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NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

TECHNICAL MEMORANDUM 1343 

THE EXCITATION OF UNSTABLE PERTURBATIONS 

I N  A LAMINAR FRICTION LAYER* 

By J. Pre tsch  

With the  a i d  of t he  method of small  o s c i l l a t i o n s  which w a s  used 
success fu l ly  i n  the  inves t iga t ion  of t h e  s t a b i l i t y  of laminar v e l o c i t y  
d i s t r i b u t i o n s  i n  the presence of two-dimensional per turba t ions ,  t he  
e x c i t a t i o n  of t he  uns tab le  per turba t ions  f o r  t he  Hartree v e l o c i t y  
d i s t r i b u t i o n s  occurr ing i n  plane boundary-layer flow f o r  decreasing and 
inc reas ing  pressure  i s  ca l cu la t ed  as a supplement t o  a former r e p o r t .  
The r e s u l t s  of t h i s  i nves t iga t ion  are t o  make a con t r ibu t ion  toward 
c a l c u l a t i o n  of t h e  t r a n s i t i o n  poin t  on c y l i n d r i c a l  bodies.  
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I .  STATEMENT OF THE PROBLEM 8 

I f  one wants t o  make a t h e o r e t i c a l  ca l cu la t ion  of t h e  p r o f i l e  drag 4 

of bodies i n  a flow f o r  a c e r t a i n  d i r e c t i o n  of a i r  flow, one must know - 
i n  addi t ion t o  t h e  pressure d i s t r i b u t i o n  - t he  pos i t i on  of t h e  t r a n s i t i o n  
zone where the  laminar boundary l aye r  becomes turbulen t .  The separa t ion  
poin t  of t h e  laminar l aye r  forms a rearward l i m i t  f o r  t he  t r a n s i t i o n  
poin t  on a sec t ion  of t h i s  body surrounded by the  flow. I t  l i e s  i n  t h e  
reg ion  of t he  pressure increase a t  the  poin t  where the  ve loc i ty  d i s t r i -  
bu t ion  i n  t h e  boundary l aye r  has the  w a l l  shear ing s t r e s s  zero.  This 
separat ion po in t  i s  a f ixed  po in t  of t h e  p r o f i l e  i n  the  flow, t h e  
pos i t i on  of which does not s h i f t  due t o  a v a r i a t i o n  of t h e  Reynolds 

number Re = - (U, = ve loc i ty  of a i r  flow, 

One may ca lcu la te  it according t o  the  well-known approximation method 
of Pohlhausen which, f o r  prescr ibed pressure  d i s t r i b u t i o n ,  provides f o r  
every p ro f i l e  po in t  a ve loc i ty  d i s t r i b u t i o n  of t h e  boundary l aye r  with 
a c e r t a i n  form parameter X ( X  = -12 sepa ra t ion ) .  A s  forward l i m i t  f o r  
the  t r a n s i t i o n  poin t ,  one may take  the  s t a b i l i t y  l i m i t  of t he  laminar 
l aye r  with r e spec t  t o  small two-dimensional per turba t ions  which were 
ca lcu la ted  i n  re fe rences  2 and 3 according t o  t h e  method developed by 
W .  Tollmien ( re f .  1). According t o  t h i s  method, t h e r e  e x i s t s  f o r  every 
form of ve loc i ty  d i s t r i b u t i o n  i n  the  boundary l aye r  a so-ca l led  c r i t i c a l  

t = chord of t h e  body). 
V 

r 

Reynolds number Re*,, = ( U a  = l o c a l  p o t e n t i a l  ve loc i ty ,  
c r  

6* = l oca l  displacement th ickness)  below which a l l  per turba t ions  are 
damped; i t s  value increases  as the  form of t h e  ve loc i ty  p r o f i l e  becomes 

f u l l e r  (with increas ing  X ) .  Where the  Reynolds number Re* = - 
formed with the  a c t u a l  p o t e n t i a l  v e l o c i t y  and the  a c t u a l  displace-  
ment thickness  6* exceeds t h i s  c r i t i c a l  Reynolds number, t he re  begins 
the  i n s t a b i l i t y  of t h e  boundary l aye r .  I n  con t r a s t  t o  t h e  laminar 
separat ion po in t ,  t h i s  s t a b i l i t y  l i m i t  i s  t he re fo re  not f i xed  on t h e  
p r o f i l e  fo r  a normal pressure d i s t r i b u t i o n  but  t r a v e l s  forward toward 
t h e  s tagnat ion po in t  on bodies i n  flows with increas ing  Reynolds 
number R e  (see f i g .  1). 

U86* 
V 

U a  

The a c t u a l  t r a n s i t i o n  po in t  which l i e s  between these  two l i m i t s  - 
s t a b i l i t y  l i m i t  and separa t ion  po in t  - i s  known t o  l i k e w i s e  s h i f t  forward 
with increasing Reynolds number R e .  
d i s t ance  behind the  s t a b i l i t y  l i m i t  (as shown by a comparison of experi-  
mental t r a n s i t i o n  poin ts  and t h e o r e t i c a l  s t a b i l i t y  l i m i t s )  i s  p laus ib le ,  
because the e x c i t a t i o n  of the  unstable  per turba t ions  starts only a t  t h i s  
l i m i t  point of t he  s t a b i l i t y  and must obviously have a t t a i n e d  a c e r t a i n  
degree before the  i n s t a b i l i t y  f u r t h e r  downstream l eads  t o  t h e  breakdown 
of t he  laminar flow configurat ion.  

That it l i e s  only a c e r t a i n  
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For t h i s  reason it seemed necessary t o  ca l cu la t e ,  or a t  least  t o  
estimate, f o r  t h e  ve loc i ty  d i s t r ibu t ions  i n  the  laminar  boundary l aye r  
i n  t h e  e n t i r e  i n s t a b i l i t y  range of the la t ter ,  t h e  e x c i t a t i o n  of t h e  
uns tab le  per turba t ions  as well ,  w i t h  t h e  ob jec t ive  of making an  improved 
c a l c u l a t i o n  of t h e  t r a n s i t i o n  po in t  possible .  

For t h e  ve loc i ty  d i s t r i b u t i o n  on t he  f l a t  p l a t e  i n  long i tud ina l  
flow (Blas ius  p r o f i l e ) ,  H. Schl icht ing (ref.  4) has a l ready determined 
t h e  e x c i t a t i o n  quant i ty  as a function of pe r tu rba t ion  frequency and 
Reynolds number i n  a p a r t  of t he  i n s t a b i l i t y  range; and f o r  t h e  v e l o c i t y  
d i s t r i b u t i o n s  i n  the  region of pressure increase,  W .  Tollmien ( r e f .  5 )  
has explained t h e  behavior of t he  exc i t a t ion  ( i n  f i r s t  asymptotic 
approximation f o r  very la rge  Reynolds numbers) i n  a very general  manner, 
neglec t ing  the  e f f e c t s  of i n t e r n a l  f r i c t i o n .  

11. THE GENERAL DIFFERENTIAL EQUATION 

DESCRIBING THE PERTURBATION 

Since t h e  bases  f o r  the  method of s t a b i l i t y  inves t iga t ion  have been 
discussed i n  d e t a i l  i n  an e a r l i e r  repor t  ( ref .  3 ) ,  w e  can refer t o  t h e  
r e s u l t s  a t t a i n e d  there .  

L e t  U(x,y) and V(x,y) be the t a n g e n t i a l  and normal components 
of a p lane  steady boundary-layer f low; l e t  x denote t h e  l eng th  of t h e  
a r c  and y t h e  normal t o  the  p r o f i l e  contour. The stream funct ion  of 
the  two-dimensional per turba t ion  motion which w e  superpose on t h i s  
bas i c  flow i s  assumed t o  be 

i c = cr + i c i  pi  = cia pr = cra 

here t denotes t h e  t i m e ,  a t h e  s p a t i a l  c i r c u l a r  frequency of t h e  
per turba t ion ,  t he  r e a l  p a r t  C r  of c i t s  phase ve loc i ty ,  and t h e  
imaginary p a r t  c i  a measure f o r  i t s  e x c i t a t i o n  ( C i  > 0) o r  damping 
( c i  < 0);  besides  p i  
of t h e  pe r tu rba t ion  amplitude, and p r  t h e  c i r c u l a r  frequency i n  t i m e  
of t h e  per turba t ion .  

i s  the  logarithmic increment of t he  e x c i t a t i o n  
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I f  w e  s u b s t i t u t e  the  motion o r i g i n a t i n g  by superpos i t ion  of t h e  
boundary-layer flow U, V,  and t h e  pe r tu rba t ion  motion 

- q t e i a ( x - c t )  u = - =  
ay 

i n t o  Navier-Stokes' d i f f e r e n t i a l  equat ions,  w e  ob ta in  - as w a s  proved 
i n  reference 3 i n  d e t a i l  - t h e  d i f f e r e n t i a l  equat ion descr ib ing  t h e  
per turba t ion  i n  the  form 

Here the  prime ( I )  denotes d i f f e r e n t i a t i o n  with r e spec t  t o  the w a l l  
d i s tance  y; t h e  v e l o c i t i e s  are r e f e r r e d  t o  the  l o c a l  v e l o c i t y  U a  a t  

t h e  boundary-layer l i m i t ,  and the w a l l  d i s tance  as w e l l  as t h e  wave 

l eng th  A = - are r e f e r r e d  t o  the  l o c a l  displacement th ickness  6*. 
2rr 
U 

I n  order t o  avoid misunderstandings it should again be emphasized 
t h a t  - i n  spite of t he  assumption t h a t  U, V ,  and 'p be func t ions  of 
t h e  a r c  length  x - only the  form of t h e  l o c a l  v e l o c i t y  d i s t r i b u t i o n  i s  
dec i s ive  f o r  t h e  s t a b i l i t y  i n v e s t i g a t i o n  as one recognizes  from 
equat ion ( 3 ) .  
i s  negl igibly small a s  i s  a l s o  the  inf luence of t he  x-dependence of t h e  
per turba t ion  amplitude cp. 

The immediate e f f e c t  of t h e  pressure  grad ien t ,  however, 

The boundary condi t ions of the d i f f e r e n t i a l  equat ion (3 )  r e s u l t  
V vanish  a t  from the  condi t ion t h a t  t he  pe r tu rba t ion  v e l o c i t i e s  

t h e  w a l l  and t h a t  t he  f r i c t i o n  e f f e c t  a t  the  ou te r  boundary-layer l i m i t  
(U" = 0) has disappeared. With their a id ,  t he  c a l c u l a t i o n  of t h e  
e x c i t a t i o n  of the  unstable  pe r tu rba t ions  may be reduced t o  an eigenvalue 
problem, t h e  so lu t ion  of which i s  discussed i n  s e c t i o n  V .  

E, 

We dea l  f i r s t  with e s t a b l i s h i n g  t h e  p a r t i c u l a r  s o l u t i o n s  Of t h e  
d i f fe ren t ia l  equation ( 3 ) ,  l i m i t i n g  ourse lves  t o  small  va lues  of t he  
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e x c i t a t i o n  quant i ty  
e quat i o n  de s c r  i b  i ng 

5 

c i ;  thus,  the  general so lu t ion  of t h e  d i f f e r e n t i a l  
t h e  per turba t ion  ( 3 )  may be represented i n  the  form 

4 - 

There cpv denotes the  p a r t i c u l a r  solut ions f o r  c i  = 0 which are 
obtained i n  t h e  ca l cu la t ion  of t h e  l imi t ing  curve of t h e  i n s t a b i l i t y  
range ( n e u t r a l  curve) i n  the  a, Re*-plane (ref.  3) ,  and t h e  wv 
s i g n i f i e s  add i t iona l  funct ions f o r  c i  > 0 .  

W e  t u r n  f i r s t  t o  ca l cu la t ing  the i n t e g r a l s  'pl*, 'p2* and t h e  
a d d i t i o n a l  fu rx t ions  wl, w2. 

111. THE SOLUTIONS ql*, ;p2* OF THE DIFFERENTIAL 

EQUATION DESCRIBING THE FRICTIONLESS 

PERTURBATION FOR FINITE EXCITATION 

If d e *  i s  assumed t o  be very la rge ,  t he  d i f f e r e n t i a l  equation (3)  
i s  s impl i f i ed  t o  t h e  so-cal led f r i c t ion le s s -pe r tu rba t ion  equat ion 

(u - c)(cp" - a2q) - U"'p = 0 ( 5 )  

This d i f f e r e n t i a l  equat ion has a pole of t h e  f i r s t  order a t  t he  loca t ion  
U = c = cr + i c i  t o  which we coordinate t h e  po in t  of t h e  complex 
y-plane. I n  t h e  neighborhood of t h i s  s ingu la r i ty ,  a fundamental system 
may be e a s i l y  ind ica ted  by s e r i e s  development. I n  order t o  e s t a b l i s h  
t h e  connection with the  case of t h e  purely r e a l  c t r e a t e d  before  
(see ref. 3 ) ,  w e  f i r s t  give tk r e l a t i o n  between the  complex 
t h e  w a l l  d i s tance  yc of the  " c r i t i c a l "  l aye r  U = C r .  

yc* 

yc* and 

From 
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and 

u(yC*) = cr + i c i  

t h e r e  follows 

U(YC*) - U(yc) = i C i  = (yc* - yc)U0' + . . . 

and, with l i m i t a t i o n  t o  the  terms l i n e a r  i n  c i ,  t he re fo re  

We shall now i n d i c a t e  t h e  cons t ruc t ion  of the so lu t ions  ql*, 
of equation ( 5 )  f o r  those s p e c i a l  v e l o c i t y  d i s t r i b u t i o n s  
ire s h a l l  approximate the  l a m i n a r  boundary p r o f i l e s  of Hartree ( r e f .  6) 
f o r  t h e  c a l c u l a t i o n  of the  e x c i t a t i o n  of t h e  uns tab le  pe r tu rba t ions  
i n  the same manner a s  w e  did before  i n  re ference  3 f o r  t he  ca l cu la -  
t i o n  of t h e i r  c r i t i c a l  Reynolds numbers. 

v2* 
U(y) by which 

( a )  Binomial Veloci ty  Di s t r ibu t ion  
(Pressure  Decrease) 

I n  the  reg ion  of the  pressure  decrease,  we used t h e  approximation 
funct ion 

where a denotes the  coordinate  of t h e  po in t  of junc t ion  t o  the  p o t e n t i a l  
ve loc i ty .  

With t h e  new va r i ab le  
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and wi th  

7 

the pe r tu rba t ion  equation ( 5 )  f o r  i nd i f f e ren t  per turba t ions  then reads 

Using t h e  r e l a t i o n s  (9) and (ll), w e  now introduce t h e  complex va r i ab le  

* * 
Y - Yc yc - Yc i c i  

Y1* = = Y 1  + = Y 1 -  
a - Yc a - Yc U O ' b  - Yc) 

With the abbreviat ion 

t h e  d i f f e r e n t i a l  equation descr ibing the  f r i c t i o n l e s s  pe r tu rba t ion  f o r  
nondisappearing e x c i t a t i o n  then is transformed i n t o  t h e  form 

i n  which, according t o  our presupposit ion,  only the  t e r m s  l i n e a r  i n  
fl have been taken i n t o  consideration. 
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I f  one writes equation (16) after mul t ip l i ca t ion  by 

Y1** 

and a f t e r  d i v i s i o n  i n  t h e  form 

d2q* 
Y1*2 - 

dYl*2 i=l 

t h e  f i r s t  so lu t ion  ql* i s  given by 

with  

The series c o e f f i c i e n t s  ev* are obtained from the pv* according 
t o  t h e  recurs ion  formula 

v =1 

p=O 
v ( v  + l )ev* + L_ Pv-,Xep* = o eo * = 1 

The so lu t ion  T2* f o r  a l l  y1 * i s  found t o  be 



NACA TM 1343 9 

I n  t h i s  equation, t h e  logarithms are ,  however, ambiguous; one must c u t  
t h e  complex yl*-plane i n  such a manner that 

If w e  pu t  

'p2* may be represented f o r  
form 

y1 = r e a l  p a r t  of yl* > 0 a t  first i n  t h e  

W W 

(P2* = +> %Ylv + $YlV + 
v =2 v =1 

with  

c 
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I n  the transformation of equat ion (21)  i n t o  equat ion ( 2 3 )  t h e  
r e l a t i o n  

el * = el(l - ifl) 
( 2 5 )  

i s  put  t o  use; it i s  e a s i l y  obtained from the  pe r tu rba t ion  equat ion ( 5 )  
if U(y) and 'pl* f o r  ci = 0, and f o r  ci = 0 i n  t h e  neighborhood 
of t h e  s ingu la r i ty  U = c a r e  developed i n t o  a Taylor series, s ince  

4 

a 

and 

uot 
* UO 

U0' 

UO I 

Uo" + ici- 

Uol + ici- 
2e1 = (a - Yc) 

I- 1 

UO' (1 - i f 1 1  
= ( a  - YC)- 

If w e  express i n  equation ( 2 7 )  t he  exac t  value 
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again  by t h e  approximate value 
t h a t  due t o  the s m a l l  value of 

term f o r  t h e  value of -. 

fl, t h i s  s t e p  i s  motivated by t h e  f a c t  
c i ,  one dea l s  here  only with a co r rec t ion  

Uol  I 

UO' 

For y1 < 0, 'p2* i s  represented by t h e  expression 

wi th  

CQ 

'I* kni.;l + i a r g  yl*) 'p2* = 1 + 1 bV*y1*' + 2el* 
v =2 a - Yc 

. 

- 1  

J 

The t e r m  wi th  i arg yl* i n  equation (28) w a s  obtained by 

H. Sch l i ch t ing  ( r e f .  4) and W. T,ollmien ( r e f .  5 )  by a d iscuss ion  of t he  
gene ra l  per turba t ion  equation ( 3 )  i n  t h e  neighborhood of t he  s i n g u l a r i t y  
U = cr + i c i  
t h e  c r i t i c a l  l a y e r  for purely r e a l  by tak ing  t h e  f r i c t i o n  e f f e c t  
i n t o  cons idera t ion .  

i n  a similar manner as t h e  " t r a n s i t i o n  s u b s t i t u t i o n "  i n  
c 

S ince  w e  are, i n  the  ca lcu la t ion  of t h e  t r a n s i t i o n  s u b s t i t u t i b n ,  
el of maximum accuracy, w e  s h a l l  concerned wi th  a r ep resen ta t ion  of 

r e p l a c e  
exac t  Har t ree  p r o f i l e .  

el by t h e  expression (26)  of t h e  Taylor development of t he  
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For t h e  l i n e a r  and the  parabol ic  approximate d i s t r i b u t i o n  
[n = 1, 
has already given the  so lu t ions  (ply, q2*. This c a l c u l a t i o n  w a s  con- 
t inued  fo r  n = 3 and n = k .  The c o e f f i c i e n t s  pv*, e ~ * ,  b~*, 

-QV, $ are compiled numerically i n  t a b l e  1. For the  convergence of 

t he  power series, the  r e f l e c t i o n s  made i n  re ference  3 are v a l i d .  

n = 2 i n  equations (10) and (16)] H .  Schl ich t ing  (ref. 4) 

(b)  S inusoida l  Veloc i ty  Di s t r ibu t ion  
(Pressure  Increase)  

I n  the reg ion  of pressure  increase ,  t h e  Hartree ve,ocity 1 Lstri- 
but ions  i n  t h e  boundary l aye r  (see r e f .  3) were approximated by 
formulation i n  terms of a s ine  formula introduced by W .  Tollmien 
(ref.  5 ) .  

U = Us + (1 - Us)s in  6 : : ; )  - - 

where s denotes the  w a l l  d i s t ance  of t h e  i n f l e c t i o n  po in t .  

With the  new r e a l  va r i ab le  

* Y - Y ,  
2 a -  s Y2 = - 

and with 

(32)  
2 9 = :(a - s ) u  

t h e  per turba t ion  equation ( 5 )  f o r  t h e  i n d i f f e r e n t  pe r tu rba t ions  then  
r ead  

4 

, 
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where ygS .was  pu t  equal  t o  

n s  - Y c  
2 a - s  

Ye, = - 

13  

(34) 

W e  now introduce t h e  complex var iab le  

n 
(35) fl Yc - YC* i c i  

= y2- -  
* * - f l Y - Y c  

uOf 2 ( a  - s )  Y2 - - 2 a-s  = y 2 + 5  a - s  

With the abbrevia t ion  

t h e  f r i c t i o n l e s s  d i f f e r e n t i a l  equation, descr ib ing  t h e  pe r tu rba t ion  
f o r  non-vanishing exc i t a t ion ,  then  i s  transformed i n t o  

sin(Y2* - ~ 2 ~ )  + s i n  y2s - if2 { cos ( y2 * - y2s) - cos Y2J 

If (37) i s  w r i t t e n  l i k e  equat ion (16) i n  the  form 

Y2*2 - d 2 ~ *  + T* E pi*y2*i = 0 
dYgY2 i=l 

the so lu t ions  'pl*, cp2* a r e  determined by analogy w i t h  t h e  equations 
(18), (23 ) ,  and (28). One has 

n W 

2 ( a  - (39) n * ev*y2*V = 
TI*  = Y2 

2 ( a  - s) W=O 
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. 
W 

= gvY2V 
v =o 1 

For y2 > O ,  t h e  so lu t ion  'p2 i s  obtained 

W 

(p2* = 1 + )- bV*y2*' + 2e1* 
v =2 

If one p u t s  

*(PI* 
2 ( a  - s )  Y2* 

03 00 03 

b ~ * y ~ * ~  = bVy2' + i f 2  
V =  v =2 v =1 

> 0 may be represented i n  t h e  form 

+ E bVY2V + if? J- hvYpV 
v=2 V = l  

( n'pl + 
2 ( a  - s )  

i ci - - ' p 2 - -  
Ug' cu2 

with 

hvy2 

i f 2  

y2 ") y2 

L 
1 

(44) 

* 

. -  
J 
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. 
I n  transforming (41)  i n t o  (43) ,  one makes use of the r e l a t i o n  

which follows 

and 

= 

from the two equat 

el = 

ll 

i f2  

ons 

UO' ' ' 
UO' 

UO' 

UO" + i c  - 
Uo'  + ici- UO" 

yd(l+ s i n  y2s cos y2s ) - ( a  - s )  uO" i f 2  - 
n 

15 

(45) 

(47) 

'p2* f o r  y2 < 0, i s  represented by the expression 

do 
* n  * = 1 + b./y2*' + e 
1 (a  - s )  v=2 

rp2 

i c i  
= ' 9 2 - -  O-'2 

UO ' 
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with 

II 

- - flP1 

v =o 
3 

- s )  s i n  yes cos y2s 

p' v=o & y 2 v j  (49) 

For t h e  ca l cu la t ion  of the  t r a n s i t i o n  subs t i t u t ion ,  w e  s h a l l  
el ,  as i n  sec t ion  I I I ( a ) ,  by the  accura te  value rep lace  the  t e r m  

(equation (46) )  of the  Taylor development of the  exac t  Hartree p r o f i l e .  

I n  a comparison of t he  r e l a t i o n s  (24 )  and (44) o r  (27)  and (47) o r  
(29)  and (49),  it i s  s t r i k i n g  t h a t ,  i n  t h e  expressions f o r  el* and uf2 
f o r  t h e  s inusoida l  boundary-layer p r o f i l e s  i n  case of pressure  increase ,  . 
t h e  product appears i n  t h e  denominator of s eve ra l  
terms. The s i g n  of t h i s  product i s  negat ive when t h e  i n f l e c t i o n  po jn t  
of t he  ve loc i ty  d i s t r i b u t i o n  l i es  more c lose ly  t o  t h e  w a l l  than t h e  
c r i t i c a l  l a y e r  

t h e  ve loc i ty  p r o f i l e  showing concave curvature .  The s ign  of t he  expres- 
s ions  divided by then  i s  t h e  same as t h e  s ign  of t h e  

corresponding terms i n  the  so lu t ions  f o r  t h e  ve loc i ty  d i s t r i b u t i o n s  i n  
case of pressure  decrease which, as i s  known, have concave curvature  a t  
every wall d i s tance .  I f ,  i n  con t r a s t ,  t h e  c r i t i c a l  l aye r  i s  loca ted  
between poin t  of i n f l e c t i o n  and w a l l  ( y2s > 0), then, i n  t he  p a r t  of t h e  

ve loc i ty  p r o f i l e  having convex curvature  the  s igns  discussed a r e  reversed.  
I n  t h a t  case, when the  c r i t i c a l  l a y e r  s h i f t s  t o  t h e  po in t  of i n f l e c t i o n  

s i n  y2s cos yes 

y2s < 0 ; t he  c r i t i c a l  l a y e r  thus l i es  i n  the  p a r t  of 0 
s i n  y2s cos y 2s 

y2s = O), t h e  behavior of el* and 9 i s  r egu la r  s ince  then  

el* = e i C i  - - -  i f 2  
2 ( 1  - U s )  2 
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and * 

> 

* The series coe f f i c i en t s  pv*, eV , bV*, g,,, hv for t h e  

s inuso ida l  bas i c  ve loc i ty  are given numerically i n  t a b l e  2.  For the  
convergence of t h e  series developments, t h e  explanat ions of t h e  earlier 
r e p o r t  (ref.  3 )  are again va l id .  

IV. THE FRICTION SOLUTION (p3* FOR 

FINITE EXCITATION 

Besides playing a r o l e  i n  t h e  c r i t i c a l  l aye r  U = c, t h e  f r i c t i o n  
of t h e  f l u i d  i s  of importance a l s o  i n  t h e  neighborhood of t h e  w a l l  where 
it occasions two more so lu t ions  'p3*, cph* of the  general  d i f f e r e n t i a l  
equat ion  descr ib ing  t h e  per turba t ion  ( 3 ) .  

If w e  introduce the  va r i ab le  

* Y - Yc q* = 
E* 

wi th  

( 5 3 )  



18 NACA TM 1343 

w e  obtain from equation (3)  i n  the  l i m i t i n g  process E - 0  for l a r g e  
Reynolds numbers the  d i f f e r e n t i a l  equat ion 

4 *  2 *  
id 9314 + n* 'p3,4 = 0 ( 5 5 )  

dqX4 dv*2 

The so lu t ions  of t h i s  d i f f e r e n t i a l  equat ion a r e  j u s t  as independent of 
t h e  form of the  ve loc i ty  d i s t r i b u t i o n  
so lu t ions  ' p3 ,  'p4 for  t h e  e x c i t a t i o n  zero ( ref .  1); they r ead  
corresponding t o  re ference  2: 

U(y) as w a s  t he  case for t h e  

where H(1) ' (2)  
kind, respec t ive ly .  

s i g n i f i e s  t h e  Hankel func t ion  of the  f i r s t  and second 

Since the  Hankel func t ion  of t he  f i r s t  kind increases  f o r  l a r g e  
w a l l  d is tance beyond a l l  l i m i t s ,  it cannot be contained i n  t h e  general  
i n t e g r a l  ( 4 )  so t h a t  w e  t he re  may put  C 4  = 0. 

V .  STATEMENT AND SOLUTION O F  

"HE EIGENVALUE PROBLEM 

After having found t h e  p a r t i c u l a r  so lu t ions  of t h e  d i f f e r e n t i a l  
equation descr ib ing  t h e  pe r tu rba t ion  ( 3 ) ,  w e  now state the  eigenvalue 
problem, (which r e s u l t s  from the  boundary condi t ions of t h e  pe r tu rba t ion  
equation) f o r  i nves t iga t ion  of t h e  e x c i t a t i o n  of t h e  unstable  pe r tu r -  
ba t ions .  

A t  the  w a l l ,  t h e  t angen t i a l  as w e l l  as t h e  normal component of t h e  
per turba t ion  ve loc i ty  disappear;  thus one has 
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A t  the  po in t  of j uc t ion  

U" 
the  t h i r d  boundary condi t ion reads 

y = a t o  the region of constant  ve loc i ty ,  

i s  zero and therewith q+" - a2q* = 0, t h a t  i s  q* = e-uy, so t h a t  

C1*ol*a + C2*@2*a = 0 

w i t h  

( 5 9 )  

A term 0 * does not appear because the  p a r t i c u l a r  f r i c t i o n  so lu- ion  

cp3* 
3a 

has already been damped a t  the  point  of junct ion.  

I n  order t h a t  t he  three  homogeneous equat ions ( 5 7 ) ,  ( 5 8 ) ,  and (59) 
may have a so lu t ion  d i f f e ren t  from zero, t he  determinant must disappear 

= o  

The s o l u t i o n  of t h i s  determinant y ie lds  t h e  equation 

o r  w i t h  Sch l i ch t ing ' s  abbreviat ions 
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f i n a l l y  

Therein 

The complex equat ion (65) i s  equivalent  t o  two real equations i n  which 
t h e  parameters a, Re*, C y ,  and C i  are contained. If one l i m i t s  
oneself  t o  t h e  case of i n d i f f e r e n t  per turba t ions  ( C i  = 0 ) ,  one obta ins  
from them after e l imina t ion  of 
number Re* and the wave l eng th  2n of t h e  per turba t ion .  That i s  t h e  

equation of t he  neu t r a l  curve o r  the curve of constant  zero  e x c i t a t i o n  
by which the  s t a b l e  and unstable  pe r tu rba t ion  s t a t e s  are separated and 
t h e  lowest Reynolds number of which i s  t h e  so-cal led c r i t i c a l  Reynolds 
number 
exc i t a t ion  of t he  unstable  per turba t ions  begins.  

- 
cr a r e l a t i o n  between t h e  Reynolds 

Re*cr; when t h i s  c r i t i c a l  Reynolds number i s  exceeded, the 

These neu t r a l  curves were determined i n  a previous r epor t  ( ref .  3) 
f o r  t h e  ve loc i ty  p r o f i l e s  f o r  decreasing and f o r  increas ing  pressure  
ca lcu la ted  by Hartree.  

I n  the present  inves t iga t ion ,  we sha l l  assume the e x c i t a t i o n  
quant i ty  ci 
constant  e x c i t a t i o n  enclosed by t h i s  n e u t r a l  curve. 

t o  be d i f f e r e n t  from zero and inves t iga t e  t h e  curves of 

For th i s  purpose, w e  sha l l  solve the complex equat ion (65) i n  a 
somewhat simpler manner than Schl ich t ing  ( ref .  4), by determining not 

the d i f f e r e n t i a l  quot ients  - and - a t  the loca t ion  of the 

neu t r a l  curve, bu t  the curves of constant  e x c i t a t i o n  
by a method similar t o  t h a t  appl ied  f o r  the neu t r a l  curve 
however, without making use of t h i s  curve i t se l f .  
the l e f t  s ide  of equation (65) .  

a c i  a ci 

a u  a Re* 
c i  > 0 d i r e c t l y  

ci = 0; 
We consider f i rs t  
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Since we intend t o  l i m i t  ourselves t o  small values of exci ta t ion,  
w e  develop F* i n  the form 

where qo as before i n  reference 1 is defined by the r e l a t i o n  

According t o  equations ( 9 ) ,  (54), ( 6 6 ) ,  and (68) one now has 

L J 

Thus equation (67) becomes 
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One sees therefore  that  the  form of v e l o c i t y  d i s t r i b u t i o n  which does 
not enter  i n t o  the  exact  so lu t ion  F(rl0*) according t o  equations (63) 
and (56) does appear e x p l i c i t l y  i n  the development of F(qO*) with 
r e spec t  t o  ci. 

The d i f f e r e n t i a l  quot ient  

w a s  determined by graphic d i f f e r e n t i a t i o n  of the func t ion  
numerical values  of i t s  real  and imaginary p a r t  are given numerically 
i n  t ab le  3. Since r e a l  and imaginary p a r t s  nowhere disappear simultane- 
ously,  the func t ion  F(vO*) 
around the funct ion F(v0) 
m i s s  i b l e  . 

w i l l  be  free from s i n g u l a r i t i e s  i n  reg ion  
and the development (67) w i l l  be thus per -  

We now consider t he  r i g h t  side of equat ion (65) which i s  def ined 
by t h e  r e l a t i o n  (64).  

Remembering the  s p l i t t i n g  of the f r i c t i o n l e s s  so lu t ions  
'pvTv = 1,2) i n  t h e  form of equat ion ( 4 ) ,  w e  first put  

with 

furthermore 

J i c i  * -  'pv w - Tvw - - 7 % w  
uO 
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H 

t 

For the  binomial v e l o c i t y  d i s t r i b u t i o n  U = 1 - (a  - y)"  t h e  
va lues  of t h e  add i t iona l  func t ions  wva uvw and t h e i r  de r iva t ives  

%J a' 
1 1 are given by the  equations 

m 7 

= gVYlwV 9 w  
V =  

I- 

CD I -  - Vh,,ylwv-l + 2e1 

(. - Y d 2  
2 w  ( a  - yc)2  v= 
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For t h e  s inusoida l  ve loc i ty  d i s t r i b u t i o n  

i n  cont ras t ,  t h e  corresponding formulas read 

L 

1 

J 

1 
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If the c r i t i c a l  po in t  shif ts  t o  the i n f l e c t i o n  po in t  of t h e  v e l o c i t y  
d i s t r i b u t i o n  - s 7  = 0)' the equat ions f o r  o)2a', %w7 

~ 2 ~ '  
P -  

(equat ion (74)) are s implif ied t o  

We now 'P&7 @& ' 7  9 ~ 9  0 2 1  
parts according t o  the  formulas 

' i n t o  real  and imaginary 

cp2, = A1 + iB1 

= M2 + i N 2  cp&' = A  + i B g  o) ' 

~ 0 2 ~  = M1 + iN1 

2w 2 

then  one ob ta ins  
I 

* 

(75 )  
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Then w e  put the  expression (64)  i n t o  t h e  form 

- 1 

where E, as  previously def ined i n  re ference  1, i s  def ined by 

F i r s t ,  l i m i t i n g  oneself  t o . t h e  terms l i n e a r  i n  ci one has 

L d 

(77)  

-. 

4 

4 
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W e  p u t  f o r  abbreviat ion 
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Then there  follows from equat ion (80)  

NACA TM 1343 

E*- E 

= E  

I f  w e  f i n a l l y  introduce the  designat ions 

1 mlKl + nlBIQla 19K2 + n 
2 -  

z 1  = - 
Ugt K l 2  + B12@la  

1 L - 

(83) 

t h e  representa t ion  (77) i s  a t t a ined .  

By means of t he  equat ions ( T O ) ,  (77),  and (83) w e  thus  have divided 
the  two funct ions F)c and E* (U,cr ,c i )  appearing i n  equat ion (65) i n t o  
real  and imaginary p a r t s  and can now graphica l ly  so lve  t h i s  equation. 
For t h i s  purpose, w e  p l o t  f o r  cons tan t  ci f o r  s eve ra l  values  yc t h e  
imaginary p a r t  of the func t ion  F* 

a g a i n s t  its r e a l  p a r t  

. 
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a 

I. 

and p l o t  i n  t h i s  po lar  diagram t o  the same values  c i  and yc, t h e  
imaginary p a r t  of t h e  func t ion  E*(u,cr,ci)  

a g a i n s t  i t s  real p a r t  

The p o i n t s  of i n t e r s e c t i o n  of the  funct ions and E* connected one 
t o  the  o the r  by the same p a i r s  of values C r ,  C i  y i e l d  f i r s t  t he  va lues  
rlo per t a in ing  t o  t h e  corresponding U-values, and then  w i t h  (68) the  
curve a(Re*) of t h e  cons tan t  exc i t a t ion  c i .  This p l o t t i n g  and c a l -  
c u l a t i o n  then are repea ted  f o r  o ther  values  ci. 

V I .  RESULTS OF THE CALCULATION 

A s  immediate r e s u l t  of t he  r a the r  ex tens ive  ca l cu la t ions ,  t h e  po la r  
diagrams wi th  t h e  curves E*(u,ci ,cr)  and F* = F(qO*) f o r  s eve ra l  

Hartree v e l o c i t y  d i s t r i b u t i o n s  U(y) i n  the laminar boundary l a y e r  are 
represented  i n  f i g u r e s  2 t o  21. 
t o  the  s p e c i a l  c l a s s  of pressure  d i s t r i b u t i o n s  

These boundary-layer p r o f i l e s  belong 

and a r e  r igorous  so lu t ions  of P rand t l ' s  boundary-layer equat ions which 
were obtained wi th  the  a i d  of a Bush apparatus  ( r e f .  6 ) .  
according t o  Hartree, f o r  cha rac t e r i za t ion  of t hese  boundary-layer pro- 
f i les  the parameter 

We use, 

2 m  p = -  
l t m  

The p r o f i l e s  wi th  m >  0, p > 0 occur i n  case of decreasing pressure ;  
the p r o f i l e s  with m < 0, p < 0 i n  case of  increas ing  pressure .  The 
p r o f i l e  p = 1 i s  t h e  exac t  Hiemenz p r o f i l e  a t  the  s t agna t ion  po in t  of 
a c y l i n d r i c a l  body, the  p r o f i l e  @ = 0 i s  t h e  exac t  Blas ius  p r o f i l e  a t  
t h e  f l a t  p l a t e  i n  long i tud ina l  flow, and t h e  p r o f i l e  
s epa ra t ion  p r o f i l e  ( w a l l  shear ing s t r e s s  zero)  . 

f3 = -0.198 i s  a 
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i s  the  dimensionless w a l l  d i s tance  used by Har t ree  and t h e  coordinate 
a of the po in t  of junc t ion  t o  t h e  p o t e n t i a l  v e l o c i t y  U a  i s  connected 
wi th  the displacement thickness  by the r e l a t i o n  

t h e  quan t i ty  ksSc(p) 
re ference  3. 

may be found p lo t t ed  graphica l ly  i n  f i g u r e  2 of 

The w a l l  d i s t ance  5, of t he  c r i t i c a l  l a y e r  i nd ica t ed  i n  f i g u r e s  2 
t o  21 i s  obtained i f  i n  equat ion (91) y i s  rep laced  by yc.  

The following bas i c  remarks should be made concerning the  graphic  
s o l u t i o n  of t h e  eigenvalue problem i n  f i g u r e s  2 t o  21: 

Since c i  has been presupposed so s m a l l  t h a t  only t h e  v a r i a t i o n s  
of t he  p a r t i c u l a r  so lu t ions  cpv* l i n e a r  i n  c i  need t o  be taken i n t o  
cons idera t ion  compared t o  the  solut ions 'py f o r  c i  = 0, the  curves E* 
and F* appear f o r  equal  c i - i n t e r v a l  as "equid is tan t"  curve families 
i n  the  sense of equations (77) and  ( 7 0 ) .  Actual ly ,  th i s  "equidis tance" 
w i l l  be l o s t  i n  case of higher values of c i ;  however, t h e  c a l c u l a t i o n  
expendi ture  would increase  in to le rab ly  even i f  only, f o r  instance,  t h e  
terms quadra t ic  i n  c i  were t o  be taken i n t o  cons idera t ion .  I n  t h i s  
sense,  t h e  curves 

pis* c ia6  * 
- - -  - 

U a  ua 

a g a i n s t  a6" 
s i o n a l  q u a n t i t i e s )  which r e s u l t  from t h e  eva lua t ion  of t h e  polar  diagrams 
a l s o  are t o  be i n t e r p r e t e d  as approximations ( i n  t h i s  and the  fol lowing 
f i g u r e s ,  t h e  value which is ,  according t o  equat ion (l),  phys ica l ly  
more important and which charac te r izes  t h e  logari thmic increment of t h e  
exc i t ed  pe r tu rba t ion  amplitude has been p l o t t e d  in s t ead  of C i ) .  Here, 

, as i n  S c h l i c h t i n g ' s  r e p o r t  ( ref .  4) mentioned before ,  only t h e  d e r i v a t i v e  

represented i n  f igu res  22 t o  26 (from now on w e  use dimen- 

pi 
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a t  t h e  loca t ion  

t h e  a6*-axis i s  
between the  base 

Pis* pis* - = 0, t h a t  is, t h e  s lope of t he  7 curve a t  
a 

U a  

.. 

r igorous ly  corGect . 
po in t s  a t  which he had determined the  s lope d i r e c t l y ,  

H. Sch l i ch t ing  in t e rpo la t ed  
* 

although wi th  a much higher c a l c u l a t i o n  expenditure,  w i t h  a curve of the 
t h i r d  degree 

where the four constants  are f i x e d  by the  coordinates  of t he  base 
po in t s  and the  values  of t h e  curve s lope i n  them. Thereby, 

p .E* 
Schl ich t ing  obtained f o r  the  Blas ius  p r o f i l e  higher values  1 than  

11 

"a 
those  occurring i n  f igu re  25 whereas t h e  values  of t he  s lope  a r e  i n  

agreement. Actually,  the  curves -(as*) i n  t he  center  p a r t  of t h e  

(aB*)-region enclosed i n  each case w i l l  run somewhat higher o r  lower 
than  ind ica ted  by f i g u r e s  22 t o  26. 
i n t e rp re t ed  a s  a f i r s t  approximation i n  the  usual  sense.  

P i E *  
Ua 

A t  any rate, however, they may be  

These curves - pis* over as* represent  s ec t ions  through t h e  
U a  

" exc i t a t ion  mountain range" enclosed by t h e  neu t r a l  curve as base curve, 
along the l i n e s  yc = Const. o r  cr = Const. By i n t e r p o l a t i o n  one 
obta ins  from them the  maps of e x c i t a t i o n  represented  i n  f igu res  27 t o  32, 

i n  which the l i n e s  of equal  e x c i t a t i o n  - pis* - - Const., can be i n t e r p r e t e d  
"a 

as "contour l i n e s "  of t he  " e x c i t a t i o n  mountain range." Ins t ead  of t h e  
l i n e s  of i n t e r s e c t i o n  
l i n e s  

cr = Const., w e  p l o t t e d  i n  f i g u r e s  27 t o  32 the 

Cons t . 

t h e  s ign i f icance  of which w i l l  be discussed la te r  i n  sec t ion  V I I .  Even 
a t  f i rs t  considerat ion o f . t h e s e  e x c i t a t i o n  maps, a fundamental d i f fe rence  
i n  t h e  shape of the  e x c i t a t i o n  mountain range i s  conspicuous according 
t o  whether t h e  ve loc i ty  p r o f i l e s  of t he  laminar f r i c t i o n  l a y e r  l i e  i n  
t h e  region of decreasing pressure  ( p  > 0)  o r  of increas ing  pressure  
( P  < o ) .  

I n  the region of decreasing pressure ,  t h e  " e x c i t a t i o n  mountain 
range" has the  form of a mountain with pronounced peak which i s  s t eep ly  
ascending f o r  a small Reynolds number Re*, slowly f l a t t e n s  a f t e r  a 
l a r g e r  Re* and s h r i n k s  t o  zero width and height  f o r  R e * t w .  The 
absolu te  height of the  peak, t h a t  i s ,  t he  maximum e x c i t a t i o n  increases  
wi th  decreasing p. 
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I n  t h e ' r e g i o n  of increasing pressure, i n  con t r a s t ,  t h e  e x c i t a t i o n  
mountain range changes behind the peak with growing i n t o  a 
''mountain ridge" of constant  width and constant  contour p r o f i l e .  

Re* 

The p rope r t i e s  of t h i s  "ridge" have been thoroughly inves t iga ted  
by W .  Tollmien (ref.  5 ) .  
must now b r i e f l y  represent  i t s  r e su l t s .  

Since we made use of Tollmien's theory, w e  

Searching f o r  a general  i n s t a b i l i t y  c r i t e r i o n ,  W. Tollmien e s t ab -  
l i s h e d  tha t  t h e  f r i c t i o n l e s s  per turbat ion equat ion ( 5 )  possesses f o r  t h e  
laminar  v e l o c i t y  p r o f i l e s  i n  the region of pressure increase  - which 
have a po in t  of i n f l e c t i o n  i n  cont ras t  t o  those of t h e  region of 
decreasing pressure - f o r  
e x i s t i n g  for all p r o f i l e s  wi th  the  parameters 

Re*-+ Q) aside from t h e  n e u t r a l  so lu t ion  

i n  addi t ion ,  the neu t r a l  so lu t ion  with the  parameters 

t h e  subsc r ip t  s t h e r e i n  denotes the po in t  of i n f l e c t i o n .  

W. Tollmien ca l cu la t ed  t h e  eigenvalue as and the eigenfunct ion 

'ps 
from t h e  f r i c t i o n l e s s  per turba t ion  equation ( 5 )  

f o r  t h e  s inuso ida l  ve loc i ty  d i s t r i b u t i o n  (30) which w e  a l s o  used 

s i n  p E 
PS s i n  - 
a 

(Ps = 
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For t h i s  second neu t r a l  e igensolut ion,  the  phase v e l o c i t y  cr t he re fo re  
equals  the ve loc i ty  of t he  b a s i c  flow a t  the po in t  of i n f l e c t i o n  

. 
Us.  

For t h e  e x c i t a t i o n  pi and the  c i r c u l a r  frequency pr i n  the 
neighborhood of t he  neu t r a l  f requencies  u6* = 0 and u6* = ( ~ 8 * ) ~ ,  

W .  Tollmien has der ived the following formulas 

where the subsc r ip t  w 
the w a l l  y = 0, and t h a t  

s i g n i f i e s  t h a t  t h e  values have t o  be taken a t  

with 

where 
7 1 

u '  ' 9-c  1 m 
E = l i m  .-os, (U - Us) 

L -1 

W e  have ca l cu la t ed  t h e  "ridge contour p r o f i l e s "  of t h e  e x c i t a t i o n  
and t h e  c i r c u l a r  frequency according t o  t h e  formulas (97) and (98) f o r  
t h e  Hartree v e l o c i t y  d i s t r i b u t i o n s  B = -0.10, -0.14, -0.16, -0.18, 
-0.198; the  values  f o r  t he  de r iva t ives  of t h e  v e l o c i t y  were not  taken 
from the  s inuso ida l  approximation d i s t r i b u t i o n  b u t  from the exac t  
ve loc i ty  d i s t r i b u t i o n .  These " r idge  contour p ro f i l e s "  of t h e  e x c i t a t i o n  
and t h e  c i r c u l a r  frequency have been p l o t t e d  i n  f i g u r e s  33 and 34. 
curves corresponding t o  t h e  formulas j u s t  mentioned have been drawn i n  
s o l i d  l i n e s ;  t h e  t r a n s i t i o n s  between the  two curve a r c s ,  i n t e rpo la t ed  
somewhat a r b i t r a r i l y ,  have been drawn i n  dashed l i n e s .  

The 

I n  t h e  range 
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of very l a r g e  
cu la r  frequency were t r ans fe r r ed  from f i g u r e s  33 and 34 i n t o  f igu res  31 
and 32. 

Re*, t h e  l i n e s  of constant e x c i t a t i o n  and constant  c i r -  

Figure 35 represents  the  var ia t ion  of the  maximum e x c i t a t i o n  

aga ins t  t he  form parameter 
Re* (peak of t h e  e x c i t a t i o n  mountain range)  and f o r  Re* > m ( r idge  
of the  e x c i t a t i o n  mountain range) .  For f3 < -0.10 these  two va lues  
seem more and more t o  approach one another so t h a t  with decreasing P 
t he  peak becomes less and l e s s  pronounced, and t h e  e x c i t a t i o n  s t a r t i n g  
from s m a l l  
contour p r o f i l e  . " 

P ,  separately f o r  t h e  e x c i t a t i o n  f o r  f i n i t e  

Re* monotonically increases t o  t h e  values  of t h e  "ridge 

This f i g u r e  and t h e  preceding ones show c l e a r l y  t h a t  t h e  maximum 
e x c i t a t i o n  and accordingly t h e  exc i t a t ion  i n  general  i s  considerably 
l a r g e r  i n  t h e  reg ion  of pressure increase than i n  that of pressure 
decrease f o r  smaller Re* as wel l .  

A f t e r  thus  having est imated the  magnitude of e x c i t a t i o n  i n  t h e  
en t i r e  i n s t a b i l i t y  range of a l l  ve loc i ty  d i s t r i b u t i o n s  occurring i n  t h e  
l a m i n a r  f r i c t i o n  l aye r ,  w e  s h a l l  discuss  t h e  physical  conclusions 
r e s u l t i n g  from our ca lcu la t ions  f o r  the pos i t i on  of t h e  t r a n s i t i o n  poin t .  

VII. DISCUSSION OF THE RESULTS 

L e t  t h e  pressure d i s t r i b u t i o n  U a ( X )  aga ins t  t h e  a r c  length  of 
t he  c ros s  s e c t i o n  p r o f i l e ,  and t h e  o s c i l l a t i o n  of c i r c u l a r  t i m e  frequency 
pr be prescr ibed.  Then t h i s  o s c i l l a t i o n  superposed on t h e  boundary- 
l aye r  flow t r a v e l s  downstream on a curve 

A s  w e  mentioned a t  the  beginning, t h e r e  p e r t a i n s  t o  every po in t  x of 
t h e  p r o f i l e  i n  t he  flow a fixed value of t h e  Pohlhausen parameter X 
which cha rac t e r i zes  by way of approximation t h e  v e l o c i t y  d i s t r i b u t i o n  
i n  .the boundary l aye r  a t  t h i s  po in t .  
ence 3 one may coordinate t o  t h i s  parameter X t h e  Hartree parameter B 

According t o  f igu re  34 i n  refer- 
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and therewith one of t h e  e x c i t a t i o n  maps ca l cu la t ed  i n  the  present  - 
r e p o r t  ( f i g s .  27 t o  3 2 ) .  
per turba t ion  Br a t  a c e r t a i n  poin t  x of t he  p r o f i l e ,  one has the re -  

f o r e  t o  read o f f  t h e  e x c i t a t i o n  - 
on t h e  corresponding e x c i t a t i o n  map a t  t h e  poin t  of t he  map determined 
by t h e  pair  of values of t h e  Reynolds number 

I n  order  t o  ob ta in  the  e x c i t a t i o n  of the  

BiE* 4 

(number of the  "contour l i n e " )  
U a  

and the dimensionless c i r c u l a r  frequency 

W e  shall s t a r t  the  d iscuss ion  of the  r e s u l t s  of our above e x c i t a t i o n  
UaJt 

R e  = - ca lcu la t ions  with the  l i m i t i n g  case of a s m a l l  Reynolds number 

According t o  t h e  explanat ions i n  s e c t i o n  I (compare f i g .  1) t h e  s t a b i l i t y  
l i m i t  l i e s ,  f o r  small Reynolds numbers only, a t  t h e  po in t  where the  
laminar boundary l aye r  separa tes .  I f  the  pe r tu rba t ion  waves a r e  so 
long t h a t  t h e  curve 

v -  

i n t e r s e c t s  t he  i n s t a b i l i t y  reg ion  f o r  t he  separa t ion  p r o f i l e  ( B  = -0.198), 
it i s  very v i o l e n t l y  exc i t ed  when en te r ing  t h i s  zone and l eads  quickly 
t o  t r a n s i t i o n  t o  t h e  tu rbu len t  f low p a t t e r n .  
p r a c t i c a l l y  coincides wi th  t h e  separa t ion  po in t  which w e  had denoted 
i t s  rearward l i m i t .  If, on the  o ther  hand, t h e  pe r tu rba t ion  waves are 
very shor t  s o  t h a t  t he  curve 

The t r a n s i t i o n  po in t  then  

does not i n t e r s e c t  t he  i n s t a b i l i t y  region,  t he  laminar l a y e r  separa tes  
without t r a n s i t i o n .  



NACA TM 1343 37 

increases ,  t h e  s t a b i l i t y  l i m i t  u m t  If the  Reynolds number R e  = - V 

s h i f t s  forward i n  the  d i r e c t i o n  toward the pressure minimum ( f i g .  l), 
t h e  pe r tu rba t ion  e n t e r s  a reg ion  of i n s t a b i l i t y  f u r t h e r  upstream f o r  a 
l a r g e r  value of t h e  parameter p o r  the Pohlhausen parameter X, and 
i s  t h e r e  i n i t i a l l y  exc i ted  t o  a degree which decreases the more t h e  
s t a b i l i t y  l i m i t  shifts forward bu t  which increases  due t o  the  f a c t  t h a t  
the pe r tu rba t ion  downstream (with decreasing f3 or  X)  reaches i n s t a -  
b i l i t y  zones with r ap id ly  increas ing  exc i ta t ion .  The t r a n s i t i o n  po in t  
s h i f t s  frontwasd corresponding t o  the  e x c i t a t i o n  which s t a r t e d  earlier 
and i s  s t i l l  strong. 

- If w e  f i n a l l y  increase  the  Reynolds number R e  = 'Oat - so t h a t  t h e  
V 

s t a b i l i t y  l i m i t  s h i f t s  ahead of t h e  pressure minimum, t h e  e x c i t a t i o n  i n  
t u r n  starts accordingly sooner; however - and t h i s  must be regarded as 
the  most important r e s u l t  of our ca lcu la t ions  f o r  the  time being - i n  
t he  reg ion  of decreasing pressure,  the e x c i t a t i o n  i s  so s l i g h t  t h a t  it 
genera l ly  a t t a i n s  amounts equal l ing  the exc i t a t ions  produced i n  the 
cases  t r e a t e d  j u s t  now only after having passed the  pressure minimum. 

I n  t h i s  manner, one may e a s i l y  give t h e  t h e o r e t i c a l  explanat ion 
f o r  t h e  f a c t  proved by many experiments, t h a t  t h e  t r a n s i t i o n  poin t  even 
i n  case of very high Reynolds numbers r a r e l y  ever s h i f t s  ahead of t h e  
pressure  minimum. 
and per turba t ions  w i t h  very long waves where the  per turba t ion  does not  
t oo  soon leave the i n s t a b i l i t y  region again,  t he  l imi t ed  e x c i t a t i o n  of 
t he  reg ion  of decreasing pressure w i l l  be s u f f i c i e n t  t o  induce t h e  
t r a n s i t i o n  s t i l l  i n  the  region of pressure decrease.  However, t hese  
cases  are rare i n  t echn ica l  appl icat ion.  

Only i n  cases  of very long acce le ra t ion  sec t ions  

A d e t a i l e d  ca l cu la t ion  of t he  degree of e x c i t a t i o n  which causes 
t h e  t r a n s i t i o n  i s  meaningful only i n  connection with corresponding 
experiments. Therefore, it w i l l  be postponed u n t i l  these  experiments, 
now i n  the  preparatory s tage,  have been c a r r i e d  out .  Probably one w i l l  
have t o  regard the form of the  pressure d i s t r i b u t i o n  i n  the reg ion  of 
pressure  increase  as t h e  most important t es t  condi t ion s ince,  according 
t o  our t h e o r e t i c a l  de l ibera t ions ,  the cont r ibu t ions  t o  t h e  e x c i t a t i o n  
of per turba t ions  i n  the  reg ion  of pressure decrease are in s ign i f i can t .  
The a i m  of th is  experimental inves t iga t ion  and of t h e  e x c i t a t i o n  c a l -  
c u l a t i o n  t o  be performed simultaneously on the  b a s i s  of t h e  present  
r e p o r t  w i l l  be t o  f i n d  a connection'between the  p re s su re -d i s t r ibu t ion  
form and the  degree of e x c i t a t i o n  a t t a ined  a t  t h e  measured t r a n s i t i o n  
po in t  so t h a t  it w i l l  be possible  t o  ca lcu la te ,  inverse ly ,  t h e  t r a n s i t i o n  
poin t  f o r  a prescr ibed  pressure d i s t r ibu t ion  from t h i s  r e l a t i o n .  
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V I I I .  SUMMARY - 

A s  a cont r ibu t ion  t o  t h e  solut. ion of t he  important problem of the # 

ca lcu la t ion  of t he  t r a n s i t i o n  poin t  of a plane laminar flow, w e  had 
f i rs t  determined ( i n  an  earlier r epor t ,  according t o  Tollmien's method 
of small o s c i l l a t i o n s  f o r  the  Hartree ve loc i ty  d i s t r i b u t i o n s  appearing 
i n  the  boundary l aye r  i n  case of decreasing and of increas ing  pressure)  
only the c r i t i c a l  Reynolds number beyond which t h e  per turba t ions  super- 
posed on t he  laminar  flow are exc i ted .  I n  connection wi th  those c a l -  
cu la t ions  now, the e x c i t a t i o n  i tself  i n  the  e n t i r e  i n s t a b i l i t y  range 
of the  per turbat ions was ca lcu la ted .  The e x c i t a t i o n  i n  the  narrow 
i n s t a b i l i t y  range of decreasing pressure tu rns  out  t o  be very much 
smaller than the  exc i t a t ion  i n  the  more extensive i n s t a b i l i t y  range of 
increasing pressure;  thus the  known f a c t  t h a t  t h e  t r a n s i t i o n  po in t  
general ly  does not s h i f t  ahead of t he  pressure minimum even i n  case of 
high Reynolds numbers may be explained on a t h e o r e t i c a l  basis, as shown 
i n  t ab le s  1, 2, and 3. 

Systematic experimental measurements of t h e  t r a n s i t i o n  poin t ,  
together with ca l cu la t lons  t o  be performed on the  basis of the  r e s u l t s  
given here, are t o  e s t a b l i s h  the  connection between t h e  v a r i a t i o n  of 
t he  pressure grad ien t  and t h e  degree of e x c i t a t i o n  which produces t h e  
t r a n s i t i o n  and thereby a b a s i s  f o r  determination of t h e  t r a n s i t i o n  po in t  
for prescr ibed pressure v a r i a t i o n  by ca lcu la t ion .  

- 

Translated by Mary L. Mahler 
National Advisory Committee 
f o r  Aeronautics 



NACA TM 1343 

REF'EFENCES 

39 

1. Tollmien, W. : h e r  d i e  Entstenhung der  Turbulenz. Nachr. d.  Ges. 
d. Wiss. zw Gottingen Math.-Phys. K l . ,  1929, pp. 21-44. (Avai lable  
as NACA m 609.) 

2. Schl ich t ing ,  H., and Bussmann, K . :  Zur Berechnung des  Umschlages 
laminar = t u rbu len t  (Preisausschreiben 1940 der  L i l i e n t h a l -  
Gese l l s cha f t  f k r  Luftfahrtforschung) , dieses  Jahrbuch. 

3. Pre tsch ,  J . :  D i e  S t a b i l i t a t  e ine r  ebenen Laminarstromung b e i  
Druckgefalle und Druckanstieg (Preisausschreiben 1940 der  L i l i e n t h a l -  
Gese l l schaf t  fk Luftfahrtforschung) .  
Luftfahrt forschung,  p. 58. 

Jahrbuch 1941 der  Deutschen 

4. Schl ich t ing ,  H.:  Zur Entstehung der Turbulenz b e i  der  Plattenstromung. 
Nachr. Ges. Wiss. Gottingen Math. Phys. Klasse, 1933, pp. 181-208. 

5 .  Tollmien, W . :  E in  allgemeneines Kriterium der  I n s t a b i l i t a t  laminarer 
Geschwindigkeitsverteilungen. Nachr. d. G e s .  d. Wiss. zw G'dttingen, 
Math.-Phys. Kl., Neue Folge, V o l .  1, N o .  5 ,  1935, pp. 79-114. 
(Avai lable  as NACA TM 792.) 

6. Hartree, D. R .  : On an Equation Occurring i n  Falkner and Skan's 
Approximate Treatment of t h e  Equation of t he  Boundary Layer. 
P h i l .  SOC. Cambridge, Vol. 33, 1937, pp. 223-239. 

Proc. 



40 NACA TM 1343 

TABU! 1 

SERIES COEFFICIENTS OF TEE SOLUTIONS q*, 'p2* FOR TEE BASIC FLOW 

u = 1 - (a - Y ) ~ ;  n = 1, 2, 3, 4 

n - 2  - 

1 - iVQ) (v 2 3) 
eo* = 0 e,* = 1 - 
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%* - I *; .I - (1 - 14) 

0; - 41 - 2111) 9 2  - *; I - g(1 - 14) 
3 6 

*4* . !z(l - 2111) + d! 
e6* - &l a 2  - 4111) + %l - 2111) + 

e; - d ( 1  - 3111) - *(l - 111) 
36 rn 540 5400 

8rn 5 5 5  

?* - 5%) + &l 2 ~ ~ 4  - ' 3 1 4 )  - &I - in) 

9 8  
mB5 

f - &.,$I - 6111) + &I - 4111) + &l - 2 1 4 )  + 

. . . . .  

3 9 4  
" t + T i  2 3 4  5 - - 6 9 2  - 4 
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so* = 0 

eo* = 1 el* - - 31 - 111) 
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TABU 2 

SERIES COEFFICIENTS OF TE3 SOLUTIONS Ipl*, 'p2* FOR TRE BASIC FLOW 

u = U, + (1 - us) s i n  ABBRFVIATIO~: p = 12 - Concluded 0 s i n  yes con ~2~ 

80 = 1 gl = t a n  y2, + = + 

h l  = - 1 - 2 ta1?y2, + %2 $ = - 1 t a n  y2s - tan3y2, - 2 -2 tan y2, 4 
b - 0  
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T A B U  3 

VALUES OF THE D I F F E R E N T I A L  QUOTIENTS O F  THE REAL AND O F  THE IMAGINARY 
P 

PART OF THE FUNCTION F WITH F B S P E C T  TO 70 

- 

-2 
-2.1 
-2.2 
-2.3 
-2.4 
-2.5 
-2.6 
-2.7 
-2.8 
-2.9 
-3.0 
-3.1 
-3.2 
-3.3 
-3.4 
-3.5 

0.135 
.121 
.117 
.118 
.121 
.128 
.I35 
.145 
* 157 
.172 
.191 
.219 
.256 
.296 
340 

.380 

-0.226 
- .230 
- .235 
- .239 -'. 2 42 
- .245 
- .246 
- .246 
- .243 
- .237 - .226 
- .210 
- .188 
- .162 
- * 133 
- .lo2 

TO 

-3.6 
-3.7 
-3.8 
-3.9 
-4.0 
-4.1 
-4.2 
-4.3 
-4.4 
-4.5 
-4.6 
-4.7 
-4.8 
-4.9 
-5.0 

0.396 
399 
395 
379 

,360 
330 

* 297 
.250 
.180 
.080 
.020 -. 026 

- .Oh5 
- .057 - .062 

-0.066 
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Figures 2, 3, and 4.- Polar diagrams for  determination of the curves of con- 
stant excitation. 
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Figures 5, 6, and 7.- Polar diagrams for determination of the curves of con- 
stant excitation. 
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Figures 8, 9, and 10.- Polar diagrams for determination of the cuxyes of con- 
stant excitation. 
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Figures 11, 12, and 13.- Polar diagrams for determination of the curves of 
constant excitation. 
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Figures 14, 15, and 16.- Polar diagrams for  determination of the curves of 
constant excitation. 
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Figures 17 and 18.- Polar diagrams for determination of the curves of con- 
stant excitation. 
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Figures 19, 20, and 21.- Polar diagrams for  determination of the curves of 
constant excitation. 
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Pis* Figures 22, 23, and 24.- The excitation - as a function of the reciprocal 

perturbation wave length a = E for constant criticalvelocity cy. 
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pis* Figures 25 and 26.- The excitation TT as a function of the reciprocal 
"a 

perturbation wave length a = for constant critical velocity cr. 



56 NACA TM 1343 

0.2 

0. I 

a E* 
t p,y- 

U,2- 

* u  s” + R e = a  
V Figure 27 

Figure 28 

I o7 

Figures 27 and 28.- Th2 curves of constant excitation in the instability regions 
of a few laminar boundary-layer profiles. 
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Figure 32.- The curves of constant excitation in the instability regions of a 
few laminar boundary -1aye r profiles. 
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Figure 34.- The circular time frequency - p r v  Re* f o r  boundary-layer pro- 
ua2 

files in the region of increasing pressure for Re* * . 
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parameter p of the laminar boundary-layer profiles. 
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