 1 X (PN |®
ca=%/;(%§i)7(%:.v% -G M"l(:‘*ﬂ- ors @
(—) 1'(33 1

J \. —

s derived 1ia reference 4 under the assumptions that total
energy mer unlt mass of air ls constant 1n any section
across the field of flow and that between planss (1) and
(2) Bernowrlli's equation for compressible flow holds,

This form hag a great advantage in that auxiliary tadbles,
which are included in the reference, may be prepared so
that the conputations 1lnvolved are expedited.

As Gorived in reference 6, the mlternate form of the
expresslon for drag coefficient 1s
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- H 1+
wWighee (22e) (The)
our2 [ R (E) (e ) FEra—
- +
Po N3 1 4 Y1 3
2
/( ENED,
_po 1+n8
The expressloa 1+ 1n, which appears 1n equation (7), 1s

the so-crlled compressibility faotor and is a function of
Mach number,

8 .4 8
1+n =1+ B b, ¥ X
4 40 1600 80000

Figure 4 shows this funoction, for values of M wup to 1,
in a form that can be used in numarical integration. The
subscerints on n, a8 given in equation (?7), 1indicate
the plane in which M 1is evaluated.

One outstanding simplification possible in the inte~
gration of eguation (7) was made by Bay H. Wright of the
Langlesy emorial Aeronautical Laboratory in some -unpub-—
lished regults, If the second redical, in the integrand
of thie equation, is written in t he form

1-@(1-33\

0 /

it may ba eaovn that G 16 primarily s function of Hach

number aand secondarily dependent on 1 - 33. Thie follows

9
from the (efinition of &G, for
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Y=1,223

[+ .
Ny
J 1+ Y=L u® j Y=L y=
1 2
G= =—l
7
1=ln°"’ (1-13 '!-—u‘B (
+ L0/ q--9—+. ..
Y=1 .3 -] M7 .
ld —— ¥ ___
3 2

A grgphlcnl representation of G 18 glven in flgure 5.

Then »roceeding to the actual integration, 1t is suf-

b Ho—-H
ficlent %0 »now the variation of =2

s %the Mach nunm-—

ber of the fres stream, and the value of El——gﬂ In the
Py

computation 1t will be found neceesary to use the indil-

cated raszure ratio EQJLBQ. Tigure 6 gives values of
Po

this prrauster as a function of free-stream Mach number,

M,

As meatlioned previously, the values of F,/F; in

figures 3(n) to 3(e) differ in most cases from the corre—
sponding velues given in reference 6. 8ilince the original
assumptions are the seme, there seems little doudt that
thie dlecronancy 1a produced by differences in the manner
in which the 1ntegration of the basic equation is per-
formed. This report assumes a distrlbution for total-head

o~ H,
]

-

while reference b assumes a distribution

Ep—=Do vo"..-vaa

for veloclty—squared decrement —————;——
Y

o
clse nature of this latter assumption 1s not stated ex-
plicitly. An ganalysis of the two sets of results glves

ﬁ decrement
' , although the pre-
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credernce to the ooncluslon that Silverstein and Katzoff
have set

a
Zo-8 Yo =Ta
Hy =Py vo

which is. in agreemsnt with the theory of incompressibdle
fluids. BSuch a relationship does not introduce largs

errors unless the liach number 1s of considerable magni-
tude, dut in thie latter case the relation is untenabdle
and the vglues of rc/ri in this report would appear to

be the trus values, These remarks apply aqually well to
reference 6, since the graphs of 7F,/¥; glven there are

in agreemont with the tabular data in reference 5.
COIPUTAT IONS

By neans of the graphical data that have been pre-
sented, and the tablees included 1n reference 4, 1t is novw
possible to determine values of drag coefficlient from
equations (5), (6), and (7) and known wake distributions.
Such date can, in turn, be used for a comparison of the
results obteined from polnt-by-point methods of integra-
tion and t he Silverstein and Katsoff intezrating method.

In the five cases llsted below, an arbiltrary dletri-
v -—
bution for -9=F1 34 asgumed, together with fixed val-—
Ey= Do
Pr— Do
ues for E—__S—' The draeg coefficlent 1s then computed
o~ Po
for different values of free—stream Mach number, In
choosing the wake forms, all of which are shown in fig—-
ures 7(a) and 7(v), an attempt wvas made in cases I, III,
and IV to »resent distridbutions that are highly distorted
from usual distributions; while in cases II and V shapes
were chosen that resembled somevhat the types encountered
when shock waves are present on the surface of the airfoll,

It vill Pe noted that all the cases are concerned
with symnetrical configurations. Typlcal asymmetrical
shapes could bs constructed by Joining two halves of cosino—
sgquared distrivutions with equal heights and different baase
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widths., Trom the theory underlying the derivatlion of con-

..stants Fy; and T, /® it followse that for such typlcal
asymmetrical shapes tﬁe values of drag coefficlent glven by
equations (4) and (6) will always be exact. Other forms of
asymmetry may be thought of as deviatlione from these hydbrid
cosine~squared curvee and the study of the varlation in

drag coefficlent produced by these deviations can be related
directly to problemeg such as are considered hers.

Case I

. As an extreme examples, the dlistribution of head loss
1s made rectangular. Thus, as shown in figure 7(a), let

H.~-H
H° 150,10 for |y| Soc end equal to sero for all
0o~ Po P1~Po

other valuas of y; moreover, let = 0,1. It fol-
Hy=Do

lowe innediately that

lf "Elaysozo

In tavls I, results of the computations are given.

Zcuations (6) and (7) should give the same numerical
result siacos theay are esquivelent. The deviations that an—
pear are nrobadbly attridutadble for the most part to small
errors arising in reading the graphs and, to a smaller ex—
tent, to the-interpolation necessary in the tables. The
differences in results from equations (6) and (6) are prob—

: ably due to the varlation between the actual wake form and
: the hypothetical shape used to compute although
numericel inagocuracles must again de oonsidere It 1e
observed, however, that the percentage of error is small.

Case II

M

The distribution of head loss for this case 1s shown
in figure 7(a). Under the assumption that

%J:LBQ = 0,1, the drag coefflicient has been computed dy
-Dp

o o

means of equations (6) and (7) for different Mach numbers.
The results of these calculations are given in tadble II

s ! bebreen

[T
|
|
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and show that in each instance the error 1in the 4ata deter-
mined by equetion (5).1s.small.

Case III
- 1
Asgume now that Ho - B, 0.30 for |¥| S_¢c, as
Hy = Do 8

shown in figure 7(a). In tadle III, drag coefficlents are
given corresponding to this distributlion of head loss when

%i—:—%ﬂ = 0.1, 0.0, -0,2, ~0.4, respectively, and for vari-
o = Yo

ous Mach numbers. The calculatlions are based on equations
(56) and (6). The disparities between corresponding answers
are,in general, larger for these examples than 1in case I.
On the other hand, the percentage of error seems relatively
gmall in comparison with the deviatlon between the true and
assumed wake shape.

Case IV

In thie case, drag coefficient is computed from equa-
tione (5) and (6) when M = 0.4, 0.6, 0.8, and 1.0 unmder

the assumption that ———— = 0.10 for |y| = - ae shown
Ho -~ Po 8

in figure 7(b). Table IV lists the results for

D1 - Po _ 0.0, -0.1, ~-0.2, and ~0.4, and in each case the

percentage of error 1s small,

Case V
H, - H,
Tor the dietribution of 8.1 ghown in figure 7(D)
o — Po
p:,"'po
and for E—————— = 0, ~0.2, and ~0.,4, drag coefficient 1ise
o — Po

computed at free etream Mach numdbers equal to 0.4, 0.6, 0.8,
and 1.,0. In thie caee the maximum total-head loss 18 0.7
and, as can be seen in table V, the percentage of error 1ls

quite large, especially for higher values of 23 = Po,
o - Po

’
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CONCLUSIONS

The computatione carried out in this report show that
the integrating method of Silverstein and Katzoff gives re-
sulte in good agreement with the values of drag coefflclent
computed by the much more laborious process of polnt-~-dby-
point integration so long ase the maximum total-head loss is
not too large. The limltation on the total-head loss is
necessarlly dependent on the accuracy desired,but for such
values as are usually encountered in practice the cases
considered do not show exorbitant deviations in the results.

The agreement in results holds for considerable varia-
tlon of the wake form and, as far as theoretical results are
concerned, extends up to a free~stream Mach number equal to
1. 8ince previous reports have indicated that the momentum
method 18 not neceesarily nullified by the existence of
shock waves of limited extent, 1t follows that the integrat-

ing method need not be invalid beyond the critical speed of
the airfoll.

Ames Aeronautical Laboratory,
Netlonal Advisory Committee for Aeronautics,
Moffett Fleld, Calif.
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APPINDIX

8Y:BOLS

v valoclty

P etatlc »pressure

q dynamic_pr;isure

H iotal nressure

P deaslty

c chord length of airfoll

b diatonce measured vertlcally from wake center
w wa.te wldth

iIner nuzber, ratlio of the stream veloeclty to the
. local velocity of sound

d sectlon nrofille drag

c3 snctlon nroflle—drag coefflclent

¥ troortionality constant for compressible flow
Fy vronortionality constant for incompressible flow

3
1+n comhressidility correction factor, gq = p;%-a %fn
n
Y rrtio of specific heat at constant pressure to spe-
clfic heat at conptant volume

Subseris>te o, 1, 28, refer to conditions existing in
three dlfferent planes. Subscript o denotes fres—streanm
condlitions, 1 denotes the plane of measurement, and =
denotes the »nlane aft of the airfoll in which the statiec
pressure has returned to 1lts free—stream value.
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TABLE I.- cg AS A FURCTION OF MACH NUMBER
FOR WAKE FORM IN CASE I
Mach Ca 4 Ca Percentate of error ian
numbér (equation | (equation | (equation equation (5) as compared
(N (6)) (5)) with equation (6)
0.5 0.1678 0.1678 0.1687 0.5
6 1614 .1616 .1624 © .5
7 .1550 .1551 .1556 .3
g 147l L1476 1483 .5
9 .1400 .1403 .1409 LU
1.0 .133L «1331 -1333 .2

TABLE II.-~ cg AS A FUNCTION OF MACH NUMBER

TOR WAINE ¥ORI. IN CASE II

Mach ! cd Percentage of error in
number (equation | (equation | equation (5) as compared
an (5)) with equation (7)

0.6 0.1589 0.1589 0
.7 .1532 .1528 -.3
.8 .1h61 .1h55 ~h4
.9 .1391 .1385 -4

1.0 .1324 .1313 -.8
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TABLE IIl1.~- og AS A FUNCTION OF MACH NUMBER FOR WAKE FORM IN

CASE III
. o e Percentage of error in
P,~Po | Mach a a equation (5) as compared
i —p. | number Equation | Equation| with equation
o~Po (6) (5)
G.1 0.4 0.06G3 0.c621 3.0
.1 .6 ..0570 |- 0784 2.5
.1 .8 .OEE9 O 4o 2.1
.1 1.0 . 0435 0490 1.0
0 A .06hg .0662 2.2
‘G .6 .0607 L0617 1.6
@ .8 .0556 .0562 1.1
-0 1.0 .OSOO - 0501 c.2
-.2 L . Z .OZ}# 1.2
-.2 .6 L0672 ~-.7
-.2 .8 .oa93 L0E93 o)
—.ﬁ 1.8~ .O?OS 0805 —.E
- \ .0792 . .079 :
-l .6 o714 0713 o}
-4 .8 06l2 .CHO8 -.7
! 1,0 .ci71 .olgh -1.5
TABLE IV.-~ cq A8 A FUNCTION OF WACH NUMBER FOR WAKE FORM IN
' CASE IV
Percentage of error in
P1-Ps | Mach q €4 eqpationg(S) as compared
H,—p number | Equation |Equation | with equation (6)
° 7o (6) (5)
0 0.k 0.0228 0.0229 0.4
o] .6 .0211 .0212 .5
o] .8 .0190 .Q19¢C 0
0 1.0 .0168 L0168 Q
-1 R .23y 0240 L3
-.1 .6 .0219 .C220 .5
-.1 .8 .0195 .019% o}
-1 1.0 L0165 .0168 0
-2 . L0249 .0250 R
-.2 .6 .0226 0226 o}
-.2 .8 .0L9% L0198 o}
~.2 1.0 .0167 .C166 -8
-8 o 0267 L0268 i
-4 .6 .023% .023% 0
-4 .8 .0201 .0200 -.5
R 1.0 0151 .C150 -.7

TABLE V.- ¢cq AS A FUNCTION OF MACH NUMBER FOR WAKE FORM IN

CASE V

- Ca ca Percoantage of error in
51 Po Magh Equation [Equation equatidng(5) as compared
So=Po [puUmMber (6) (5) with equation (6)

0 0. 0.1046 0.0967 ~7.7

0 . .0982 .0319 -6.b

0 .8 .0902 .0860 -L.7

0 1.0 1l .0792 2.7

-2 {0, 0.1196 0.1149 -3,

-.2 ;g ' .1182 10%6 : -E.Za.

~-.2 . .0963% -7

-.2 | 1.0 .ogué 3 1.h

-.L | o.l 0.1318 0.12 ~1.h

- .é .1192 .1193 .2

-4 .8 1027 1.6

- | 1.0 .079% .0829 3.8
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