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igXX FBICTIOlfAL RESISTABCE LAW 3'OR SMOOTH PLATES* 

By F. Schultz-Grunow 

SUMMARY 

Zrom measurements  i n  t h e  f r e e  boundary  l a y e r  of a 
p l a t e  t h e  l a w s  g o v e r n i n g  t h e  v e l o c i t y  d i s t r i b u t i o n  a n d  a 
ndw r e s i s t a n c e  law a r e  d e r i v e d  which ,  by i n c r e a s i n g  
3eynold . s  number Rex a f f o r d  l o w e r  r e s i s t a n c e  v a l u e s  t h a n  
t h e  l o g a r i t h m i c  l awr  The t r a n s v e r s e  v e l o c i t i e s ,  t h e  s h e a r -  
i n g  s t r e s s ,  a n d  t h e  m i x i n g  p a t h  p r o f i l e s  were  a l s o  d e f i n e d .  

The a p p l i c a t i o n  of t h e  l o g a r i t h m i c  l a w s  of v e l o c i t y  
d i s t r i b u t i o n  f o r  t u r b u l e n t  p i p e  f l o w  ( r e f e r e n c e  1 )  t o  t h e  
f r e e  f r i c t i o n  l a y e r  had  a f f o r d e d  a r e s i s t a n c e  l a w  which ,  
a f t e r  minor  changes  of t h e  e x p e r i m e n t a l  c o n s t a n t s  c o n t a i n e d  
i n  t h e  v e l o c i t y  d i s t r i b u t i o n  laws, c o u l d  be b r o u g h t  i n t o  
s a t i s f a c t o r y  agreement  w i t h  t h e  p l a t e  d r a g  measu remen t s ,  u p  
t o  t h e  h i g h e s t  Bex numbers. 

i i e v e r t h e l e s s ,  t h i s  a p p l i c a t i o n  c o n s t i t u t e s  no more 
t h a n  a n  a p p r o x i m a t i o n  f o r  t h e  s t i l l  unknown v e l o c i t y  d i s -  
t r i b u t i o n  i n  t h e  f r e e  f r i c t i o n  l a y e r ,  f o r  t h e r e  i s  no c o g e n t  
n e c e s s i t y  f o r  a n  i d e n t i c a l  v e l o c i t y  d i s t r i b u t i o n  i n  t h e  
p i p e  and on t h e  p l a t e ;  one o a y  o n l y  s u r m i s e  t h a t  t h e y  d i f -  
f e r  s l i g h t l g  from one a n o t h e r .  A s i d e  f rom t h a t  t h e  p l a t e  
d r a g  measurements  ( r e f e r e n c e s  2 and 3)  a r e  n o t  c o m p l e t e l y  
s a t i s f a c t o r y ,  s i n c e  t h e y  were a c h i e v e d  w i t h  c o m p a r a t i v e l y  . 
s a a l l  t e s t  p l a t e s  on which t h e  a s s u m p t i o n  o f  p l a n e  f l o w  i s  
n e t  o n l y  i n  t h e  ne ighbor3ood of  t h e  p l a t e  l e a d i n g  edge  o r  
e l s e  o b t a i n e d  on n o t  c o n p l e t e i y  h y d r a u l i c a l l y  smooth p l a t e s  
( r e f e r e n c e  4 ) .  I t  t h e r e f  o re  seemed d e s i r a b l e  t o  e x p l o r e  
t h e  v e l o c i t y  d i s t r i b u t i o n  i r i  t h e  f r e e  f r i c t i o n  l a y e r  and 
t o  check  t h e  d r a g  measurements.  

*"Beues  Reibungswiderstanasgeseta f i i r  g l a t t e  P l a t t e n .  11 
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I ? o t a t i o n  

x d i s t a n c e  from p l a t e ' l e a d i n g  edge  - c o o r d i n a t e  of 
p l a t e  l e n g t h  

y wail d i s t a n c e  

z c o o r d i n a t e  of p l a t e  w i d t h  

1 m i x i n g  p a t h  

u v e l o c i t y  i n  d i r e c t i o n  x 

- 
u nean  v e l o c i t y  i n  f r i c t i o n  l a y e r  

U f l o w  v e l o c i t y  

v v e l o c i t y  i n  d i r e c t i o n  y 

T s h e a r i n g  s t r e s s  

T o  w a l l  s h e a r i n g  stress 

p d e n s i t y  

v * =  r a t e  o f  s h e a r i n g  s t r e s s  

6 f r i c t i o n  l a y e r  t h i c k p e s s  

6 * =  ( 1 - a )  dy d i s p l a c e m e n t  t h i c k n e s s  

0 S 

19 = /$ (1 - g )  dy moment*'. t h i c k n e s s  

-- 0 
'T c f I =  l o c a l  d r a g  c o e f f i c i e n t  

P - u 
2 

- 
Cf - t o t a l  drag c o e f f i c i e n t  

P a - u x  
2 

u k i n e m a t i c  v i s c o s i t y  
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u x  I Iiex = - 
- V J  + i i eynolds  numbers 

- u 6  Re6 - - 1 

I 

The measurements  were t o  be  made i n  t h e  t u n n e l  s o  
a s  t o  i n s u r e  g r e a t e r  a c c u r a c y ,  w h i l e  a t  t h e  same t i m e  t h e  
c o n d i t i o n s  on f r e e  s u r f a c e s  were t o  be  p r e s e r v e d ;  i . e . ,  
no p r e s s u r e  d e c r e a s e ,  and  a f r e e  f r i c t i o n  l a y e r ,  which  
means t h a t  t h e  f r i c t i o n  l a y e r  i s  f o l l o w e d  b y  a p a r a l l e l  
f1o.w w i t h  c o n s t a n t  v e l o c i t y  d i s t r i b u t i o n .  A newly e r e c t e d  
e x p e r i m e n t a l  a r r a n g e ~ i e n t  f o r  a i r  o p e r a t i o n  was employed. 
I t  c o n s i s t e d  e s s e n t i a l l y  of  a b l o w e r - o p e r a t e d  t u n n e l  of 
r e c t a n g u l a r  s e c t i o n  ( f i g .  l ) ,  t h e  l o w e r ,  h o r i z o n t a l l y  
p l a c e d  7:~all of  which c a r r i e d  t h e  s u r f a c e  t o  be e x p l o r e d .  
The a s p e c t  r a t i o  of t h e  c r o s s  s e c t i o n  was chosen  w i t h  a 
v i ew t o  p l a n e  f l o w  i n  t h e  median zone of t h e  h o r i z o n t a l  
s i d e s .  The t u n n e l  h e i g h t  was s o  chosen  t h a t  t h e  o p p o s i t e  
f r i c t i o n  l a y e r s  were  a lways  k e p t  s e p a r a t e  by t h e  n u c l e a r  
f l o w ,  t h a t  i s ,  t h e  zone of u n i f o r m l y  d i s t r i b u t e d  s p e e d  U 
i n  f i g u r e  1, and t h u s  produced  f r e e  f r i c t i o n  l a y e r s .  The 
u p p e r  w a l l  of  t h e  t u n n e l  was h i n g e d  and  a d j u s t a b l e  s o  t h a t  
a n y  p r e s c r i b e d  p r e s s u r e  d i s t r i b u t i o n  a n d ,  f o r  o u r  p u r p o s e s ,  
a l s o  a p r e s s u r e  e q u a l  t o  the  o u t s i d e  p r e s s u r e  c o u l d  be  ob- 
t a i n e d  t o  w i t h i n  1 / 2 0  m i l l i m e t e r  a l c o h o l  a c c u r a c y .  The 
t u n n e l  h e i g h t  t h e r e b y  i n c r e a s e d  i n  f l o w  d i r e c t i ' o n  a c c o r d -  
i n g  t o  t h e  p r o p o r t i o n a l . . g r o w t h  of  t h e  d i s p l a c e m e n t  t h i c k -  
n e s s  a t  t h e  wa l l s . .  Th i s  made t h e  c o n d i t i o n s  i n  t h e  t u n n e l  
t h e  same a s  on f r e e  s u r f a c e s .  

Tha t  t h e  f l o w  i n  t h e  median zone o f  t h e  t e s t  p l a t e  
i s  i n  f a c t  p l a n e  c a n  be  seen on t h e  v e l o c i t y  p r o f i l e s  i n  
f i g u r e  2 p l o t t e d  a g a i n s t  the  l o g a r i t h m  o f  t h e  w a l l  r e s i s t -  
a n c e  y ,  as r e c o r d e d  i n  a  p l a n e  a t  r i g h t  a n g l e s  t o  f l o w  
d i r e c t i o n  and  e x p e r i m e n t a l  w a l l ,  i n  t h e  t u n n e l  c e n t e r  
( z  = 0) and  250 m i l l i m e t e r s  t o  t h e  l e f t  (z = -250) and  
r i g h t  ( z  = 250)  of i t  a s  viewed i n  f l o w  d i r e c t i o n .  The 
intermediate p r o f i l e s ,  which were  a l s o  r e c o r d e d  and l i e  i n  
t h e  sa,:e r a n g e  of s c a t t e r i n g ,  have  been  o m i t t e d  f o r  r e a s o n s  
o f  c l a r i t y .  

To make s u r e  t h a t  t h e  t r a n s i t i o n a l  r e g i o n  was d e f i -  
n i t e l y  s i t u a t e d  on t h e  p l a t e  l e a d i n g  e d g e ,  t h i s  edge  w a s  
g r e a t l y  c u r v e d ,  and ,  t o  i n s u r e  t h e  f o r m a t i o n  o f  a new 
f r i c t i o n  l a y e r  on i t ,  a s l o t  was p r o v i d e d  below t h i s  edge  
t h r o u g h  which t h e  f r i c t i o n  l a y e r  of t h e ' b l o w e r  chamber 
w a l l  e x h a u s t e d  ( f i g .  1 ) .  
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RES ISTBYCE MEASUREMENT 

There  were two ways of measu r ing  th,e f r i c t i o n a l  r e -  

s i s  tance.  The momentum l o s s  d / u(U - u ) d y  c o u l d  b e  
ax 'L 

0 

d e t e r m i n e d  from t h e  measurement  of t h e  dynamic p r e s s u r e  
o v e r  w a l l  d i s t a n c e  y a t  d i f f e r e n t  d i s t a n c e s  x from 
t h e  p l a t e  l e a d i n g  edge and  t h e  w a l l  s h e a r i n g  s t r e s s  T o ,  
t h e n  conpu ted  from t h e  momentum e q u a t i o n .  

O r  t h e  f r i c t i o n  c o u l d  b e  weighed d i r e c t l y  on a r e c t a n g u l a r  
t e s t  p l a t e  z a u c t e d  movably i n  a s e c t o r  of t h e  p r i n c i p a l  
p l a t e .  The l a t t e r  n e t h o d  p r o v e d  more a c c u r a t e .  A s i r ~ i l a r  
method had a l r e a d y  been  u s e d  e l s e w h e r e  ( r e f e r e n c e  ' 3 ) .  The 
a r r ange -zen t  i s  i l l u s t r a t e d  i n  f i g u r e  3. The t e s t  p l a t e  
r e s t s  o n  a n  arm i n  f l e x u r e  p i v o t s  F r o t a t a b l e  a b o u t  a 
v e r t i c a l  a x i s .  The w e i g h t  i s  t a k e n  u p  by a f l o a t  S. 
A s i d e  from t h e  moment of t h e  f r i c t i o n  f o r c e  a n  o p p o s i t e  
moment i s  a p p l i e d  i n  t h e  h i n g e  by a w i r e  D s t r e s s e d  i n  
t o r s i o n .  The w i r e  can  b e  t w i s t e d  w i t h  t h e  hand whee l  un- 
t i l  i t  b a l a n c e s  t h e  moment of t h e  f r i c t i o n  f o r c e  and  t h e  
s c a l e  arm i s  i n  t h e  n e u t r a l  s e t t i n g ,  w4ich c a n  be  r e a d  
o p t i c a l l y .  The t o r q u e  f o r  t h e  r e l a t e d  t w i s t  was c a l i b r a t -  
e d  s o  t h a t  t h e  f r i c t i o n a l  f o r c e  and  h e n c e  t h e  l o c a l  r e s i s t -  
a n c e  cou ld  be a s c e r t a i n e d ,  T h i s  a r r a n g e m e n t  i s  p r a c t i c a l  
o n l y  i n  our  c a s e ,  where t h e  p r e s s u r e  i n  t h e  t u n n e l  i s  t h e  
same as i n  t h e  o u t s i d e  s p a c e .  I n  a n y  o t h e r  c a s e  t h e  s l o t s  
i n  t h e  s e c t o r  n e c e s s a r y  f o r  t h e  f r e e  movement of  t h e  t e s t  
p l a t e  m z n i f e s t  f l o w s  which p roduce  uneven  s u c t i o n  and  p r e s -  
s u r e  on t h e  p l a t e  edges  and  f a l s i f y  t h e  measurement .  

Three s u r f a c e s  were  e x p l o r e d .  S u r f a c e  A w a s  a 
b u i l t - u p  plywood p l a t e  of  25 m i l l i a e t e r s  t h i c k n e s s ;  s u r f a c e  
B, t h e  p u t t i e d ,  p o l i s h e d ,  and  l a c q u e r e d  s u r f a c e  of a h i g h -  
p o v e r  me ta l  a i r p l a n e ;  and s u r f a c e  C c o n s i s t e d  of  s e p a r a t e ,  
1 . 5  m i l l i m e t e r  t h i c k  m e t a l  p a n e l s  a r r a n g e d  a s  i n  f i g u r e  4 ,  
f l u s h  r i v e t e d  on a ' 1 . 5  m i l l i m e t e r  t h i c k  m e t a l  p l a t e .  The 
whole  w ~ s  f a s t e n e d  w i t 1 1  c o u n t e r s u n k  wood s c r e w s  t o  a b r a c e d  
plywood p l a t e  a n d ,  w i t h o u t  p r i o r  p u t f y i n g ,  g i v e n  a smooth 
camouf lage  c o a t .  
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Surface>.-  The momentum, d i s p l a c e m e n t ,  and  f r i c t i o n -  
l a y e r  t h i c k n e s s  o b t a i n e d  f r o n  t h e  v e l o c i t y  measurements  
a r e  r e p r o d u c e d  i n  f i g u r e  5. The n e x t  q u e s t i o n - . w a s  
w h e t h e r  t h e  z e r o  p o i n t  of t h e  d iagram c o u l d  be  p e r m i t t e d  
t o  c o i n c i d e  w i t h  t h e  ~ ; l z t e  1-ding e d g e ,  b e c a u s e  t h e  l e a d -  
i n g  edge  of t h e  t e s t  p l a t e  was of  f i n i t e  t h i c k n e s s  a n d  
was rounded  o f f .  Only a minor c o r r e c t i o n  was d i s c l o s e d  
by r e c z l c u l a t i o n  o f  t h e  p l a t e  l e n g t h  f rom t h e  f r i c t i o n -  
l a y e r  t h i c k n e s s  o b t a i n e d  i n  t h e  f o r e m o s t  t e s t  s e c t i o n  
( x  = 0.25 m) by t h e  o l d  power l a w  ( r e f e r e n c e  5), which  
a t  small  Beyno lds  numbers c o r r e s p o n d s  t o  r e a l i t y  q u i t e  
w e l l .  

The nonentum t h i c k n e s s  9 can  be t i e d  t o  t h e  d r a g  
c o e f f i c i e n t s  t h r o u g h  e q u a t i o n  ( 1 ) .  I t  a f f o r d s  w i t h  t h e  
e q u a t i o n  f o r  9: 

s o  t h a t  t h e  d r a g  c o e f f i c i e n t s  can  be  d e t e r m i n e d  from t h e  
measu red  monentum t h i c k n e s s .  But t h i s  d e t e r m i n a t i o n  was 
f o u n d  Lo be  n o t  a c c u r a t e  enough. The s c a l e  measurements  
shown i n  f i g u r e  6 a r e  much more a c c u r a t e .  A c u r v e  1 i n ?  
c l u d e d  f o r  compar i son  r e p r o d u c e s  t h e  r e s i s t a n c e  law ( r e f -  
e r e n c e  1 )  o b t a i n e d  w i t h  t h e  l o g a r i t h m i c  v e l o c i t y  d i s t r i -  
b u t i o n  l a w  f o r  f l o w  i n  p i p e s ,  c u r v e  I 1  t h e  o l d  power law 
( r e f e r e n c e  5) a n d  c u r v e  111 a n  e m p i r i c a l  sys t em of formu- 
l a s  ( r e f e r e n c e  5). 

o b t a i n e d  f rom a l l  t h e  p l a t e  measurements  made up  t o  t h a t  
t i m e .  

I t  may b e  men t ioned  t h a t  ( 3 a )  and  t h e  s o - c a l l e d  
S c h l i c h t i n g  a p p r o x i m a t e  f o r n u l a  ( r e f e r e n c e  1 )  

0.455 ' 

C f  = 
2.58 

( l o g  Re,) 
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which r e f e r s  t o  cu rve  I a r e  p r a c t i c a l l y  -in a c c o r d  w i t h i n  
o u r  r ange  of e x p e r i m e n t a t i o n .  

F i g u r e  6  m a n i f e s t s  a  s y s t e m a t i c  d e p a r t u r e  of t h e  
e q u a l i z i n g  c u r v e  IV of o u r  measurements  from c u r v e  1 t o  
t h e  e x t e n t  t h a t  t h e  new measurements  g i v e  l o w e r  d r a g  
c o e f f i c i e n t s  a t  l o g  Rex = 7.2 f o r  i n s t a n c e ,  t h e  v a l u e s  
a r e  4 p e r c e n t  lower .  A t  any  r a t e ,  s u r f a c e  A proved hy- 
d r a u l i c a l l y  smooth under  t h e  c o n d i t i o n s  of our  measrue- 
ments. 

A s  t o  t h e  a c c u r a c y  of t h e s e  measurements  i t  s h o u l d  
be added t h a t  t h e  t e s t  s u r f a c e  was s l i g h t l y  wavy, s i n c e  a 
t e c h n i c a l  s u r f a c e  was invo lved .  Even though i t  d i d  n o t  
show up as r o u g h n e s s ,  t h e  p l a t e  n e v e r t h e l e k s  m a n i f e s t e d  
a r e a s  where t h e  edges  of  t h e  t e s t  p l a t e  s t o o d  o u t  o r  back  
a l i t t l e ,  t h u s  i n d u c i n g  s l o t  f lows .  But t h e  e f f e c t  of  

I t h e s e  f l o w s  c o u l d  be n u l l i f i e d  by t h e  d e s i g n  of  t h e  l e a d -  - 
i n g  and t r a i l i n g  edges  of t h e  p l a t e  shown i n  f i g u r e  3. A 
0 - 1 - m i l l i m e t e r  v e r t i c a l  d i s p l a c e m e n t  of t h e  p l a t e  on t h e  
s c a l e  produced a 1.5 p e r c e n t  change i n  f o r c e .  S i n c e  t h e  
p l a t e  h e i g h t  c o u l d  b e  a c c u r a t e l y  a d j u s t e d  t o  0.1 m i l l i -  
m e t e r ,  t h i s  p e r c e n t a g e  i s  t h e  d e g r e e  of t h e  t e s t  accuracy .  

On s u r f a c e s  B and C t h e  a c c u r a c y  was s u b s t a n t i a l l y  
l e s s .  F i r s t ,  because  t h e  t e s t  l e n g t h  was o n l y  2 m e t e r s  
i n s t e a d  of 6  m e t e r s ;  t h e n ,  no s u i t a b l e  p r e s s u r e  o r i f i c e s  
c o u l d  be p r o v i d e d  on t h e  s u r f a c e s  w i t h o u t  c a u s i n g  i n t e r -  
f e r e n c e ;  hence  z e r o  p r e s s u r e  c o u l d  n o t  be  r e l i a b l y  ob- 
t a i n e d ;  and l a s t l y ,  t h e  edges  of t h e  p l a t e  c o u l d  n o t ,  
w i t h o u t  d e s t r o y i n g  t h e i r  s u r f a c e ,  be sha rpened  i n  t h e  
r e q u i s i t e  manner s o  a s  t o  minimize t h e  e f f e c t  of t h e  s l o t  
f l o w  p r o p e r l y .  Thus a 0 . 1 - n i l l i n e t e r  v e r t i c a l  d i s p l a c e -  
ment of t h e  t e s t  p l a t e  had a l r e a d y  y i e l d e d  a 6 - p e r c e n t  
change i n  f o r c e ,  and s o  i t  may b e  s t a t e d  m e r e l y  t h a t  t h e  
t e s t  v a l u e s  s c a t t e r e d  a round  t h e  power l a w  and t h a t  t h e  
s u r f a c e s  a r e  l i k e w i s e  h y d r a u l i c a l l y  smooth w i t h i n  t h e  ex- 
p l o r e d  r a n g e  ( t o  Re, = l o 7 ) .  

VELOCITY DISTRIBUTIOIT 

The laws  o f  v e l o c i t y  d i s t r i b u t i o n  i n  t h e  f r e e  f r i c -  
t i o n  l a y e r  a r e  d e r i v e d  from t h e  s a n e  p o i n t s  of v iew a s  
f o r  p ipe  f low ( r e f e r e n c e  1 ) .  There  a r e  two such  l aws  

( r e f e r e n c e  7 ) .  one f o r  w a l l  p r o x i m i t y ,  t h e  o t h e r  f o r  t h e  
r ema in ing  zone of t h e  f r i c t i o n  l a y e r  ( r e f e r e n c e  1). The 
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f i r s t  r e s u l t e d  from t h e  f a c t  t h a t  i n  w a l l  p r o x i m i t y  t h e  
w a l l  a i s t ~ ~ n c e  i s  t h e  c h a r a c t e r i s t i c  q u a n t i t y  f o r  t h e  
f l o v  a t t i t u d e .  I t  i s  e x p r e s s e d  w i t h  

F o r  r i o t  t o o  c i o s e  w a l l  p r o x i m i t y  i t  i s  

u yv* 
7 = A l o g  y + B 

where  a and B a r e t  u n i v e r s a l  c ' o h s t a n t s  and d e f i n e d  f rom 
t h e  t e s t .  The second l a w  s tems from t h e  argument  t h a t  t h e  
eimii itu.?.e of t h e  f l o w  a t  g r e a t e r  w a l l  d i s t a n c e s  i s  s o l e l y  
def i i i ec?  by t h e  p i p e  r a d i u s  ana t n e  f ~ - i u i , i u i i  12;':" t _ k _ ; . ~ b n p . s s  
6 ,  r e s p e c t i v e l y .  Here i t  a f f o r d s  

On t h e  p i p e  f 2  c a n  be f a i r l y  app rox ima ted  from (5b )  ; 
h e n c e  t h e  w a l l  p r o x i m i t y  law J a y  be e x t r a p o l a t e d  o v e r  t h e  
p i p e  rad ius .  The v e l o c i t y  measurements  i n  f i g u r e s  7 and 
8 ,  i n  f a c t ,  d i s c l o s e  t h a t  the  t e s t  p o i n t s  i n  w a l l  p r o x i m i t y  
and  i 3  1 ~ 2 1 1  & i s t a r i c e ,  r e s p e c t i v e l y ,  form one c u r v e .  T h i s  
i s  p ~ ~ t i c u l a r l y . s o  i n  f i g u r e  8 a c r o s s  t h e  e n t i r e  t e s t  
r a n g e  ~ i t h  e x c e p t i o n  of t h e  t e s t  p o i n t  c l o s e s t  t o  t h e  w a l l .  
I n  t h i s  p l o t  t h e  t e s t  p o i n t s  n e a r  t h e  w a l l  t e r m i n a t e  i n  a 
~ t r a . i ' ~ h t  l i n e ,  a s i g n  t h a t  t h e  l i n e a r  w a l l  law (5b) i s  
a p p l i c a b l e ,  as  i s  p l a i n l y  s een  i n  f i g u r e  7. The c o n s t a n t s  
h e r e  assume t h e  v a l u e s  

s u b s c r i p t  P d e n o t i n g  t h e  p l a t e .  The p i p e  t e s t s  on t h e  
o t h e r  hand ( r e f e r e n c e  1 )  had g i v e n  

* T h e s e  . v a , l u e s ,  corres .pond t o  a v e r a g e  v a l u e s  of s n a l l e r  and  
l a r g e r  3e;rnolds numbers used a s  a  b a s i s  f o r  t h e  d e t e r m i n a -  
t i o n  of t h e  l o g a r i t h m i c  r e s i s t a n c e  law.  For  l a r g e  Reynold-s 
n.:l!:ibers t h e  v a l u e s  hR = 5.84 and  aR = 5.52 a r e  b e t t e r .  
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I n  t h e  c a l c u l a t i o n  of t h e  l o g a r i t h m i c  l a w  of p l a t e  
r e s i s t a n c e  ( r e f e r e n c e  1 )  w i t h  e q u a t i o n  ( 5 b )  t h e s e  c o n s t a n t s  
were modi f i ed  t o  

s o  a s  t o  a f f o r d  agreement  w i t h  Kempf's exper iments  ( r e f e r -  
e n c e  3). T h e r e f o r e ,  d i s c o u n t i n g  t h e  minor d i s c r e p a n c y  
i n  t h e  e x p e r i m e n t a l  c o n s t a n t s  t h e  same w a l l  p r o x i m i t y  law 
a s  i n  t h e  p i p e  i s  a p p l i c a b l e .  However, f i g u r e  8  shows i n  
t h e  w a l l  d i s t a n c e  even more t h a n  i n  p i p e  f l o w  a  d i s t i n c t  
d e p a r t u r e  from t h i s  law,  t o  t h e  e x t e n t  t h a t  t h e  t e s t  p o i n t s  
d e f l e c t  downward from t h e  s t r a i g h t  l i n e  i n  o r d e r  t o  r e a c h  
t h e  a b s c i s s a  b e f o r e  t h e  s t r a i g h t  l i n e ,  I n  t h i s  i n s t a n c e  
t h e  a p p l i c a t i o n  of t h e  p i p e  f low t o  t h e  p l a t e  a f f o r d s  
t h e r e f o r e  a l e s s  good a p p r o x i m a t i o n ,  f o r  t h e  s t r a i g h t  l i n e  

u - u  
g i v e s  - = 0 a t  a  t o o  l a r g e  a b s c i s s a  v a l u e  a n d ,  s i n c e  

v* 
t h e  f r i c t i o n  l a y e r  t h i c k n e s s  i s  d e f i n e d  w i t h  t h i s  va lue ,  
t h i s  t h i c k n e s s  was computed a  l i t t l e  t o o  h i g h ,  t h e  momen- 
tum l o s s  t o o  g r e a t  and hence a  d r a g  a  l i t t l e  t o o  h igh.  
T h i s  e x p l a i n s  t h e  d i s c r e p a n c y  of o u r  d r a g  measurements 
from the l o g a r i t h m i c  r e s i s t a n c e  law. 

F igure  8 shows, a s  h a s  been ment ioned,  a u n i v e r s a l  
r e l a t i o n s h i p  w i t h  y / 6  n e a r l y  th roughou t  t h e  e n t i r e  t e s t  
r a n g e .  Only t h e  t e s t  p o i n t  n e a r e s t  t h e  w a l l  d i v e r g e s  and 
t h e r e b y  m a n i f e e t s  t h e  v i s c o s i t y  e f f e c t  i n  t h e  immediate 
p r o x i m i t y  of t h e  wa l l .  The range  of t h e  y / 6  r e l a t i o n  
i n  t h e  i n d i v i d u a l  t e s t  s e r i e s  f l u c t u a t e s  between 0.0039 <_ 

Yl v  < 0.02,  t o  which v a l u e s  l o g  -r = 1.2  c o r r e s p o n d s  
6 
t o  s u b s c r i p t '  1 d e n o t i n g  t h e  l i m i t  of v a l i d i t y .  In  t h e  
p r e s e n c e  of t h e  s m a l l n e s s  of y1/6 i t  i s  q u e s t i o n a b l e  
whether  i t  i s  p e r m i s s i b l e  t o  c o n t i n u e  t h e  s t r a i g h t  l i n e  
i n  f i g u r e  8 as far  a e  t h e  wa l l .  The q u e s t i o n  g a i n s  i n  
impor tance  i n  t h e  subsequen t  d e t e r m i n a t i o n  of  t h e  r e s i s t -  
a n c e  :,law, because  of t h e  r e q u i r e d  i n t e g r a t i o n  over  Y O  
I t  i s  t h e r e f o r e  checked on t h e  i n t e g r a l s  

1 1 

f ( )  fa2 ,  (5). w i t h  t h e  curve i n  f i g u r e  8  

- 0 0 

i t  a f f o r d s  
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To check t h e s e  v a l u e s  a g a i n s t  t h e  t e s t ,  bg t r a n s f o r m i n g  
w i t h  ( 6 )  t o  

- v , s  d e t e r m i n e d  w i t h  t h e  c o n p e n s a t i n g  c u r v e  I T  o f  f i g -  
,, * v - 

u r e  6 ,  a c c o r d i n g  t o  t h e  r e l a t i o n  (f )' = 2cf I .  The 

i n t e g r a l s  s u b s e q u e n t l y  o b t a i n e d  i n  f i g u r e  5 a r e  g i v e n  i n  
+ h e  + ~ h l p -  They v a r y  v e r y  l i t t l e  from t h e  c o n s t a n t  mean 
v a l u e s  which a r e  i n  comple te  agreement  w z z n  tilt: pi-~-;T;"~zl: '  
s e c u r e d  v a l u e s ,  s o  t h a t  t h e  e x t r a p o l a t i o n  as f a r  a s  t h e  
w a l l  i s  d e f i n i t e l y  p e r m i s s i b l 3 .  2 f i th  t h e s e  d a t a  t h e  re -  
l a t  i o n s  f o r  t h e  d i s p l a c e m e n t  and nomenturn t h i c k n e s s  fo l ' lows .  
f rom ( 7 )  a t  

RES ISTASCE LAW 

A t  f i r s t  i t  might  be t h o u g h t e x p e d i e n t  w i t h o u t  r e g a r d  
t o  t h e  e s t a b l i s h e d  v e l o c i t y  d i s t r i b u t i o n  t o  r e t a i n  t h e  
l o g ~ r i t h m i c  r e s i s t a n c e  l a w  and t o  b r i n g  i t  i n t o  a c c o r d  
w i t h  t h e  compensa t ing  cuve IV of f i g u r e  6 by s u b s e q u e n t  
change  of t h e  c o n s t a n t s  AR, BR. But t h a t  i s  n o t  p o s s i b l e ,  
a s  i t  n e r e l y  would a f f o r d  a p a r a l l e l  s h i f t  of t h e  o l d  
c u r v e  I ;  whereas c u r v e  IV has  a d i s t i n c t l y  d i f f e r e n t  i n -  
c l i n a t i o n  and hence  would r e q u i r e  a  r o t a t i o n  o f  c u r v e  I 
a l s o .  

Zlle new p l a t e  r e s i s t a n c e  law i s  t h e r e f o r e  d e r i v e d  
f rom e q u a t i o n  ( 1 )  on t h e  b a s i s  of ou r  u n i v e r s a l  v e l o c i t y  
d i s t r i b u t i o n  ( f i g .  8 ) .  The f u n c t i o n  f a  may b e  i n t r o -  
duced  i n  (I), s i n c e  i t s  e x t r a p o l a t i o n  as f a r  as t h e  w a l l  
h a s  proved p e r m i s s i b l e .  I t  a f f o r d s  w i t h  ( 7 )  
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a n d ,  wi th  t h e  above v a l u e s  f o r  t h e  i n t e g r a l s ,  a f t e r  r e p l a c -  
i n g  x ,  6  :Rex, Re6 : 

2 
d  v* (5) = -[.., d Rex (3.34 - 21.4($)')] (8) 

v* 
A s  f o r  t h e  two unknown f u n c t i o n s  7, Reg f o r  which 

a r e l a t i o n  i s  n e c e s s a r y ,  i t  may be s t a t e d  t h a t  t h e  v e l o c -  
i t y  d i s t r i b u t i o n  can be t i e d  i n  w i t h  y/6 as w e l l  a s  
yv* - as p r e v i o u s l y  i n d i c a t e d  on e q u a t i o n s  (5) and (6). v ' 
S p e c i f i c a l l y  t h e  r e l a t i o n  

a f f o r d s  from i t s  i d e n t i t y  t h e  d e s i r e d  r e l a t i o n  

? v*6 - =  a,+ a2 + b  l o g -  
v* v 

w i t h  a  = a l  + aa. 
Bow t h e  t a n g e n t  of t h e  v e l o c i t y  d i s t r i b u t i o n  i n  a  

p o i n t  o f  t h e  w a l l  a d j a c e n t  v i s c i d  f l u i d  l a y e r  i s  t o  be ex- 
p r e s s e d  by (91, a and b  b e i n g  t e m p o r a r i l y  l e f t  unde- 
f i n e d  and t h e s e  c o n s t a n t s  l a t e r  s o  chosen t h a t  t h e  r e s i s t -  
ance  law o b t a i n e d  a g r e e s  i n  two p o i n t ,  t h a t  i s ,  a t  two Rex 
numbers w i t h  t h e  e x p e r i m e n t ,  t h a t  i s ,  t h e  compensat ing  
c u r v e  I V  i n  f i g u r e  6. So. r a t h e r  t h a n  make a n  approximate  
assumpt ion  abou t  t h e  v e l o c i t y  d i s t r i b u t i o n  i n  d i r e c t  w a l l  
p r o x i m i t y ,  a c e r t a i n  t a n g e n t  i s  p i c k e d  from ou t  of t h e  

U YV" U - - v* ( )  O r  , v *  f 5) , r e s p e c t i v e l y .  t h e  d e t a i l e d  
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E q u a t i o n  (10) w r i t t e n  i n  ( 8 )  g i v e s  t h e  d i f f e r e n t i a l  
e q u a t i o n  

* 
f o r  and hence  f o r  c f V ,  s i n c e  = 2 .  Abbrevi-  v u 
a t e 2  i t  a f f o r d s  w i t h  

v h e n c e  by d i f f e r e n t i a t i o n  

and b y  s e p a r a t i o n  o f  v a r i a b l e s  

.'o 
The i n t e g r a t i o n  a f f o r d s  

q 

whence t h e  lower  i n t e g r ; , t i o n  l i m i t  on t h e  r i g h t - h a n d  side 
i s  2 x 3.34%" + 21.4 b + 21.4, The v a l u e  from t h e  numeri-  
c a l  e v a l u a t i o n  ranged a t  a round  100, w h i l e  t h e  u p p e r  i n -  
t e g r a t i o n  l i m i t  l i e s  a t  l o 7 ;  i n  cot lsequence o f  which t h e  
lover l i a i t  can b e  sucnarily d i s r e g a r d e d .  Then t h e  s o l u -  
t i o n  reads: 
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which expresses our new resistance law, namely, the rela- 
tionship between c and Re. Now the constants b and 
B are so defined tiat (11) agrees with the experimental 
curve in two points. 

This occurs when 

and so defines our tangent in the viscid fluid layer, with 
the exception of its position, since the velocity distri- 
bution in this immediate wall proximity is without effect 
on the momentum integral. 

With the previously cited values of b and B it 
afforded agreement not only in the two points with the 
compensating curve IV of figure 6, but practically through- 
out the intermediate zone as well, thus furnishing an add- 
ed proof of the universal validity of the obtained velocL 
ity distribution laws, and so permits an extrapolation of 
our resistance curve to any Reynolds number as exemplified 
in figure 9 as far as Rex = 2 X lo9. The logarithmic law 
is also shown for comparison. 

The total resistance coefficient cf was numerically 
defined from figure 9  with the relation 

readily derived from (2). It is reproduced in figure 10, 
along with the logarithmic law and the old power law. The 
departure of the logarithmic law is quite noticeable at 
the highest Rex. 

The approximate formulas for the tao new resistance 
< 10 are as follows: laws covering the range 10 < Rex - 

C ' =  0.370 ' 

f (log Bex) 2 . 5 8 4  

0.427 

(-0.407 + log ~ e ~ )  2 . 6 4  

They-correspond to the form of approximate formula proposed 
by Prandtl (reference 1) 
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m - -.--- 
Cf - n 

(log Re, + p )  

with which three points can be n a d e  to agree exactly and 
which was used also in the derivation of (4); p itself 
was found to be practically equal to zero in the deriva- 
tion of the c f l  fornula, as in the derivation of ( 4 ) .  

SEZAB STRESS AND MIXING PATH DISTRIBUTION 

The shear stress follows from the application of the 
moxentun equation 

TABLE I. - EVALUATIOB OF VELOC ITY MEASUB3MENT 

1 1 
[Average values: j f2 d = 9 .32 .1  (fzl2d = 21.41 

0 0 

I U i log 
X !  

1 22 
I I 

(n) i(c~,/s;/i~ex) 1 
I I 
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D i f f e r e n t i a t i o n  l e a v e s  

The c o n t i n u i t y  e q u a t i o n  

Y 

J 
0 

3u  a l s o  e x i s t s .  F o r  t h e  d e t e r m i n a t i o n  of - t h e  v e l o c i t y  a:< 
d i s t r i b u t i o n  was p l o t t e d  i n  f i g u r e s  11 a n d  1 2  a g a i n s t  d i f -  
5 ,? 2.' t ! . au 
f e r e n t  w a l l  d i s t a n c e s .  The c u r v e  of i s  shown i n  f i g -  

X 

u r e s  13, and  1 4 ,  and t h a t  of t h e  t r a n s v e r s e  v e l o c i t y  i n  
f i g u r e  15; v o  d e n o t e s  t h e  maximum t r a n s v e r s e  v e l o c i t y  
wh ich  o c q u r s  at  t h e  edge  of  t h e  f r i c t i o n  l a y e r .  The sepa -  
r a t e  vo  v a l u e s ,  compi led  i n  t h e  t a b l e  d i s c l o s e  a maximum 
v o  of a b o u t  2 p e r c e n t  of t h e  f l o w  v e l o c i t g .  F u r t h e r  
e v a l u a t i o n  g i v e s  t h e  s h e a r  s t r e s s  p r o f i l e s  of  f i g u r e  1 6 ,  
c o n c e r n i n g  which i t  i s  s t a t e d  t h a t  t h e  e q u a t i o n  of mo t ion  
o f  a f l u i d  p a r t i c l e  p a s t  t h e  p l a t e  (no  p r e s s u r e  g r a d i e n t )  
r e a d s  

a'r - 0 a t  t h a t  B u t ,  a t  t h e  w a l l ,  t h e  f l u i d  a d h e r e s  whence - 
p o i n t .  T h i s  c o n d i t i o n  f o r  t h e  i n i t i a l  t a n g e n t  i s  n o t  a l -  
ways s a t i s f a c t o r y  compl i ed  w i t h  on t h e  r e p r o d u c e d  s h e a r  
s t r e s s  p r o f i L e s  b e c a u s e  of i n a c c u r a c i e s  i n  t h e  e v a l u a t i o n  
wh ich  a r e  u n a v o i d a b l e  on a c c o u n t  of t h e  d i f f e r e n t i a t i o n  of 
t h e  v(x) c u r v e .  A t  t he  m o s t ,  t h e  w a l l . s h e a r  s t r e s s e s  ob- 
t a i n e d  from t h i s  momentum i n t e r p r e t a t i o n  a r e  5 p e r c e n t  
g r e a t e r  t h a n  t h o s e  o b t a i n e d  by b a l a n c e  measurement  a c c o r d -  
i n g  t o  which t h e  r e l i a b i l i t y  of t h e  e v a l u a t i o n  c a n  be  gaged. 

The m i x i n g  l e n g t h  i s  o b t a i n e d  from 

T a u  a - = l 2  ( G )  
P 

Y a n d  sholvn i n . ' f i g u r e  17.  I t  now a p p r o a c h e s  a t  - = 0.4 ,  
6 
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t h e  c o n s t a n t  mean v a l u e  1 = 0.072. The r e l a t i o n  f o r  t h e  6 
w a l l  t a n g e n t ,  1 = 0 ,4Zy ,  d o e s  n o t  v a r y  a p p r e c i a b l y  f r o m  
t h e  r e l a t i o n  t R  = 0.43y* a s c e r t a i n e d  on t h e  p i p e .  A 
d i f f e r e n c e  must  e x i s t  by  r e a s o n  of t h e  d i f f e r e n t  s h e a r  
s t r e s s  p r o f i l e s .  

T r a n s l a t i o n  b y  3 ,  V a n i e r ,  
B a t i o n a l  A d v i s o r y  C o m a i t t e e  
f o r  A e r o n a u t i c s .  
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Figure 1. - Experimental setup. 

I 

W 

5 

"Z - 6s Figure 3.- Arrangement of 
O test plate and 
0 balance. 

J* - lo  t 
D f 4Y# t H, hand wheel 

D, wire 
Figure 2.- Velocity profiles on the Y, spring hinge 

experimental wall; Y in mm. S, float 
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Figure 4.- Surface C; flush riveted; arrangement of rivet8 and screws, 
a ,  flush rivet6 
b, countersunk wood screws, not covered. 

Figure 5.- Momentum displacement and friction layer 
thickness 8 ,  8*, 9 on surface A (built-up 
ld inated   late) , U = 19.4~i/~rn 
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Figur 6.- Local drag coefficient of surface A, /B I, calculated from Kempf ' 8  pipe test (logarithnic 
resistance l a w ) ,  

1 old  power formula cf=0.0576 BeI -1/5 
- -+ @-~-anh~-rln em~irical f o d a ,  &&A, uuu-- ~ 

IV, ccjnpensat ing- curve through test poinis. 

Figure 7.- 

Velocity 
prof ilee 
on plate. 
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Figure 9,- New resistance law for smooth 
plate, cf curve. 

lg Rex 
Figure 10.- New resistance law for smooth 

plate, cf curve. 
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Figures 13, 14.- 

ddax curve, U =19.4 4 s .  
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Figure 15.- Transverse velocity v, 
U=19.4 4 s .  
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Figure 16.- Shear-stress profilee, 
U = 19.4 m/s. 

Ti gure 17.- Curve of mixing path. 


