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By J. S t u p e r  

I n  h i s  e x F o s i t i o n s ,  P r o f e s s o r  A .  Betz had a l r e a d y  es- 
t a b l i s h e d  ' the n e t h o d s  a v a i l a b l e  now f o r  t h e  c a l c u l a t i o n  o f  
wing c h a r a c t e r i s t i c s .  The work by gut ta  and o t h e r s ,  pe r -  
t i c u l a r l y  t h e  i n t r o d u c t i o n  o f  t he  c i r c u l a t i o n  c o n c e p t ,  
made i t  p o s s i b l e  t o  compute t h e  l i f t  of a wing. Inasmuch 
a s  t h e  p o t e n t i a l  theorems r e s o r t e d  t o ,  d i s r e g a r d e d  t h e  
f r i c t i o n ,  i t  p r e c l u d e d  t h e  i n c l u s i o n  o f  t h e  wing p rope r -  
t i e s  induced  by f r i c t i o n .  T h i s  r e s u l t e d  i n  a d i s c r e p a n c y  
between t h e o r y  and measurement. The f i r s t  expe r imen t s  i n  
t h i s  d i r e c t i o n  were t h o s e  by p r o f e s s o r  B e t z  i n  1 9 1 5  w i t h  a 
J o u k o w s k i  a i r f o i l  mount ea  betrveen tvo  p a r a l l e l  w a l l s  ( r e f &  
ereT-ce 1). B i s  r e c o r d e d  l i f t  o b t a i n e d  t o  o i i l y  70 p e r c e n t  
o f  t h e  t h e o r e t i c a l  f i g u r e .  

A f u r t h e r  s t e p  i n  t h e  e x p l a n a t i o n  of t h e  e f f e c t  of 
d r a g  on t h e  l i f t  was t h a t  by C .  W i e s e l s b e r g e r  ( r e f e r e n c e  2 )  
m i t h  h i s  i n v e s t i g a t i o n s  o f  t h e  e f f e c t  o f  v a r y i n g  f r i c t i o n  
due t o  changes i n  roughness  on the  l i f t .  I t  be ing  imposs i -  
b l e  a t  t h a t  t i m e  t o  make any q u a n t i t a t i v e  p r o d i c t i o n s  re-  
g a r d i n g  f r i c t i o n  l a y e r s ,  i10 t h e o r e t i c a l  expe r imen t s  w i t h  a 
view t o  ' t h e  e f f e c t  of drag on t h e  l i f t  c o u l d  be unde r t aken .  
T h i s  p a l p a b l c  gap w a s  c l o s e d  by E.  Gruschwitz  i n  h i s  ca1cv.- 
l a t . i o n  o f  t h e  t u r b u l e n t  f r i c t i o n  l a y e r  m i t h  p r e s s u r e  r i s e  
and p r e s s u r e  drop ( r e f e r e n c e  3). 1931 t h e n  s a w  t h e  p u b l i -  
c a t i o n s  by 'rdiss d .  L o t z  and  P r o f e s s o r  B e t z ,  r e g a r d i n g  t h e  
r e d u c t i o n  o f  t h e  l i f t  of a wing by i t s  d r a g  ( r e f e r e n c e  4).  
I n  c o n n e c t i o a  w i t k  t h i s  work  t h e  c a l c u l a t i o n s  were made 
a h i c h  f o r m  t h e  s u b j e c t  of t h i s  r e?oo t .  The a n a l y s i s  i s ,  
b r i e f l y ,  a s  fo l lows :  

Compute f o r  a p r e d e t e r m i n e d  a i r f o i l  and  g i v e n  Reynolds  
Number t h e  c o u r s e  o f  t 9 e  "d i sp lacemen t  t h i c k n e s s , "  i .e . ,  
t h e  c o u r s e  o f  t h e  l a y e r  by which t h e  s t r e a m l i n e s  o f  t h e  
p o t e n t i a l  f l o w  a r e  pushed  away from t h e  wing th rough  t h e  
f r i c t i o n a l  l a y e r .  The r e s u l t  i s ,  t o  a c e r t a i n  e x t e n t ,  a 
new wing con tour ,  T h i s  c o n t o u r  i s  conformably t r ans fo rmed  

*"Aw-f t r i ebsve rn inde rung  e i n e s  BlGgels  du rch  s e i n e n  Wider- 
s t a n d . "  Z e i t s c h r i f t  &r F l u g t e c h n i k  und M o t o r l u f t -  
s c h i f f a h r t  , August 2 8 ,  1933 ,  pp. 439-441. 
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i n  t h e  p l a n e  i n  which t h e  o r i g i n a l  wing c o n t o u r  i s  a c i r -  
c l e .  The new c o n t o u r  may be d e r i v e d  f r o m  t h e  o l d  one by 
assuming a d e q u a t e l y  chosen  s o u r c e s  and s i n k s  on t h e  wing 
c o n t o u r  o r  c i r c l e .  Owing t o  t h e  unsymmetr ica l  p o s i t i o n  o f  
t h e  s o u r c e s  and s i n k s  on t h e  c i r c u l a r  c o n t o u r ,  t h e  r e a r  
s t a g n a t i o n  p o i n t  i s  d i s p l a c e d ,  and t o  r e t u r n  i t  t o  i t s  o l d  
p o s i t i o n  t h e  c i r c u l a t i o n ,  a n d  t h r o u g h  i t  t h e  l i f t ,  must be 
r educ ed . 

The c a l c u l a t i o n  p roceeded  on t h e  b a s i s  of a Joukowski 
a i r f o i l , . m h i c h  r ende red  t h e  d i s t r i b u t i o n  of t h e  v e l o c i t y  
o r  p r e s s u r e  q u i t e  s i m  l e .  The f o l l o w i n g  a n g l e s  o f  a t t a c k  
were chosen:  - 4 O ,  --Zg, O o ,  2 O ,  4 O ,  and  6'. 

The c a l c u l a t i o n  of t h e  f r i c t i o n a l  l a y e r s  i s  i n  t w o  
p a r t s :  t h e  d e t e r m i n a t i o n  of t h e  l a m i n a r  e n t r a n c e  zone and 
d e t e r m i n a t i o n  o f  t h e  t u r b u l e n t  f r i c t i o n  l a y e r .  

t 
P 
P 

The f i r s t  nay be e f f e c t e d  by P o h l h a u s e n ' s  approxima- 
i o n  method ( r e f e r e n c e  5 ) .  lie approached t h e  v e l o c i t y  
r o f i l e s  o f  t h e  l a m i n a r  f r i c t i o n  l a y e r  t h r o u g h  a fou r - t e rm 
olynome, a n d  d e f i n e d  t h e  c o e f f i c i e n t s  by means of t h e  

boundary c o n d i t i o n s  and the momentum theorem. In  t h i s  
manner he o b t a i n e d  t h e  d i s t r i b u t i o n  of t h e  f r i c t i o n  l a y e r  
t h i c k n e s s  i n  form of a & i f f e r e n t i a l  e q u a t i o n ,  which may be 
u s e d  t o  c a l c u l a t e  a.  d i r e c t i o n a l  f i e l d  f r o m  t h e  p r e d e t e r -  
mined v e l o c i t y  d i s t r i b u t i o n .  F i g u r e  1 i s  a n  i l l u s t r a t i v e  
example. The s o l u t i o n  cu rve  s t a r t s  a t  a s i n g u l a r  p o i n t  
which may be computed f r o m  t h e  v e l o c i t y  g r a d i e n t  i n  t h e  
s t a g n a t i o n  p o i n t .  The d e t e r m i n a t i o n  of. t h e  p o i n t  of t r a n -  
s i t i o n  from l a m i n a r  t o  t u r b u l e n t  i s  s t i l l  v e r y  u n c e r t a i n .  
The o n l y  a v a i l a b l e  r e f e r e n c e  i s  found i n  Gruschmi tz ' s  re- 
port; t r a n s i t i o n  takes p l a c e  a%en t h e  Reynolds Xurnber 

D 

(u(,)  = v e l o c i t y  of p o t e n t i a l  f l o w ,  
growth  o f  f r i c t i o n a l  l a y e r )  r e a c h e s  t h e  v a l u e  650. From 
U(,) and t h e  l o c a t i o n  of t h e  t r a n s i t i o n  p o i n t  c a r  

U m t  be d e t e r m i n e d  f o r  d i f f e r e n t  Reynolds  Numbers R = ----- U 
( U  03 = u n d i s t u r b e d  a i r  s t r e a m ,  t = wing chord )  ( f i g s .  2 
and 3). 

a(,) = momentum 

The t u r b u l e n t  p a r t  w a s  e s t a b l i s h e d  a t  B = 7 X lo6, 
w h i l e  t h e  l a m i n a r  f r i c t i o n  l a y e r s  c o u l d  be computed f o r  
any  Reynolds IT.umber. T.he c a l c u l a t i o n  o f  t.he t u r b u l e n t  
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f r i c t i o n  l a y e r ,  a c c o r d i n g  t o  Gruschmitz  i s ,  iii c o n t r a s t  t o  
t h a t  o f  t h e  l amina r  p a r t ,  q u i t e  s imple .  l ? ~  ng t h e  de- 
t a i l s  of h i s  r e p o r t ,  w e  a t t empt  t o  p r o v e  t h e  e s s e n t i a l  
f e a t u r e s  o n  ai1 example ( f i g .  4 ) .  The p rede te rmined  p r e s -  
s u r e  d i s t r i b u t i o n  a f f o r d s  a " p o l a r "  ( t h e  p o i n t s  denoted  
b y  3. i n  f i g .  4)  f o r  each  a b s c i s s a  X. The s o l u t i o n  c u r v e  
must be s o  p l o t t e d  that  t h e  t a n g e n t  at e a c h  p 
p a s s e s  t h r o u g h  t h e  c o r r e s p o n d i n g  p o l a r .  The e f f e c t  o f  pro- 
f i l e  c u r v a t u r e  a l s o  e n t e r s  i n t o  t h e  d e t e r m i n a t i o n . o f  t h e  
p o l a r s ,  a c c o r d i a g  t o  a n  unpub l i shed  r e p o r t  by Schmidbauer.  
Prom t h e  c o u r s e  o f  t h e  f r i c t i o n  l a y e r s  t h e  d i s t r i b u t i o n  of 
t h e  d i sp lacemen t  t h i c k n e s s  a l o n g  t h e  p r o f i l e  can  be ob- 
t a i n e d  by e x t r a p o l a t i o n  ( f i g .  5 ) .  The new c o n t o u r  i s  con- 
f o r n a b l y  t r a n s f o r m e d  i n  t h e  p l a ~ e  i n  which t h e  o r i g i n a l  
c o n t o u r  i s  a c i i c l e  ( f i g .  6 ) ;  t h e  d i s t a n c e  between c i r c l e  
and t h e  new con tour  i s  c o n s i d e r a b l y  exagge ra t ed .  Then we 
p l o t  s o u r c e s  on t h e  c i r c u l a r  c o n t o u r ,  one s i n k  w i t h  one 
h a l f  t h e  t o t a l  y i e l d  o f  t h e  s o z r c e s  i n  t h e  c e n t e r  of t h e  
c i r c l e ,  a n o t h e r  s i n k  a t  i n f i n i t y .  

The s t r e n g t h  d i s t r i b u t i o n  o f  t h e  s o u r c e s  may b e  e f -  
f e c t e d  i n  t w o  ways: The s t r e a n  f u n c t i o n  may be d e t e r m i n e d ,  
whereby t h e  source  d i s t r i b u t i o n  i s  e x p r e s s e d  i n  F o u r i e r  
s e r i e s  w i t h  t e m p o r a r i l y  unknown c o e f f i c i e n t s ,  and t h e  eo- 
e f f i c i e n t s  are s o  computed t L n t  t h e  p r e d e t e r m i n e d  con tour  
becomes s t r e a m l i n e d .  T h i s  m e t h o d  i s  q u i t e  cumbersome - a 
nuch more s imple  wajr i s  t h e  f o l l o n i n g :  Compute t h e  ve loc -  
i t y  from t h e  p o t e n t i a l  f l o w  a t  p o i i l t s  A a n d  B ( f i g ,  6 ) ;  
t h e  mean v a l u e  m u l t i p l i e d  by t h e  d i s t a n c e  AB g i v e s  a meas- 
u r e  f o r  t h e  s o u r c e s  mhich must be p r e s e n t  between stagna- 
t i o n  p o i n t  S aild p o i n t  AB. The d i f f e r e n t i a t i o n  of t he  
c u r v e s  a 2 f o r d s  t h e  d e s i r e d  source - s i n k  d i s t r i b u t i o n  i n  
f i r s t  approx ima t ion  ( f i g .  7 ) ,  and from t h i s  sou rce  d i s -  
t r i b u t i o n  t h e  t a n g e n t i a l  v e l o c i t y  component i n  t h e  r e a r  
s t a g n a t i o n  p o i n t  c a n  b-e e s t a b l i s h e d .  Next t h e  o r i g i n a l  
c i r c u l a t  i.on i s  r educed  u n t i l  t h i s  v e l o c i t y  component i s  
made t.o d i s a p p e a r ,  The r e s u l t  i s  a r e d u c t i o n  o f  l i f t .  

.Kaving proceeded  from t h e  t h e o r e t i c a l  ( i . e . ,  abnormal- 
l y  g r e a t )  p r e s s u r e  d i s t r i b u t i o n ,  t h e  l i f t  r e d u c t i o n  w i l l  
be e x c e s s i v e .  A second a p p r o x i m a t i o n  can be made by r e -  
p e a t i n g  &he p r o c e s s  f o r  the  reduced  c i r c u l a t i o e ,  and i t  
may be r e p e a t e d  u n t i l  t h e  coiivergence i s  s a t i s f a c t o r y .  
When d i m i n i s h i n g  t h e  c i r c u l a t i o n  o f  a wing w i t h  c o n s t a n t  
a n g l e  o f  a t t a c k ,  f l o w  around t h e  t r a i l i n g  edge must be 
p e r m i t t e d .  Hereby t h e  . ' v e l o c i t i e s  r e s u l t i n g  i n  t h e  v i c i n i -  
t y  o f  t h e  t r a i l i n g  edge become pa rad -ox ia l  because  a t  t h e  
t r a i l i n g  edge i t s e l f  t h e  flow a r o u n d  i t  i n d u c e s  a n  i n f i -  
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n i t c  v e l o c i t y .  I t  would become n e c e s s a r y  t o  make p l a u s i b l e ,  
a l b e i t  a r b i t r a r y ,  a s sumpt ions  f o r  k b i s  zone. On t h e  o t h e r  
hand ,  t h e  e n t i r e ,  v e r y  c o ~ l i p l i c a t e d  c a l c u l a t i o n  method -must 
be r e p e a t e d  s e v e r a l  t imes  f o r  app rox ima t ions .  

EQV i t  i s  q u l t e .  n a t u r a l  t o  e f f e c t  t h e  c i r c u l a t i o n  
c r e a s e  by lower ing  t h e  a n g l e  o f  a t tack f o r  a p a s s a b l y  
amount;  t h i s  removes. the  d i f f i c u l t y  due t o  t h e  f low a round  
t h e  t r a i l i n g  edge. The q u e s t i o n  r ema ins  as t o  how much t h e  
v e l o c i t y '  and  p r e s s u r e  d i s t r i b u t i o n s  a r e  a t  v a r i a n c e  w i t h  
t h e s o  t w o  methods. The f u l l - d r a w n  cu rve  i n  f i g u r e  8 i s  t h e  
normal v e l o c i t y  d i s t r i b u t i o n  f o r  0' a n g l e  of  a t t a c k ,  t h e  
dashed c u r v e  i s  t h e  v e l o c i t y  d d s t r i b u t i o n  o b t a i n e d  when 
t h e  s a a e  ' c i r c u l a t i o n  s t r e n g t h  i s  f o r c e d  on the  wing w i t h  a 
4' a n g l e  o f  a t t a c k  b y ' f l o w  a round  t h e  t r a i l i n g  edge. Ef- 
f e c t  i n g  t h e  c i r c u l a t i o n  d e c r e a s e  th rough  a n g l e - o f - a t t a c k  
changes ,  t h e  n e x t  approx ima t ions  can  be i n t e r  o l a t e d  from 
d i f f e r e n t  a n g l e - o f - a t t a c k  v a l u e s  (-4' , - 2 O ,  Og , 201 4 O ,  So) 
f o r  t h e  c i r c u l a t i o n  d e c r e a s e .  

The r e s u l t  i s  i l l u s t r a t e d -  i n  f i g u r e  9 .  The' c i r c l e s  
a r e  e x p e r i m e n t a l  f i g u r e s  reduced f r o m  wind-tunnel  t e s t s - ;  
t h e  X c r o s s e s  deno te  the f i x s t ,  t h e  + c r o s s e s  t h e  
f i f t h  approach .  Prom t h e  p o i n t  of view o f  t h e  R e y n o l d s .  
itumbers t h e  c a l c u l a t e d  f i g u r e s  a r e  s l i g h t l y  t o o  low. 

The p r e s e n t  a r t i c l e  i s  p r i n c i p a l l y  a p r e l i m i n a r y  re-  
p o r t  of a n  i n v e s t i g a t i o n  which i s  s t i l l  unde r  may; t h e  
c i t e d  c a l c u l a t i o n  method s t i l l  needs  improvenent and g o l -  
i sh .  E o r e  e x a c t  knowled-ge a b o u t  t h e  l o c a t i o n  o f  t h e  t r a n -  
s i t i o n  p o i n t  is needed ,  as w e l l  as about any  e v e n t u a l  e f -  
f e c t  o f  t h e  Reynolds Xumber ' o n  t h e  t u r b u l e n t  f r i c t i o n  
l a y e r .  

The u n c e r t a i n t y  a t  p r e s e n t  i s  p r o b a b l y  t h e  pr ime 
r e a s o n  f o r  the  s t i l l  n o t  q u i t e  s a t i s f a c t o r y  a c c o r d  between 
t h e o r y  and t e s t .  The method for d e f i n i n g  t h e  f a n i i i a r  
f r i c t i o n  l a y e r  i s  a l s o  i n  need- o f  s u b s t a n t i a l  s i m p l i f i a a -  
t i o n  ( s a y ,  p e r h a p s ,  a c c o r d i n g  t o  Gruschmitzts method). 
A s t u d y  of  a l l  t h e s e  problems i s  unde r  nay. 

The f u r t h e r  e x t e n s f o n  o f  t h e  method i n c l u d e s :  

D e t e r m i n a t i o n  o f  p c o f i l e  drag.- Tbe source - s ink  d i s -  
t r i b u t i o n  a f f o r d s  i n f o r m a t i o n  a b o u t  t h e  wake; a p p l y i n g  
B e t z ' s  momentum ne thod  ( r e f e r e n c e  6 )  , t b e  d e t e r m i n a t i o n  
o f  t h e  p r o f i l e  d r a g  m i l l  be a t t e m p t e d .  This wou ld  supp ly  
t h e  c o n n e c t i o n  between d r a g  and l i f t  r e d u c t i o n ;  
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PE&K?L.on_ _ i n _ z o n _ e s _ o _ f _ t _ h _ s - ~ e ~ a - r ~ ~ ~ ~ . ~ - ~ ~ ~ . - ~ e ~ ~ ~ ~ ~ ~ d  
flow, which r e n d e r s  t he  c a l c u l a t i o n  of t h e  t o t a l  p o l a r s  
of  a wing p o s s i b l e .  Of s p e c i a l  i n t e r e s t  i s  t h e  i n v e s t i -  
g a t i o n  o f  t n e  e f f e c t  of Reynolds ITumbers, p a r t i c u l a r l y  
t h e  h i g h  numbers,  on t h e  p o l a r s  (maximum l i f t )  - a s t u d y  
rrhich,  e x p e r i m e n t a l l y ,  mould i n v o l v e  g r e a t  expense.  

T r a n s l a t i o n  by J .  V a n i e r ,  
X a t i o n a l  Advisory  Committee 
f o r  A e r o n a u t i c s .  

1. Betz , I IA . :  Cntcrsuchung e i n e r  Schukomskyschen Trag- 
f l a c h e .  Z . F , i l * ,  v o l .  V I ,  1915 ,  p. 173.  
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Figure 1.- Laminar friction 1ayer;directional fiela, x= 

l ayer  thickness (q.=; - p x ~ ) .  The figures denote the 
directions of (dq/dx). 
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Figure 2.- Location of transition paint from laminar to 
turbulent flaw, suction sida. 
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Figure 3.- Location o f  transition point f r o m  laminar to 
turbulent flow, pressure side. 

4 
M 
0 
r-i 

X 

- . 5  0 .5 1.0 
X 

Figure 4.- Graph of turbulent friction layer. 
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Figure 5.- A i r f o i l  with displacement thickness 
curve. 

Figurs 6 . -  Ci rc le  witb new contour. 

Figure 7.- Sourcc-sink d i s t r ibu t i an .  
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Fignre E.- Velocity d i s t r ibu t ion .  
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Figure 5.- Theoretical  versus experimental l i f t ,  


