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CHARTS FOR CALCULATION OF THE CRITICAL STRESS FOR
LOCAL INSTABILITY OF COLUMNS WITH ey 2,
CHANNEL, AND RECTANGULAR-TUBE SECTION

By W} D, Kroll; Gordon P, Fisher, and George J, Heimerl -
SUMMARY

Charts are presented for the caleulation of the crit—
ical stress for local instability of columns with I-, Z-,
channel, and rectangular—tube section, These charts are
intended to replace the less complete charts published in
NACA Technical Note No, 743, The values used in extend—
ing the charts are computed by moment—distribution methods
that give somewhat more accurate values than the energy
method previously used and also make it possible to deter—
mine theoretically which element of the cross section is
pPrimarily responsible for instability,

An experimental curve 1s included for use in taking
into account the effect of stresses above the elastic
range on the modulus of elasticity of 2485~T aluminum alloy,

A determination of the dimensions of a thin-metal
column for maximum critical stress with certain given con-
ditions is presented, '

INTRODUCTION

One of the important requirements in the design of
thin—-metal columns for aircraft is the determination of
the critical compressive stress at which local instability
occurs, Local instability of a column is defined as any
type of instabllity in which the cross sections are dis—
torted in their own planes but are not translated or ro-
tated,




The critical stress for local instability can
usually be given in terms of the geometry of the sec—
tion, the properties of the material, and a coefficient,
Reference 1 presented charts for the determination of
such coefficients for columns of I-, Z-, channel, and
rectangular—~tube sections, These charts, however, con-—
tained relatively few curves and 1in some cases required
interpolation over a wide range,

In order to make the charts of reference 1 more
nearly complete and to reduce the necessary range of
interpolation, each chart has been extended to include
eight intermediate curves, The values used in extend—
ing the charts are computed by moment—distridution
methods that glive somewhat more accurate values than the
energy method previously used and also make it possible
to determine theoreticelly which element of the cross
section is primarily responsible for instability,

The present report includes the extended charts,
aléng with tables of the values used in preparing the
charts, and is intended to supersede reference 1, 4n
experimental curve 1s included for use in taking into
account the effect of stresses above the elastic range
on the modulus of elasticity of 24S-T aluminum alloy,

A determination of the dimensions of a thin-metal column
for maximum critical stress with certain given conditions
is preseanted,

STMBOLS
A crogss—sectional area
b width of end or narrower wall of rectangular tudbe or

of plate element of I~, Z-, or channel section

D effective flexural stiffness of plate per unit length
- 3
nEt ]
£12(1 - u®)
Ex modulus of eiasticity
h width of side or wider wall of rectangular tubde




k nondimensional coefficient dependent wupon relatlve
dimensgions of cross section

ksec section coefficient

t thickness

111 stiffness in moment—distribution analysis for far

edge free_(no support and no restraintagainst
rotation)

SIv stiffness in moment—distribution analysis for far
edge gupported and subjected to sinusoidally
distributed wmoment equal and opposite to moment
applied at near edge

€ restraint coefficient, a measure of relative resis—
tance to rotation of restraining element at edge
of plate

A half wave length of buckle

b Poisson'!s ratio

Ooy cCritical compressive stress

0] nondimengional coefficient that takes into account
reduction of modulus of elasticity for stresses
above the elastic range, Within the elastic
range, =7 = 1,

Subsgeripts:

F flange

) wed

b end or ﬁarrower‘wall of rectangular tube
h side-or wider wall of rectangular tubdbe

FORMULAS FOR CRITICAL STRESS

For an I-, 2-, or channel secction, either of two
formulas given in reference 1 may be uqed for calculating
the critical compressive stress. The two formulas are




o e Bmp R
Gcr - k.wﬂ_' Etﬂ . (1)
12(1 - w%)by° .
and
acr kF'TTzEtFB b
n 12(1 — u2)bF? (2)

The corresponding formula for a rectangular—tube section

'is given 'in reference 1 as

Top kr Bty (
= = 3
n 12(1 = u®)n? )

In using formulas (1), (2), and (3) when the stresses
are above the elastic range, o,p/n 1is first evaluated,

and O,, is determined from this value by means of the
curve of figure 6, The relationship between Oop and
Osp/n will be further discussed in another section of
this report,

DISCUSSION OF CHARTS

A1l of the quantities on the right—hand side of
equation (1), (2), or (3) are known except the value of
the coefficient ky, kp, or k, This value may be read

from the appropriaste chart (figs, 1 to 5) after the nec—
essary dimension ratios are computed and applies whenever
the length of the column is greater than several (3 or 4)
times the width of the widest plate elementy,

In general, when a column of I-, 2-, channel, or
rectangular—tube section fails by local instability, one
of the two elements (wed and flange or end wall and side
wall) of the cross section may be said to be primarily
responsible for the instability; that is, as the load
approaches its critical value, this one element is no



longer capable in itself of supporting the loads imposed
"o 1t without buckling and requirés a certain amount of
restraint from the other element of the cross section in
order to delay buckling until that load for which the
cross section as a whole becomes unstable is reached,

The charts show which element of the cross section is be-
ing restrained against buckling by the other element, A
dashed line 1s drawn on each of the charts (figs, 1 to 5)
connecting the points for which the two elements are
equally responsible for the instability of the section,
This line divides the chart into two regions: In one
region the web (or side wall) is primarily responsible
for instability and in the other region the flange (or
end wall) is primarily responsible for instability, A
column with a given cross section will fall into one of
these two regions, depending on the values of the various
dimension ratios,

RELATIONSHIP BETWEEY oo, AND ogp/n

Figure 6 shows the relationship between and

Ocr

o.r/n as determined from tests of 24S5-T aluminum—alloy

columns of Z-, H-, and channel section, either formed from
flat sheet or extruded, This figure was prepared by plot—
ting the experimentally determined values of Top 28

ordinates against the values of o.,./n as abscissas, The
valuss of o,,/n were computed according to equation (1)

and the chart of figure. 1l or- 3, The results of the tests
are discussed in more detail in reference 2,

Similar experimental data for materials other than
245-T aluminum alloy are not now available, and further
study of this subject seems desirable, '

METHOD OF PREPARING CHARTS

Values of ky, kp, and Xk used in preparing the

charts (figs, 1 to 5) were computed by an application of
the principles of moment distribution %to the stability of
thin plates, This method is presented in detail and one
example of its application is given in reference 3,




An alternate procedure, which makes use of the
charts presented in references I and 5, was used in com-
puting some of the values for the charts of figures 1 to
5« An example of the application of this method follows:

It is desired to determine the value of the coeffi-
cient ky for a column of the cross-sectional dimensions
shown in figure 7. It is necessary to vredict which ele-
ment of the cross section will be nrimarily responsible
for the irstabilitv. The calculations will then show
whether this vnrediction is correct. For a section with
a relatively wide flange, such as that shown in figure 7,
the flange will »nrobably be w»rimarily resconsible for
failures On this assumption, the detailed vwrocedure for
determining ky or kp 1is as follows:

l. Compute the ratios tﬁ/fw and bW/bF‘

2, Assume a value of Aoy, where A\ is the half
wave length of the buckle,
: A\ Py

' ' A
%2. Comnute 7\/bF from the equation E‘; = EI-J- B

lis Assume several values of ky. In order to avoid
the necessity for interpolation in the tables of reference
6, tre values of k should be assumed for the nart that
is not primarily resvonsible for instability because these
values are the ones that must be used to enter the tables.
Unless previous exverience has revealed the apnroximate
rguge of such values to be assumed, this range may be
estimated by the use of the relation hetween the values
of k for the two varts of the cross section given in step 5
and by the fact that the value of K for the part which 1s
rrimarily resoonsible for instability will be somewhere
between that for simmle sumport and that for fixed edges.

5. For each value of kys compute kF from the
equation -

kll\]

kp =
/ tr bvv
\w F




which was obtained from equations (1) and (2) and the
wﬁagsumptionwthat;Stregsuisﬁunifotm_aQ!QﬁguEhe+ssctioq,M;

6o  Using the assum%% values of A by and ky,
evaluate the quantity § ,W/(D/b)w from the tables: of
reference 6, where ' , -

nEby°

DW= .”
12(1 - u®)
4SIVWbF .
7. Compute ¢ = -1 % (see reference 4), where
Dy

5
5. - nEtF

bl —3
12(1 - p%)

The formula is

v (? : Iv 3
. - %
4 S_ _Eiy = S W 4 EE\ ﬂﬂ\

e = = X
DN <§\ <2§ \vwAtr/

\
L5 b/W

1l

8. With the values of € from step 7, determine
kF from the chart orf figure 3, reference 4,

9. TPlot kp from step 5 and kp from step 8 as

ordinate against either of the two values as abscissa,
The intersection of the two curves gives the correct
value of kp for the particular value of A/ vy,

‘1D, Repeat steps 2 to 9, assuming different values
of A/by. \
11, Plot the values of kp from step 9 against
A/bF. The minimum of this curve. gives the required value
of “kq, ’ T S




If the calculations indicate that Sivw' is nega—
tive, the prediction that the flange is the primary

cause of instability 1is wrong, In such a case, the

céléulation must be carried out with SIIIF instead of

SIVW in step 6, and with the chart of figure 3, refer-
ence 5, in step 8, In addition, all the subscripts F
will become W, and vice versa,

The results of the procedurec outlined hersin as
applied to the problem of figure 7 are given in table I,
The values of ki in the last column of table I were
determined according to step 9, If these wvalues of k
are plotted zgainst A/by, the minimum value is found
to be about 0,73, The value of ky can be computed from
the formula given in step 5,

Tables II to VI give the minimum values of ky, kp,

and k wused in the preparation of figures 1 to 5, All

of the values of k and ky in these tables except those
marked a were computed either by the method Jjust out—
lined or by the moment—distribution method discussed in
reference 3, The values of ky were then computed by

the equation given in step &5, The values marked a are
those computed by the energy method and used in the prep—
aration of the charts of reference 1,

DIMENSIONS OF TEIN-METAL COLUMNS FOR

MAXIMUM CRITICAL STRESS

Equation (1) gives the critical stress for an I-,
Z—, or channel column in terms of the width and the thick-
ness of the web, The effect of the presence of flanges is
taken into zccount in the evaluation of the coefficient
ky, For the purpose of studying the dimensions that give
maximum critical stress, the form of equation (1) is pre-
served but the concept of certain terms is generalized,

The ratio b/t of a plate may be called the aspect
ratio of the plate, & corresponding gquantity that ex—
presses the "section aspect ratio! for a thin-metal col-
umn is the area of the section divided by the square of
some thickness, If, therefore, equation (1) is written



2 8.2 :
neE ty S
=L = kg _u;_wu<Mf >u« Ce - (4)
no 0 12(1 ~ ) \ A

' then the value of the section coefficient kgee 15 a

measure of the effect of the shape of the section by/by
on - 0,./n for a given section aspect ratio A/ty® and

a given value of #ty/tp. In order to show that k_ . is
dependent on only bp/by and ty/tp, equation (1) is

set equal to equation (4), with the result that _
/BN t3\2 |
ky (““ = Kgsec <““—> (5)
by - A

From the geometry of the section (Z— or channel),
A = byty + 2bpte., If this value of 4 is substituted
in equation (5) and the equatlon is solved for k

the result is: -

sec:e

bp/b
. bp/ by ‘
Keeo = ky (1 + 2 - e (&)
T{ F )

The value of ky depends on only -bp/dy and ty/ty,
and the value of kgg, therefore also depends on only-
these two ratios, '

In figure 8 the values of ksec as determined by

equation (6) are plotted for channel-~ and Z—section col—
umns, and in figure 9 similar values are plotted for I~
section columnsg,

A method exactly analogous to the foregoing method
can be applled to rectangular tubes, 1In this case, agqua-—

tlon (4) ls written

2

‘ _ § W mo RN
L 2er Esee 73 = < : ) )
n i3t1 - u®) \ &
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and the formula for kgeeo becomes

‘ o t 2 .
: b %D
k = 4k (1 + = — 8
sec < h th ( >

In figure 10 are plotted the values of kgege for rec—
tangular tubes, ad determined by equation (8),.

As a practical problem in the determination of the
dimensions of a thin-metal column for the development of
maximum critical stress, consider a flat strip of metal
of constant thickness which is to bes formed into a Z- or
channel section, In the formed section, ty/ty = 1, The

section aspect ratio A/th ig equal to the width of this

strip, or the developed length of the final cross section,
divided by the thickness, When bent to form a channel— or
Z—section column, this strip of metal of constant thick—
ness develops the highest o,,/n for local instability if
the bends are so located that the ratio of flange width to
web width by/by 1s equal to about 0,41, which is the

maximum of the curve for tw/tF = 1 in figure 8,

Regardless of the thickness used in the definition
of the section aspect ratio, the maximum:value of ogp/n
for a given value of the section aspect ratio will occur
at the same values of bp/by for a particular value of
tw/ty. The maximum for each ty/ty ratio therefore re—
veals the shape — that is, the value of byp/by — that the

I~, Z—, or channel section should have if maximum oer/n

is desired, The same reasoning holds for the rectangular
tube, (See fig, 10,)

Bquations (1) to (3) and figures 1 to 5 are probably
more useful to practical designers than the more general
equations (4) and (7) and figures 8 to 10, The curves of .
figures 1, 3, and 5 have therefore been redrawn in figures
11 to 13 with dashed lines added to show the percentage of
the maximum value of ocr/n that can be developed for given

values of ty/ty and A/ty® when bp/dby is varied, The

position of thes& lines is independent of the thickness
used in the definition of the section aspect ratio, It is
of interest to observe, by comparison of figures 2, 4, and



11

5 with figures 11 to 13, that the line of maximum values
bears no apparent relation to the line that shows the
dimension ratios for which the web and flange (or end

wall and side wall) are equally responsible for the in-
stability of the secticn, :

CONCLUSIONS

1., Tke critical compressive stress at which cross—
sectional distortion begins in a thin-wall column of I—

Z—, or channel section is given by either of the followw
ing formulas:

Ocr kym#Bty®
n 12(1 — p®)py®
or
-2 z
y 12(1 — p®)op®
where

bw width of webd

by half width of flange for I-section, total width of
flange for ‘Z— and channel section

kw and kF nondimensional coefficients read from the
appropriate chart

E and p Young'!s modulus and Poisson}s ratio for the
materiasl, respectively

ty and tp thickness of web and flange, raspectively

‘n ' nondimensional coefficient that takes into

account reduction of modulus of elasticity

for stresses above the elastic range, Within

the elastic range, n = 1,
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For a rectangular—tube section

2 . 2
Sor o _ET Eln
n 12(1 — p®)n®
where
k - nondimensional coefficient read from appropriate

chart

h and t), width and thickness, respectively, of side or
wider wall of rectangular tube

2, Yor stresses above the elastic range, the critical
compressive stress is determined from a curve that gives
the relationship between o,, and o,,/n for 248-T7 alu-
minum alloy, ' .

3, The charts of values of k are divided into two
regionst In one region the wed or side wall is primarily
responsible for instability and in the other region the
flange or end wall is primarily responsible for instadility,

4, The equations for critical stress are also pres—
ented in general form with the ratio b/t replaced by the
section aspect ratio A/t®, where b is the width and
the thickness of an element of the cross section, and A
is the area of the cross section, From these general equa—
tions, charts have been prepared that reveal the effect of
shape alone on the critical stress for local instability,
The shapes that give maximum critical stress bear no appar—
ent relation to the proportions for which the wed and flange
(or end wall and side wall) are egually responsible for the
instability of the ssction,

|

Langley Memorial Aeronautical Laboratory,
National Adviscry Ccmmittee for Aeronautics,

“Y

Langley #Field, Va,
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NACA TABLE III 15
CALCULATED MINIMUM VALUES OF kp FOR I-SECTIONS
ty/ by
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1.25 5271 .56 6071 .6L6] . 9g .752| -840} .937{1.004{1.0 1,119
1.429 5181 .550] .590} .633]1 .67 .725) .823%| .920] .982]1.05l} ~~wene
1.667 1981 .5321 .5681 .605| .651| .703| .798| .886] .985[1.C 1.096 |
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2,222 fm=mm-n- L7110 0500 0539 577 jmmmmem | rrm e frmm e e e e
2.500 .269| 3751 .50 .385 .52 573 .685] .799 20{1.025| 1.101
2.857 |emmem- 2871 .366 1 416 JL6O .305 L6151 .737| .871|1.007| 1.095
%.353 151} .210] .271 | .322| .368 D16l o511 .633 7691 .925| 1.070
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| |

8computed by energy solutlon (reference 1).
TABLE 1v

CALCULATEDL MINIMUM VALUES OF ky

FOR CHANNEL AND

Z=-3SECTIONLS

b/ b
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8Cemuted by eunergy solution (refsrence 1).
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TABLE V

CALCULATED MINIMNUM VALUES OF- kﬁ FOR CHANNEL AND Z-SECTIONS

tw/tp ‘
0.5 0.6 | 0.7 | 0.8} 0.9 } 1.0 1.2} 1.4 §1.6f 1.8] 2.0

by/
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Figure:- 7. - Dimensions of Z-section
column for illustrative problem.
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NACA : Fig. 9-
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