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~ECHFICAL ~~I :O:r1AlmUI:1 NO. 601 

17RIi~XLI1JG PEE~wMEKA 'OF T~DT FLAT PLATES 

SUBJECTEJ 70 S5~AR STRESSES* 

By F . 3011enrath 

The pre sent report covers a seri es of tests on thin, flat 

elastic strips restr a ined at two par allel edges and sub jec ted 

to shea,r by conversely direc ted stresses . The stress .i s uni-

forrc.ly ci i s tr i b 'J.tcd over the oons trained ed.ge s a nd ac ts in the 

p l ane of t he strip . As soon as the shear in such strips exceeds 

a c ertain li r.1i t the equilibl'ium o etween the appli ed a nd .the in-

ternal stre s ses is int errupted a nd i2'").stability prevails. Now , 

if the wal l is thin 'Vi th re Gp ect to the width of the li.ledi an 

p l ane of the b ody , t:1.e i11c ipient ins tabili ty is 8:ttended by a 

char acteris t ic fl exur a l phenomenon which a-9p ears as a p ronounced 

lobe or ;rvrinkle. Thus , Figure 10 sho:7s t wo rest:::ained dur a lumin 

p l a tes whe~ e the type of shear just mentioned , resulted in a 

wavelike lobe . The def lec~ion in these p l ates i s s o p ronounced 

as t o remai n visib le when the l oad had been relieved . 

Knowle c1ge of the c ondi tions unde r vvhich thi 8 wrinkling under 

shear (i. e ., the shear producing instab ility) occurs, is of grea t 

i mpor t for aD .. !ly s t ructural oompo11ents , particularly in li ght 

me tal structures. The p r ob lem treated her e is applic able to all 

c ase s where a thin wall, t:lrough the type of its attachment 
----------.--------

* II Ausbeul er scheiln.mgen a n cbenen, auf Schub bea t1spruchten Fla t
ten . I.. FrOl:l l :uftl.'C'nrt:{or scllUng , Vol. iJI, iio . 1, ve cembcr 12, 
1 929 . 
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to other par ts, is intenued to take up and tr ansmi t stresses, 

as in p l ate girders, bulkheads , fus e12_ge s and wings of various 

a irp lane types . 

TilVo linli ting c as es (Fi g . 1) for t h in b odies stressed in 

8heo_r a r e those of round p l ates and thin- walled tUb ing (Refer

ence 17), the latter of '~!h ich, h O'Nev er, really belongs to the 

It shel l it group. The f irst exp 0riments on this sub j ect 1)'vere 

n:ade by Lord Raylei gh (Re:e rel1c r;: 14 ), who il1ve stig:J.ted the 

oase of a vibr "1.ting systelJ. wi th ref er enc e to its natural fre-

quency of vibrat ion. Bryan (Reference 3),' Wa l ter Ritz (Refer

ence 15), and S. Ti~oschenko (References 21 and 22) based their 

experiments on t~1e stabili ty equations of an e l a stic plate for 
. . 

defining its buckli~~ stresses .* 

In the follo·.ving we descri be t~; developnent of the oa lou

l a tion of this problem irom approxi ri18.tion to exa.ct" solution. 

Let 

: 

E = Young t s modulus (kg/cm2 )" 

m = transvers e e longat ion factor (Poisson's 

I-L = lim, 

L = lengtll of :r e e tai,le;ul ar p l ate (em) 

h = thic~~ness of p l ate (cn ) , 

a = width of plate (om) , 

u, v, w = d isp120ements in the direction of 
x , ";l , and z axes 

.. _-- --,,-------- ---

ratio) , 

*S t . Berf:;Yllan:l ar.d H. Rei Gf' :n.e r repo:cted . 0 '1 the appeal'anoe of in
stab ili ty in c orru~ated p :.8.tes under 821e2.r in "}:euere P::' ob lel'!le 
aus der i'lugzcugsta tik , It 2.nd "L~e:r d i e Kl icku~1g VO~l IIe11blech
streifen be i SeLubbeansp~uchung . If ZeitBchrift f{ir Flug teohnik 
und Eotorluft schiffnhr t, No . 18 , 1929 , pp . 475-481. 
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= shear per unit of length in r e s t r ained 
edge (kg/em) , 

= compressi on per uni t of edge surfac e par a llel 
to x axis (kg/em;), 

= tension per uni t of edge surfac e paralle l to 
y ~~i s (kg/cm2 ), 

= p / q, 

3 

0e = Euler fs Duck li ng l oad for a strip of l ength a , 
thickness h , ru1d width 1 ( kg/cm~ ), 

A. = wave length par2~ l el to the re,str ained edges, 

D = f l exur al r i gidity , 

A a2 s = -D-' 

iV'rinkling Due to Shear (W. E . Lillyts nethod ) 

Lilly (References 10, 11, and 12) in his work on wr i nkling 

of p l ate girders , appli ed the well- known strip method . Thus, 

we see in Figure 2, the wavelike deflec tion oi tne medi an p l ane 

of a 'ol ate under s:1ear after exc eedL1g t:1e sL1ear strength, ex-

pressed as l i I!es of equal defl ec tion perpendicul ar to the 1"lle-

di ru1 p l ane. The fi gures attached to the c ontour s have a rel a-

t i ve significanc e or..l y. We c a::1 v i suali ze t~le same defor mat ion 

a s havi ng be en induc,ed oy tens i on and compress i on stresse s of 

the kind shown in ~igure 2 , al1d whi ch are dirdens ioned in magni-

tude al1d direc tion so as to balance a ' shear stress of the in-

tended type in mag;li tude and d i rec tion . '. The applicabili ty of 

Lilly1 s method of approxir.1ati on re8"~s 0:Ll this theorem. He con-
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siders, accord i!lg to ?igure 3 , O1':e single panel - between tviO 

stiffeners - of 2, '.:ve-o l".lember co:tlepsed in the form of a half-

gave . T::·,3 line 0-0 denoJees· the ce11ter line of the ha,lf-wave. 

Such panel tr..ej,1. is stressed in tonsion and cO:llpression as a c on-

straL(~ed recta!1gular p l ate of length L a lld width /.... /2 (See 

Fig . 4). 

1:0': when '\liTe 'd ivide t:18 p l ate i:1 strips b - b pel'pendicul ar 

to 'each other, p2ralle l ~o axis x ' and a-a, and parallel to 

axis y, strip a- a is stressod L1 'bendi:ng and compression, 

and strip b- b in te11sion a:1d b end::" ng . So w:len we assume a 

sinuous deforillati on a.."1d apply j!;uler I S forr.1Ulas for the buc kling 

load we find 

T~1,ere is a minii:~um for equation (1) w"1:en 

J r 2 +l-l (2) = -------
r 

This formul a (2) shows th2.t tlle wave l enGth is not affected by 

the p l ate ~;idth ; it :"lerely depends on L cvl'ld r . For ula (1) in 

cO:111ecti on with t:le A. values of forulUla ( 2) yi elds 

Ti 2 E ~'l2 

12 r: 2 r (3 ) = 
J r 2 + 1 1 

If, by .u = t../2, the wcwe runs at 450 to tl18 c onstrained 

edGes,. t!.le stress is a pv.re sl:ea2 stress f~:>r r = 1. In that 

Case , for:-:lula (2) yields . 
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Accordi DE: to these ::ori,mlas the 8pplica~Ji li ty of such calcu-

lations is contingent Oil the co~dition that the dimensions of 

the p l ate allow the forI ation of a half-wave only. 

Wrinkling Due to Shear (8. Ti;;1oschenko ' s method) 
(Reference 23) 

Thi s approximation raethoQ. is based on the potential energy 

of the system (Refereuce 21). The appearance of the unstab le 

equilibri'um ,attitude becomes evident as a potential energy in 

'bending V, when deflecting from the p l ane , 8,nd as a lower p o-

tential energy in shear V~, so that 

v = v . 
~ 

(5) 

Starting with a rectangular , al l-around supported p l ate , 

the length-width rat.io L/a is progressively increased and soon 

rea,ches a limit va~ue, va~id for the infinitely long p l a te strip'; 

the type of support of the sr!'lall er sid es -becomes secondary, In 

this i';l(~,nner the for !i1Ula for the wril'1kling of a long p late from 

the medi an pl~~e , w b ecomes : 

1:7 = A sin 
y b sin TT 

and for wrinkling due to s:lear 

~ (x - a y) 
2" (6) 

(7) 
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~or a mini ;·1W. ' T fl.f? :J.ave: 

A 
"2 = .a J l ' + O-Z (8) 

0- ' = 1 .( 9.) ' 
J2 

t = c 0 e (iO) 

Figure 5 shmllJs ti.le c value~ ;for various relations of 

p l ate length L to p late widt~ a. It wil l be noted that c 

soon approaches the value for L/a = O? • 

. Wrinkling . DUe to S~lear (R. V . . South'.7ell 2nd Sylvia W, Skan ) 

T~"-e se authors give a strict soluti on (References 18 and. 19) 

for the Case of a flat elastic strip of infinite length . But 

the d istribution of stresses' i!l a t:Llin plate over an infini tely 
. 

small plate element is without 'any p:- :;,c- t :!..:ie,l significance, aC-

cording to Love. ·For that reason we represent the stresses ap-

p lying at the edges by t l1.eir resu'"l tants and their resultant mo-

ments with respect to the unit length of the border l ine, i.e., 

the C1.ll've in which the edge passes through the nedian pla!le. 

I:ow according to St. Venant I s theorem the effects of two systems 

of : stresses yielding ... identical resultants . and resul t&"1t mOr.1ents 

are practically identical at sO.me di stance from the edge. 

Selecting from Figure 6 a plate element . dx' long and dy 

vlJide , vl'e have, :.since the stress in a p l ate depends on the shape 

of t:le elastic s1.ll'face : 
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1. On the edges parallel to the x axis - !?~nding str.~~~es 

linearly increasing with the distance from the median plane, 

statically equivalent to a force couple with moment ~; 

torsional stresses equivalent to a torsion moment H1 ; ~Q_~ 

stresses in the dir~ction of the z axie with resultant 

shear stresses in the direction of the x axis with resultant S. 

2. On the edges parallel to the y axis - !?endi~~tresses 

linearly increasing wi th the di stance from the ,median plane, 

statically equivalent to. a couple of moment G1 ; torsion 

~tresses equivale:i.1t to a torsion moment H1 ; shear stresses in ---------
the direction of the z axis with resultant N1 ; shear stresses 

in the direction of the y axis with resultant S. 

Now the equilibrium equations applied to the deformed plate 

in Figure 7 are as follows: 

a G1 ~Hl Nl = 0 (11) OX ay 

J a Hl a G2 + N2 = 0 -a x- c y 
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92 
01 j2 Hl _ a H1 = 0 

a-~2 - a y a x a x 

0
2 

H a2 
G2 _0 ~ 

..l.. + = 0 ax-a y - -a-~T2 a y 

a2 G 2 02 Hl a2 G2 a2 w 
-a-x~ + a---;ay- - --G y2- + 2 S a~Z- a y 

l 
~ J 

J 

(12) 

The str e8 S re su ltan t s and t~le r e su l t :'oi1t strcss moments a r e 

combined t o read : 

2 2 l 
.G2 = J (~ + f·L L!) 1 

a y<- d X2 J i 
i 

(1 -
. '(\2 VI' I 

Hl = D lJ.) ,,---- I \ 

oX oy ) . 
, 

'll:is , t o gGt~:lGr witll the ':foovo iOl' n~ul :->..s , y i e l d s 

+ 

4 
04 

Dr i:. w + 2 w + - - --, ax4 dX2 d y2 

D /j /j w + 2 S 0
2 

YL ex ()y 

a4 
VI \ --- , = 

a y4 / 

= 0 

-

_ 2 S 0
2 

y!.... 
oX oy 

2 S 
(,2 'T 

ox a y 

South-.:el1 re s ol ved t~: i s l c.s t equation (16 ) . ~'lr i ti n2; 

(1 3 ) 

( 11) 

(15) 

(IS) 

(17) 
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f ormul a (16 ) bec oj'.les 

t (4 ) _ 2 1:\2 Y" + 2 i K S y', + K4 Y = 0 (18) 

f or func tion Y (y) , a -1d rnust be i n tegrated for the l imi t i ng 

equations 
y = ± 

FL1ally 

a . y = 
'5"" ,..., 

y l = . O. (19) 

( 20 ) 

yiel ds for A. an equation of the fourth degree, who se f ou r 

r60t s give the soltition. Ac cording to thi s solution the median 

p l ane of t~1e p l ate deflect s, due to exc eedinG the shear strehgth, 

i:1to a uniforr,11y l obed sur face . The l owest shear stre11gth i s 

s = 88 . 7 ~ kg /cm (21) 

and the c OnfOl' l!1al .wave length. 

A. = 1. 6 a ( 22) 

Thi s l ength i s contingent on the p l a t e wi dth , as shown by 

formul a ( 2 ). Thus Fi gure 8 present s the wr inkl es due to shear 

p l otted against the rat i o : wave l ength/ p l ate width, acco r dL.1g 

to Southwel l al"ld Sk2.n " The CUI've of the f i r st . so l ution is ex-

pedient for the case of deforj~ling int o one , the curve of the 

second s ol ution into two rows of :1al f - wave s i n the direc t i on of 

the p l ate wi dth . Accordingl y , a p l ate under simple shear , whose 

stif f ener s bring about two rows of hal f - wav e s i n the direc t i on 

of the p l ate width , is ::lore conduc ive to h i gher shea.r strength 

than one producing but oae row . 
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E x per i men t s 

To produce a she~ str-ecs tn a p l ate strip ·of the k ind de

scribed , we deve loped a clan:rp ing arra:1gcment wh ich constr ains 

the test strip on two parallel edGes at a wi dth of 5 jilm betvvoen 

:f l £lt surfaces , as exhibited in F·:!.b1..Ue 9, where (a, a) ar e t~le 

test strips ,md (b , b) the two constraini ng clamp s. The 

stresses actin~ a long the constrained edge s shifted the l atte r 

parallel to eac h other lli1d put the strips under shear. 

Tho 10 r:>.d ir..g HaS accomplis~ed by applyinG a tension on the 

insi de clamps, whic h is evenly d i.stributed over b oth test strips 

and take:n up by the outside cla;;J.ps . 

For the experiments on brass and d uralumi n we used a 5-ton 

tension iilacl1iLe (Fig . 10, vertical arrangement) , and for the 

celluloid tests we adhered to t:1e 1101' izontal method (Ooker) b e

c'ause of the sE:al l loads :1eeded 2..i1d t:::'e cOi:lparatively heavy 

weight o f the c1 2.r:rp ing device. 

The re l at ive displac e;~len t of the constra.ined edges waS 

measured wi tl"'.. four Zeiss ganges (or:e d ivision = 1/100 ram ). 

Conditions of the 30undarie s or Edge s 

The problen is whet:'1e r a.nd to 'Nha t extent the cOi1di tions 

and assumptions upon whic~ the c alculations are based are com

p lied wi th il1 these test s. Southwell and Slean anal yze , for ex

ample, 0?-1 infinitely long p l ate strip , a c ondition whi ch is p r a c

tically unre alizable. Tile strips used here are of limi ted l e n gth 

, 
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and with ' f re e edges; oonsequent ly the pr ob lem is to di soover 

:what effeot ,' this substi tution of fini te"strip length for one of 

infinit~ length ' r~iative to the str~~s di~tribution over the 

whol e strip has on the magni tude of the sllear stress and on the 

type of defor~ation. Then, another question to be answered is, 

the ro l e p layed by the type of support of the srilal l er si d es or 
I 

of the ends of t he strip . 

Professor E. ' G. Ooker (Referenoe 5) rep orts on his optical 

experirnent s wi t 'h transparent bodies sub j eoted to shear . He de

fines the stress distribution a long a line ' 0 X (Fig . 12). The 

b oundary oond itions for t h e p l ate s are: The long sides are 

oonstrained and are shifted parallel in the p l ane of the p l a te; 

the short sides are f ree. 80;:le of his results are indioated 

i n Figure 13. The origin of the ooor dinate s is in the cel1ter 

of 0 'X. The p l at e lengths (in i110h8S) are the ab sOissas B,nd 
, , , 

the stre 'sse s (in pounds per squar\3-inoh) are the ordi nates. 

The da ta in Figure 13 are f or a p l ate 2 inohes wide. , Ao oording 

to ll.is test s t he shear distributi on in a reotangular plate is 

parabolio a long 0 X (ourve a in Fi g . 13). When the ratio of 

a to L de oreas ed the ourve of the str ess distribution first 

flattened out at the tip (01ll~ves band 0, Fig . 13). For still 

s maller AID rat ios, loo al raises in stress d istribution 00-

'ourred n ea:r . the free edges (point 1 on ourve d Emd point 2 on 

' ourve ~). ~ In the mi ddle of t he strip the disttibution WaS 

praotioally uniform . 
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Andrade (Re:f cre:;'1ce 1) gh-es an experinental and, analytic a l 

tr ccdisc of the prob l em . His -GCGts were :r,ade on a 16 " X 4 " X 4, 11 

r ectangle of gel, a glycerino-gelatine compound . The t wo l ong 

si.des were nailed by thin c opper scree'ning to a b oa.rd . Then the 

scree11ing waS heated a:1d preRsed Oi.1 the gel-b ody . The deforma

t ion was p ro duced by parallel s~l i ::t i 11g of the p l ate s . For de

fining the d isplacement he appli ed the opti c 8.1 method of Char l e s 

Pearson and. A. F . O. Pollard (IlAn Experil:1e:1tal Study of the 

Stres$es in ',i:asonry DCl..li1S , Dj..:C'.pe::.'s OO::"llpl1..ny nesearch IvIe i:lO irs, Te ch 

nical, Series I I, V). Ar..drade o'oserved the same 10C8,1 stres s in

cr eases near the : r e3 edge , but his c ~lculat ions do not agree 

wi th l1is experiinents , a fac t wl.1i c~1 prompted hLn to speak , of the 

inadcquElcy of his ap"91ied analyticcU i'(\e,thods . 

L . lIT , G. Filon (Reference 6) exa:ail'J:ed a ~! eaJ:1 of rec tang'ular 

cro ss section 1,'Vili c l.1 is stresRed in s:leo..r app li ed to the upper 

and Im:rer f i bers. Here Col:er t S obse:i?va tio!ls a re strikL'lgly 

confirmed . 

E. I~glis (Reference 7) treats the same probl eill~ but attack s 

it fr01i1 a di f ferent angle a nd his resul ts ',u'e.in close agre p. -

rl ent ~,7i th Professor ~ol:er ' s fi o"Ul'es . IngliR based hi s c a lcula

tion 011 the superposi tion of two eas c s. 1:..1 the f irs t c a se he 

constrains the plate (Fig. J.4) at edije S AS a nd OD , 'leaving 

AD and BC free. Then 21e subjects tho edge s to a u.ni form she,ar 

acti ~g in , the plLne of the p l ate . I n th~ other ca8~ , ~he p l a te 

AE , OD is so stressed in s:lear , wh ic :l is uni,f or r111y d2. str i buted 
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over the four edges , "that t he ·s h eR..l' at the edge s AD ai.ld BO is 

in opposite direc tion to the shear of the first ~as e . The re

suI t is a:1 absence of shear on edges AD and BO . 

Tl1e results of 'lnglis ' experi r.lents e.re exhibited in Figures 

1 4-18 . Figure 14 , in ps,r"tlcu l ar , shows the 'distr ibution of 

shear a long OX (y = 0) ; the edge s AB a!1d OD are constrained , 

the shear is uniform over AD . In Fi gure 15, we note the r,:J.ear 

perpendicular t o bou:r:dary AS (y '= 1) ; it is Ul1iforli11y el i otrib

uted over AD, wi th AB 'alld OD constraLled . ' Figure 16 shows 

the almost parabolic dis t ributi on a l ong OX (y = 0) for a 

s quare p late ; Figure 17, t he shear 8,10ng 'OX for a p l at e wi t:l 

ratio length - width = 2 ; and Fi gure 18, for r at io - length/ 

width = 4. In the ' last fisure the f latness of the shear curve 

is very noticeabl e . T~,} e c:.f ect of the free edge dcx..:: no t last 

beyOi.ld 1 . 5 time s the p late wi dth to p l ate cent er. In conformi ty 

with the -cests of t:le autllor , t h e s~lallest r ati o of ' p late length 

to pl8.te wi dth = 8 . 5 , justifies our aC's1.E1pt ion that the stress 

di stribut ion is prac t i c ally u!1iform over the v/ho le strip , 8,nd 

that the free edges have no mate rial effect on the test data . 

The experil:1ents included tests with celluloid , clural"L1Jilin 

and brass ', 

o ell u 1 0 i d 

For tIle c a lculation of the d efo r mat ions and of the wrinkle s 

due to shear, it is absolutel y esse:i."lt i 21 t o know the long i tudi 

nal and t:18 transverse elongation ractors. For this reason , 
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special stress W8,S laid on the determinn.tion of these f i gure s, 

which was accomplished by ;-.licro :.":18 tric i:leasureElen t of rec tangul ar 

test pl ates with the Martens reflec t i ng il1strume:nts . The l ength 

of the spr i ng was 1 00 mrn for the longi tudinal, and 25 r.un for the 

transverse elongati on. By a ciistance of 1125 mm and a he i ght 

of 4 . 5 mm, a 1/5000 gear ratio was obtained . The te s ts wer e 

!,lade on the 10-ton Losenhausen H1uchine in the Aerodynami c I nst i

tute of t:le techni cal hig11 school at Aachen , whi c h a l so included 

the use of the 1000-kilogram metering box. 

Celluloid proved particular l y · suited to such experiment s . 

The prop orti onal elasti c l Lni t waS reached at 1 80 kg / cm2 te:n.sion 

and by a cOrJparativel y high total elongation of 0 .6'{o . At fail

ure the material showed a 7- 10 per c ent elasti c ity by a to t a l 

e l ongation of 26 per cent . 

We exa~·.1 il1ed eight di ffel'ent k inds of c el l uloid , acc.ordi ng 

to Table I. The stress strain curves in Figure 19 show the 

characteri stic behavior of the cellul oid Ul1ti l fai lure : an ap

proximatel y even raise in elongation with the stresse s up to 

the yi eld lini t , above whi c h the brealcdown becomes v er y pe r cep

tible. There is a basic difference between the c lear , trans 

parent and the colored celluloid b eyond the yie l d point . The 

color ed faa terial · ShO'NS a mc.rked drop in stress , fo llowed by a 

subsequent raise. This is (:lost likel y due to the c ol ori ng mat

ter. 

The nature of celluloid to follow' Eooke I s l aw tel the y i e l d 
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point and thon to enter a so- oalled p l ast io state , proved v ery 

fortuna te in sub sequent wrinkling tests . In these we used the 

p l ates 5-8 of Tab l e I, whioh , wi th respeot to 'modulus of elas-

ti oi ty (E = 1 5 , 800 to 23,300 kg /o ii1 2
) and tlie t r ansver s e elonga

tion (m = 2.415 to 2.8) gav e us mor e room for action. 

TABLE I. Modulus of Elast ioi ty of diffel'ent Kinds of Celluloid 
--~. ------,-·-.. ---E----. -T-' ----.-------..... --- .- .-~--.~-----.-

I 
Modulus Tr ansverse 

Nu mber 
e l ast icity 

kg/cm 2 ill 

Thi c knes s 
h 
cm 

Kind 1 of elongat ion 

- ---.,---- -- - --~ 

1 cleaI' I 26 , 600 2 . 4 0.19 
2 " 86,700 2 . 4 0.19 
3 white 24 , 500 2 .0 1.51 
4: "I 22,500 2 . 66 0.08 
5 clear 28 , 000 2 . 45 0.052 
6 I' 16 . 000./ 2 . 8 0 . 05 
7 If 22 , 500 2 . 56 0. '0 5 
8 white· 23 ,300 II 2.45 0.031 
9 ol eaI' 1 5 , 800 2 . 415 0.051 

_ __ __ L-__ l_. _. __ . _____ ._. --t- . - _-_-.---~ __ ~ ________ .. __ ~ 

Particul E'ur attention was pai d t o teupera ture an.d humi di ty while 

making the test s . 

T es t D a t a 

edges of a p l uto width a may be shifted par a llel by an 2.Jll0unt 

g I. Expressi nr; a and b in c 811t i meters , fo r r,lUla 

g = g.!... 100% 
a 

( 23 ) 

now is to denote the s~ift i ng of t~e p l ate wi dth in per c ent . 

Tlle behFl.vior of the p l ate sub j ected to shear is linalyzGc1• 

in Figul'e 20, where the loading s (kg/cm i s p lo tted ag?inst 
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( _5) the Laxir.lw:l deflecti on fI'o m p I c:: ne w L1 ce:1tineters .10 

and a gainst d isplacenent g (in per cel1t) . The d i J;lensions of 
. a = 

the p late were : t~ickness, ~ = 0.05 crn; width,/1.9 cm; ~nd 

lenc th, L = 33 . 7, By critical shifting here wilen g = 0 . 8% 

(p oint A), the loa d d eflection line begins to d eflect , the l oad 

increases progress r~ore slowly than before by corresponding dis-

plac ements . Th~s incipient deflection of t~e lo ad line is si

mult fl,neous l y .a.ccompe,ni e d. b y a d.eflection from the plane. But 
:' 

even 'oeiore 'the deflection from the centrr.l p l ane assuned meas-

urab le si gnificance , t! e incipient buc::ling bec 2J11e :noticc::abl e 

through , the eli storted i ~l8.ge of the reflected p late. 

A seco:nd test wi th a celluloid "'trip of thickness h = 0,05 

cr,l, al1d width a = 1.6 cm, is illustrated' on Fi g;ur e 21 . The 

load deflec tiol1 line is s t rai ght to point A, whi ch corre sponds 

to a disp l a.c cment g = O . 78~ , W:1ere a "o end occurs . This l~lee.ns 

the prop ortional lir:1i t h 2.s 'aeeD rea ched 2nd exceeded . Above 

this b end the line continue s Ol lilost li::.1 ~o.rly, except for the 

more pronounced slope toward the axis of displ~cement. But 

the second porti0~ it s elf s hows a t B a sudden, stronger deflec-

tiOD toward the axis of displacement; the load stages for ob-

taining equivalent el i sp lc.c aments as c efore, ~ e c Oi~le T.:ateri al ly 

s~aller . Bulging oe ts in; t h e wrinkl i:1g she a r has been reached. 

3u tit occur s in t'li s c as e ~.bove the y i eld linli t ; the def l ec-

tion is inelastic in contrast to Fi gure 20 . 
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TABLE II. Tes ts 1-9 

lila ter i a l , 
l.ilodulus of e l a stici t y , 
Poisson ' s r a tio, 
Pl a t e thickn css , 

Cellu l o i d 
E = 16 , 000 
m = 2 .8 
11 = 0 -. 05 cm 

kg /cnf 

17 

- --- --~---- -----
Wav e 

- ]Pl a t ; - - nrin~= - -- ------ -"- -- -:...----- - - - ~---

l e ng t h 
A k 

Te st/wi d th ling Di sp l a ce-
No . a a /h l oad ~ent k ' k ' 

a , s ' ~~ file a n 
___ -I-_~!!!_ I_-- kg/c ~n ______ ___ _ r-__ _____ .~+_-_+--cm f-----

1 . 9 38 2 . 635 0 . 600 76 , 900 76 , 600 50 . 0 4 . 16 2 . 18 1 
2 
3 
4 
5 
6 
7 
8 
9 

1 . 9 38 2 . 635 0 . 643 76 , 900 4 . 20 2 .18 
1 . 8 36 2 . 945 0 . 66 7 76 , 300 El as - 3.G8 2 . 04 
1 . 8 36 2 .945 0 . 667 76 , 300 tic 3.69 2.05 
1 . 7 34 3 .31 0 . 824 76 , 500 defor- 3.25 1 . 9 
1. 7 34 3 . 31 0 . 848 76 , 500 rilat i on . 3. 46 2.03 
1 . 6 32 3 . 49 0. 900 73 , 200 3 .104 1. 94 
1 . 5 30 3 . 62 0 . 734 66 , 800 2 .91 1 . 94 
1. 4 28 3 . 86 0 . 843 62 , 000 2 .63 1 . 88 

-.~.-L.---~,-L-" _ _1_--__h_<---~---'---___ ~ _ ____ ~~- + ___ _ 

By observi ilfr the ' app e a r ance of defl ec t ion abov e 8.S well a s 

beloTI the limit of e l a s t ic d i sp l a c ements, we made a seri e s o f 

te sts wi t h c elluloid and d efined t he wrinklil1g load ( Te s t s eri es 

Nos. 1- 9 , Tab l e II) . 

We con sider ed a s wrinkling l oa d t hat load at whic h the 

first si gn of measur ab l e d efl ec t i on from the c entral p l a ne Wa S 

not ed . Hel~eby i t s houl d o e t al<:e n i n t o c onsi der at i on t~at t he 

lo ad a t wrinkling wi ll b e about a s h i gh a s p oint B in Fi gu r e 20 , 

b u t even a t t'1at it. will b e 25% 'l ower than t he theorctic al f i gur e . 

Thus the quali t y of the ap p roxi L1ati on to the theor e tic a l 

buc kling lo ad re E1ail1s to a c er tain extel"~t a · que ~ti on of the C OD-

s traint . TLe exper i r. '.cnt a l value s sl:.oul d prove useful fo r the 

desi gne!', bec·anse t h ey sup p l y a p r a c t ica l cri tc rion of incip i ent 

wrinkli11g , fo r t he da.ng er . of c ollapse li e ~ no t s o i:1Uc h i n the 
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forrl18,t ion of wrin~cles as in the rllaterial dis-olac8Gent s and in 

the pronounced uneven plate s t resses accompanying the inc eption 

of deflection. 

The results of ,the f irst test seri e s (tests 1-9) a r e g iven 

in Table II and Figure 22. The curve representing the depend-

ence of the wrinkling load on ' a/h may b e expressed in the 

form of the equation 

s = k D _ / -2" kg cm 
a 

(23) 

'fhen a /h falls below a c e r ta,i n value the exper i mental 

"fr i nkling loads with decr easing a/h deviate more and mo re from 

those expect ed a cc or ding . .to the preceding formula. Tho basis of 

this limi t ed applicability is Euler T s load formula . 3ack in 

1 845 E, Lamarle (Refel'ence 8 ) poi:l1ted out that t j,1e proportiona l 

limi t of Eul er I s fo r mula in its original forr.l was to be accepted 

as li r,li t of v alidity . ( '1'odhunter 8,nd Pear son, II A :1i story of 

Elasticity and St:::engtl1 of l.1aterials , '11 Vol. I, No . 1253 ff. , 

CCllilbridbe , 1 886 ,) , The unli mi t ed validi ty of Eul er I s formula in 

a more general form was establishod by Engesser (Rcfel'ence 3), 

and appeared ' i1': 1895 (:::te{erence 4), the accurG',cy of 'which waS 

l ater confirL1ed by v. Kar lilan (Reference 8 ). 

The propor ti onal li r;l i tis e:.-:ceeded vvhenever viri nkling OCCUl'S 

under a s r,laller load than cou l d 80 expected accord ing to formula 

s = k.R.. . The correct rel2.tion "oetween shifting and stress , upon 
a2 

which the c a lcu l ation is basad , exists no longer. As the a/h 

r atio becomes Si;lA..I l e r the aSsw,1ptt0l1 of a IIthin p I a,te ll loses ii1 
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i dent i ty . ExpressL1g for111Ul a ( 23 ) as 

= s a~ = k ' 
h 

19 

k ' re;ilai ns , as 1011[; as t he d,qf) . .8c tion OCCUI'S be l ow the p r opor-

t iona l lin i t for She8..I' , an i nvcuiao l e as p rov ed by tests 1- 6 . 

I f , to arl' ivd at wrinkling , tho 'pro}lor t i ona l limi t is exc eeded , 

k I bec oi;1e s so much small er as the pe r mal!ent dei'ormati on i s 

str onger at buckling . Consequcntl y ; k ' yi el ds k fT om the 

'experime:'1tal val ues wi thin the e l ast ic r angc' , vThibh , a c cor d i ng 

to test s 1- 6 , i s k = 50 . . 

Three ot~.ler serie s of t es ts Oil cellu l o i d , Hos . 8 , 9 , and 

10 , Tab l e I) - tests Nos, 10 to 16 , 17 to 26 , and 27 to 36 

y i e l d prac t ically tile sa::1e data , a~ld are exhib i ted in Tab l e s . 

I I I, IV , ar..d V, e,:.1d Fi gure 22 . k = 51 . 52 , a!1d 49 . 3 . Tile t ran-

s i tion fro~ el ast ic to i ne l ast ic def l e c t i on i s c harac teri z ed b y 

a / h = 3'4: , :) 2 . 2 to 35 . 5 and 31. 4 to 29 . 4 . 
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TA3 L~ III. Tents 10-16 

Vater i ~l, Oellul oid 
l:odulus of e l asticity, E = 22 , SOO kg/ em2 

Poisson l s ratio , m = 2 . S6 
Plate thie~ness , h = 0.05 em 

--~---- _ -- _ -- -_ .. _-. - -----'------,-- -- --- - ," ---- ,,--

PI Cl.tc iVri lll<- Wav e 

Test 
No . 

-.rid th ling Thsp1aec:>- l ength 
a a/h lo1).d Y':.ent Ie I 1: I k A. 

a1 i') 
em 

a s 
kr,/em2 

~ . ____ ---~-- __ .. _ _____ _ ---- .------- --- ~~--_If,-_+_~- -'-'- ~ 

10 1 . 9 3S 3 . 94 0 . S2 115 , OaO 111 , 402 Sl 
e y.'l 

11 1 . 9 38 3 .73 0 . 78 109, 500 3.62 
1 2 1 . 8 36 4 .1 7 · 0 . 956 110, 800 3 . 62 
13 1 . 7 34 4 . S2 1.06 110 , 300 3 . 38 
14 1.5 30 _5 .17 1.225 95 , 4J0

1 
Inclas - 2 . 75 

I S 1 . 6 32 4 . 83 0 . 59 101 , 400 t ic 3 . 10 

_16_~~ __ ,_~~ . 04J_~~~ __ , ~~~~_800 1 d~~~~;~ __ .~~.01 ." 

TA3 LE IV. Tasts 17-26 

MLterial, Cellul oid 
!':.lodulus of elastie i ty , E = 23 , 30e kg/ C['1

2 

Poisson l s ratiO, m = 2 . 45 

1 . 9 
2 . 0 
1. 99 
1. 85 
1. 94 
1 . 88 

::l a te thie::118ss , h = 0.031 em 

~fIT~ ,---' ;1d~~~~ sp ~ac:~I----- ;....---------l-~:~~~ - ~ --
Test C)., ~ a.,/r.. load I r.1e~1t k ! l( ! k A. -

-"TO S c: Vl ea-' a _!l • ,v 1 __ ' 1._ 

17-- 1~§--, Gl . 3 ~~~~I-:"tO~43 _. 121~350--119~200' sa 3~~\3--i . -96-
1 8 1 . S Il bs .1 1 .075 0 . 406 116 , 900 3 . 53 1.96 
19 1 . 7 54 . 9 1 . 335 0 . 36S 119 , 900 3. 16 1 . 86 
80 1 . 5 48 .4 1 . 57 0 . 602 118 , 300 2 . 97 1 . 97 
21 1 . 4 45 . 2 1 . 86 0 . 642 11S , 400 2.59 1 . 85 
22 1 . 3 42 . 0 3 .14 0 . 8 1 21, 600 2 . 45 1 . 80 
23 1 . 2 38 . 7 3 . 42 0 . 918 117~200 2 . 38 1 . 98 
24 1.1 3S . S 2 . 95 I 1 . OS 119 , 700 2.22 2 . 00 
25 1 . 0 32 . 2 3 . 36 1. 26 112 , 800 In81a8- 2. 1 S 2 .1S 

26 0.8 ,25.8 3 .78l~_._G5_~_'1~~ld~m~~"_~:-:~- ~ . Ol _ 
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TABLE V. Tests 27-36 

Mat'erial, Oelluloid 
Hodulus of elasticity, E = 15,800 kg/ C1112 

Poisson I S ratio, m = 3.415 
Plate thickness, h = 0.051 cm 

,...: , ---- -~~-~~, ---
Plate Wrink- Dis- Wave 
width ling place- length 

"-Test a a/h load iilent kt let k "- -
No . s % mean a 

cm ~g/c~ cm 
-

27 1.25 24.6 5.85 1.595 68,900 In 2.44' 1'.955 
28 1.3 25.5 5 .34 1.295 68,.000 elas- 2.52 1,.94 
29 1.35 25.6 5.08 1.125 69 , 800 tic '2.66 1.965 
30 1.4 27 . 45 4.83 1.13 71, :100 dcfor - 2.76 1.97 
31 1. 45 28.45 4.32 0 . 98 68 , 500 ma- 2 . 78 1. 92 
32 1.5 29.4 4.32 1. 00 73 , 300 tion 2,.93 1.95 
33 1.6 31.4 4.07 0',99 79,300' 3.17 1. 98 
34 1.7 33.3 3.61 0.847 80 ,400 78,300 49.3 3.38 1.99 
35 1.8 3-5.3 3.16 0~722 77,300 l 3.48 1.94 
36 1.9 37 . 35 2.80 0.60 76 , 200 3.8 2.00 

'--------" ___ J-._' _____ "-_ .. ~_~ - .----- ---- ---' ,-' - -

Q_) _,'Iy~of def2.~_~~.:H.Qn.- Aside from the load whi ch induces 

wrinkling, the type of deflec tion is of particular interest 

wi th respect to the Viave length, for it enables us to decide 

where reinforcements are :1ecessary. 

We used a Zeiss instrument with which we, practically cali-

brated the deformed plate. 

Owing to the aforementioned irregular stross distribution 

near the free edges, we naturally expected some disturbance in 

the uniformi ty of the deflection. For tl1at reason we had , to 

a scertain the extent of the effect of the freG edges on the 

deformation , because this b oundary zone had. to be elir.lina t8d 

before defining the vl c,ve length. I n sevcr2.1 specimens the 

first signs of wri:i1klos nppearec1 at 1 to 1. 5 a from the free 

edge . But by a very slight load increase the deformation spread 
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evenly over the en tire strip . . Thi s undoubtedly is due to the 

slightly higher stress increase near the edges . 
, , 

So in order to rtefine this ed~e effect , we examined the 

,boundary zqne· of a transparent strip of c ellul o i d 0.05 c ril t _1ick 

a:1d 1.9 c m wide: af;ter wrink,ling. Our :'!lethod consisted in: deter 

mining the 'deformation as dissections perp'endicular to the' c on-
. . 

strained edges. The disse'ctions wer·e 2 rrui", ap.art. . The measuring 

po.ints w.ere 1 mm apart. 

Since the s~1ape of the leve r made the li easurer.18nt· of' the 

de.formation on the constrained edge .i tsel f· impos,sible ,. the ends 

of the dissections had to be detertrti.nedi afterward . The defor ma-

tion over sevcral r/ave lengths 1Nas 11 easured 1 . 5 mEl f r om the c on-

strained edge on a line parallel to this edge . The middle l ine s 

between the tangents to the ~'laves then yiel ded the pos i -:ion of 
" . . 

the constrained edges , after which the c ontour l ines, i . e. , the 

lines of equal deflec tion from tile p l ane , give us the defor iTIa-

tion,'shown on Figure 23. 

The figures on the contour deno'te the defl ec t i on perpendic-

ular to the ',ledian p l a:"1e in 0.01:rnr.1 . The fourth 'lal f - wave al

ready has exactly the same s~1ape as the one following . The 

greates t deflec tion 011 the whole strip occurs on the free edge . 

The irregularities in the deformation do not" extend beyond 

three haIf-vTaves. 

So it niay be stat ed t:lat t ~1e effect of the free edge on the 

deformatioil does not exceed 1. 5 tir,les the 1'vidth of the p l ate 
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from the free edge, and all waves outside of this defined bounda

ry zone are included when defining tlle wave length. 

However, since this does not preclude the possibility of 

any 1';10re extended edge effect under increasing deflection we 

determined the location of the zero deflection lines or of the 

junctio~ lines for s = 4 . 83, 5.48, and 5.93 kg/em at vari

ous degrees of deflection . The strip was 1.8 cm wide and 0.05 

cm thick . But the test failed to ShOW ' ~lY differe~ce in dis

tance between two juncti on lines for t~1.ese load stages, wi th 

the exception of their slope v/hich, owi::''lg to the greater dis

placement of the constrained edges, wa s more pronounced (Fig. 24). 

To follow the course of the wrinkles, we determined the 

deforma tion on the S8me plate for a half-wave, the results of 

which are plotted in Figures 25-27 . At tn.e left we find the 

deflection from the plane as dissection perpendicular to the 

constrained edges and the absolute va lues of t~e deflection; 

at the Tight, the deforma tion as contour. For s = 4.83 kg/cm 

the def l ection is perfectly ela,stic, v7hile at higher loads part 

of the deflection is already of a permaneDt nature. From these 

deformations the disproportionate raise in wrinkling by snaIl 

load increases, becomes apparent. The permanent deflection 

after releasing the load is s:lown a s dissection and contour on 

Figure 28. 

The Wave length was defined by r.1easuring the di stance of 

maximum deflections from each other. The results of the&e 
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:'lleasurements cHe Gi ve:i.1 il1 Tt.1bles I I t :) V, wi til ·1.nwe l enGth I\. in 

c ei.lt i ucters . 

For ~/a we obtained the fol l owinc figures : 

Tef3ts 1 - D ~/a .- 1. 88 - 2 . 18 
10 - 15 1 ()n . • :.>0 - 3 . 00 
17 26 1. 85 8 . 15 
27 ,3G 1. 92 - . . 2 . 00 

There is i10 cUffer el1ce in voJave lengt:1. fo r el e..stic or ine l asti c 

deflection as far as we could ascert ain . "The ave r 8.ge ~/a = 

1.97, as seen in Figure 29, shows a p lo tted aba ii1st ~/a . 

17e atteli~pted to det,ermi ne t~ e bending r.l0ii1Ci.1t s pcr p endicu l ar and 

paral le l to the· constrained edges f r om the deflectioris deve l oped 

in t~c p l ate after exce~di~g t~c ~riilkling load . The plate was 

0.05 Ci11 t:nick, 1. 8 en wide , of celluloid 50 . 7 , T8.ble I ; the 

weasurements were made by s = 4 . 83 kg /cm edge loading . 

Our proc edul'8 we..s to a:pproxir,mte the di sseoti ons paralle l 

and ·perpendicular to ,th·e Oohstra.inetl cdge s as arb i t rary fU j:J.Ctions 

by a se~ies of other g iv8n fune t io~s . In~8Drueh ~s thes e dissec-

tioi.1S are ve..lid P.S p0riodic func tions , we chose th,~ approximation 

by Fourier serie s . Then He :eransfe:c'red the jj easured va l ues to a 

system of co or dinates and p lo tted a smoJth curve which fol l owed 

the experimcnt a l po i nts as closely (tS possib l e. This was fo l-

lowed by 0.11 nar;ilonic ELnal ys i s of e;npi l' ie a l fUllc t ions , a ft er 

which 1!!e took l'. number of equ.i di stant V(11~lC S fro m the cur ve . 

The iD.di vi du3.1 periods were divi ded into trrelvc parts a nd the 



H.A.C.A . Tec hnical MemoraDdum No. 601 35 

coeff ici ents of the sine and cosine ter~s of the Fouri er series 

computed. Terms wi th coeff iciei1ts, 'II..,h ich in the ir order of mag-

ni tude -~yent below the :nea,sur ing accuracy of t~le Zeiss il1 Rt ru-

ments , were di sr egarded in the sec ond different i ation . From 

the quotient of the l atter "le d.ete r Di ned t he J~e spective 12 ordi-

nates which yield t he values for and that is, f or 

the 'ii101ilent s. 

Table VI conta ins the perfectl y e l a8tic def l ections perpen-

dicular to the cons trained edges. 

Tlte distribution of the computed monent s 

2 
iJ. 021,"v,\ G1 = - D (~Y! + Clx2 Oy2 ) 

G2 = - D (02W + iJ. 02
1'"T\ 

oy2 ox2 
; 

over a 11alf-wave may be seen in FiburES 30 8nd 31. The line s ap-

p ly to G1 2nd G2 = constant . The ascr i "oed figur e s yield lN i th 

- 1.64 X 10-3 as sc a l e the i.l0L1ents G1 and G2 (kg /cm) 2,nd 

with 3 . 92 the stress in tile p I C'.. te i n kg/cm2 • The maxi mu m 

f.lOments and s tres s e s are ill the c enter of the hal f '- '[vave and 

amoUilt to 0.469 2nd 0 . 325 kg/cm, and 112 and 78 kg/cm2 . 

It is seen that t~le p l ate st r esse s, due to wri:nkl'iilg in 

bending , exceed the 8l1ear stre s s e s of 96 . 6 kg/c m2 at tlle edge 

soon after e:Aceeding the buckling 10Cl.d. :2ec ause of the very 

pronounced increase in ~)ellding stre ss by further deflecti on, it 

become s evident that a stress is qui c kly dev eloped by the wrink-
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les a))ove the p:roportional elastic lL'lit. 

TA3LE VI 

Deflections in I' issectiol18 PerpeT'..dicular to ele 

~-~ 
-----
s 
--
2 
<) ..., 2 -

3 2 
4 4 
5 5 
6 6 
7 5 
8 3 
9 

0 

10 -1 
11 - 3 
12 - 4 
13 - 5 

7 
7 
0 
0 
5 
8 
1 
8 
9 
3 

b s 
f- -

-34 
-12 

28 
77 

105 
110 

84 
73 
33 

-10 
- 45 
- 65 
-73 

d 

- 66 
-29 

27 
90 

136 
160 
1 57 
129 

75 
+35 
-38 
-72 
- 8 7 

Constrained Edges i~ 1/1000 I~ 
e~l-g--ITj-k.-'-

+----.. --- '-"'-r- ----f-. 
~93 -117 .-125 -138 -113 

m ns 
---

- 8 7 - 49 
- 51 - 76 -105 -125 -130 -116 -79 

21 4 - 37 - 68 - 95 -102 -76 
90 83 53 15 - 37 - 61. - 60 

14g 148 131 
I 

82 37 
179 201 197 159 105 

3 - 27 
46 13 

205 2:37 ')")0 316 167 t-J"_' t-, 100 43 
1 82 235 238 235 197 137 74 
127 1 139 198 204 192 140 100 

74 119 168 186 184 1 55 106 
- r' ;) 36 75 104 112 108 76 
-67 -33 0 30 52 5 7 45 
-96 - 98 - 70 - 30 7 21 25 

Tests wi th Duralu:·_~ii."l 

p 

- 23 
-25 
- 36 
- 36 
- 24 
- 4 

1 5 
29 
39 
45 
35 
22 
12 

These experiucnt s s11m.lld be of spccia l i"i1terest to tile user 

of l i ght !.netal. We used rolled p l at e s 0.05 8..nd 0.03 c m t h ick, 

al loy No. 6Gl b , 112..l'd~le ss 1/2. The e l a stic propert ies, :".1odulus 

of elu.stici ty, and POiS80~ I S ratio were dete rmined on samples 

t 2_ke:1 frol~l the sru,le sheet ; the n odulus of elast ici ty varied be-

tween 748 , 000 a!1d 775,000 kg/cr:12 (aver age : 760,000 1{c/cm2 ) ; 

Pois80n 1 s ratio, m = 3 . 23. 

The wrinkling tests were u[tde wi th t:le aforeY:lentioned cl aY.rp

ing dcvice (Fi g . 10). The effect of the edge loading on the dis

p l a c er.1ent is gr aphed in Ficure 32 (p l ate test No . 66) . Tests 

42 , L1.=~.l: , 45 , 48 , 52- 59 , e,;'."ld 64-07 YTe re Iilade with the 0.03 cm 
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plates , Emd the load at wrinkling and the vvave length determined . 

The data are shown in Table VII and Figure 33 . The graph shows 

the transition from elasti c to inelastic deflection betweeD 

a/h = 53 . 3 and 33.3, and in conforEli ty the k 1 values up to 

a/h = 53 . 5 show a const ant val ue of about 3 , 4;90 , 000 . The fig-

ures for k range bet'l.'Teen 51.1 and 47 . 6; the average is 49.2 . 

Below a/h = 53 . 3 the, k I . va,lues continue to decrease to 

1 , 940,000 . 

The experiments (Nos. 43 , 46 , 49-51, 81ld 60-63) with the 

0.05-centimeter pl ates are inolu:ied in Tcb l e VII, and Figure 34 

denotes the effect of a/h on the collapsing load. 'rIle transi-
. 

tion from elastic to in.e l a stic deflecti on occurs be tween a/h = 
. . 

56 and 40.. The. k 1 v a.lues are 'aud n p;rao tically constant, 

ranging b,e:t1!veen' 3 , 740 , 0'00 a,nd 3,500 , 000:. k averaged 51.0, a 
. ' . 

figure only s],ibhtly different · f rom the, previousl y obtained 

v a lue . 

Figure 35 .exhibi ts the A/a va lues for te,sts 42-67, p l otted 

against plate w,idth a. , The a/h: ratio f l uctuated between 

116 . 8 and ,33 . 3, and the ra,tio of wave l ,ength to plate width be-

tween (1.68) 1. 89 a nd 2.02. T4e average for A/a for all tests 

~Ni th du:ralumin pla,tes was A/a = 1 . 87 . 
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Te s t 
No. 

42 
43 
44 
45 
46 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
5 8 
59 
60 
61 
62 
63 
64 
6 5 
66 
67 
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TASLE VI I . Tes ts 42-6 7 

·.:a t erial, 
Modulus of el asticity, 
Pois son's ratio, 

Dui' c.. .:_ cl.;i1 i u 
E = 760,000 kg/ cm2 

m = 3.23 

Di .ae_1SiollG Wr ink- Wave 
wi dt h thic1c- ling length 

ne s s a/h load kl k 'A 
a h s 
cm kg/cm cm 

. ~ -
2.00 0 .03 66 .6 24 .6 3,620 , 000 50 . 9 3.92 '. 
2 .00 0.05 40 93 2, 6 76, 00') (41 . 8 ) 3.96 
1. 6 0 0 . 03 53.3 35 . 8 3,394,000 47 .7 3 .17 
2 . 80 0.03 93.3 12.1 3,513,000 49 . 4 5 . 56 
2. 80 0.05 56 56.4 3 ,537,500 49.8 5 .75 
2. 80 0.03 93 .3 1 2 . 2 3 ,543,000 49 . 9 5.55 
2.00 0.05 40 96 3,072,000 (43 . 2) 3 . 95 
1. 60 0 .05 3 2 98 2,007,000' (28 .3) 3.18 
1. 6 0

1 
0.05 32 103 2,110,000 29 . 7 3.10 

2 . 80 0 . 03 93.3 11. 8 3,426,000 48 .2 5.50 
2. 80 0.03 93.3 12.5 3,360;000 51 .1 5 . 45 
2.00 0.03 66.6 24.4 3,615,000 50 . 8 3 . 80 
2.00 0.03 66 . 6 2 4 .3 3 ,600,000 50.6 4.05 
1.60 0.03 53.3 36 .7 3,480,000 49 .0 3. 10 
1.60 0.03 53.3 35 .7 3,385,000 47 . 6 3.18 
1.00 0 .03 33 .3 52.5 1,940,000 (27.3~ 2.00 
1.00 0.03 33.3 59 . 5 2, 20L'"" 000 (31.1 1. 89 
2. 80 0.05 56 5 7.5 3 ,746,000 52.7 5.39 
2. 80 0.05 56 55 .5 3,501 , 000 49.6 5 . 47 
3.50 0 . 05 70 37 3,626,000 51. 0 7.15 
3.50 0.05 70 39 3, 822,000 53.7 7.05 
3.50 0.03 116 . 8 7. 8 3,547,000 49.9 7 . 20 
3.50 0.03 116 . 8 7.2 3,26 7,000 46 . 0 6. 83 
1.60 0.03 53 .3 40 3,792,000 53 . 3 '2 .79 
1.00 0.03 33.3 55 2,036,000 (28 .6 ) 'i. 98 

--

'A -a 

-
1. 96 
1.98 
1.98 
1. 98 5 
2 .05 
1. 98 
1.975 
1.985 
1.940 
1.960 
1. 945 
1.90 
2.02 
l.94 
1. 99 
2.00 
1.89 
1. 91 
1.95 
1.98 
1.96 
2 . 00 
1.95 
1.68 
1~98 



Pl a t e 
Test VT i dth 

No . a 

om 

68 2.0 
69 2.0 
70 2 . 8 
71 2 . 8 
72 1.6 
73 1. 6 
74 0~ 8 
75 1.0 
76 ' 1.2 
77 2 . 0 
78 2,. 8 
79 1 . 0 
80 1 . 0 
87 3 . 5 
,88 3 . 5 

--

1i . A . C .A. Te ohnioal Memorandum No . 601 

TA3 LE VII I, Tes ts 68- 80 , 8 7, 88 

Haterial, Bras s 
Modulus of c l ast ioity, 
Poisson ' s r a tio , 

E = 943 , 000 kg/om2 

m = 3.06 
Pl ate t h iokness , h = 0 . 02 em 

Wrink- Wave 
ling length 

a /h load k l k A. 
s 

kg /om om 

1 00 8 . 45 4 , 225,000 48 .0 4.35 
1 00 8 . 26 4 , 130, 0 00 4 7 . 0 3 .80 
1 40 4 . 54 4 , 449 , 00 0 50 . 6 5.46 
1 40 4 . 54 4 , 4 49 , 00 0 50 . 6 5 .43 

80 13.7 4 , 384 , 000 49 . 9 3. 1 7 
80 13.5 4 , 320 , 00 0 4 9 .1 3.38 
40 31. 8 2 , 544 , 000 2 8 . 9 1.54 
50 ' 1. 9 7 
60 2.25 

100 8 . 45 4 , 225 , 000 48 .1 4.08 
1 40 4 . 43 4 , 341,000 49 . 4 5.38 

50 23 . 0 2 , 8 75 , 000 32 . 7 1.90 
50 22 . 9 2 , 863?000 32 . 6 1. 82 

175 3 .16 4 , 933, 550 56 .1 7.52 
1. 7.5 2 . 96 4 , 62 5 ,000 52 . 6 6.3 

Experiments with Bras s Pl a t e s 

29 

A. -a 

2 .15 
1.9 
1. 95 
1. 9 5 
1.98 
2 .11 
1.93 
1. 97 
1. 88 
2 . 05 
1. 93 
1. 90 
1 . 82 
2 .14 
1. 8 

1-.---

T~e s ampl e s we :r- c 0 . 02 om t h iok rolled b r a s s . Tensile tests 

made on si~ sp eoimens yi el ded E = 943 , 000 kg/O~2 and t ransvers e 

elongat ion m = 3 . 06 . 

The r esults of t he defleot ion tests are given in Tab le VIII 

a nd Fi gure 36. As lo ng a s k ' r emains oonst ant by a /h ~ 70, 

the defleotion is ela s t i o ( tes ts 68-73, 77 , 78 , 8 7, 88 )~ When 

a /h -< 70, f ormul a (23) is 'inapplioab le to t h is materi al ; k' 

beoomes smaller, so t hat b y a / h = 40 i t ha s dropp ed to 

2,544 , 000 . For elastio def leot ion k = 48 .0 - 56 .1; the average 
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is k = 50 .1. 

The ratio of wave length to p l a te wi dth · k/a, remains prac-

tically constant and rai ses between 1.8 alld 2.15. The averag e 

of all tests is 1.96. In Figure 37, where k/a is p lotted 

agains t the p late riidth) tIle individual A/a figuTes are in 

close aGreement wi th the lLiean values sllown as dotted line. 

Con c 1 u s ion 

Owing :to the high elastic deformabi lity of celluloid, it 

was not on~y possi,ble to observe the b eginning but also to ascer

tain t_le ty-pe of deflection. The test data on celluloid wer e 

affirmed b y the experiments wi th dural umin and "brass. 

According to our erperlments the load at wrirucling c an be 

accurately. :expressed b y the .formula s ~ k D (k = 4,9: to 50) , 
a2 

as set up from experiments with celluloid and substantiated by 

those on dur a lumin and br'ass. Its limi t of a:pplicabili ty is 

the proportional elasti c limit. 

In wrinkling, two c a ses must be distinguished : deflection 

prior to reaching yield limit (elastic deflection); and deflec-
. . 

tion after the yield licit has been reached (inelastic deflec-

tion) . rhe transition from elastic to inelastic deflection in 

the Lldividual materials is characterized by a certain ratio of 

p l ate ITidth to plate thickness a/h , which for celluloid is 34, 

for dur a lu'11in, 50, and fo r b rass, 70. The greater the elastic 

deflection in the i:l8:ter ial, the lower the a/h ratio of transi-
, . 

tion. In contrast to Sout ~lwell a~1d Skan, our figures for the 
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wrinkling loads were about 43% 'lower. This discrepancy finally 

becDrt1es greater than we expecteq. from the previously 'stated ef

fect of inexact edge co nstra;int. Then the shape of the deflec

tion surely has some effect ' also. According to Southwell, the 

wave lengths should equal 1.6 times the pl ate width, but our 
" 

t~sts yielded 1.97 a in' every case. Timoschenko's figures are 

slightlY higher,ai th<;mgh it" should be rememb ered that in his 

tests all four edges were suppo~ted. 

RE?garding the' deflecti on itself, the fo llowing may be sta t-

ed : Once a certain load - the wrinkling load - has been ex

, ceed.ed,. the equi librium betw,een the internal and externs,l 

stresses ceases to be certain. The beginning of instability is 
, . 

accompanied by a formation of regular, wavelike wrinkles. Near 

the fJ;'ee edg~ the un:i,formity is interrupted by the uneven 
, , , 

stresses prevailing at that point. The deflection at the free 

edge is approximately l5~ greater than in the pl ate center. 

The wave leng,th , of the deflection is in a constant ratio to the 

plate , width , ~ '''-,/a ' := ' l.97, and is unaffected by the plate thick-
' ,- .. 

ne ss and the ma tel'ia1. 

Translation by J~ Vanier, 
National Advisory Committee 
for Aeronautics. 



32 r .A . C .A . Technic 2,1 Mei:lOrai1du.El No . 601 

Ref ere n c e s 

1 . A:"1drade, E.' H. da C. 

2. Bryan, G. E. 

3. EnGesser, Fr. 

4 . Engesser, Fr. 

5. Coker , E. G. 

6 . Filon , L. G. 

: . 

7. l:i.1g1 is , E. 

8. Kar,;la11, Th. v. 

. 
'. 

The Distribution of Slide i n a 
Right Six- Fac e SUbje c t to Pure 
Shear. Proc . Roy . Soc . Ser i es 
A, Vol. 85, 1911, p . 448 . 

On tlle Stabi l ity of a Pl ane Pl ate 
mlder Thrusts in its OYm Pl ane , 
wi th A-pplicati ons to the "Buck
ling~ ~~ the Sides of a Ship . 
Proc. of t"le London Math . Soc., 
Vol . 22 , 1891, p. 54 . 

~rrr die K~i ck!estigkeit gerader 
S~abe. Zeltscnr . d . Hann . lng.
und Arch .-Vereins , Vol. 35 , 1889 , 
p. 455 . 

(Berichtigung zu Schr. 3) 
Schweizer · .Bauze i tung, Vo l . 26 , 
p . 24 . 

Optical Determination of the 
Variation of Stres.ses in a Thin 
RectanGul ar Pl ate Subjec ted to 
Shear . Proc . rtoy . Soc ., Series 
A; Vol. 86, 1911, pp . 291-319. 

On an ApproxirJate Sol ution for 
the 3endL1g of a Seam. of a Rec
tangular CroGs Section under any 
Syster.1 of Load , . wi th.· Opti c al Ref
erence to Points of Concentr ated 
or Di$ooDtinuo~s Loading . Phil . 
Trans . , Series A, Vol . 201 , 1903 , 
p. 126. \ . 

Stress Distribution in a Rectangu
lar PJ..ate· Havi .ng 1\"70 Oppo si ng 
Edges Sheared in Opposi te ' Di rep
tions. Froc. Roy: Soc. ,Sf,3r i es. A, 
Vol . 103 . 

unterSUChungen llber ~nickfe s t i g
kei t . lvli ttei l une;en uber For schul1g
sarbeiten , No. 81 , 1910 . 



N.A.C.A. Technical Memorandu~ No. 601 33 

9. Lamarie, 

10. Lilly, ' W. · E. 

11. Lilly, W. E. 

12. Lilly, W. E. 

13. Love, 

14. Lord Rayleigh, 

15. Ritz, W. 

16. Runge, O. and 
K8ni g , H. 

17. Schwerin, E. 

18. Southwell, R. V. and 
Skan, Sylvia \'V. 

19. Southwell, R. V. and 
Slean , Sylvia W. 

. . 

Me~oires sur l a Flexion du Bois~ 
184!). 

Journa l Junior Inst. Eng., Vol. 
,18, 1907, pp. 72-181. 

~eb Stresses in Plate Girders 
and Oo lumns. Engineering, Feb. 

,1" 1907, pp. 136-139. 

The Design of Plate Girders and 
Oolumns. Engineering, 1908 . 

Lehrbuch der Elastizit~t. 
Deutsch von A. Timpe, Ohap . 22, 

1907 . 
The T~eory of Sound. 1894, 
Vol. 1 & 2. 

frber eine neue Methode zur L8sung 
gewisser Variationsprobleme der 
mathematischen Physik Journal f. 
d. reine und angew. Mathemat ik. 
Vol. 135, 1909, p. 1 (s. auch 
seine ge sammel t en Werke, Par is, 
1911). 

Vorlesungen {Iber numerisches 
Rechnen, Berlin, 1924, pp . 189-
237 . 

Die TorsioJ.1sstabili tih des diinn
wandigen Rohres. Zeitschr . f. 
angew . Math . u. Mech., Vol . 5, 
:No.3, p . 325. 

O~ the S~abili ty under Shearing 
Forces of a Flat Elastic Strip . 
Proc. Roy. Soc., Series A, Vol. 
105. 

Hote on the Stabili t y Under 
Shearing Forces of a Flat Elastic 
s t ri p and an Analogy wi th . the 
Prob lem of a Laminar Fluid Mo
tion. Proc . of the First Intern. 
Oongr. fo r Appl. L.!:ech., Delft, 
1924, p •. 326. 



34 IT .A. O. A. Technical Memorandum !'Jo . 601 

.20 . Tetrnajer, L. v. 

21. Ti;;.1o schenko, S. 

22. Timo schenko, .8. 

D~e angewa:1dte ~last izi ttits-und 
Festigkeitslehre . ~p . 378- 405 . 
L~ip zig and Vie~na: .. 3d ~d. 
J~ II uoer die Stabi l i tFtt e l astischer 
Systeme . Kiew , 1910. 

froer die Stab i1i t~t versteifter 
Pla.tten. Der Eisenba.u , Vol. 12, 
1921, pp . 147- 163. 



I.A. C.A. Technical Memorandum No. 501 11gs. 1 ,2,3,4,? 
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~ 
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Fig.4 Forces acting on a plate 
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Figs. 29 , 30 , 31 
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