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CRITICAL COMBIQATICNS OF SHEAR AND 'TRANSVERSE
DIRECT STKESS FOR AN INFINITELY LONG
FLAT PLATE WITE EDGTS ELASTICALLY
RESTRAINED ACAINST ROTATION

By 8. B, Batdorf and John C. Houbolt
SUMMARY

An exact solution and a closely concurrlng approxi-
mate energy solution are given for the buckling of an
infinitely long flat plate under cormbined shear and
transverse direct stress with edges elastically restrained
against rotation, It was found that an appreciable frac-
tion of the critical stress in pure shear may be applied
to the plate without any reduction in the transverse
compressive stress necessary to produce buckling. An
interaction formula in general use was shown to be
decidedly conservative for the range in which it is .sup-
posed to apply.

INTRODUCTION

In the design of stressed-skin structures, considera-
tion must sometimes be given to the critical stresses for
a sheet under a combinatiocn »f shear and direct stress.
The upper surface of a wing in normsl flight, for example,
is subjected to combined shear and compressive stress,
and the lower surface is subjected to combined shear and
tensile stress, The upper surface may then buckle at a
lower compressive or shear stress than if either stress
were acting alone. The critical shear stress for the
lower surface may be increaced by the presence of the
tensile stress, .
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If the wing has closely spaced chordwise stiffeners,
the skin between two adjacent stiffeners may be regarded
as a long sheet slightly curved in the longitudinal or
chordwise direction and straight in the transverse or
spanwise direction loaded in shear and transverse direct
stress. A conservative preliminary estimate of the
critical stresses may be obtained if the sheet is con-
sidered to be flat and infinitely long. In the present
paper, the critical stresses are computed for an infin-
itely long flat plate loaded as indicated in figure 1(a).
The corresponding idealization of the case of a wing
with spanwise stiffeners, shown in figure 1(b), was
treated in reference 1. '
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(a) Type of loading problem solved in present paper.
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(b) Type of loading problem solved in reference 1.

Figure 1.% Buékling of an infinitely long plate under
combined loads.
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CCNVENTICONAL INTERACTION FORMULAS

For buckling of structures under combined loading
conditions, no general theory has been developed that
is applicahle to all cases. Stress ratios (reference 2),
however, provide a convenient method of representing
sucn conditions. For example, the ratio of the shear
stress actuslly present in & structure to the critical _
shear stress of the structure when no other strecses are
present may be called the shear-stress ratio. Stress
ratios may similarly be defined for each type of stress
cccurring in the structure.

It is generally assumed that equations of the type

R1P + R + B2V + .., = 1 (1)

may be used to express the buckling conditicns in the
case of combined loading (reference &, p. 1 - 18). 1In
equation (1), Ry, Rs, and Rz are stress ratios and

P, Q, and r are exponentg chosen to fit the known
results., (A1l symbols are defined in appendix A.)

Such a formula gives the correct results when only one
type of loading is present and has the further advantage
of being nondimensional. Eguation (1) implies, more-
over, that the prescence of any positive Ffraction of the
critical stress of one type rsduces the amount of
anothier type of stress required to produce buckles; this
implication appears reasonable and has been proved true
in some cases (references 1, 2, and 4).

In reference 2 the following interaction formula is
given for an infinitely long plate with clamped edges
loaded in shear and longitudinal compression:

qu.S

o + Re = 1 ' (2)
where Rg 1s shear-stress ratio and Re 1is longitudinal

direct-stress ratio. The same formule is recommended in
reference & for general use for the buckling of any flat
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rectangular plate, regarcless of the direction of com-
pression and the degree of edge restraint.

Later theoretical work (reference 1) shows that, to
a high degree of accuracy, for an infinitely long plate
with any degree of edge res*ralnt 1oaded in shear and
longitudinal compression

R.° + R, = 1 (3)

The same formula was found in reference 5 to be appli-
cable to simply supported rectangular plates of aspect
ratios 0.5, 1, and Z; anrd the conclusion was drawn that
interaction curves in stress-ratio form are practically
incependent cf the dimensions of -the plate.

The present analysls, howevcr, indicates that the
buckling of an 1nf1n1tely long plate loaded in shear
and transverse compression (fig. ¢(a)) is not adequately
represented either by equation (2) or (Z) or by any
formula of the tvpe of equation (1). Two indepencdent
theoretical solutions tc this buckling problem are given
in appendixes B and C. Appendix B contains the exeact
solution of the differential equation of equilibrium,
and appendix C contains an energy solution leading
directly to an interaction formula. This energy solu-
tion, which gives approximate values only, was made to
obtain an initial quick survey of the problem and to
provicde a check on the results of the exact solution.
Approximate interaction formulas in substantial agreement
with these results were given for the cases of simply
supported and clamped edges in reference €.

RESULTS AND DISCUSSION

In figure 2, curves are given that indicate the
critical combinations of shear and transverse direct
stress for an infinitely long plate with edges elasti-
cally restrained against rotation. These curves are
computed from the exact solution presented in appendix B.
The degree of edge restraint is denoted by €, which
is defined in appendix B in such a way that zero edge
restraint corresponds to simply supported edges and
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Infinite edge restraint indica%tes clamped edges. A
cimilar set of curves is given in terms of stress ratios
in rigure 5. The numerical values used to plot figures 2
and 3, together with the values found bty the energy
sclution, are given in table I.

The most striking feature of these results is that
en appreciable fraction of the critical stress in pure
shear can 6VLdPLtlY be applied to tnp plate without any

reduction in the compresiive stress rnecessary to produce
buckling. (Se¢ fig. 2.) This fraction varies from
about one-third to more than one-half, depending on the
degree of restraint. At shear stresses higher than those
corresponding to this fraction, the compressive stress
required to procduce buckling isg reduced by the presence
of shear. The result that the compressive buckling
stress is entirely unaffected by the presence of a con-
sidersble amount of shear is probably peculiar to infin-
itely long plates. Tt is to be expected, however, that
this result will be closely approached in the case of
long finite plates.

In figure 4 a comparison is made between the exact
solutions and the interaction formulzs of equations (2)
and (%), mquatlon' 2), which is the interactior formula
in general use, 1s seen to be decidedly conservative.

CONCLUSIOKS

The exact solution of the differential equation for
the buckling of an infinitely long flat plate under com=-
bined shear and transverse direct stress with edges
elastically restrained ‘against rotation indicates the
following:

l. An infinitely_long flat plate may be loaded with
an appreclable fraction of its critical stress in pure
shear without cauﬂlng any reduction in the transverse
compressive stress necessary to produce buckling.

2. An interaction formula in gerneral use for rec-
tanguler plates in combined shear and compreszion is
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decidedly conservetive when applied to an infinitely long
plate in shear and transverse compression.

Langley Memorial Aeronautical Laboratory
National Advisory Committee for Aeronautics
Langley Field, Va. '
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APPENDIX A
SYMBCLS

Cq,C2 functions of edge reatraint coefficient ¢
given in appendix C

D flexural stiffaess of plate per unit length,
. Z 1
. Bty !
in-1b -—"—-fi—-'--—;;-.’g
1o (1 - 3~
A b
E elastic modulus of paterial, psi
Ny compressive force per unit length, lb/in.
ny chearing force per anit length of plate,
. lb/in.

S . potational stiffness pevr $pich of restralning
nerber at edge of plate, 1p/radian

Te work Gone LY compressive force per half wave
length, in-1Db

Tg work done by shear force per nalf wave length,
in-1lb

Vi ' strain energy in plate per nalf wave length,
in-1b

Vo etrain energy 1in edge restraint, per half wave

length, in-1b

Y function of ¥ associated with ceflection of
plate during buckling

b width of plate, 1ne

bq width of plate in obligue coordinate system of '
reference 1, in. ‘

c function.df a, 3, and M

ke s Ke critical compreasive and shear-stress coeffi-

cients, respectively
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functions of restraint coefficient ¢ given
in eppendix C

thickneess of plate, in.

displacement of buckled plate from original
position

amplitude of assumed wavs form of buckle

longitudinal coordinate of plate

0]

transverse coordinate of plate
functions of A, vy, and kg
nondimensional coefficient of edge restraint

one of two parameters determining buckle form

one of two parameters determining buckle form
(half weve length of buckle, in.)

Poisson's ratio

direct stress

transverse direct stress, psi
shear stress, psi

angle between buckle node and y-axis

stress ratios
shear-stress ratio
longitudinal direct-stress ratio

critical (used as subscript)
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SOLUTION BY DINFERENTIAL EQUATION

N

Statement of problem.- The exact soln+1ou for the
critical stress at which buckling occurs in a flat
reﬂtﬂngul LT 01ate subiected to combined shear and com=
pression in its cwn pranr mey be obtained by solving
the differential equation that expresses the equilibrium
of the buckled plate. The plate is assumed to bve infin-
itely long, and equal elastic restraints against rotation
are acquneu to be present along the two edges of the
plate.

Differential equation.- Figure & shows the coordinate
system used. ‘The dlfLe”entlal egquation for equilibrium
of a flat plate under shear and traisverve direct stress

is {from reference 7)

\.4: 41 \.4r 2 2 .
\ox* ox“oy" oy e éy

It is convenient to write Oy end T in terms of the
dimensionless %bck11ng coefficients ke and kg DY
mea

a of the relations

kCﬁED
o, =
> (B2)
.- kSﬂLD
b2t )

Substitution of the expressi
from equations (B2) in equation (
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21, " % .
4 T 4 z,TT e a2 Tk 2
cTW L o 9 wﬁ N O%w + Sfw + c O°w =0 (B3)
dx dx<dy°  oyd 02 e A &
Solution of differential equation.- If the plate is

infinitely long in the x-direction, all displacements
must be periodic in x and the deflection surface may
be taken in the form -

w = Ye (B4)
where Y 1is a function of y only and A 1is the half
wave length of-the—buckles in—the x=direction. — — — —

Substitution of the expression for w from equa-

tion (B4) in the differential eguation (B3) gives the
following as the equation that determines Ve

rbl 18
<
1l
O
~~
vy}

(@3}
L —

> IQ

a4y . Cgkc 2‘”2) @By 2miiky 4y

- ¢ s + I —:_:+
dy4 e \Z dy8 HEN ay

4 solution of equation (BS) is

im%
Y = e
where m 1s a root of the characteristic equation

. \2 7 4
md + t?(%?) - nzkEsz - 2ﬁ2<;P>P m +(%?> =0 (B6)

7

' : . - f1fe] 2 24,
mxcept for the substitution of 2 X_> - ke
{wb)

£o1 equation (B6) is identical with equa-
tion (A 6) of appendix A of reference 8, in which
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equation (B3) of this appendix was solved with ks = O.

#ith this change, all the results obtained in appendix A
of reference & are applicable here. The stability
eriterion for combined compression and shear is therefore
the same in form as that for shear alone, given by equa-
tion {A-192) of reference 8, which is

/
2
263<4Y2 - %5>(cosh 2g cos 28 - cos 4y) - [;YZ(BZ - az)

_(52 + a2>a - (4Y2 - 52 + a?)%;] sinh 2a sin 23
+ e[}(4y2 + a2 + 52> cosh 2¢ sin 2¢

+ 6(4-Y'2 -a2 - {32) sinh Zq cos 28 - 4aBvy sin 4;} =0 (B7)

The relation betwsen %4 and a, 38, and vy 1is

the sgame in form as that in eguation (A-23) of
rence 8, namely,

® O

_ 8Y~(a2 +§2>
kg = PR (B8)

In the present revort, however, a and { have the
following values:

Q
t

N

(B9)

fo e (G v 07 - 2@
J —c + \/(Y“ + c) jg&i9>4

11

o

where

o o
(M) _ T
N - ) K

|
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As in reference 8, the restraint coefficient ¢ is

defined herein by the relation

|2

where S 1s the ratio of a sinusoilidally applied moment
to the reanliing sinusoidally distributed rotation of
the restraining element measured in radians.

Zvaluation of ke corresponding to a selected
value of Xs.- The procedure for evaluating KXg, after
veiues of Ko and € have been chosen, is as follows:
elected; a series of values of v

ig found that, together with the

COTPYeSun of and ¢ computed from equa=-
tion (B2 equa%ionALBV&; —kgo -is-then-com=—
putzd frc n8),  Another value of Db/A  is
selected; ) T valueg of 4, a, and 3 1s
found tha tisiiscs t%e stability criterion; and a new

value of lig ted. The entire process 1is
repeated un®til Aimum value of Ke can be found
from a plot of Aks agalnsu b/M. When ¢ isg a func-

tion of b/Ah, € musv be reevaluated each time a

Gifferent velue of /% 1is selected. The minimum value
of kg and the cucosen value of ke when inserted in
equations (B2}, give & critical cmmb¢1atlon of shear

and direct stress.

[

i whnen Xe has value corresponding

[

Evaluation of

to buckiing as Fuler column.- One critical comblination

of" shear and compression is simply kg = 0O and k¢

a

eguals the value cor ‘responding to buckling ag an Luler
colum. The curves gliving CP7t1081 stress corbinations,
however, did not appear to bhe apjroach¢ngbthis point as
their construction pr'grnq sed. Tt was therefore neces-
sary to determine whether values of kg other than

zero are critical when the Huler compressive stress 1is

reached. The determination cf kg when kc reaches
the value at which the plate buckles as Huler column
requires special treatment, because xs, Eﬂven by

F> oy

equation (Z2&; indeterminate when the wave
4 \

te ag suggested by the energy

.
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solution. The result that N\ Dbecomes infinite when kg

takes its Buler value is readily checked from equa-
“tion (Cll) for the special case of ¢ = 0; for this

1 .
case p=q=7r =35 and (kc)cr = 1. From equation (B8)
it is clear that, if kg 1is to remain finite when the
wave length approaches infinity, either

v -0 {a)

or

For case (a), when ¢ = O, 1t follows from equa-
tions (B9) that, to small quantities of the second order,

@ = il8 - %}(3,2 + ZuEE!

‘a
, (B10)
where -
T
= -2
2N

If the values of a and @ from equations (B1l0) are

substituted in equation {(B7) and the resulting equation

is expanded, with only the lowest powers of u and Y

retained,

2..2

Y_2 — _%_E.i__é_ (B].l)
64 -« 67

from equa-

Substitution of the values of a &
{ ives as the

tions (R10) and (B1ll) in eqguation
final result for ¢ = C :

S
-
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Case (b) can be analyzed by a similar method, but
the analysis is quite complicated because terms of third
order must be retained. For ¢ =0 and ¢ = », case (a)
and case (b) were found to lead to exactly the same
result for kg. A value of kg other than zero when

ko, takes its Euler value may be found in the same manner

for other values of edge restraint. For any value of the
restraint coefficlient g, '

()
:2
<.
W
+
N
=2
\
&
+
\/
[}
-
jal
2
z
=
Q

2 2 S 2 7
+(%—2€-—_——>cos mf ke - ;}' (cos n\]kcol)J
2 — o S .
ks™ = - - {B12)
‘\ ke[ ke - 6 ko - 2emyf kg +i§;n\[ ké*’%%\/—k_c) sin m\ kg

2 2, —
+ (J_)I'__ o * €"6}‘°- - %62‘> cos 1y kg

n

+ (LL + 8¢ + 2€ + —4—-—\(cos rr\/_— - 1)
\

Qk/

where k. has the value corresponding to Euler column

buckling, at this value of €. The relationship between
)

this Euler value of ke and the corresponding ¢ is -
given by the equation (from reference 9)

-1T\,Ik

I
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hen ks, reaches the Euler value, the critical shear-
stress coefficient kg can therefore be either O or
the valus given by equation (Bl2). The conclusion that
kg can also have any value between these limits 1
plausible on the basis of the following physical con-
siderations. The shear stress does no work during
buckling when the stress condition iIs such that the
plate buckles with an infinite wave length. The effect
of shear, furthermore, is to recducs the wave length to
a value of the order of the width of the plate. The
wave length at the time buckling occurs is infinite,
however, when the plate is either in pure compression or
at the value of kg <catbtisfylng egquation (B1l2) . This
fact means that, for values of kg between 0 and that
given by equaticn (BlZ), the shear stress is not gres
enovugh to force buckling in short waves and therefore

t i

h

]

v
re
does not assis n preducing buckles. In this range of
shear stress the compresszive stress necsssary Lo produce
buckling is, consequently, the Euler stress.,
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APPENDIX C

SCLUTION BY ENERGY VV”POD FOR EDGE RESTRAINT

INDEPENDENT OF WAVE LEIGTH

The critical stress is determined on the basis of
the principle that the elastic-strain energy stored in a
structure during buckling is equal to the work done by
the applied loads during buckling. If the structure
vnder congideration is an infinitely long plate under
combined shear and edge compression with edges elasti-
cally restrained against Potatlon this equality may
be written

L P T =V 4+ Ve (1)

"In reference 1 an energy solution was given for
the type of loading shown in figure 1(b). The deflection
function used in reference 1 is also suitable for anpli-
cation to the solution of the type of loading shown in
figure 1(a), which is the loading considered in the
present paper. The values for Tgy V9, and Vo may

accordingly be taken directly from reference 1, but T,

must be recomputed to apply to the case of transverse
compressive stress.

The following cubstitutions are used to transform
the energy expressions from the obligue coordinates of
reference 1 to the rectangular coordinates used in the
present paper (fig. 8):

Reference 1 Present paper
] ’ B
¥/ = y/o |
> (C2)

by cos ©

fn
o)
L

For brevity the following notation is also adopted

tan o = &)
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By use of equations (C2), the sxpressions from
referencs 1 that are used in the present paper may be
rewritten as follows: :

Ty = wy® —L——f (c3)

4p | /m\e 2 2\ \2

D/ b o o . A

vy = w02 MK;\/ (l +62) Il%-d(l + 38 >f~ +<~5> f% (C4)
\

4bA
2
Vo = w02 T Dzi (CB)
. 2b¥

where

/5 2\ o /1 4\ 1

f - (-—--—- - — }€ + {5 = =3¢ + =

27 \%7 " E) \Z T )T
_ {1 1\ 2 1 4 1
fz = \g - wz\e + (: - ;;2‘)6 t 3

and € 1ig the restraint coefficient cdefined in appendix B.

The work done by the compreszive force per half wave
length may be written

DA
To = Ly < fg OV gy dy (Cce)
27y . by/
J_gJ-g

ks in reference 1, the assumed deflection function is
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2 N o
%5(3—7— - —};) + (1 + é—) cos %}-—l cosg %(x + 8y) (C7)

L N

When the expression for w from equation (C7) is
substituted in (C8) and the indicated operations are
performed,

Values from equations (C3), (£4), (C8), and (C8)
are now substituted in the buckling equation (Cl). The
use of the eguations

————— — O __ .
7D
Hyy = kg3
[ D~4
.
i 7D
Ny = K.
Y Cp=

eliminates Nyy and Ny. The resulting eguation gives
the critical combination of stresses and may be written
as

2

N B2/ A 2
g = 2f1 =1+ o 2, “Sfs 2(1 + 36%)1,
o] c \.
2€ ;\x.z (ha
+ 25 25 L kolSmre + 6500 (C9)
2 He c\bg 2 1

This equaticn shows that, for a selected value of kg,

the critical shear stress depencs upon the wave length
and the angle of the buckle. 3ince a structure buckles
at the lowest stress at which instability can occur,

kg 1is minimized with respect to wave length and angle



NACA ARR No. L4L14 - o 19

of buckle. The minimum value of kg with respect to
value of wave length is determined from the condition

Ok
=0 NGRS

which gives (when € does not depend on wave length)

. L/ [» —
e QeehE
5 = = : _ (c11)
A 2 .
R T

Substitution of this value of wave length in equa-
tion (C9) gives

.+ é;L'[5(l'+ 362)f2 -k Szfi] (Cc12)

The minimum valiue of k. .with respect to angle of
s
buckle is found from the condition

dlkg
— = 0 c13
which gives
- 1/2
f'/-%-ﬁ-+fz\-kfo v f
2 ]\flrj ~ C e 2
8~ = . 4 (C14)
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If this value of @ 1is substituted in (C12), the final
result is the following interaction formule, in which
kg 1s given in terms of ¥k, and the edge restraint e

kP = 407 + 305(Cg - ko )+ (403 - k) \[2(2C) - Ggky) (C1H)
where
£ + 25
v - - -
1 fl
(’; _ 12y (; - 3_>€ + 1
) § 7 2 2T 5
- 2 I'es N\ e S
QS S Py [ A P
\10 "5 " 53)¢ Tz )T
and
25,
i
5 - 2\.2 1 4\ 1
| (:";;‘5)6 *(5‘?‘)“5
=2
e =

T
l\)'
+
o+
i
AV}
N
m
4]
+
TN
DO
]
1\3"‘3
~
m
+
DO =
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TABLE I.- VALUES OF k4 AND R

WITH CORRESPONDING

COMPUTED VALUES C® kg, AND R4
. ky Rg
- ke Re
- Exact Energy Exact
€ =0
0 o 0
1.00 {  2.e6 3.16 b 1.0 .535
.99 3.09 3.39 .99 .578
.95 3.36 3.67 .95 .629
.90 .3.57 3.88 .90 .669
.80 3.87 4.20 .80 .725
.60 4.35 4,66 . +80 .814
.40 4,70 5,04 +40 .88l
.30 4.88 5.20 +30 .913 .
.20 © 5.03 5.36 .20 .942
.10 5.19 - 5.51 .10 .972
0 5.34 5.66 0 "1.000
«  <1.00 6.56 6.89 -1.00 1.229
. -2.00 ©7.63 7.91 -2.00 1.428
-5,00 10.22 10.47 -5,00 1.914
- . € = 2 .
0 o 0
e {2 2.96 } 100 .457
1.33 4.07 4,32 «80 .672
«67 5,20 5.44 .40 .858
0 6,06 6.30 0 1.000
-3.34 9.26 9.50 -2.00 1.527
-8.54 12.95 13.16 =5.00 2.137
€ =5
0 0 0
2.30 { 2.7 z.03 J 100 .413
1.84 4.27 4.43 .80 .639
.92 5.62 5.81 .40 .841
0 6.68 6.88 o} 1.000
-4,59 10.67 10.88 -2,00 1.597
<11.49 15.28 15.52 -5.00 2.287
¢ = 10
< 5 ) 0
2.85 { 2.8 3.18 I .382
2,28 4.49 4.60 .80 .618
1.14 6.04 6.19 .40 .831
0 : 7.27 7.43 0 1.000 -
-5.71 ~11.87 12.13 -2.00 1.633
-14,27 17.29 17.60 -5.00 2.378
€ = ®
: |- 0 0 0
4.00 { 3.27 3.81 } 1.00 .364
3.80 T 4.27 4,34 .95 <476
3.60 4.73 4.76 .90 .527
: 3.20 5.42 5.45 .80 .604
1 - 2.40 1 6.52 6.57 +60 726
' 1.60 7.42 7.52 .40 .826
.80 8.24 8.37 .20 .917
0 8.98 9.15 0 1.000
. =4,00 12,21 12,52 -1.00 1.360
-8,00 14 295 15.39 -2.00 1.665
-20,00 21.90 22.67 -5,00 2.439
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(b) Shear with compression.
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Figure 5. - Coordinate system used in AbpendixB
for an infinitely long plate under combined
- shear and transverse compression.

T’_TY_T*_TPT‘—'T'_T‘—T‘"F—T*—T‘—T
. NATIONAL ADVISORY
-~ COMMITTEE FOR AERONAUTICS

Figure 6, — Coordinate system used and wave
form assumed for energy solution in Appendix C;
inclined lines indicate nodal lines of buckles.
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