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INVESTIGATIONSOFTHEWiLL-SHEARINGSTRESS

INTURBULENTBOUNDARYLNERS* - --—

ByH. LudwiegandW. Tillmsnn
. .

SUMMARY

Becauseoftheunsatisfactorystateofknowledgeconcerningthe
surfaceshearingstressofboundarylayerswithpressuregradients,the
problemisreexamined.It is foundthatforgeneralturbulentboundary
layers.inwallproximity,thatis,inthelsminsrsublayer,in thetransi–
tionzoneandinthepartofthecomplete~turbulentzonenearthewall,
thesameuniversallawappliesas fortheylateflow. Fromthegeneral
validityof thislawa formulawasdeducedforthelocalhag coeffi-
cient cfr,inwhich cf’ dependsonlyontheReymoldsnumberRe formed
withthemomentumthicknesssndona profilepsrametery. Thisrelation
wasconfirmedsatisfactorilyby directmeasurementswitha newinstrument.
Therelatedfrictioncoefficientcf’ canthenbe determinedsimplyfrom
theknownvelocityprofile. .--——-.

l?romtheformulafor Cft it follows,inagreementwiththetests,
thatthe cf’ valuesforboundarylayerswithacceleratingsnddecele-“-
ratingpressurearehigherandlower,respectively,thsafortheplate ‘
flowatequalReynoldsnumber.Thus.forgreaterReynoldsnumberssmall
localdragcoefficientsareattainablenotonlybykeepingtheboundary
layerlaminarbutalsoby appropriatepressurevariationinturbulent
boundarylayers.Theriseofthefrictioncoefficientto a multipleof
thatforplateflowinboundarylayerswithpressurerise,asclaimed
byvariousworkers,isheretithdisproved.

.

--

.-

—

1. INTRODUCTION

Thewall+hesringstressesinlsminarboundsrylayerscanbe com-
putedon a strictlytheoreticalbasis,sincetherelationshipbetween
velocityprofilesndshearingstressisknown.But,thisprocedurecan
notbe appliedto theturbulentboundsrylayerssincetherelationship‘“

*“UntersuchungenfiberdieWsmlschubspannunginturbulenten
Reibungsschichten.“ ,.

.-
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fortheshearingstresses,dueto theturbulentexchti-geisstillunknown.
Forthisreason,thelawsforturbulentwallfrictionmustbe determined
by experimental@vest-igations.Suchinvestigations“fallintotwoclasses,
termedforbrevity,‘plateflows”and‘pipeandchanuelflows.”The
approximateformulasforthefrictiondrag,deducedby thevariousinvesti-
gatorsfromthetestdata,arein agreementtosomeextent.

Someinvestigationshavebeenmadealsoonboundarylayerswith
pressuregradients,bothaccelerating-anddecelerating,butthedataon
wallfrictionareeitherabsentaltogetherorpartlyUnsatisfactory.
Theseinvestigationsweremadeina channelofcircularsection(refer-
ence1) or,inmostcases.}ofrectangularsection(references2, 3>4}
and5). Forthelatter,onechannelwallwasdesignedasflattest
plate,onwhichtheboundarylayertobe exploredwasmeasured.The
oppositewallwasadjustabletothedesiredpressuredistribution.It
wasspacedfarenoughfromtheexperimentalsurfacetomaintaina core
withpotentialflowbetweenthetwoboundarylayers(freeboundarylayer).
Thewall+hesringstre~swasdeterminedfromthemeasuredvelocitypro-
filebymeansofvonKarm&tsmomentumequation.Theadvantageofthis
methodrestsinthefactthatthickboundarylayers(highReynolds
numbers)canbe producedwitha comparativelysmalllayout.Onesub-
stsmtialdrawbackisthenarrowwidthofthe-experimentalflowcompared
to theboundary-layerthickness.Thisislikelytoproducesecondary
flowswh;chcancelthetwo-dimensional.ityoftheflowassumedaccording

‘ ‘smomentumequationfortheinterpretation,andarepr=tovon Karman
sumablyresponsiblefortheimprobableresultsoftheaforementioned
authors.Someoftheseauthorshadobservedthat,ingreatlyretarded
flows,thelocal.dragcoefficientCf’(=Tw/Q,Tw = wall-shesring
stress,Q thedynamicpressureoutsidetheboundaryla~er)roseabruptly
toa multipleofitsoriginalvalueaftertravelinga certaindistauce
inflowdirection,ratherthsmdecreased,as actually&i%fcipated
analogousto thebehaviorofthelaminfiflow.Sincenovalidreason
could be foundforit,TilJmann(reference6)madean Investigationin
enattemptto findoutwhetherthiseffectwassimulatedby secondary
flOws. Thevelocityin a sectionacross’thetunnelwasmeasuredin
magnitudeandMrection.An app?aisaloftheeffectoftheobserved
secondaryflowsgavea cf’ valuelowerby 40percent.Thisfactmade
thetestmethodemployedup to thenquestionable.

Quiterecently,Ludwieg(reference7)developeda simpleinstrument
bymeansofwhichthewall+hesringstresscan%e determinedat anytest
stationby a heat--transfermeasurement.Thisdirectmethodisnot
affectedby anysecondaryflows.Theinvestigationofthefrictional
dragofturbulentboundarylayerstithpressuregradients~..bothaccele- .,
ratinganddecelerating,repeatedwiththisnewinstrument,formsthe
subjectofthepresentreport. ●

.
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II.THEORETICALCONSIDERATIONSONFRICTIONALDRAG

3

Theresultsofyrevioustivestigationsofplateandpipeflows
wereasfollows: .

(a)Thevelocityprofileof theboundarylayer@n be represented
--—-

intheform

u

()
y Re.=g=u (1)=

(u= velocityh boundarylayer,U = velocityoutsideboundarylayer,

Y= wall distance);52 .J”;~-$w = momentumthiclmessofboundary
52

layer,Re = UT = Reyno& numberofboundarylayerfomnedwith

momentum thickness62;v = kinematicviscosity.

Qpsntityg inequation(1)isa fixedfunction
is,naturally,differentforplate,pipe,andchannel
dependenceOf ~ on Re isverysmall,thatis,the

differverylittlefordifferentReynoldsnubers.

which,however,“-
flow. The

velocityprofiles

(b)Thelocalfrictioncoefficientcf’ canalmys be re~resented
intheform

Cf’= F(Re) (2)

(Cff= Tw/: $; TV = wall.+hearingstress;p = density).

QpantityF isagaina fixedfunctionforplate,pipe,andchannel”””‘ “’
flow;F canbe ccxuputedforplateflowby themomentmequationwhen g
isknown,becausethe
theboundarylayer.

(c)Forthepart
relation

totalfrictiondragap@earsas lossofmomentumin

ofthevelocityprofilesnearthewall,the

u ()f U*Y—=*
u 7-

wasobtained. v(U*=TWP “= sheari~fitressvelocity)

(3)

lInthisformula,theReynoldsnumberformedwiththemomentum
thickness52 waschosenas characteristicquantitybecauseit ismore
appropriateforboundarylayerswithvariableoutside~ressure. .
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I
I

~is relationholdstruewiththessmefunctionf--forthepart
..

of plate,pipe,or channelflownexttothewall..

(

Providedthatthe
U*Yfi values arenottoosmall fullyturbulentzone ~

v )
>50 , equs

tion(3) can be replacedveryaccuratelyby

u *
—=alog* y.+b
u

a and b beinguniversalconstants.TMs
approximatedby a powerlaw

l/11
u

()
~ U*Y—=*

u T

theapproximateI?onmla

(3a) -

logarithmiclawcanbe .-

(Sb)
.

where C and n areconstantswhicharestillsomewhatdependenton
the u*y/v zoneforwhichtheapproximationisto be especiallygood.

AsalreadystatedinLudwiegtsreport(reference7), it is tobe
,

expectedthattheuniversallaw,equation(3) or (Sa),is,asidefrom
theplate,pipe,andchsnnelflow,applicablealsotomoregeneralized
boundary-layerflowsinwallproximity.It&en shouldholdforvelocity
profilesdiverg~gconsiderablyfrczntheprofilesinplateflowandfor
flowswithmarkedpressuregradients.

A definiteexperimentalproofofthegeneralvalidityofthelaw,
equations(3)and(Sa),isaffordedfromthefactoriginallyestablished
by Wieghardt(reference8);nemely,thatwhentheboun~ary-layerprofiles
areplottedin themannerof’logu/U againstlogy/52(fig,1),
parallelstraightlines-areobtainedforsmally/52. Consequently,u
is inallcasesproportionaltothesamepowerof y. ~Fromtheslope
of thestraightlines,thispowerfollowsas 0.13=~ , whichisin

.
goodagreementwithequation(Sb)forthe u*y/V rangeinquestion.
However,thisstill.isno compellingproof-ofthevalidityofequation(Sb)
forthereasonthat-thepowerof y caube checkedby profilemeasure-
ment,butnottheconstentC,becauseu* Isunknown.

Withthevalidityof*equation(3)fortheportionoftheboundary
layernexttothewall,u and,hence,‘w and cf’ dependonlyon the
velocityprofileandthematerl.al-constantsoftheflowingmedium;so,
whenthevelocityprofileisknown,cf’ocembe computed.A COl?re-

spndingrelationbetweencf~,Re,anda profileparemeteryettobe
definedisderivedinthefollowing.

.

.
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%2
Theterm y=— isintroducedasprofile~ameter; u~2 is

u
definedas follows:If thelaw,equations(3),(3a),and(Sb),isvalid
for y valuesgreaterthm 52,then u~2 is simplythevalueof u
at thepoint y = .32.But,ifthelaw,~uations(3),(3a),and(3b)Y
appliesonlyto y valuessmallerthan 52)then U~2 isthevalue
which u wouldassumeifthelaw,Equations(3),(3a),ad (3~),w~r~
applicableup to thepoint y = 82. Thus,thedoublelogarithmic_
plottingof u/U againsty/52(fig.1) givestheprofileparameter7,

Ywhentherectilinearpartoftheprofileisextendedas faras — = 1
82 ,’52tsre~ fromfigure1.andthecorrespondingvalue”of

u
The derivationoftheabov~entiohedrelationbetweencf’,Re,

and y proceedsfromequation(3). Theprofileparsmeteris introduced
by puttingy = 62 and

u~
2—=*

u

Theequationstates

ad U5252/V;therefo~

(4)

thata directconnectionexistsbetweenu*/u52

u*
‘()

—U5252
—= h—
l+j v
2

mustbe applicable,thefunctionh beingdefinedby functionf.
.—__

btroductionof

2Grusc~itz(reference2)definedthequantityv = 1 -

profileparsmeter;butby U52 thevslueqf u at Y = 52 iSalways
meant.

—

--

—.—

.-
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gives,aftersimplerearrangement

Cf’= 2y2h2(Re

Forabbreviation,thefunctionis

NACATM 1285

-. .-

7) = 72H(Re7) (5)

written2h2=H. ”

So,forallturbulentboundary-layerprofileswhosepartnextto
thewallisrepresentedby thegenerallqw,equation(3),thefriction
coefficientisgivenintheformofequation(5). To definethefunc- ,
tionsh and H inthisequation,equation(4)couldbe replaced,for
theargumentin questioninaccordancewithequation(3a),by

U*
andnumericallysolvedfor —=h. Butsincetheconstantsa and b .

u~
2

inequation(3a)arenotaccuratelyenoughknown,thefollowingmethcdof
definingH seemstobemoreappropriate.

By equation(1),theprofileparameterfortheprofilesoftheplate
flow,designatedYo,iSO~Y dependenton Rethence“-70 = yo(Re). On
insertingthisvalueinequation(5),thisequationmustsupplythedrag
coefficientCf’ fortheplateflow.Thus,bearinginmindequation(2),
thefunctionalequationfor H followsas

70%(Reyo)=F(Re) (6)

where F(Re) isthefrictioncoefficientoftheplateflow.This ‘
equation, whichmustbe fulfllledforall Re,definitelydefinesthe .-
functionH forknownfunctionsF(Re)and 70(Re).

Abbreviating

Re 70(Re)= g

iterationgivesf’orRe thechainfunction

E
Re =

T–-
70

7

()
70 “--

-.

.

.



>

7NACATM u85

which,insertedine~ation(6)givesfor H

snd,whenthefunctionH in equation(5)isthenreplacedby the
precedingexpression,

Since y. varies very littlewith Re (fig.2), “the
ofthechainfunctionis so goodthatinthefirstfactor
of thefirstdeureeandinthesecondfactor,thetermof
haveto be incl&led.Therefore

C’=*

(7)

convergence
onlytheterm
zerodegree

(8)

Thisformulagivesthefrictioncoefficientcf’ forgeneral
boundarylayers(forexsmple,withpressureriseor fall)inrelation
to theReynoldsnumberRe andtheprofilepsrametery. ItWSS
derivedontheassumptionthattheuniversal.law,equation(3),is
applicableinwallproximity.ThefunctionsF and YO canbe taken
fromtheexperimentaldataonplateflow. .- ,..

As an approximation,itis sufficientto insertinequation(8)
thefunctionsF and y whichfollowfromtheassumptionofthecon—
ventional1/7powerlaw!?orthevelocityprofile.Owingto theaffinity
oftheprofiles,yO isunaffectedby Re andcanbe computedby a
simpleintegrationwhichgivesthevalue Y. = 0.717~Thecorres~on~ng
functionF withGruschtitz’snumericalconstsnt(reference2)reads

Cf’= F(Re)= 0.0251Re–1/4



8

mom thesevaluesfor 70 fid F, insertedin

Cf’= O.044gy7/!Re-1/4

NACATM 1285

equation(8),fo~ows

-.

Sincethe1/7power.lawforthevelocity~str~butionandthesu&
sequent1/4powerlaw”forthefrictioncoefficientarevalidonlyin ‘
roughapproximation,thederivedcf’ fognulais comparativelyinaccurate.
A betteradaptationto’theactuallyappearingdragcoefficientsis
obtainedby a slightchangeinthenumericalconstants,whichresults
intheformula

= O.o%oy1.70~e4.268
‘f‘ (9)

,,
Thisformulaapproximatesequation(8)quiteclosely,whenthe

functionF isreplacedby theSchultziGmnowplatefrictionlaw
(explainedinthenextsection)andtheti_ction70 by thecurve
representedin figure2. Intherange of ‘1x 103<”Re<4 X 104,the
discrepanciesareless“than3 percent. —.

Fromthesimpleapproximateformula(9),itisseenthatat con-
stantRe thedragcoefficientcf’ isproportion&.to71”705. . ~—.
Since 7 decreasesalongthete~tlengthforbound- layerswith
pressureriseand Re increases,cf’ decreasessharply,whichis
entirelycontrarytothefindingsofMangler(reference4)andWieghardt
(reference5),whoidentifieda substantial”:ncreasegf the cf$ value;
therefore;itwasdecidedtochecktherelation(8)derivedforthe
frictioncoefficientcft by experimentswhichwillbe describedinthe
following. .

III.EEHAVIOROFDRAGCOEFFICIENTINBOUNDARYLAYERS

●

Theboundary
rectangularcross
(reference9) and

-.
WITHPRESSUREGRADIENTS

—

. ,..-
layerswereinvestigated3nthesame_testlengthof
section,as alreadydescribedbySchultz-Grunow
whichhadbeendesignedaccordingtq_theconventional.

principleforboundary-iayermeasurementsexplainedintheintroduction
ofthepresentrepor’t.But,whiletheiradjustablewallhadbeenset
forconstantpressureover thetestlength,thewall,’inthepresent
study,wasadjustedsothatthedesiredpre”#surevaria~ionresulted.
Thevelocityprofilesoftheboundarylayers–weredeterminedat tento’

—

.: —

<

—

.

.—

.

.-—
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twelvestationsslongthecenterlineofthe
Thewallshearingstresswaameasuredatthe
Ludwieg’sinstrument(reference7).

9-.

smooth,flatplate(1.4x 6m).
samepointsby meansof

Altogether,fourdifferenttestseriesyerecarriedthrough:

(a)At constantpressurein flowdirection(plateflow) “ ..
(b)At moderatepressurerise

(c)At strongpressurerise

(d)At’pressuredrop
---—-

Theinstrumentwascalibratedpriorto themeasurementsandinthe
followingmanner:Thechannelwassetforplateflowandtheinstrument
mountedattwodifferentstationsontheplate.Eachtestruncovered
theentirespeedrange,thecorrespondingcalibrationshearingstress
beingdeterminedby thefrictionlawforplateflow. F&omtheavailable
approximationformulasforthedragcoefficientofplateflow,the
Schu.lttirunowformula(reference9)

3Cf’ “0.0334
(log Re)l-838

.
wasused,sinceitwasobtainedonmeasurementsinthesapeexperimental
setup.As a check,the,yall+hearingstresswasmeasuredwiththe
calibratedinstrumentalongtheentiretestlengthat constantspeed.
Thefunctionyo = yo(Re}usedforcheckingeqyation(8)wasdetermined
fromthesin@tsaeouslymeasuredvelocityprofiles.It isplotted.
againstlogRe in figure2, slongwiththe y. fYomtheSchultz-
Grunowmeasurements,forcomparison.we writerlstestpOintslie
somewhatabovetheSchultz-Grunowcurveat smallRe numbers.The
heavysolidcurveisusedasbasisinthesubsequentinterpretations.- -—

In figure(3a),thedragcoefficientcfr isplotteddouble
logarithmicallyagainstthe Re numberforthefourtestseries,&ong
withtheSchultz-Grunowfrictionlawforcomparison.Thetestpointsof
theseriesmadeas a checkat cons,tantpressure(plateflow)coincide
withtheSchultz4runow curve and,thus,provethecorrectness of the

31ntheSchultzArunowreport,Cf’ is Indicatedas tictiOnOfthe
Re~oldsnumberformedwithlengthx; inthepresentsrticle,it is
reducedtotheReynoldsnumberRe formedwiththemomentumt%ickness82.
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—
calibrationmeasurement.Thetwotestserieswithmoderatemd strong
pressureriseexhibitcf~ valuesattheendofthetestlength,which
areconsiderablybelowtheSchultz-Grunowcurveforplateflow.This
thereforemeansthattheassumptionofa Cft valuedependingon Re
only,asusedby13uri(reference1),Gruschtitz(reference2),Squire
sndYoung(reference10),Kehl(reference3), ‘advon.Doenhoffand
Tetervin(referenceJJ)aabasisforcomputingturbulentboundarylayers
withpressuregradients,isnotcorrect;Itrefutes,inparticular,the
test”dataofMangler(reference4)andWieghsrdt(reference~),who
claimeda markedincreasein cf’ onboundarylayersinretsrdedflow
aftera certainentrancelengthinflowdirection.Tbetestpointsof “-
theseries,withpressuredrop,arelocateda littleabovetheSchultz-
Grunowcurve.

Followingthesepreparations,we proceedtothecheckingofeqp~
tion(8). To simplifythemodeofwritingofthisequation,thefollowing
abbreviationisintroduced:

Afterputtingequation(8)inthefolloidngform

(8a)

thesamefbnctlonal.relationshipNe&ngbetweenRe -and cf? inplate

()-
70

flowprevailsalsobetweencf*~ Yand Re —. Thusfigure(3b)

[()]

?’o(Re)
2 .-

?0
showslog cf’~

()
~ alongwiththeSchultz-plottedagainstlogRe ~0 ._

Grunowlaw-forplat=flow. Ifequation(8)is correct,thepointsof
alltestseriesmustfallontheplottedcurve.Thepointsof thetest
serieswithconstantpressureweresimplytr~sferredfromfigure(3a),
sincea recalculationissuperfluous.Thepointsoftheremainingtest
serieslie“satisfactorilyontheSchultz-Grunowcurve.Thetestpoints
oftheserieswithpressurerise,.whichresultin considerablysmaller
Cf” valuesthanthecorrespondingplateflow,areinespeciallygood

:

agreementi”with”theSck~tz&unowcurF@j~-dsoprovee“~ation(8)in
.
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thebestconceivablemanner.Onlytherecomputedpointsoftheseries
withpressuredropliea littlebelowtheplotted’curve,butthisdoes
nottiplya failureofequation(8)becausetheSchultz<runowlawis
ratheruncertainat smallRe numbers,as seenfroma comparisonwith
theapproximateformulasof otherauthors(references10,12,13,14,
and15),whichdeparttiomtheSchultz-Grunowcurveby thesame”order
ofmagnitudeasthepresenttestpoints.

Fromequation(8)(orevenmorereadilyapparentaccording%ot,he
approximateequation(9)),it followsthatwithapproachto thepoint
ofseparationof a turbulentboundarylayer(y+O), thedragcoeffi-
cient Cf’ tendstowardzero.So,closeto thezoneof,separation,
verysmall cft valuesmustaypear,whichwe haveattemptedto prove
inthetestserieswithstrongpressurerise. It resultedin a
Cf[valueof0.0010insteadof a cf~ of0.0020forplateflowat
thesame Re number.No acceptablelowerdragcoefficientscouldbe
obtainedwiththeexperimentalsetupbecausetheflowseparatedfirst
inthecornersofthetunnelsection.

Forthederivationofequation(8),it,wasassumedthatthe
universallaw,equation(3)forthewall-adjacentpartofthevelocity
profilesintheboundarylayerisapplicablealsoto generalboundary
layers.Therefore,allprofilesintherepresentationof u/u* against

log~ mustcoincideinwallproximity.Thisbehavioris satisfactorily

confirmedon severalprofileschosenatrandomrepresentedin figure4.
Theshesringstressvelocitiesu* weredeterminedfromthethermally
measuredcf’ vslues.Inthissemilogarithmicrepresentationthe
coincidentwall+djacentprofileportionis a straightline,by-reason
ofequation(3a).Onlythetestpointsnesrestto thewallliea little
belowthisstrai@tline,sincetheysxeno longerin thecompletely
turbulentrengeofthevelocityprofile,butin thetransitionalzone
tothelsminsrsublayer(Relchardt’smeasurements,reference16). In
thisrepresentation,theprofileshapewithpressureriseordropis
affectedonlyin thepsrtawayfromthewell.

IV.SINGLEPARAMETRICCHARACTERISTICOFTURBULENT

IKXJNDARY-IJLYERPROFIIW

Thesingleparametriccharacteristicofturbulentvelocityprofiles
at anypressurevariation,foundby &uschwitz(reference2) andrepro-
ducedin figure1,hasbeenconsistentlyverifiedbyvariousauthors
(references3,8, end11),buthasnotbeenexplained.Thereasonfoq _.
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I

theapproximatelysingleparametriccharacteristiciga~parentfrom
thedataoftheforegoing.

As seenin figure4, allboundary-layerprofile6-nearthewall -.
coincideintherepresentationof u/u* againstu*y]V (or )log$ .

FYomit,therepresentationu/U againsty/82 inwhich,accordingto ~
Gruschwftz,allprofilessreto forma one-parsmeter~!ly of curves,
areobtainedby af$inedistortionoftheordinatewith u*/U andthe
abscissawith v/u52. Sincebothquantitiesu*/U ~d V/u*b2are
independentof oneanother,itmightbe expectedthat--eventhewall-
adjacentpartofthevelocityprofilewouldbecometw=parsmetricin
therepresentationu/U againsty/82.

,.,
Butthegeneralvelocitylaw,

equation(3),whichappliestothecoincidentwall-adjacentpartofthe
profilein figure4, canbe approximatedby a simplepowerlaw,(3b),
outsideofthelsminarsublayer.A powerlawwithanymutuallyunaffected
affinedistortionsin ordinateandabscissadirectionalwayschanges
againintopowerlawswiththesamee~onent~whichgivea single
parametricfamilyofprofilesinwallproxiiiity. –

Theadjoining”partofthevelocityprofile,inwhichthevelocity
variesveryslowly,1samplydefinedforgivenwall-adjacentpart.Since
thejoiningmusttakeplacecontinuouslyandwithcontinuousderivatives,

u. 1 asymptotically,andthetheprofilemustapproachthevalue ~ .

integralmust

thickness}.

However,
profilerefersonlyto theturbulentpartoftheprofileanddoesnot
includethelaminarsublayer.

be J“;( - :)d(:)=_ 1 (definitionofmomentum

thissingle-parametriccharacteristicforthevelocity

Since,by reasonof,thesingle-pgxmnetriccharacteristic,the
velocityprofilescanbe definitelyidentifiedby snyparameter,the
connectionbetweentwoprofileparametersmustbedefi&te. ThisiS
representedinfigure5 for 7 aridquantityH12~H12_beingtheratio
ofdisplacementthickness451 tomomentumthickness52. Inthis

plot,thetestpointswhichcorrespondto dissimilarpr~filesfromall
testserieslieverynicelyon onecurve(witfiexceptionofthetest
series“constantpressureand strip”;seenextsection),whichconfirms
thesingle–parametriccharacteristicinthebestconceivablemanner.

4
Displacement.thickness81.~~.;j&.”‘

t

“
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Consequently,H12 isa suitableprofilepsrameter,
isusedfrequentlyincomputationsoftheturbulent
it isnaturaltouseit inequation(9)insteadof

13

becausethisquantity
boundarylayers,m“d
Y. Therelationship

between7 and H12,representedin figure5, canbe approximatedby
theformula

which,introducedin eqyation(9),gives

Cf’= 0.246XloQ”678H12

theapproximate

x ~e-o.268

whichreproducesthedragcoefficientscf’ inrelation
parameterH12 sndReynoldsnumberRe satisfactorily.

-.

.

..

formula

(9a)

toprofile

V. SCOPEOFAPPLICATIONOFTHEESTABLISHEDCORRELATIONS

Aftertheresultsobtainedintheioregoinghaveproved-truefor
boundarylayerswithpressuregradients,thenextproblemisto check
theextentofvalidityofthederivedrelationsat anydisturbanceof
theboundarylayer.Twoadditionalseriesoftestsweremade,namely,

(e)At constantpressureandwithturbulencegrid‘

(f)At constantpressureandWithsquarestriy “

Forthemeasurementsofthefirsttestseries,a setupde-scribed
byWieghardt(reference17)wasused. A coarsescreenofmetalstrips
wasplacedbeforethetunnelnozzlewhichincreasedtheturbulenceof
theairflowconsiderably(diminutionbfthecriticalspherecharacter-
isticcoefficientUD/V from 3.75x 105to1.3x 105).Therestof
theprocedurewasthessmeas forthetestseriesat constantpressure(a).
In figure6a,themeasuredcf~ isplottedagainsttheReynoldsnumber”Re
indoublelogarithmicrepresentation.Theincreasedturbulenceofthe
outerflowhasIncreasedthefrictioncoefficientonanaverageof

10percentcomperedto theplateflow. ()
y. 2 is

In figure6b,cf’~

()
7 indoublelogarit~crepresentation,‘--plottedagainagainstRe —
70

correspondingto figure3b. Thetestpointsofthis,seriescoincide i
withthetestpointsfortheplate:1ow,thusprtiingtheapplicability
ofequation(8)tosuchintenselyturbulentflows.



14 NACATM1285 “–S

—

In contrastto thistestseries(e),wherethedisturbanceofthe
boundarylayerstartedattheouteredge,the“disturbancein series(f)
originate~atthewall. To thisendja continuouss@sre strip(13by “
13mm)wasfitted”ata distanceof x = m“”from_kheJ.eadingedgeof
thetestplate,crosswisetothedirectionofflow.Thethicknessof
theboundarylayeratthispointwasabout@ mm. Velocityprofiles
andwall-shearingstressesweremeasuredatdifferent””distancesbehind
thestrip.Thevaluesfor Cf’ arereproducedin fi~e 6q. Thetest
pointsatshorterdistficebehindthestri~~are, of c&.rse,lowerthan
forplateflow.Withincreasingdistance,“thecf~ .yaluesrisesteeply
tohighervaluesthanforplateflowanddroptowardtheendofthetest
length,butnotaslowas forplateflow.~hehighercf’ values
relativetoplateflowareattributabletotheincre~”edturbulence
causedby theseparationat thestrip.In figure6b,the cf’ values,
recomputedaccordingtoequation(8a)jarereproduced.Thefirstpoint
rightbehindthestripdoesnot fallonthecufieof‘theplatelaw,
whilethetestpointsoftheorderofmagnitudeofteriboundary-layer

-,.J ,,—

thicknessalreadyfulfillequation(8)‘6gaigunequivocally.Thereason
forthefailureofequation(8)forthefirsttestpointsliesinthe
factthatthestipulatedvalidityofequation(3)inwallproximityis
disturbedby thestrip.Thisfactisborneoutby theprofilesrepre-
sentedin figure7 inthemanneroffigurel-.Profile_No.4 isa pro=
filemeasuredcloselybehindthe,strip.A comparisonwithfigure1
indicatesthathereinwallproximity,thelaw,equation(3),isno
longervalid.Moreover,theprofileisoutsideofthesingle-parameter
family.ProfileNo.1 was~asuredintherangewhereequation(8) is
applicable”again.Notethestraightlinev~iat$onwiththeSme sb@
as infigure1 forthevalidityofeqyat+on(3).Theylateprofileof”
figure1 isreproducedforcomparison.Figure7 furt~ershowsa profile
ofthetestserieswithturbulencescreen,whichagainindicatesthe
validity,,ofequation(3)as anticipatedfromtheforegoing.

—

—

.-

Figure8 representsseveralprofiles fromthelasttestseriesfor
whichequation(8)isapplicableagain,plottedInthe~anneroffigure4,
alongwitha plateflowprofileforcomparison.Here,also,every
plottedprofilecomplieswitheqyation(3)inwallproximity.

.. —... .
Translatedby J.Vanier

—.——
NationalAdvisoryCommittee —
forAeronaut-its

,.,, . . . .:..
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