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NATIONAL ADVISORY COVMITTEE FOR ARRONAUTICS

ADVANCE CONFIDENTIAL REPORT

THE THEORY OF PROPELLERS
IV - THRUST, ENERGY, AND EFFICIENCY FORMULAS FOR SINGLE.
AND DUAL-ROTATING PROPELLERS WITH IDEAL
CIRCULATION DISTRIBUTION

By Theodore Theodorsen
SUMMARY

Simple and exact expressions are given for the
efficiency of single- and dual-rotating propellers with
jdeal circulation distribution as given by the Goldsteln
functions for single-rotating propellers and by the new
functions for dual-rotating propellers from part I of the
present series. The efficiency is shown to depend
primarily on a defined load factor and, to a very small
extent, on an axial loss factor. Tables and graphs are
jneluded for practical use of the results. The present
paper is the fourth in a series on the theory of propellers.

INTRODUC TION

The thrust, the energy loss, and the efficiency of
a propeller are given completely and uniquely by the
condition of the wake far behind the propeller. Detailled
knowledge of the propeller required to create the
particular wake pattern 1is not needed; in fact, the pro-
peller is not uniquely determined by the wake pattern.
An element of 1ift may be transposed in a direction
tangent to the vortex surface 1n such a manner as to
maintain the identical vortex pattern far behind the

propeller.

Several equivalent propellers may thus exist - all
with the same vortex surface far behind the propeller.
Such quantities as the diameter, the pitch, and the rate
of advance of the surface of discontinuity far behind
the propeller are therefore of a more fundamental
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significance in many respects than the similar quantities s
referring to the propeller., At any rate, 1t has been
found convenient for the present theoretical treatment

to consider all quantities as referring to the conditions
of the ultimate wake. Only in the final stage of the
actual design of the propeller are the interrelations

of the propeller and the ultimate wake of concern. For
the present investigation only knowledge of the ultimate
wake is required, The thrust, the various energy losses,
and the efficiency are dependent only on the ultimate
wake,

The present naper is the rfourth in a series on the
theory of propellers. The first of the series (refer-
ence 1) deals with a set of new functions for the thrust
distribution of dual-rotating propellers. The second
(reference 2) concerns the axial interference ve locity,
and the third (reference 3) treats of the contraction
of the propeller wake.

SYMBOLS
3] angular coordinate on vortex sheet
R tip radius of vropeller
x nondimensional radius in terms of tip radius

2 axial coordinate

number of blades of propeller; also, pressure

r circulation at radius x
w angular velocity of propeller
v advance velocity of propeller
w rearward displacement velocity of helical vortex
surface (at infinity)
+
A advance ratio <?;——E
wR

K(x) circulation function for single rotation

Pl'w
2m(V + w)w
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K(x,0)

K

circulation function for dual rotation

mass coefficient

1 1 1 fNew
2 K(x)x dx or = K(x,8)x d6 ax
0 ™ Jo Jo

projected area of helix (at infinity)
control surface (at infinity)

volume of wake region

density of fluld

interference velooity

axial interference velocity

radial interference velocity
tangential interference velocity
velocity potential

thrust

pitch of wake helix <2Tr LI W>

©
axial energy-loss factor
radial energy-loss factor
tangential energy-loss factor

energy loss in wake

efficiency [ —it—
TV + E

specific loading factor referred to wake at
infintty [—2L)\
vaa)

apparent induced displacement velocity at
propeller disk
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MASS COEFFICIENT kK

In reference 1 the concept of a mass coefficient K
was introduced. By definition

il
K = 2JF B{ 2)e0 A%
Q

Pr'w
2m(V + w)w

where

Kix) =

and x 1is the nondimensional radius of the wake. 1In
more general terms to include also dual-rotating pro-
pellers, K may be defined by

1
Kk = —fx(x,e) ds
F yp

where K(x,8) is a function of both the radius x and
the angle 8 or the time t. The coefficient k 1is
thus the mean value of the circulation factor KX(x,8)
over the area of the wake cross section.

It is shown in the following discussion that the

momentum
pJpv do

contained in the space o enclosed between two infinite
planes perpendicular to the axis at a distance between
them equal to the distance between successive surfaces
of discontinuity is equal to

KWE

The designation "mass coefficient" originates from this.
relation. The mass of air set in motion with a veloc-

ity w is of the cross section KkF or, if the column F

is considered to be in motion, it will attain the mean
velocity kw; hence the term "mass coefficient" is used

for kK. Reference 1 gives the circulation function K(x)
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or X(x,0) and the mass coefficient K for all signifi-
cant cases of single- and dual-rotating propellers. It
may be seen later that the mass coefficlent K times Ww
is not exactiy 1dentical with the thrust coeffi-

z ik
cient EGS because K refers to s certain momentum and

not .o the thrust.

GENERAL CONSIDZRATICNS OF PROPELLER WITH

IDEAL CIRCULATINN DISTRIBUTION

Expressilons will be given for the thrust and energy
loss for both single- and dual-rotating propelle:s. The
discussion is restricted to the case of the ideal circu-
lation distribution. In this case, the surface of
discontinuity moves backward as a rigld surface at a
constant rate of motion w. The equation of motion may
be written in the form

where the subscrint o refsrs to the condition at
infinity with the medium at rest. Because of the
stipulation that the sntire fleld moves backward as a
rigid body, the relation

g = f(z-wt,x,8)
exists and, consequently,

o _
¢t oz

155
N

Since = vy, 1t follows that

ég = =WV

ot &

and the equation of motion for this type of rigid-

attern displacement flow i:¢, in general
D : Q 2

l J
P = D, + 3pVE = pWv, (1)
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CALCULATION OF THRUST

In calculating the thrust of the propeller, it is

convenient to emvloy an imaginary control surface, which

encloses the proveller but is infinitely distant from
it. The control surface may be chosen as a cube with
infinitely long sides and with the propeller at the
center and the wake directed perpendicular to one wall
crossing it in the middle and extending infinitely far
~beyond or outside the control surface. Let the center
of the wake be the z-axis. By methods of classical
mechanics, the instantaneous thrust is obtained as

T -‘-/[p - p, + p(V + vz)vz]dS

Introducing equation (1) transforms this integral to

T = pf[(v+ whe, + VZ2 - —;-vaJdS

Since the thrust may vary with time as is the case

S,

for the ideal dual-rotating propeller, an integration must
also be performed with respect to time, This integration

results in the expression

t
T=3p EV‘+ W)v, + vy2 - =v2|ds at
t o ds a

Since @ and therefore the velocities v and v are
functions of 2z - wt, this integral may be obtained as
a volume integral taken over a volume of an infinite
cross section S and a length along the axis 2z equal
to the distance between successive vortex sheets, This
distance is

V+ w
wp

E = 21
p

where p 1is the number of blades, The integral thus
becomes
iy 1
T = l——I—{-p [(V + H)E, v -2-v2 = vzz]do
P o}
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fvzd_a=/¢ds=des
o F i

where the surface integral is taken over one turn of the
vortex surface with dS as the projection on the sur-
face . 8 . perpendicular to the axls =z.  With

Now

P o= 2m(V + w)w K(x, 9)
Pw

the following relation is obtained:

1
T | Yz do = erK(x,B) as
=H V0o F

p

This relation may be transformed by the introduction of
the mass coefficient K (see reference 1), which is
defined as the mean value of X(x,0) over the projected
wake area

s
K = — jqK(x,e) ds
Fip
Then
i
. W v, d0 = KwF
9

For the second integral occurring in the expression for
the thrust, a similar treatment yields

H g

Lol o

Finally, by definition of a quantity ¢, which may be
recognized as the axial energy-loss factor, the third
integral is

ik
08" . V,2 40 = eweF
EH
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This integral is obviously the expression for twice the
axial energy loss contained in the volume ¢ between

successive vortex sheets, Since vZ2<v2, it is evident
that e<k and %<1.

By use of these three expressions, the thrust may
be written in the simmle form

m
L

Fp [(V + WKW + €we = -:LKWZ-J

pFK.W [V + w(- + —>‘J (2)

CALCULATION OF EWERGY LOSS IN WAKE

By methods of classical mechanics, it can be shown
that the expression for the instantaneous energy loss in
the wake is

E = f (p o ek -é—pvz)vz + %—pvaV as
S

By use of relation this expression becomes

5 = f( w+—v2\bds

By integrating over time and transferring to a volume
integral as was done for the thrust, the expression 1is

changed to
m-prf<2w+—vv>do

Replacing the integralsf vZ2 do andf v2 d0  as
o] o]

before gives finally
L
pFKW2<—W + —2-V> (%)

CONFIDENTTAL



NACA ACR No. ILJ12 CONFIDINTIAL 9
EFFICIENCY

With the thrust and the energy loss known from
equations (2) and (3), the efficiency defined as

n= O 4. - is given by
TV + E 3
ol o )
voew(:+ WV + prrwd(Sw + v
pFK-W w 2 K pI‘KW KW 5
, 1 0s
V + w(2 Y a
(Vv + w)(% + i-ﬁ)

With the introduction of a nondimensional quantity W = w/¥V,
the efficiency becomes finally

1+ W(; & i)
= oot (L)

(1 + W)(} +'§i0

-

+

o
le

or

T«l:

n

which is the exact expression for the ideal efficiency of
the heavily loaded single- or dual-rotating propeller.
The efficienty is a function of the velocity ratio w/V
infinitely far behind the propeller and is dependent on
only one other parametsr ¢/k, which is the ratio of

the axial loss to the totali“loas,

By introducing the specific loading factor c¢g 1n
equation (2), the following expression is obtained:

1 & m -l wth L e\
= Sel= Ty KWl + W= 4 =
- FpV2 l <é é)}

CONFIDENTIAL




10 CONFIDENTIAL NACA ACR No. LLJ12

Substituting the quantity By In equation (L) gives

n= ' (5)
: il 1 €
(%* A)(‘a‘+z%+zA>

where
A2:’l+.].'..c_s- l_'.i
BRR = K2 %

This formula shows the efficiency as a function primarily
of the parameter cs/k with a slight dependence on ¢/k.
The efficiencies from the formulas given are plotted as
functions of W and c¢g/% in figures 1 and 2,
respectively; numerical values of the efficiencies are
listed in tables I and II,

It is of some interest to give the exact expression
for m as a function of W and of cg/k in the form of
Infinite power series. These series are

n=1 -—w ( -—)—2—-—(1 -%-—)-5 e i (6)
and
Cc
1930 e DT v

The very small dependence of 7 on ¢€/k, particularly
in equation (7), is evident.

BT

INDUCED VELOCITY AT PROPELLER

If the efficiency is written in the form
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the quantity a gives the apparent induced displacement
velocity at the propeller disk. From equation (h g

2

P
= |

€
o h'W

1+ W . +-5>
- JiR

or, in power series in W,

(8)

b
|

or, in terms of cg/k,

i Y/E") SGrer X) i

FINAL REMARKS

Exact formulas for the ideal efficiencies have been‘
developed. The efficiency is given simply as

n=

or 4
s 2
Sk fa(‘(’ W

It has been shown by series developments and graphs that
the dependence of 1 on the parameter ¢/k, which is
the arial loss in terms of the total loss, is very small,
particularly in the second formula, For this reason

the numerical value of ¢€/K need not be known to a

high dsgrse of accuracy. It can be shown that €/k 1is
approx “”abblv eqral to K and, for most nractical
purposes, this epproximation is sufficient. On the other
hand, the formulas are exact and the value of € must

be obtained to the degree of exactness actually desired.

|
L)
‘..-I
/‘7\
Him
S

CONFIDENTIAL




b CONFIDENTTIAL  NACA ACR No. Ll J12

Values of € for single-rotating two-hlade propellers
are given as an example in the apnendix.

Langley Memorial Aeronautical Laboratory
National Advisory Committee for Aeronautics
Lengley Fleldy Va.
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APPENDIX

DETERMINATION OF AXTIAL LOSS FACTOR €

It is seen from the efficiency formulas that the
axial loss ratio ¢/k enters as a parameter. Since the
dependence is very small, it is sufficlent to know an
approximate value of ¢/k. It is concluded from the
following discussion that the loss ratio e¢/k 1s only
slightly greatér than the numerical value of the mass
coefficient «k, since this relation holds for the known
case of an infinite number of blades and shows reasonable
agreement also in the case of a two-blade propeller

for M = %. Until the loss ratio has been obtained by
€
direct calculation, the oractice of putting | S Bl

considered satisfactorv for all purvoses,

Axial, tangential, and radial loss factors are
defined for single-rotating propellers by

c=——§—fvzzds
weE S

el
Gt——z—thadS

W™= o

and
er:%fvrzds
woF Vg

respectively. Further, the total loss factor is given as

€ 4 Bt 8 i K

cne de

de t

’ s &8nd
a(x2) a(=?) a(x*)
against x2 for the case of a two-blade propeller
with A= %. These plots were made by using the

In flgure 3, are plotted
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functions and constants given by Goldstein for the
velocities v,, vi, and Vpe The curves, upon

integration, yield the values

e = 0.0925
€y = 0.0768
€p = 0.0932

The sum of these three,
K= €+ € + ¢p = 0,2625

is very nearly equal to the value of Kk obtained

from figure 3 in vart I (reference 1), It is noted that

the radial loss, which has been neglected in all previous
discussions of this subject, is the largest of the three

losses,

In the case of an infinite number of blades, the
dg and Lk

a(x2) d(x2)
explicitly to give

a
€ =1 + gt 2\ log (} + —%i>
1 % AF A
A2 2 1
€ = = —— + A" log (1 +
17
4 W g <j X%)

CI.:O

formulas for

can be integrated

1

and

The total energy loss is then

K=¢€+ € =1 - 3o log (} + i%)

CONFIDENTTIAL
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The functions € &, and K are plotted against A

J
in figure L. A plot of the function ¢/k 1is also shown
in figure L. The value of ¢/k for a two-blade pro-

peller with A = %, which is obtained from the given

data, is shown by a point 1in figure L. ..It 18 noted that,
for the case of an infinite number of blades, ¢/k 1s
slightly greater than «; whereas, for the two-blade

i €

propeller with A = Pidacus 8735 'amd’ gi==0{2625. The

quantity e¢/k may therefore be tentatively estimated
as somewhat greater than k.

CONFIDENTIAL




16 CONFIDENTIAL NACA ACR No. LLJ12

1. Theodorsen, Theodore: The Theory of Fropellers,
I - Determination of the Circulation Function and
the Mass Coefficient for Dual~Rotating Propellers,
NACA ACR No. LLHO3, 194l.

2, Theodorsen, Theodore: The Theory of Propellers.
IT - Method for Calculating the Axial Interference
Velocity. NACA ACR No. TN T19, 194k.

3. Theodorsen, Theodore: The Theory of Propellers.
IIT - The Slipstream Contraction with Numerical
Values for Two-Bladé and Four-Blade Propellers.
NACA ACR No. ©ILL4J10, 194k,

CONFIDENTIAL




NACA ACR Neo, ILLJ12 CONFIDENTIAL e
TABLE I
PROPELLER EFFICIENCY
1+ 73+ f)
‘r]_.
(1+w)l+;—'v'v')
n
L ¢/k 0 1/100| 1/10 1/5 2/5 3/5 1
0 1.0000/1.0000 |1.0000{1.0000|1,0000 {1.0000{1.0000
.05 [0.9762]0.97620.9760(0.9759]0.9757 |0.9754] 0.9751
.10 [0.95L5]0.95L5 ]0.950110.9537]0.9528]0.9520]0.950L
.15 10.9348]0.9347{0.9338(0.9329]0.9311{0.9294|0.9263
.20 10,9167/0.9165 |0.9150/0,9135 |0.,9105 {0.5077{0.5028
TABLE II

PROPELLER EFFICIENCY (IN SERIES FORM)

1) k0] ]

€ /K :
e o /K 0 1/100] 1/10 1/5 2/5 3/5 1
0 1,0000/1.0000{1.0000{1,0000|1.0000 {1.0000 |1.0000
" | 0.9767(0.9767]0.9767(0.9767]0.9767 [0.9766 |0.9766
ol 0.9563 10.95620.9561 |0.9560{0.9559 |0.9558 |0.9557 _
. 0.93770.937610.9373 |0.9370(0.9%366 |0.9362]0.9360
Ji 0.9200 |0.9199 |0.9192 {0.9186 |0.9174 |0.9166 [0.9160
+5 0.9023 |0.9022 [0.9009 [0.8995 {0.8973 |0.8958 |0.3945
1 NATIONAL ADVISORY
| COMMITTEE FOR AERONAUTICS
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Figure l.- Propeller efficiency.
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Figure 2,~- Propeller efficlency.
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