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TECHNICAL MEMORANDUM NO. 1009

THEORETICAL SOLUTION OF PROFILE DRAG*

By J. Pretsch
SUMMARY

Aftér a survey of the customary procedures for ap—
praising the profile drag in which pressure drag was dis—
counted and of the methods for computing the laminar and
turbulent friction flow, the author proposes a method by
which the pressure drag can be computed with the aid of
the displacement thickness of the frictional layer. The
method is restricted to the case where the effects, caused
by separation of frictional layer, are small. Then the
t tal profile drag can be expressed solely by quantities
derived from the velocity distribution in the frictional
layer immediately at the trailing edge. It is merely
assumed thereby that the mixing losses originating over
the short length-in the wake are negligible until the
pressure reaches its end value. The pronosed method is
applied to seven symmetrical Karman-Tréfftz profiles at
zero 1ift and varying position of transitional region.

The actual position of the transitional region is deduced
by comparison with the measured drag coefficients. Judged
by these mathematical results and the available test data
the inference is drawn that the position of the transitional
region is principally dependent upon the Reynolds number
Rey, referred to momentum thickness, but for the rest al—
most independent of the pressure gradient while being
materially affected by the degree of turbulence and sur—
face roughness; the pressure gradient becomes naturally
effective in the quantity Res; itself. This supposition
is utilized to predict the transitional region and hence
the profile drag coefficient of a smooth wing at moderate
degree of turbulence and very large Reynolds numbers

(10 "< Re < 10 ) and to compute the friction and pressure
drag. It seems as if the percent proportion of. the pres—
sure drag to the total profile drag 1ncreases with the
Reynolds number. .

*"Zur theoretischen Berechnung des Profilwiderstandes."

Reprint from Jahrbuch 1938 der deutsche Luftfahrtforscéh-
ung, pp. I 60 — I 81. .
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In conclusion the most urgent problems of the future
are enumerated, with the solution of which an improvement
in the theoretlcal proflle drag computation may be antic~
ipated. . : . R :

Notation
Velocities (m/s):

Uco flying speed

u, velocity at the outer boundary of the frictional
layer
w ‘tangential component of the velocity within the

frictional layer

v normal component of the veloc1ty within the frie—
tional layer

Lengths (m)

X coordinate of a point of the wing'ip fiight direc—
tion measured from the stagration point

v coordinate of a point of the wing in span direction

z coordinate of a point of the wing'at right anglés to
X, ¥ plane

s arc length of a point of the wing measurea from
stagnation point '

n distance from surface of wing

t wing chord .
Diax maximum profile thickness

b span | |

8, Pohlhausen's boundary'layer‘thickness

§ * displacement thickness

Y momentum thickness
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Angles:

B anglé between profile tangent and flight direction

¢ trailing edge

Pressure (kg/m=)
P static pressure
a dynamic pressure
= qn difference in dynamic pressures at the friction
layer boundary and at the point nf momentum thick—

ness

T, shearing stress

Forces per unit length of span (kg/m)
W force in flight direction

w Profile drag
Wr frictional drag

Wy Dressure drag

Other physical quantities:

. k 27
p air density _gzi__

- n J

" kg s
o8 air viscosity . —§:—1

= |

LB
. . © m2 ]
v kinematic viscosity ! 2=
[ 3 -
, - ae
E yield of a source i 22
e s
§=2
Z = 5 (s)
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Dimensionless quantities:

d maximum thickness in ratio to wing chord-
f maximum camber in ratio to wing chord -
c, 1ift coefficient

c coefficient of profile drag

Cy. coefficient of friction drag
T

Cug coefficient of pressure drag

Re = E—_t_ )
v
u, §*
Reg % = —2———
8 v
- Yo ¢ & Reynolds numbers
e_& = 5
* * e
R;.,* = E—-—-—i— : uo* :-./IQ.
° P
62 d Qo H
A= 5 s Pohlhausen's form parameter
“u(s) 17
n =1 —i-—u Gruschwitz!' form parameter
[a]
¥
g =5
S
p,o- _ 8% & ugiug 5*11/4 Nik s
1 i i L 5 | ikuradse's orm parameter
T '-uo 6*‘!1/4
T, = o | dimensionless shearing stress
2 v !
o) uo [ -
Indices:
u transitional region of friction layer

a separation point of friction layer
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I. INTRODUCTION

Division of Profile Drag in Friction and Pressure Drag

The aim of the present investigation is to cogpute
the profile drag of a wing or of any other cylindrlcal
body with streamlined profile without resorting to meas-
urements. There is no or only insignificant separation
of the friction layer on such profile forms at small an-—
gles of attack. The profile drag is predominantly skin
friction and relatively small in comparison to bodies
with considerable spread of separation. The study is
confined to such "bodies of low drag," and of these to
such with approximately two—dimensional flow.

Since on the modern high-speed aircraft the profile
drag can amount to about half of the total drag the
problem of theoretical solution is accorded great prac-—
tical significance. It is rendered difficult by the
multiplicity of effects which are able to modify the ma g-—
nitude of the profile drag. '

Whereas the induced drag depends solely on the de—
sign of the wing at full scale, that is, its contour and
its profile and is computable from the drawing beard
design itself for all flight cases, the profile drag is
also dependent upon the method of construction, such as
roughness, waviness in covering, position of rivet head
rows, flap gaps, etc., and in flight close 40 the ground
on local weather conditions, that is, the degree of tur—
bulence of the air streaming past the wing.

In order to compute the profile drag the-wing must,
in the true sense of the word, be put under theé magnify-—
ing glass, by reason of the fact that the drag is largely
induced by the processes taking place in the immediate

proximity of the wing surface, namely, in the friection
layer.

The air, by adhering to the surface of the wing be—.
cause of its viscosity, transmits a shearing stress T
to it; this stress acts, in two—dimensional flow, in
direction of the tangent to the wing profile.

-0

If, starting at the stagnation point, the arc length
is denoted with s and the coordinate of a point of the
wing in flow direction with =x, the resultant W, of

all shearing stresses in flight direction referred to unit
length of span b (fig. 1) is:
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W, = [‘j T, COS B ds = /‘- T _ dx (1)

. I% 11 I+ 11

where B denotes the angle between profile tangent and.
flight direction:and subscripts I and II indicate
that the integration from the stagnation point is to be
extended once over the suction side and once over the
pressure side. The force W, b 1is termed the friction
drag of the wing; it represents the first portion of the
profile drag.

The second lass inducing effect of the air viscosity
is the changed pressure distribution along the tetal wing
contour due to the pushing aside of the potential flow.
These losses occur even on low drag bodies, but become
especially apparent when the friction layer separates,
because it no lenger pPossesses sufficient kinetic energy
to meet a strong pressure rise of the potential flow.
Behind the separation point thé pressure actually pre-
vailing does not rise again appreciably; therefore a low—
pressure region builds up, and the wing is sucked backward
against the direction of flight.

With p denoting the statiec pressure and =z the
coordinate of a profile point at right angle to the direc—
tion of flight, the resultant .Wd 6f all normally acting
forces in #light direction, referred te unit length of
svpan b (fig. 2) 'is:

Wy o= [ P sin B ds = /p p dz | (2).

H+ II + II

the subseripts I and II having the same meaning. as in
equation (1). The force Wg b 1is termed -the pressure
drag .of the wing. :

The shearing stress Tes through which the frictional
drag is computed according tv (1) can at least be approxi-—
mated by the calculation of the friction layer. And, if it
succeeds in reducing the pressure drag to quantities that
characterize the friction layer, the problem of profile
drag reduces to that of defining the frictionm layer along
the wing. This method ig to be developed in the present
report.
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" II, PREVIOUS THEQOREMS FOR PROFILE DRAG APPRAISAL

Reduction to Profile Drag of Flat Plate

The only body on which the profile drag has been
amenable to solution is the thip, flat plate tangentially
exposed to a flow of constant speed  Ue. - Its pressure
drag is zero because all pressures are at right angles
to the direction of motion; its profile drag consists
therefore exclusively of frictional drag. To compute
this frictional drag, three cases must be differentiated
theoretically, depending upon the character of flow within
the friction layer. )

a) The flow within the friction layer past the entire
plate is laminar. In this inetance the drag coefficient
of the plate referred to the base surface is, according
to Blasius (reference 1): :

2.656 Y :
c w = —— ; P e = EE}__E ( 5 )
P v Re v
where t is plate length; v, kinematic viscosity. This
law holds true up to about Re = 5 x 10°.

b) The friction layer along the plate is turbulent.
In this case

0.91
CWP = Y- (4)
(log,, Re)""
up te any large values of Re, according to Schlichting
(reference 1). -
¢) The flow is first laminar, then turbuleht; The

transition from nne to the other takes place over a dis—
tance of finite length, but may be visualized for the drag
calculation as being localized in a point whose distance .
x from the leading edge can be defined by

. . , ,
——— ~ 5 X 10 (5)

whereby

Cyp = - ~ (e)
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likewise 'holds for any Reyﬁolds'number;'adébrding'fo“
Prandtl (reference 2). :

The simplifying assumptinn of sudden reversal signi—
fies that on the transitional distance the actual shearing
stress distribution (fig. 3,solid curve) is replaced by
the laws for purely laminar or purely turbulent friction
layer flow (fig. 3, -dotted curve), which has n» effect on
the integral value of:the drag. o '

The formulas. cited refer to the smooth plate; although
those for rough plates have also been studied exhaustively
by Prandtl and Schlichting (reference 3). Since the pro-
file drag law of the thin, flat plate of the "friction
sheet! as we shall call it for short, is known, it is ex-
plicable why it has been repcatedly attempted to estimate.
the profile-drag-of a wing, even that of an airship hull,
by substitution of an "equivalent frictinn sheet" (Jones,
Hoerner, Betz, Bock, Dryden, and Kuethe): '

The roughest approximation is obtained with Jones
(reference~4) when the wing is replaced by a just—as—fast
flying smobth plate of the same depth, the base of which
is equal tb half the total wing surface.

Hoerner (reference 5) computes the profile drag of
modern, high-speed aircraft as friction drag of likewise
identically fast but also just—as-rough friction sheets
conformal to the Prandtl—Sechlichting formulas for rough,
flat plates (reference 3).

Hoerner and Jones' approsximations make no allowance
for the relationship between shearing stress and pressure
distribution, which Betz (reference 6) had attempted to
estimate back in 1915, For, on assuming that the shear-—
ing stress T, 1s proportional to t he square of the speed
u on the outer boundary of the friction layer, the fric-—
tion drag- coefficient of the wing in ratio - to that of the -
equivalent sheet is:

c 2 .
Yrwinee o ouNT s ()
Cw plate t/ Um) %

where t 1s wing chord; u, the flying speed.

An estimation »f wing friction drag simiiar to that
by Betz is afforded in the proposal by Beck (reference 7Y,
namely, to take the flying speed of .the equivalent fric-—
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tion sheet equal to the "mean flow .velocity" past -the
wing, but fails to give general dlrectlons regardlng the
type of averaglng. :

Dryden and Kuethe (reference 8) go .a. step farther
in the appraisal of the profile drag of airship hulls,
which is mentioned here because .their method would be
equally applicable to airfoils.. The area of the ”substl—
tute plate! -is computed first, its. .width at . a glven dis— .
tance from the front edge being equal_to_half the _circum-—
ference of the airship ring at the same distance from the
nose. This "flattened airship" is cut along that "ring"
at which the reversal from. laminar to. tﬁrbulent friction
layer flow is assumed. On the forebody of the’ plate the
friction layer is . laminar, on the. afterhody, turbulent.
The profile drag of the "stern plate" Dryden and Kuethe
compute on the assumption that the flow.velocity every—
where is equal to .the sveed wus of the airship. But the
profile drag of the "nose plate" they compute on the as-—
sumnption that the speed ocutside of the friction layer

changes from one ring to the next exactly as the velocity.
U, on the airship. Then a linear theorem for the veloc—
ity distribution within the laminar friction layer enables
them to compute the shearing stress To @and hence the
drag of the forward portion of the friction sheet on the.
basis of Von Karman's momentum equation.

This method of friction sheet énalogy is noQ sub ject—
ed to a critical analysis:

a) One obvious defect is that the pressure drag can-—
not be solved at all by theoretical computa-—
tion. This defect is so much more palpable as.
the profile is thicker.

But even the friction drag 1tse1f cannot be prdperl&
determined by this method and for the follow1ng reasons:

b) The shearing stress in the 1am1nar as in the tur—
bulent zone of the friction layer is deflnltely
dependent upon the pressure.-distributicn along

" the profile contour. Dryden. and Kuethe allowed
for this in the laminar portion, ~but not in the
turbulent.

¢) The position of the transitional region depends,
according to (5), not only on the Reynolds num—
ber Re, but also on the pressure variation
and on the degree of turbulence.
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d) The angle B Dbetween arc element -and flight di-
rection is other than zéro on the airfoil;
hence the shearing stress is effective with
only one component, though on slender profiles

"the error involved is quite small.

However, the discrepancies enumerated of the charac-
teristics of an airfeil from those 'of ‘an equivalent flat
rlate may be sn pronounced as to make the application of.
the analogy between.the two very restricted.

Statistical Appraisal of Experimental ﬁesults

This meth»od consists of evaluating experimentally
secured values on . a multitude of airfsails statistically
so as to afford a practical empirical formula for ‘compu
ing the profile drag for given profile patameters, if
possible in respect to angle of attack.  In addition to
this, a couple of ‘tables from which eventual increménts
for degree of turbulence, surface condltlon, ete., could
be read off, would be desirable.

One problem found to be very deterrent in this method
concerned the extent to which model tests are at a1l com-
parable when carried out in different wind ‘tunnels, that
is, different turbulence factors, different surface finish,
and possibly different wing tip design (references 9, 10).

Moreover, this method will nnt afford any insight
1nto the mechanlsm of profile drag, perhaps in connection
with friction and pressure drag, in role of the transi-—
_tional region or the area of separation. Statistical cor—
relation of recorded total drag values will simply lead to
statements concerning the total profile drag, unless addi-
tional measurements, as, for instance, of the pressure dis-
tribution along the profile centour or of the velocity:
distrivution in the friction layer are available for each
airfoil.

Munk (reference 11) evidently in continuation of
earlier studies (reference 12) gives the following rough
rule for the profile drag coefficient

Cy_-= 0.01 + 4 -.0:1 , 1200, s01 eg” (8)

P o 16 . . . 50

where 4 and f denote thickness and éamber in ratio to
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wing chord, ¢ the 1lift:coefficient.: 3But -cwp is never

to be less than O. 006; thls minimum value defines the drag
of a plate at Re =710

Another formula by Jacobs, Ward, and Pinkerton (ref-
erence 13) obtained from measurements on 78 dlfferent pro—
files reads:

Cup T Cwp min t B owy o (9)

for symmetrical profiles (subseript s):

Cy .= 0.0056 + 0.01 d + 0.1 &° (10)
p‘S min . )

where d 1is thickness in ratioc to wing chord.
For cambered profiles of the same thickness:
- = ' + : > ’ 1
Wp min = CWp s min * Ki- K70 (11)
k 1s shown in the diagrams plotted against position and

amount of maximum camber. The angle of attack increment
A cy can also be read off from charts.
P

According to Doetsch and Kramer (reference 10) the
measurements in the NACA variable—~density tunnel, evaluated
in reference (13), yielded, because of the high turbulence
factor (critical sphere characteristic Reyp = 1.2 X 10%)
and the blunt wing tips involving an additional pressure
drag at the tips, profile drag coefficients by about 18
to 35 percent too high, So the formula (9) should afford
at best a qualltatlvely correct picture.

Very comprehen31ve is the comparison of profile drag
coefficients carried out by Glass (reference 14). He
studied the change of minimum profile drag with the
Reynolds number but disclaimed the angle of attack rela—
tion. The effect due to turbulence he dismisses as
negligible on the basis of a report by Hoerner (reference
15). This is obviously due to some misinterpretation.
Glass also ultimately reduced the profile drag of a wing
to the drag of an equivalent, identically rough friction
sheet, just as Hoerner did, but, contrary to Hoerner, he
allowed for the effect of profile parameter by a correc—
tion factor.
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Glass first div1ded the coefficient of the profile
drag inte two parts:
+ A e, (12)

c ®w plate Wy

Yp min

The first part répresents the drag of the equivalent
friction sheet with the plan form and surface condition
of the wing. The second part is a function of the geo—
metric determinative pleces of the proflle which is again
split into

A ch =8 ey, * Cyg - - (13)
Here A Cwy denotes the cumulative frictien drag "due
to surface curvature " that is, the excess of wing fric—

tien drag relative to friction drag of equivalent plate;
Cug is the crnefficient of pressure drag.

From the evaluation of extensive test data from
German, English, U.S., and Russian wind tunnels, Glass
established the fnllowing remarkable facts: '

. a) Independent of Reynolds number and airfoil shape
ig: . o _ o - B

%~ const = 0.85 (i)

This law is deduced from tests by Fage, Falkner and

Walker (reference 16) on seven symmetrical Karman-Trefftsz .
profiles, in which the pressure distribution was also
recorded experimentally. A detailed discussion on this
sub ject follows.

b) Thickness & and camber f, both referred to
wing chord, can be combined in a single geometric param—
eter, the so—called "equivalent thickness®" d*

d* = d + 0.17 f= (15)

then it is found that by given.Re, the profile drag por—
tion A cy grows linearly with -the equivalent thick-
ness d* -

JjAcwp:; K (Re) a* '  ° (16)

Division of the factor K in the product
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K (Re) = n (Re) ®uolate (Re) ~ o (17)

gives, -finally, "

. = * ‘
Cw . = C%w plate [1 + n (Re) a*] (18)
P nmin .
where cwplate can be computed by the Prandtl-Schlichting-
~ formulas, n i represented as explicit function of Re.

' Glass ‘quotes 3 x 105 <« Re < 9 x 10° as the range of
validity of his. empirical formula (18); it is the very
zone in which, on the smooth friction sheet, the flow
changes from lamlnar tn turbulent. Se the 1n1t1a1 curve
d* = 0 is exactly Prandtl's transition curve (6):

But even Glass' formula, as meritoricus as it is,
can, because of the discounted effects of turbulenceé and
limitation to minimum drag value, neither make claim to
the desired perfection nor, because of the defegtive com—
parability of the test values, even to satisfactory accu—
racy. :

In the following it is attempted to compute with
the means available the profile drag in theoretical man—
ner, by reducing its two proportions, the pressure and
friction drag to gquantities that characterize the fric-—
tion layer. Even thrugh the computation of the friction
layer which becomes necessary herewith, and that of the
profile drag is in many pecints still beset with uncer—
tainties, it nevertheless affords a valuable explanation
of the question what circumstances are primarily deci~-

sive for the drag and so peint ocut the poss1b111t1es of
- lowering the drag.

III. FRICTION LAYERS ON A WING

First we secure a qualltatlve plcture of the flow
in the friction layer of a wing. Near the stagnation
point the air stream will be laminar. Next follows a
transitional region in which the laminar flew turns tur—
bulent, then comes a distance with fully developed tur-:
bulence within the friction layer, and, lastly, the po-—
tential separation, if the pressure rise is large enough,
followed by a dead—air reginn extending from separation
point to trailing edge.
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Restricted to bodies of low drag the problem of com—
"puting the friction layer resolves itself into four
stages: . the laminar layer, the reversal point, the tur-
bulent layer, and the peint of separation. The solution
is predicated first on pressure distribution across the
body surface. . . . ‘

Pressure Distribution

- In order.to solve the profile 8rag of a wing without
resorting te measurements 1t must be possible also ta com—
.pute the pressure-distribution as i} really eccurs under
the effect of air friction. ' This is.not. always possible

to be obtained with desired accuracy. .To be sure, there
are methods to detérmine.the potential theoretical pressure
distribution on families ﬂf.profiles:(Joukowskii Karman—-
Trefftz, Betz—Keune (reference 16)) and even on arbitrarily
shaped profiles, (references 17, 18), but the measured pres—
sure distribution are not in. satisfactory agreement with
those o6btained by potential theory, especially at higher
angles of attack. On the other hand, Betz has pointed out
as far back as 1915 (reference 6) that a much better agree—
ment could be achieved if the circulation is secured from
the measured 1ift rather than from the conditimn of smooth
trailing edge flow off,. Admittedly, it results in flow

around the trailing edge and hence in excessive low pres—
sures. This obstacle has been removed recently by Pinker—

ton (reference 19) while retaining Betz' artifice, by mod-
ifying a parameter of Theocdorsen's method (references 17
and 18) in somewhat arbitrary manner. '

Later it will be shown that the actual pressure dis-—
tribution can be nbtained fram the potential theory by
iteration by first computing the friction layer for the
potential theoretical pressure distributién and then mod—
ifying it with the 2id of the computed friction layer
gquantities. 3But, in general, Pinkerton's method in con—
Junetion with empirical values will suffice.

At small positive and negative angles of attack, how—
ever, the potential theoretical pressure distribution
agrees so closely with the real to within close proximity
of the trailing edge that it can be used also as a basis.
At the trailing edge itself the theoretically resultant
pressure rise toward the.stagnation peint disappears in
fact (figs. 13 to 19). Therefore. the.pressure distribu—
tion defining the minimum value of the proefile drag can
be computed on slender profiles . without any measurement:
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Laminar Frictlon Layer
a) Pohlhausen Method
We employ .the known method of Ven Karman and Pohl-
hausen (reference 2) which has found two more recent and
critical representatlons by Prandtl (reference 2) and

Howarth (reference 21). o

Pohlhausen expresses the velocity"profile in the

,laminar friction layer in the form of a polynomial of the

fourth rank in ?:

) 4
N s NG 7 aN

1n\

n ,ﬂ
+ ay, — + ag - + as - t ag, =
° ' N \s/ *\ 5/

where n 1is distance from the »nrofile and the so-—called
boundary layer thickness § is defined by

u\ %,s> - = uo(s) (i9)

The five coefficients of the polynomial ecan be obtained
from the same number of limiting conditinns which are

secured under the usual assumption that Prandtl's boundary
equatisn

du ou - 1 op 3%u
———— . V ——— O
e Os v dn p Os * on= (20)

where p 1is air density and.Av' normal component of the
velocity in the friction layer, is rigorously satlsfied

in points n = 0 and n = §. They read
-~
52
n = §: U = Ug; EE = é_E = 0
on dn 2 v 7
3%
n = 0 .= .05V - = — uOuO”
. an 3
where ' denotes differentiatien with respect ta the arc

length. The points O < n< 8§ of the friction layer
merely satisfy the Karman integral condition of the mo-—

mentum (reference 20, equation 2).
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h

Y

. , ; _ "h g
o a
To = P Iz f (uoe_f u?) dn - o} uQ-E; jﬁ (uo—-u) dn; h )

° 0 (22)

which simply affords a statement about average speed val—
ues. o o :

If the displacement thickness 8% of the friction
layer is defined by

S o N .
8* = | 11 - — "an.- (23)

and the momentum thickness s by

- - \2 —1‘
5 =‘7‘ 202 dn (24)
- Uy Nug/ . :

the Karmapn momentum equation can then be written in the
form -

d -d
Ty, = p oy (ug®s) — 5* Eg (25) -

From the mathematical point of view it is then ap-
propriate to introduce a parameter A

18 2
A (s) = 325_, (26)

which, according to Tollmien (reference 22), may be con—
sidered as quotient of the local pressure force to loczl
friction force, From the physical point of view it would
be better to form it with &* instead of §.

Then the Pohlhausen velocity profile can be written
in the form;

N\ 4

u ’/ n )\\2 _ 12 + )\:n, .‘)\‘/ n\\2 '4 -— )\_/'-1"1\\"'3 '+ _____:_z\_/ a
w, ST EN 6§ 8 2.5/ 2 \8/ 6 \6/
(27)

wherice follows, "if ¢630595 the aif-visqgsity; the
sheéaring stress: - : - , : .
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- G NN . \
T, = n QE \ _ b pn(lz + A) (28)
L/ 6. - S
: ..bn:/An:o 8

‘the displacement thickness
B N - B (29).
.0 \10 120/ 0. :

and the momentum thickness

. L 4R _ .
'9:4 / 37 :_ A _ A '\, | - | (30)

\_315 945 9073/

Figure 4 illustrates the velocity profiles for several A
values, N = O showing, according to (26) since ug,!' = 0,
the velocity distribution on the friction sheet, X = 7.052
the velocity profile in proximity of- the stagnatlon point.
With X = — 12 is afforded, as seen from (28), the fric—
tlonless velocity profile characteristic-of the breakaway
of the laminar friction layer. For A < -—12 the ‘velocity
distributions manifest return flow near the wall - Alter—
nately, if A by great acceleration exceeds the upper .
limit of valldlty ‘range of the ‘Pohlhausen method, A 12,

the result will be physically irrelevant, bulged out dls~
tributions (K = 18).

To .single out the physically nounessential boundary
layer thickness '8 occurring in (26) to (30), a common
nonlinear differential equation must be solved, which is
obtained by 1nsert1ng (27) into (22) CWith

Z = 5. A T C(31)
v ! _ : :

this differential equation reads

42 _ £ L gz y wgn) - (32)
ds u, o ,
where
7257.6 — 1336.32 A + 37.92 A2 + 0.8 A\°
FIN) = .

(23)
213,12 — 5.76 A — A2
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© Z.84 4+ 0.8 A T
213.12 — 5.76 A — A2

(34)

and gkkj ;

The functions f(A), g(A) have been tabulated by
Howarth (reference 21) for the =12 < A < +12 wvalidity
range of the method. After defining ugs' and uy" by
graphical or numerical differentiation, the isqclinic

field %E = const can be plotted.and'in>it the integral
s

curve Z(s), if the stagnation point conditinns are ob—

served, for a given pressure distribution aleng the pro-

file and hence a given velocity distribution uo(s). If

Z(s) 'meets ‘the curve Z,(s) = — =5 at a certain s =
; ‘ Ug )
§,., the separation of the laminar friction .layer takes

place in-this profile point.

From 2(s) follows, according to (31), the beundary
layer thickness &8(s) and hence, according to (26), (28)

(29), (3n), the characteristic quantities A, Tt 8*,

and s of the laminar boundary layer, A noticeable fact
'ls that the dimensionless . A is a characteristic value

for every profile point, independent of Re = = if

the pressure distribution over the wing contour is inde-
prendent of Re, as is the case in the customary test
and flight conditions. On replacing A for 2 in (32)
a differential equation for X independent of Re re-—
sults. It follows particularly that the position af the
breakaway (A = —12) of the .laminar frictign layer is
independent of Re.

It further follows from this irrelation that the
boundary layer thickness &§; and 8z related to two

different Reynolds numbers Rel.:'EE%—Ei and Regy =
u—aoe t2 : 1
I are assoclated through
2
ugy ! 8, Ugp' 82°
A = 5T = 5 ='§onst,. .KES)
or : :
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By leaving t and V. constant while varying thg
flying speed g, : - . .
8‘ /‘u;_: - ) =
81 _ /_"_"E @)
52 uéql» . v . ‘ .. .

can be used to reduce the quantitigs TO;IS*, #, of one
speed for which they were computed with the help ?f thg
fairly cumbersome isoclinic method to another_flylng
speed, i | :

b) Note on the Pohlhausen Method -

The usefulness of the Pohlhausen approximate method
is substantially enhanced by the fact that it affords, on
the friction sheet, good agreement with the exact Blasius
method and on the circular cylinder with Hiemenz' measure—
ments, More recently, Schubauer (reference 23) measured

the laminar boundary layer on an elliptic cylinder of
ma jor and minor axis a; = 0.299 meters and az = 0,101 -

meters, respectively, by means of a hot wire anemometer,.
The direction of the impinging air stream was parallel to

the major axis, the air sveed u, = 35 meters per second.,.
Schubauer obtains from stagnation point £L = 0 to
- 2
S Ky
s < 1.832 very good agreement in speed distridbutions
2

with Pohlhausen's figures, but encounters no separation,

theoretically, for higher values of jL, whereas the ex—
a2
periment itself indicates separation at —— = 1,99,
ap

Schubauer draws the conclusion that the Pohlhausen method
is unsuitable by small pressure rise for comiubting the
separation point when this pressure rise dces not last
long. This inference is, however, inconsegquential for
our laminar friction layer on the wing; in the first
place, the laminar layer will soomer or later turn turbu—
lent anyhow, before it separates and, in the second place,.
the pressure rise lasts over a much greater distance than
on the elliptic eylinder. The good agreement of the ve—
locity profiles in the laminar friction layer with those
computed by Pohlhausen, on the contrary Jjustifies the use
of this method on the wing also.
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The question suggeésts itself whether the gquality of
the velocity profile could be improved with a polynomial
of higher than ‘fourth order and its coefficient secured
with the aid of further boundary conditions. A more ac— :
curate computation shows that a polynomial of the sixth
order gives the shearing stress on the frictién sheet to
within 1/2 percent exactness, that of the fourth order
only to within 3% percent. With polynomials higher than
the sixth order, the coefficients cease to be linear func-—
tions of A. Because the subsequent boundary conditioens
on the wall are then accompanied by differential quotients
of the coefficients with respect to s, With every such
condition containing the derivation of a new coefficient
in respect to s, the order of the differential equation
for 8 rises. On top of that, the amount of paper work
involved herewith imposes a limit to the use of polynomials
of higher order which cannot- -be exceeded even by foregoing
the compliance of higher boundary conditions on the walls
and by satisfying only these on the boundary layer limit.
By these contiguities of higher order on the border of the
friction layer the velocity profile becomes nuch more com-—
plete than it actually is.

Whether the polynomials of higher order reproduce the
actual velocity profile in every laminar friction layer
better than those of lower order is itself difficult to
decide as long as the convergence of this method is not
proved.

Lttempts might be made to find out whether formulas
for the velocity profile other than the polynomial in

§ would give more comprehensive agreement with the exper-—

iment. Kosmodemiansky's attempt (reference 24)
4 7 N
2 - pf E\-sin; U (38)
] 2 8

Qo \8/ \
s a\ '
where P(\%/} is again a polynomial does not lead any far-—

ther.-

So for the time being there is no known method for
computing the laminar boundary layer by selected pressure
distribution that is definitely superior to the Pohlhausen
method.

One simpllflcatlcn of the latter s method which may
be of some advantage in cursory computations might be



Egi s

ST

SRR R e s p

¥

NACA Technical Memorandum No. 1009 21

poin@ed ouf:jnémely,lfor'a‘speciai.¢1ass of pressure dis-—
tridbutions the .solution &§(s) . can be numerically given
without plotting of "the isoclinic_fiq%d. If

.fu 'u ’ | - S

~2_ 2% - ¢ = const ' - (39)

n,t2

the wvariables for A in (32) can be separated, It af—
fords, according to Galubew (reference 25),

4 oug . ,
Us. _ p(r)dxr (40)
Uo a(h) + ¢ »(n)

p(X), a(X), r(X) tbeing represented by the rational func—
tiong : : : '

p(A) = —213,12 + 5.76 A + A®
q(A) = —7257.6 + 1326.32 A — 37.92 A% — 0.8 A% o (41)
r(A) = —213.12 A + 1,92 A2 + 0.2 A°

Integration of (39) affords the class of the plotted po—
tential velocity distributions at
. 1

-  -1-C
uns(s) = ¢z '(l — C)s + cyl for C # 1 (42)
o -

and
uo(s) = Cges/cl for C = +1 o (43)

The integration constants c¢; and Cgl are defined by
the initial conditions

u,(sy) = uge and ug'(sy) = uggy'
For € =0 and c¢; = O, it affords the stagnation point
flow; for C = —-1, the flow with constant pressure gra-
dient; for C = +1 and c¢c,—> o, the flow on the friction
layer. K

A more careful consideration shows that it does not
suffice to replace a predetermined pressure distribution

by a polygon of straight pieces  of E~.= const (C = —1).
: . S h
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Approxlmatlng it by arcs of curves “on whlch -C° -has momen—
tarily a different value involves Just ‘a8 much’ paper work
as the plotting of the: iseclinie fleld.- So- in ofder to
g€ain a somewhat clearer insight into the laminar boundary
layer on the wing the isoclinic field of the Pohlhausen
method can hardly be spared at present

‘The Transition Point +

According to Pohlhausen the friction layer on & wing
can be computed ag it would occur if it were laminar up
to the trailing edge or at least as far as its separation
point.

But this assumption is complied with only at small
Reynolds numbers seldom encountered in practical flight.
In reality the laminar layer becomes turbulent before
reaching its separation point. When, as on the friction
sheet (fig. 3) the transition is assumed to occur abruptly
in'a point, the cardinal questien of the entire profile
drag computation arises: namely, where is this transition
point located. The reason the problem of theoretical lo-—
cation of the point is so difficult is due to the fact
that it belongs within the ambit of turbulence origin al-
together. Since, even on the.frlctlon sheet in nonvorti—
cal flow the transition peint defies computaticn on the
basis of theoretical considerations, the chances of accom—
Plishing it in an airstream with a certain turbulence and
accompanied by a pressure gradient over the arc length of
the body. are even less. Qualitatively it might be ex-—
pected that a high turbulence factor produces an earlier’
transition because at least the boundary regions are more
strongly intermingled and hence the laminar friction layer
is made turbulent from the outside. It is also suspected
that, under identical cenditions otherwise, a greater -
pressure rise proemotes an earlier transition’ since it
leads tc unstable velocity profiles, that is, those with
ascending return flow risks, and so makes the laminar
friction layer turbulent from the inside, from the wall,
Besides, the position of the transitional polnt is depend—

ent‘ﬁpon Re = E%TE, as is known from the frlctlon sheet

(equatlon (5)).

The pressure dlstrlbutlcn over a w1ng ‘at constant
angle of attack in a flow of different air speed is prac-—
tically 1ndependent of the Reynolds number in both the
suberitical and the supercritical range. At very small
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Revnolds numbers the friction layer is laminar until -
only by greater pressure rise toward the trailing edge —
it separates in a point,the location of which is inde—
pendent of Re, If the Reynolds number continues to in-
crease the friction layer becomes turbulent shortly before
the separation point is reached at a critical Reynolds

Moy b o : ‘ '. .
numbg; Rek= = which, besides the wing shape, 1is
dependeht-on the turbulence of the air stream. Transi—

tion point and laminar separation point cecoincide. The
profile drag coefficient drops abruptly because the dead
air region and hence the pressure drag is reduced by the
adherence of the turbulent frictien layer beyond the lam—
inar separation point. On further increase in Ee the
transition point travels forward toward pressure minimum.
That it can advance even before the pressure minimum has
been only rarely and somewhat uncertainly observed; but
perhaps merely the Reynolds numberg in the past test and

flight conditions are still too small to produce such an
effect.

For the usual range of Reynolds numbers therefore,
it may be sald that the transition point lies between
laminar separation point and pressure minimum., Sharper
criteria can be expected Anly on the basis of measure-—
ments at different pressure gradients and turbulence fac—
tors, which are still lacking for the present in suffi-
cient quantities.

Gruschwitz (reference 26) defined the transition
point in his plate measurements in the pressure field and
on the GBttingen standard airfoil section no, 387 by plot-—

uls) :
ting the quotient ———— against the arc length, and lo-
u . , .
cated the transition point where this quotient showed a
sudden steep rise,. On the basis of his experiments he
found that the Reynolds number : :

- 1 19 . '

formed with the laminar momentum thickness -* should, for

the transition point, lie in the region

360 < Re, < 680 (45)

Schmidbauer (reference 27) found
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500 < Rey X 790 ST (48)
on curved.surfacés, and
: 5oo < Re5‘< sso (47)

for the spec1f1c case where the transition point is ex-
actly located in the laminar separation point. Peters
(reference 28),,on.the.other hand., ebtained. the narrow
interval .. .. . . . . . :

- 600 < ReS <650 " (48)
for.. the trans1t10n n01nt on a symmetrlcal w1ng of 16.6
percent thickness:’ Rewrztlng the transition crlterlon
(5) for thefflat p1a§e to Re,, afferds.

‘Re, = =" =460 (50)

since the momentumn thickness on_ the friction sheet is,

according to Blasius: _ ] . PR
s =0,75 /2% | (42)
. 11(’0 - .

Dryden (reference 29) supposes on the basis of his ex~—
periments that on the friction sheet the transition
criterion foer 0.5 percent turbulence can be raised to
Re, = 680 and for 3 percent turbulence, lowered to

Ré ‘=210, The crlteflon (50) is lecated approx1mately
in' the center of Dryden s range.

Fage's experiments (reference.30) on Reynolds num-—-
bers in the transition point included circular cylinder,
airfoil section, sphere, and flat plate.  He defined the
transition p01nt as the place nf minimum laminar skin
friction (fig. 3). This definition is identical with
that by Gruschwitz. Fage, considering only the behavier
of the shearing stress as essential for the character of
flow and foregoing the determination of the exact form
of the wveloecity vrofile, could confine his measurements
to the wall adjacent. region with linear velocity increase ’
rather than over the total frictiecn layer width. He:
formed the Reynolds number of the friction layer with the
displacement thickness &* instead of with the momentum
thickness &8 and found that
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- . . R o 7 o uo* 8* T—-
. ' - ’ Reg* = ---—--......._; uo* - ____0_ ‘ (51)
. : , v _ o :

was not very dependent upon the body form and increased
slightly with dec¢reasing turbulence. Another noteworthy
fact is that Fage established a definite inflection in
the pressure dlstrlbutlons along the body contour on the
3 transition point, se”that the transition point can be ex—
] perimentally secured without friction layer measurement
by a very careful préssure distribution measurement.

£ N

From the widely divergent range of Rey, (fig. 5)
it is apparent that the location of the transition point
can be given as yet with very little assurance. So for
the time being at least the profile drag of a wing at a

given Reynolds number Re = E%_E should be computed for

several transition points, which means, compute Rey(s)
with the aid of the laminar momentum thickness defined

' according to Pohlhausen, and select arbitrarily several
g transition points s, from, say, the Gruschwitz range.

These transition points are the startlng p01nts of the

turbulent frlctlon layer.

The Turbulent Friction Layer

a) Gruschwitz!' Method

ST W, T O

The turbulent friction layer is computed by the ap-—
proximate method proposed by Gruschwitz (reference 26).
Like Pohlhausen in his method for laminar friction layer,
¢ -'Gruschwitz dtarts with the Karman momentum equation (ref—
¢l ‘erence 25); but rather than the velocity distribution it—
1 self he simply characterizes it by a form parameteéer n:

‘L < .
7 oo uls)

i o= 1o __-__] (52)
.. S

- & One difference existing between the laminar form

pargmeter A and the turbulent form parameter n is
that A as analytical fundtion of pressure gradient and
friction layer measurement is thecretically predictable
while the caleculation of 1 dictates other empirical
laws. ‘

Since it is necessary to forego an analytical formula




26 " NACA Technical Memorandum-No. 1009

“for the turbulenﬁ velngity profileg theﬁcélculatien of
the four friction-layer quantitieg n, 71,, §&%*, and
calls for four relatlons between these four varlables

The flrst represents Karman s momentum equatlon
(25) which, rewritten, reads: . .

T, . .- d8 1 6%\ o d ug®- ,
p uy,® ds. .. 2 2 .

u,” ds

A sécond relatisn.is afforded by the function

obtalned by Gruschw1tz from the evaluatlon of the record—
ed turbulent velocity proflles (fig. 6) : -

The thlrd-relatlon was obtairned by Gruséﬁwité from
another eguation deduced from his experimental data. He
reasoned that -the energy change of a fluid particle, mov—

ing at distance n = s from the wall, must certainly be
dependent on u(s, s), uy(s), 2(s), and v. From dimen-—
sional considerations the following form is suggested,
where g = 2 u,®:
. 2
12..@‘_‘9.112"" + }:—i—g’_' = F Re 55
. | & u0¢) +p = - o (@ n) (n, Re,) (55)

From his measurements Gruschwitz found that theée dependence
of Re, was negligibly small and the dependence of. n on

n = 0.8 expressible by a linear law:
5 d ' ; ‘
o (@ n) = — 0.00894 H + 0.00461 (56)
q ds :

With the abbreviation
amn = £ ‘ S (57)
where : £ indicates the dynamic pressure difference on the

friction layer boundary and on &, equation (56) can also
be written in the form
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T o 48 - 5.00854 f woi00461 g | (58)
7 s T OnoRPvE y mRRRESL A

"The fourth equation is lacking for the time being;
hence an estimation of Ts - is substituted.

With (53), (54), and (58) the quantities », =n, §*
can then be apprd;jmately computed as fcllows:

Karman's momentum equation (53.) is interpreted as
differential equation for 8. Posting censtant mean

. * :
values for —:;—— and - H = %— and assuming as initial

. o u,
momentum thickness of the turbulent friction layer that
having the laminar friction in the transition point the
differential equation for 4 from the transition point
can be graphically integrated by a method originating with
Czuber and described by Gruschwitz. Gruschwitz found

~—Lf— =0.002; H= 1.5 (59)

as acceptable approximation.

The first approximation for = is entered in (58)
for £ which is solved by the same method, by starting
according to Gruschwitz,in the transition point with n =
0.1, that is, £ = 0.1 q. This value of 1% in the tran—-
sition point is arbitrary to a certain extent; above all,
it corresponds in no manner to the experimental finding
according to which the turbulence ordinarily starts at high
N values. Gruschwitsz found, however, that with n = 0.1
the theoretical and experimental n -curvesagreed best at,
some distance from the transition point; for the rest, a
change in initial value does not amount to much because of
the marked convergence of the curves. According to (57)
then n(s) is obtained frem m (s). :

Reading off the wvalues of H. for. m from figure 6,

"affords according to (54) the displacement thickness & *.

This then would leave the shearing stress determination
in the turbulent boundary layer with the aid of a fourth
relation between quantities 8*, s 7n, and T o which

has not been found to the present time. Gruschwitsz
therefore attempted to define fhe shearing stress
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in the following manner: On the assumption of the 1/7
power law for the velocity distribution in the turbulent
frietion layer
\1/7
u - f{m - :
Sy, s/ .

in flows w;thout pressure gradient, that is, on the friec-—
tion sheet’ (uy = ux), the shearing stress T can be

o
represented in the form:

. 174 .
T, NN 1/24
————— = 0.0225 [ -t = 0.0225 Reg . (1)
2 . : U, 6/ :
p U,
Then ’ -
5% = L g 2 (62)
8 7A 9 ,
,/;f: —i—' T }‘\Q_'fé
A o= 2 (63)
72

according to (23), (24), and (60), whence we can also
write:

1/4 1/4

T 3 -
~_£LE = 0.01338 ReS* = 0.01256 Re,
0 Ug ,

(64)

Gruschwitz then proceeded %o compute the shearing
stress To(s) in a turbulent friction layer by arbitrary
pressure gradients, according to (64), where he entered
u,{s) and the first approximation of s(s) in this equa-—
tion.

It needs to be proved why and under what restrictive
conditions this method is justified. Nikuradse (reference
31) evolved an empirical relation between pressure gradi-—
ent and shearing stress from his measurements in water
flows with different pressure gradients (wedge flow with
varying included angle). He found that the speed distri-—
bution could be characterized by a "form parameter"

S L SO L AN L Py

1
U g ds v

= — — ——2 Re (65)
/ Ug 4= &%

Figure 7 illustrates the relation of the dimensionless
coefficient of the shearing stress
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R h a
AT‘I':"—' '-———10—— (Res*)l/

pu

(66)

with this dimensionles's parameter T'3. It will be seen
that T, increases a little at first! with increasing T
in.delayed flow (I'; > 0), but then drops rapidly.
Gruschwitz' application of the boundary layer law (64) to
flows with pressure gradients is obviously therefore
Justified for points on the wall on which I'; departs so
little ffom“zéfo'that - Ty(r;) still closely approaches
the value T, ¢(0) ‘on the frlctlon sheet,  In proximity

of the region of separation (T, = 0) this method there—
fore fails.

“In any event, Nikuradse's function T,(I';) affords
a satisfactory substitute for the still lacking fourth
condition betweéen gquantities &*, », n, and T4, thus
enabling the solution of these four factors of the turbu-
lent friction layer on the wing.

b) Comparison of the Gruschwitz' Method with Experiment

This is to be a brief examination of thé extent of
agreement of the Gruschwitz approximate soclution with

the measurements on turbulent friction layers. He him-
self checked his theory first on his own friction layer

measurements made on the flat plate in the pressure field
and on a Gottingen airfoil section no. 387: The measure-—
ments the evaluation of which he reported in his article

were carried out in the range 8.5 X 10 < Re < 2.6 X 10°.

But he also compared his theory with the Fage and Falkner
tests (reference 32) on a symmetrical Karman—Trefftsz pro—
file of 15 percent thickness, at Re = 1.7 X 108, The 1
curves agreed closely on the whole; but the theoretical

4 curve on the Karman-Trefftz profile afforded too high
values toward the trailing edge, while on the plate the
theoretical and experimental 9 curves manifested coin-
cidence in the pressure field.

Stliper (reference 33) was able to confirm Gruschwitsz
solution in flight tests at 2.82 b 106<< Re< 4.88 x 10

T
and with the same approx1mate values for *——95 and H,
) - P Yy
But here also the theoretlcal D curve toward the trail-

ing edge seems to lie on the whole above the experimental
value.
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Peters (reference 28) exploring the friction layer
on-a symmetrical airfoil of 2.3 meters chord in his check
of Gruschwitz'! theory at larger Reynolds numbers also
achieved very good agreement at small positive and nega-—
tive angles of attack, on the basis of the approximate
values (equation 59): :

——9_ = 0.0017; H = 1.4 ' (67)

The lower value of the shearing stress is evidently chosen
because of the larger Reynolds number the amount of which
is not given.

As approximate value for the shegzingistress by a
given Re the mean shearing stress 1, of the friction

sheet at the same Reynolds number Re = E%ri is generally
accepted, '
T c
—_—0 = ¥ (68)
2 4
p Uy

cy Ybeing computed from (4) or (6) depending upon the char--
acter of flow. '

But Peters' report also disc¢closes the same systematic
departing of the =+ curves toward the trailing edge by
increasing angle of- attack, which for the moment cannot
be explained; for the approximate value of To/p ugs®
plays precisely in the rear part of the wing where the
pressure gradient is great, no decisive part; on the other
hand, the wing itself remains sufficiently flat, so that
Schmidbauer's curvature effect (reference 27) can be dis—
counted. .

A further unusual fact is that Gruschwitz' H(n)
curve was confirmed by Schmidbauer :.s well as Peters.
This 1s easy t» understand since curve H(n) represents
a purely geometrical relationship.

Relations between the Parameter Shape of Laminar

‘and Turbulent Velocity Profiles

This geometric character islseen from the following:
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“In many cases the speed digt¥idbutien in the turbu-—
lent boundary layer has, while discounting direct wall
proximity where a laminar sublayer with finite shearing
stress 1s formed, apprcxlmately ‘the form of a .power law;

‘u ‘ \ k o ‘
= | 3 k=1/6, Y/7, 1/8 = 69
Then function H(n) must be given expllcit Because it

is, accordlng to (23) and (24):
5 * k

— = ——— (70)
8 k + 1..
‘{q
- = = S - (71)
8 (k + 1)(2kx + 1) .
and
5 * ' :
H=-— =14+ 2k (72)
or
2
whence, according to (52), the form parameter:
5 2k - _ H-1
nElo( 2N = _g_,_l__] (74)
5 ) L H(HE + 1) !

This function _m(H). pletted in figure 6, varies very
little from the Gruschwitz experimental curve.

. Because of its geometric nature the relation H(n) =
8% is not tied to the flow character in the friction
D - X

layer and can therefore be applied also te¢ the laminar
friction layer. According to the friction layers plotted
by the Pohlhausen method in figure 6 the parameter 0
varies little from 1 throughout the laminar range and is
therefore not properly suited for representation of the
laminar speed distributions. Gruschwitz and Schmidbauer
both secured n values of the order of magnitude of
Pohlhausen's in the cases where lamlnar friction layer
profiles were measured. '
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The P01nt of Separatlon

Undeéer a strong pregsure rise- 1t may happen that the ..
turbulent friction layer does not adhere as far as the
trailing edge but separat&'before. Gruschwitz adduced
the separation criterion : -

n = 0.8 (75)

while Schmidbauer suspected that the separation risk is
postponed to M ~ 0.9 on the assumption that the pres—
sure rise at high n is flat. Peters' findings comply
very closely with the Gruschwitz separation criterion
(75), if the 7 +values secured from the measured speed
distributions are used as a basis. The theoretical solu—
tion of n, however, affords. -inferior values in prox—
imity of the separation point; hence no separation is
at all oredictable therefron,

Gruschwitgz likewise associated the location of the
separation point with that of the transition point. The
earlier - the transition takes place the greater becomes
the turbulent boundary layer thickness in a fixed profile

voint behind the transition point. And this is accom—

nanled by a greater risk of separation; hence at constant
Ue t L,

Re = 551— the separatlon voint n = 0.8 '“moves forward

when the transition point is shifted forward. By fixed
transition point and ascending Reynolds number, on the
other hand, the separation region shifts toward the trail-
ing edge because the momentum thickness becomes less.
These two effects are superimposed on the wing in such a
way that the effect of the Reynolds number on the separa-
tion point follows as the difference of two effects, the
vrefix of which does not appear to be absolute. At small
and medium Reynolds numbers the effect of transition point
travel usually vnreponderates, that is, with ascending
Reynolds number the transition voint shifts forward, the
drag increases. But, when at larger Reynolds numbers the
transitional region is already far forward so that its
location can be looked upon as approximately constant, the
first effect disappears and the separation point shifts
backward w1th ascend1ng Revnolds number, the4dfag decreases.

Vikuradse (<ee flg. 7) also secured a senaratlon eri—
terion from his experiments, at least by extrapolation:

'y, = 0.08 ‘ (76)



A

NACA Technical Memorandum No. 1009 33

whiech is in good agreement. with the Gruschwitz criterion,
as will be, shown_later.

?; . Slnce the dynamlcal effect of the dead air region is

b to be disregarded, we possess: herewith the theoretical

. means to compute the friction layer frém stagnation point
‘ to separation point or on thin profiles as far as the

LI trailing edge.

Iv. METHOD OF PREDICTiNG‘THE PROFILE DRAG FROM
THE GHARACTERISTIGS OF THE FRICTION LAYER

'l. Frlctlon Drag

bt ST

The friction drag is determined according to (1) by
the variation of the shearing stress Tor» Which itself
is a characteristic quantity of the friction layer.

3 . Karman's momentum equation (25) represents a general
‘ relation between T,, 8%, and s. If the two character—
istic lengths §&6* and a4 could be computed without re-—
course to the Karman equation, this would afford the pos-—
sibility of computing the shearing stress and so, the
friction drag. Integration of the shearing stress result—
ing from the Karman momentum equation along the profile
surface gives the friction drag per unit length of span:

™ . d :
Wy = To Cos Bds =-p[u02ﬂ cos BJI+II—_JF Sfag cos Bds
I+11 I+11 (77)

77

The - subscrlpts under the 1ntegral signs. again denotlng in-
tegration from stagnation point with respect to suction
side and pressure side, and the subscripts on the square
brackets the correspondlng values of the bracketed trail—
ing edge term.

In the lamlnar friction layer the shearing stress can -
be approximated by the Karman-Pohlhausen method. But in
the turbulent layer whére only equatinns (53), (54), and
(58) are available for defining 8%, a, 0, and Ty an
estimation of the shearing stress 11, has to serve as

fourth equation. ¥For the solution of = and- - 8§* the
uncertainty of T , plays no great part, since these gquan-—
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tities generally are not: very dependent on . Tos but 1n
the determination of the friction drag the’ uncertalnty '
of the g, appra1sal is 31gn1f¢cant according to equa—

tion (64). A rellable solutlon of T,. and hence of ‘the
profile drag pould be,secured it . T, could be tied in

with the form parameter 7, as on the laminar friction
layer. S

_ 2. Pressure Drag

The pressure drag of a wing has been determlned up
to now by plotting — according to (2) — the pressure p
against the coordinate =z of the profile pointsnormal te
the direction of flight and defining the area of this
pressure distribution. However, as has been pointed out
by Betz (reference 6), the theoretical uncertainty of this
method is that this area consists of comparatively large
positive and negative parts, as a result of which the
pressure drag is obtained as difference of two doubtful
values of the same order of magnitude. This defect has
been - -subsequently substantiated from various sources (ref-—
erences 34 and 35). -

A methcd is therefore develecped which is amenable to
the theoretical solution from the frictien layer quantities
and obviates this uncertainty. Strictly speaking, we con—
fine ourselves to the case where no separatioa occurs in )
the friction layer; hence the pressure drag is exclusively
due to the fact that the adhering friction layer pushes the
potential flow away from the surface to the amount of the
displacement thickness 6%*. But if separation.occurs, the
effects of these separated air balls on the wing must be
taken into consideration, according teo Betz (36), As long
as the separation is insignificant, these reactions are
-minor and the pressure drag can then still be estimated,
at least approximately.

The line of reasonlng of this method is as follows
(fig. 8):

Visualize a flow past the surface which is friction—
less, but with the same’dlsplacement of gstreamlines in
relation to potential flow as occurs on the natural fric—
tion-encumbered flow. This displacement is. effected by
superposing a source on the surface. With this superposi-
tion of source flow on the original potential flow a new
potential flow with the same pressure distribution as the
actual flow is obtained. -
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The control area on which the force equilibrium is
to be analyzed, is then defined as follows: Place a -
skin G at equal distance 6% around the wing T, §*
itself being defined by (23). This skin represents, as
it were, the surface of the displacement water through
which no fluid of the source flow passes any longer. On
the trailing edge this skin is closed off by a plane EH
at right angle to the direction of flight. The pressure
and momentum on the closed control area formed by T, G,
and H are now analyzed, "With D denoting the resultant
in flight direction stemming from the pressure forces and
that produced by the momentum with I, must follow:

Dp + Ip # Dg + Ig + Dg + Iy =0 : (78)

Area G having been chosen so that no momentum passes
through, it is therefore

Ip = 0 (79)
whence the pressure drag of the wing follows at:

—Dp = Dg + Dy + Ip+ Iy (80)

T

The solution of the momentum entering through the
wing surface and plane H at the trailing edge must be
preceded by the determination of the source superposition

on the wing surface. At a selected point s = s, of the

wing profile the fluid volume wu,6* 1is displaced per unit

length of span per unit time. At s = so + ds this vol-

4 § *

ume amounts to uOS* + —i%ﬁ;—l ds. Hence the displacement
%

by the friction layer per unit time is greater by ii%ﬁ?—l

at s = s, + ds than at point s,. This fact can be in-—

terpreted as if on line s = s, 1in span direction a source

had been superposed with a yield per unit length of span of:

- d (ug8 *)

dE -2 ds S (81)
ds o . . .
Hence the momentum‘per'unit.pime-entering at s =-s,, the
region bounded by 42”G’ and H, .amounts to -
| L a(ugs®)
dIp' = —0 uy 4 B = — $§ uy ——2—= ds (82)
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where entering.impgiées»are negative, transported impulses
are positive. The total impulse passing through the wing
surface is h

IT|.=-__p /uo E_(E.Q.i..l ds _ (83)

Ip=—p ' Uy ———2——= cos B ds = ?p u_ ——02-—s dx (84)
411 I+11

Through the plane at the trailing edge .the momentum
Ty' = pluoy B1 tUog . Brpl = plusy Blpyg: (85)

is transported, where w4 are the potential wve-—

. Ug
Hr Err
locities at the trailing edge on suction and pressure side
and EI’ EII the corresponding source yields:

S palugs®) R
E, = ———— ds = u §*
T j ds [u] HI HI
I
> (86)
. Jp d(uos*) .
I = [ e ds = u - 8
I ds ° I:J.I HII
I1 B -
Its component in flight direction is
Iy = o [u, g2 Bp* cos B ' (87)
H = p [ H® 8y z{%+II :

with BHI’ BHII denoting thg.aggle between profile tan—
gent and flight direction at the trailing edge.

In order that the . pressure drag DT may beée coemputed,

the pressure force on area G and plane H must be de-—
fined. The first follows from Bernoulli's equation at

D, = 2 [ (u2 = u. p%0s p)6.*] (88)
HT 3 % o & HUH “1011



<m§§

\

e R T R S T b e e

NACA Technical. Memorandum MQ¢_1009 .37

. The second from the argument: The continuation of
area G placed at distance &* around the wing, beyond
the trailing edge as area -5 so that its width is every-
where equal to the displacement thickness &* of the
dead—air region, does not alter the potential flow out—
side this surface nor, hence, the pressure distribution.
However, G and S represent a so-called conoid on
whiech the resultant pressure force of a potentlal flow
‘is known to be- zero, thatlls, it affords. Dg + Dg = 0
or 4 . , .

'DG = DS e , (89)

With 28* (see footnote) denoting the width of the wake
body at any point and p the pressure, the pressure
force in the wake flow becomes

8 .. _
Ds=2fpd5*' -~ (90)
%
Su
where 2 8; is the displacement thickness for u, = u,.

Therefore the disolacement uhlckness in the wake
with respect to the outside pressure must be established.
It can bte assumed approximately that over the short
distance in which the vressure abates to its final value,
no apwreciable energy changes take place in the wake,
so that each particle is merely subject to the accelera—
tlon due to the pressure differences. Then to each
stream fillament Bernoulli's equation

%(Ug - ug®) = § (- u, ) spg-p ' (91)
can be applied and hence the wake configuration u(n)
at every other place in relation to the prevailing pres—

sure computed from the ve1001tv profile at the trailing
edge u. (nH)

The velocity profile in the friction layer at the

. trailing edge might be approximated by the power law

) : nH\ ‘
g = ug H(GH; | (92)
It is 28*= §;*+ 8™, where &%, 8;;* indicate the
proportions of the wake displacement thickness, emanating
from the friction layer flows at suction and pressure

side; on the trailing edge itself ’28H*= Bﬁ * + SH * .
’ II

I
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To simplify matters it is assumed that the flew is
almost symmetrlcal “that is, thé”éame on pressure:side
and suction side. The exponent "k and  the bcundary layer

thlckness SH- follew from the dlsplacemenﬁ thlckness SH*
and the momentum thickhess s on the trailing edge, ac—

cording tc_(?O)_and_(73),
Equatlons (91) 'and (92) afford first the wake veloc—

ity on a stream filament which on the tralllng edge is
by ny distant from the w1nv surface

Y 2 2, .2 ’ . / Ug- \ ‘
u ‘/uo T Yo S *¥pg Yo H AunH/) =1 +<~—> . (93)

By given u, it affords in the center of the wake
bady (n = ng = 02):

7 vs \P
Up = U4 g v/(“;i;/' 1 (94)

The general cdordinatidn of n and 'nq, 'which first

defines the velocity profile u(n) and thei the displace-
ment thickness &* of the wake, is found in the continuity
egquatiosn: : ?

(95)

when sﬂarting from n = O,: we proceed. step Py step from
one streamline to the next.

For k=1 and k = 1/2, " u(n) can even be cbtained

by sQuaring. With the abbreviaticn
u _ . .
-9 = v - (96)
uog _

equation (95) glves for k= 1:

2 n J“““ (o7

Yo H ; H

‘5*

- - l-+€a/ ya.;~1'+12;/(ya +uj; -2 © (98)
8H* LY e . e . i uy2 . . e
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c .
- (Y® -~ 1) 1n Lff::::: S ¥R a1 *"".\] (99)

S g
The curve of half the wake body width o is shown
H .

platted agalnst V”ffbf_'k = 1, 1/2, 1/4ﬁvana.-1/8.'in
flgure 9 - .. N

Furthermore with the pressure in‘th; sectien of
width 2 8* at

%
i
n|o

P - ,‘uO H z
(= u®) = Eudj1 —(—" vz} (100)
' L NI

the pressure drag DS exerted en the wéke follows from
(90) at: .

8
. . . _ *
- ‘ 6*- o . )
H
Factor Q is illustrated in figure 10. Exponent k cor-

responds to Gruschwitz' parameter 7 because of (74),
according to the table:

B 71/2- ' 1/4 1/8

n [0.973 | 0.833| 0.633 | 0.454

, Heqce}vwith“the,iptegral in IT partially integrated and

angle . B disregarded, equations (80), (84), (87), (88),
(89), and (101) glve the- pressure drag at ' :

'\
) _dp u . 7
. R \\\ ds - \uo H / - ,.J.
I+1I ‘ o

L

|
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or,’with the abbreviation,

\l!( _____> (._E?B_\ (1 - Q) - LI (103)

. ap 4 o
— * = —_ *
wd_fa dsdx YVpu, gy (104)
I+11

finally:

Herewith the calculatien of the pressure drag has been re-—
duced to that of the displacement thickness &%, that is,

to a friction layer quantity. According to figure 11, fac-
tor VY is little dependent on the shape of the velocity
profile at the trailing edge, but mere on the ratin
u

o H

Y o | .
Additioen of (77) and (104), with angle B disregard-
ed, approximates the profile drag WP of the wing to

X .
W~ putg(2ey = Vo™ (105)

Equation (105) permits particularly the reductien of
the profile drag measurement in practice to a friction
layer measurement on the trailing edge and therefore rep—
resents a welceme supplement to the Betz momentum method
(reference 37).

But for purely theoretical solution of the tetal
profile drag, equation (105) is still inapplicable for the
present, because its principal constituent is the friction
drag, and this will continue until the momentum thickness
# in the turbulent part of the friction layer can be de-—
termined without approximate assumptions on the shearing
stress T,.

So, for the time being, the procedure of defining the
profile drag will have to consist of computing as
well as §8* aleng the profile sontour with the methods
described in chapter III and then of the friction drag
with (1) and the pressure drag with (104).

Before proceeding to the practlcal application of
the proposed method, we wish to point out how the method
may be employed to solve the real pressure distridbution
from a given potential pressure distridbution, by itera-
tion.
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Starting from the. potential pressure - distridbution,
we. compute with it the. displacement..thickness -§*; ‘the
curve having the distance &8* 'from the initial profile
represents a new profile contour whose potentlal pressure
distribution is obtained by transformation on the ecircle
and presents a first approach to the actual pressure dis—
tribution of the initial profile. .Then the displacement:
thickness .8*  for this pressure distribution is .computed,
affording a new profile contnur, ete.

Now the developed method is being used to define the
profile drag coefficient on the seven symmetrical Karman—
Trefftz profiles studied by Fage, Falkner, and Walker
(reference 35) in symmetrical flow.

V. APPLICATION TO THE SOLUTION OF PROFILE DRAG OF SEVEN
SYMMETRICAL KARMAN-TREFFTZ PROFILES IN SYMIIETRICAL FLOW
These profiles were chosen because their profile drag
and pressgubte distrivbution was recorded at 6.58, 10.76,
15.7%2, 19.¢, and 24.25 meters per second air speed; besides

friction layer data for one were available (reference 32).

Thickness and trailing edge were so defined as to

locate the maximum thickness at 1/3 wing chord. Then
0, 0p |
K= e (106)
2 a : .

according to Glauert, but .in Betz' method of identifica=
tion (reference .16), where , defines the trailing edge

P = KT - _ . (107)

and

:e=-.—l§—3‘§.2‘ P o (108)

the thickness. The actual chord of the models ‘in the

tests was smaller by 952 percent than the thecretlcal
€

chord; the trdailing edge was rounded off. The form param-
eters are given in table 13 the profiles themselves (fig.
12) are replicas of those’ in - Téference (35).
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< TABLE 1.,—.PROFILE PARAMETERS

Profile| ¢ K. . (di j'tfhéor téétudl Dm?x a
' ' €8/ L (n) (m) - (m) ‘ '
1 0.03331(0.0167 | 3 - l1.462 | 1,375 |0.0756 [0.0551
2 L0667 | .0333 | 6 1.51 | 1.465 .1524]..1040
3 D1 .05 9 1.03 1.009 .152 .1506
4 .1429) .0714 |12.9 L7475 .736 .1524 | .2069.
5 .2 .1 18 ,564 .559 .1524 | .2726
6 .25 .125 |22.5 .47 .466 .1524 | .3270
4 -, 2331 .1667 |30 .373 .371 .1492 | .4025

is ’
The kinematic viscosity of air/computed from the
English data on Re, uw, and &, at v = 1.48 X 10”°
square meters ‘'per second,. ’ '

From the pressure distributions plotted in figures
13 to 19, it is seen that, apart from profile 2, the-dis-
tributions vary so little and with ascending Reynolds num-—
ber so uhsystematically from one - -another that the theoret—
jcal distribution, even on thick strut sections, may be
looked upon as satisfactory up to 80 percent of the chord.

With the aid of the theoretical pressure distri-—-
bution the laminar friction layer was computed for the
lowest wind speed of u, = 6.58 meters per second ac-—
cording tc the Pchlhausen method. As direct graphical
result of the isocline method, figure 20 shows the val—

2
ues of —-EE = é\j‘Re (
t t/

arc length up to the value where the theory'stipulates
separation in laminar friction layer. In figure 21, the

see (31)) plotted against the

location of the separation peint %% ¢cf the laminar
layer is plotted against prefile thickness &, along
with the correspcnding values for symmetrical Joukoewski
profiles according to Kesmodemiansky (reference 24) and

the separaticn peint for the circular cylinder (d = 1)

by Hiemenz / apz N

and the circular cylinder Kd = ;0" 0.358) by Schubauer.
; - SR el N

From % the Pohlhausen boundary layer thickness
§ can be obtained with (31), so that the characteris—
tic quantities of the laminar frictien layer X, 8%, s
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~and T, (figs. 'éz‘ to 24) cah be compited froem (26), (28),

(29),”and”(80)" ‘The corrésponding values" of 6*, 3, and
Tohfor Ve = 15,32 meters per second and- - 24.45°

"meters per. second wind speed, as afforded from (37) by N

conversion from the values for‘fum 6. 58 meters per sec—

‘ond’ are shown ind1v1dually 1n flgures 25 to 36

“.Fgrrthe select;on of the tran31tion p01nts the

;. Sl C PRt A .S . R
Reynnslds number Re19 = E%—- was plotted against the. arc
length wlth speed __as parameter, and then several

.points chosen arbltrarlly from Gruschw1tz' quoted Re, =

range.

‘Figures 25 to 36 illustrate the momentum thickness
8,- the form parameter n, and the displacement thickness
§* in the turbmlent friction layer conformal to Grusch—
witz!'! solution for profiles 1, 3, 5, and 7 and air speeds
U = 6:568, 15.32, 24.45 meters per second at different

transition point locations. Before the transgition points
are the values of the laminar frictinon layer obtained by

Pohlhausen theory.

That s and &8* in the transitien point are com—
puted identically is due to the fact that the basie val-
ue n = 0.1 in the transition point defines a value of

N , P . _
H = 87 ~ 1. It is known from experimént that the dis—

9

placement thickness on the trangition point frequently
grows very rapidly almest discontinuous. Since the amcunt
of this discontinuity cannot be computed,quite apart from
the fact that the 7n values immediately behind the tran-—
sition point are themselves uncertain, the curve of &%
over a certain distance behind the transition point is:
not accurately determinable. For the calculation of the
pressure drag the laminar displacement thickness was
therefore continued with a somewhat arbitrary curve up

to the more safely defined 6% values in the rear por—
tion of the profiles.:  These connecting curves are not
shown. '

As ‘the characterlstlc quantltles in the fturbulent

U b
frlctlon layer cannot- be reduced from one Re = 57;~.

to another, they must be graphlcally and numerlcally de—
fined for each Reynolds number.
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‘The momentum thlckness 4 in the turbulent layer
is seen to grow so much more- at constant wind speed as
the separation occurs earlier. It is also apparent that
the form parameter 'm at.some distance from the transi—
tion p01nt is not substantially affeeted by a displace—
ment of the transition point:nor by the Reynolds number.
It may therefore be -asserted that, in the range of Re
considered here at least, the- region ‘of separation of the
turbulent friction layer on the wing is 1tself not very
prof oundly affected by the Reynolds number (fig. 37), as
suspected, in faet, by Lyon (reference 38); it is like-—
wise apparent. from the experimental pressure dlstrlbu—
tions whose departure from the theoretical pressure dis—
tribution afforded a first rough estimation of the loca-—
tion of the separation point.

Figure 37 further discloses the forward shift of
the region of separation x; with growing profile thick—
ness, : : o '

~ An unusual fact is that the séparatlbn criteria of
Gruschwitz (75) and Nikuradse (76) yiéld the- separatlon
point at the same place (fig. 38). .

In figures 39 to 50 the values of the shearlng stress
———= are shown for three. wind speeds plotted agalinst %

for laminar and turbulent frictien layer. The values of
the turbulent friction layer were throughout ccmputed
according to (64). Tec illustrate the manner in which the
shearing stress diverges from that of the frictilon sheet
it was als%o plotted for the same Reynolds number Re =

t .
5%;— . This estimation yields, on the whole, too low

drag values.

The shearing stress distribution on proflle 3 at

W, = 24.45 meters per secocnd wind speed (fig. 48) reveals

a good agreement of the thearetlcal values of To with
those obtained from the friction layer measurements (ref-—
erence 32).

From the shearing stress curves, which at greater
profile thickness must.be modified so as to make this
stress disappear in the separation polnt of the turbuleént
friction layer, the friction drag is obtained by itera-
tion accerding to (1). Because the drag portions of
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suction and pressure ‘side are equal asg a result of flow
symmetry, the frlctlon drag coeffi01ent reads.-

In figures ' 51 to 57 this doefficlent Cwp is shown

x .
plotted agalnst the coordinate _?% of-the transition

voint for all seven profiles at vérying'ﬁind speeds,
along with the experimental fric¢tion drag factors of
Fage, Falkner, and Walker after subtracting the pressure

drag from the weighed total drag at ¢, = O, Since the

transition point of these tests is not known, exceot for
profile 3, its location was deduced conversely by plot—
ting the experimental Cy, value on the theoretical

' x
curve for cy, -?5) . As the wind speed increases the

transition peint on all profiles moves forward, but with-
out overstepping the pressure minimum. On profile 3 and

at u, = 24.45 meters per second the experimentally de—
fined transition point is located at xu/t = 0.24 com-—
’ X
pared with 7} = 0.27 for the experimental Cy value
r

in figure 53. TFigures 51 to 57 further contain the co-—
efficients of the equivalent friction sheets accordin
to Betz' and Jones' approximation (sec. II) where X,/ %
is to be computed by (5). Gomparlson discloses that
Betz! equation (7) already gives a very good replica of
the friction drag for medium wing thickness.

The pressure drag coefficient fellows from (104) at
.
~ 8* u d Uo Y\ x\ I '
. o o\, 0 H\
c = - 4 — 'a — ‘__. 2 U
wd j t Uewd s/t ( <t/ v \u (110)
5 . e
A careful study discloses that the pressure drag

‘coefficient also drops by constant Reynolds number if

the transition point is left to shift backward, although
this relation is too insignlflcant to warrant graphlcal
representation. Figure 58 shows the theoretlcal and ex—
perimental pressure drag plotted against profile thick-
ness at three wind speeds; the agreement is satisfactory
as long as the friction layer does not become s=parated.

The consistently slightly lower theoretical preéssure drag
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values are likely to be due to the fact that- the Grusch-—
witz solufion yields unusually high moment and-displace-
ment thickness values toward the trailing edge, as has
been pointed out, Figure 59.shows the change in pressure
and friction drag by constant Reynolds number, as - copied
from reference (35),

In conclusion, it can be stated that with the avail-
able data on the flow in the friction layer, the profile
drag. can. be aponroximately computed, provided the location
of the transition point is accurately known.

VI. GENERAL CONCLUSIONS

As shown in secticn V, the location of the transi-—
tion point is of decisive importance for the theoretical
solution of the profile drag. Since the available data
for a positive identificatiocn of this point are inade— -
quate, the available experimental findings in conjunction
with the results of the present calculation are smpleyed
in an attempt to find this point even if only very rough-
ly. . ' .

The suspicion that the location of the transitisn
Dolnt is related with the pressure distribution over the
surface of the body suggests the study of relaticnship

: Uy 9 : o
of Reynolds number Rey = ~%;~ in the transition point
" - N . . - - - . ' "19 . .
with the dimensionless quantity - %;2 in the transi-
' fL , 2 48 :
tion peint. Gruschwitz (reference 26) labored on.a so—

lution of thig problem but was unable to establish a re-—
lation between the two guantities. Fage (reference 30)
also merely found that the Reynolds number ReG* =

* N
;/EE %; in the transition point is not very much depend-—-
P : . A

ent on the pressure distribution.

Therefore, assuming that the compariscn of the ex—
perimental frictlon drag factors on the thin Xarman—
Trefftz profiles o»f Fage, Falkner, and Walker (reference
35) with our theoretically computed values, gives the lo-—
cation of the transition point conformal o figures 51
to B7 suff1c1ent1y accurate affords addltlonal data for
exploring the relation of Rey in the transiticn point

’ . 8 . o ., A
and —— QEEQ in the transitionr point. The satisfactory
Ug
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Taceliracy 6f ouf caleculatinsd may -bé ‘consideréd proved by

the fact that on profile 3 the'éfﬁefiméntaIIY‘defined
transition point (reference 32) yiésfaﬁ.'xu = 0.24't
against our Xy = 0.27 % o o

Flgure 60 111ustrates how on-: proflles ‘1 te 6 at

varying wind speed the dlmensionless quantlty

s d ug '
—~ ~—~— ———= changes with Re19 over the profile contour,

U.ods
the intersection points of the curves w1th the Re,
axis defining the pressure minima on the profile. &Each
curve shows the point in which, according to figures 51
to 57, the transition ocecurs. Also shewn are -the corre-—
sponding values in the transition points obtained by
Gruschwitz and his test series IV, V and airfoil section
no. 387 at a = 12°, those by Stiiper (reference 33) for
his test series I to IV, and those by Fage and Falkner
(reference 32) on proflle no. 3.

It is evident that this multiplicity of points es—
tablishes no definite relationship between Res and.

$ 4 u .
—— ———2 in the transition pocint, But it is startling

u, 4 s

that the pressure gradient ig apparently gquite unimpor-—
tant as far as transition is concerned and that the value
of Re19 is largely decisive., All the Re, values of
the transition points are within Dryden's range of 210 <
Rey, < 680 (fig. 5). The reason the "street" of the Rey

values is so wide may have its basis in the different
degree of turbulence of the air stream and the different
surface roughness, Small Rey; values in the transition
point signify high turbulence or considerable roughness,
large Re19 values, low turbulence and smooth surface.

If our vpresumptien that, the Eransition point is in-—
dependent of the pressure gradient and merely affected by
turbulence and roughness is correct, then the transition

point must also be able to shift before the pressure mini-
mum by constant turbulence and given roughness, when the

Reynolds number Re = = is large‘énough. For, from
(36) follows that
Rey Re. o
2 _ 2 (111)
Req Rel
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in a fixed profile peint. From the test data availabdle
this fact has been scarcely recognized whence the general
opinion that the transition point did not shift beyond
the pressure mininmum, The present analysis at any rate
makes 1t plausible that the pressure minimum does not
form such a boundary for the transition point and that
the reason such a location cculd not be satisfactorily
ascertained is solely due to the too low Reynolds numbers

R VPN A
Re = —=—< of the experimental material.
v . :
A test at Re = 107 made in the meantime appears
to confirm this assumption. Gruschwiftz' measurements

ranged between 8.5 x 10" < Re < 2.6 X 10°%, Stiiper's
between 2.8 X 10° < Re < 4,9 X 109, and Fage, Falkner,
and Walker's between 1.7 X 10% < Re < 2.4 x 10°,

Figure 61 shows 'Re, plotted against the arc length
of profile 4 for five different Reynolds numbers. The
lowest three curves represent the Fage, Falkner, and
Walker test series at - u o= 6.58 meters per second, 15.32
meters per second, and 24,45 meters per second.

- The transition points obtained with the criterion
(50) He, = 460 are located behind the pressure minimum.
But by a tenfold or 2 hundredfold increase of the lowest
Re the criterion Rey = 460 would bring the transition
points before the pressure minimumn.

in conclusion, our presumption that the transition
point is simply characterized by a certain Re, value
which itself is dependent upon turbulence and roughness
is to be used to cempute theoretically the behavioer of
the profile drag at much larger EKeynolds numbers than
ever reached in the test. DBase the transition criterion
by moderate turbulence on the condition of, say, Re,6 =
460; then the transition point, and hence the turbufent
friction layer, can be computed with the aid of the
laminar momentum thickness, The calculation, involving
the profiles 1 to 4, consists in ascertaining the two
portions of the profile drag at Reynolds number exactly
1/10 or 2/10 percent larger than the lowest experimental

Reynolds numbers Remin used by Fage, Falkner, and

Walker. ©Since at this divergent Reynolds number Grusch-—
witz' approximate assumption (59) for T, can no longer
be used to compute the turbulent friction layer, the new
average values
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are computed according'terquations (6) and (68).

It appears that at large Reynolds numbers the pres—
sure drag coefficient drops but very little wilth increas-
ing Re, while the friction drag coefficient continues
to decrease uniformly. Because of it the percent portion
of the vpressure drag would rise considerably with ascend—
ing Re. This shift of the portion of friction and pres—.
sure drag with inecreasing Re would also favor the most
appropriate shape of the wing to the extent that with as—
cending Re a decrease in pressure drag becomes increas—
ingly more important, that is, more slender profiles
would have to be used with increasing Reynolds number.

In order to be able to remove the uncertainties still
afflicting the present calculations the principles of the
theory require a still better explanation in some points;
the most urgent problems are:

1. A more definite identification of the location
of the transition point

2. A more reliable arithmetic method for solving the
shearing stress in the turbulent friction
layer

3. Clarification of the discrepancy between experi-
mentally and theoretically defined momentum
thickness in the turbulent friction layer near
the trailing edge.

Not until these prodlems have been solved satisfac-—
torily will it be possible to compute the profile drag
of a wing in purely theoretical manner with the necessary
accuracy.

The drag preportions for the four profiles then are:




Reiein 1 10 100
Profile 1 2 3 4 1 2 | 3 i "1 2 3 .' 4
oy 0.0052 0.0065 0.0082 0,0084 _0.0066 0.0069 0.0077 0.0084 {0.004 0.0044 0.005 o’.0056
W, .0012 ,0023 L0026 .004R .0006 ,0011 .0013 ,0019 | .0O005 ,0008 .0011 .0016
Weot .0064 .0088 .0108 0132} .0072 .008 .009  .010% '.o_ou5 .0052 .0061 .0072
de 188 L2611 .21 .363 | ,083 ..137 .1lh L1k J111 - .154 180 .222 .
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