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KATIONAL ADVISORY COZ1ITTEE FOR AERONAUTICS. 

TECHNICAL KEidORANDU1M NO. 578. 

CALCULATION OF TAPERED iiONOPLANE WINGS. * 
By E,  Amstutz. 

For some time t h e r e  have Seen b u i l t  i n  increas ing  numbers 

monoplanes with c a n t i l e v e r  wings, which no longer have t h e  cus- 

tomary rec tangu la r  or e l l i p t  i ca3  contour,  but a re  decidedly t a- 

pered. The f l y i n g  boat I1Romar, " b u i l t  by the  Rohrbach Company, 

i s  a s t r i k i n g  example of t h i s  type ( ~ i g ,  1). 

Obviously t h i s  shape ipc reases  t h e  l i f t  i n  t h e  middle of 

t h e  wing and thus  reduces t h e  bending moment of t h e  l i f t i n g  

f o r c e s  i n  t h e  p lane  of symmetry. Since t h i s  p o r t i o n  of t h e  wing 

i s  t h e  t h i c k e s t ,  t h e  s t r e s s e s  of the  wing mater ia l  are reduced 

and des i rab le  space i s  provided f o r  stowing t h e  loads  i n  t h e  

wing. This s t a t i c d l y  e x c e l l e n t  form o f  cons t ruc t ion ,  however, 

has aerodynamic disadvantages which must be c a r e f u l l y  weighed, 

i f  f a i l u r e s  a r e  t o  be avoided. This t r e a t i s e  i s  devoted t o  t h e  

considera-tion of these  problems. 

The wing theory ,  as developed p r i n c i p a l l y  by Pxandt l ,*  

shows t h a t  t h e  r e s i s t a n c e  f o r c e s  of a wing can be divided i n t o  

two sharply d i s t ingu i shed  p o r t  ions. F i r s t  t h e r e  i s  t h e  so-called 

p r o f i l e  drag, which i s  produced by t h e  s k i n  f r i c t i o n  and separa- - 
*lfZur Berechnung von s p i t  zendigen  ind decker-TragflCgeln, I' 

Sehweizerische Bauzeitung, Apr i l  5, 1930, pp. 181-186. 
**L. P r a n d t l ,  " ~ r a g f l i i g e l t h e o r i e  I ~ n d  11, i n  Vier Abhandlungen 
zur Hydrodynamik und Aerodynamik , Got t ingen, 1927. 
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t i o n  of t h e  boundary layer .  It depends on the  p r o f i l e  form and 

ol.1 the  t o t a l  a rea ,  but not on t h e  p a r t i c u l a r  p lan  form, with 

which we accordingly have nothing f u r t h e r  t o  do. The second 

p o r t i o n ,  which alone i n t e r e s t s  u s  here ,  i s  produced by t h e  sec- 

ondary motions imparted t o  t h e  air by t h e  wing, which thus  sup- 

p o r t s  t h e  weight of t h e  whole a i rp lane .  Since the re  i s  energy 

i n  t h e  secondary motion, t h e  wing must e-xperience a r e s i s t a n c e ,  

which i s  termed (no t  very a p t l y )  t h e  "inducedN drag. 

The induced drag is somewhat as  follows. The air  

over which t h e  wing moves r e c e i v e s  a downward t h r u s t ,  t h e  nearer  

l a y e r s  of air  r ece iv ing  a more vigorous impulse and t h e  more re-  

mote l a y e r s  a l e s s  vigorous impulse, Through t h e  y i e l d i n g  of 

t h e  downward impelled air masses, l a t e r a l  and upward c u r r e n t s  

a r e  produced near  t h e  wing t i p s ,  thus causing, i n  connection 

with t h e  downward motion belolio and above t h e  wing, a c i r c u l a t i o n  

about t h e  wing t i p s  which, due t o  t h e  i n e r t i a  of t h e  a i r ,  ex- 

t ends  as an elongated vor tex  system over the  whole f l i g h t  path,  

The wing i t s e l f  l i e s  i n  a downward flow which it has  produced 

and up which it must climb as up an i n c l i n e d  plane. A;z element 

of t h e  wing ( ~ s g .  2 )  i s  not met by t h i s  upward flow i n  a d i rec-  

t i o n  opposi te  t o  t h e  f l i g h t  speed V, but  at an angle smaller 

by W/V (measured i n  absolu te  mass), w denoting t h e  downward 

v e l o c i t y  of t h e  induced motion at t h e  l o c a t i o n  of t h e  wing ele-  

ment, The hydrodysanic l i f t  i s  then  perpendicular  not t o  V ,  

but t o  the  r e s u l t a n t  speed, so t h a t ,  with respect  t o  t h e  flight 

d i r e c t i o n ,  t h e  component AW/V o f f e r s  a r e s i s t a n c e ,  namely, t h e  
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induced drag Wi. 

The magnitude of the  downward v e l o c i t y  w at every poin t  

of t h e  wing depends on t h e  l i f t  d i s t r i b u t i o n  d o n g  the  wing 

span. Prandt l  and Munk have shown t h a t  t h e  ezergy of t h e  sec- 

ondary flow, and hence t h e  induced drag, i s  t h e  smallest  when 

t h e  l i f t  is  d i s t r i b u t e d  over t h e  span i n  t h e  form of a ha l f -  

e l l i p s e .  The downward v e l o c i t y  w i s  then  along t h i s  constant ,  

whereby the  mathematical treatment of t h e  r e s i s t a n c e  problem i s  

much s impl i f i ed ,  s ince  it then  r e v e r t s  t o  t h e  s o l u t i o n  of an 

e a s i l y  solvable  p o t e n t i d  problem. Idoreover, t h i s  minimum theo- 

rem is  very genera l ly  appl icable  and can be used f o r  complicated 

wing systems, 

Every n o n e l l i p t i c a l  l i f t  d i s t r i b u t i o n  generates  do'cmwarcl 

v e l o c i t i e s ,  which a r e  t h e  g r e a t e s t  i n  t h e  middle a r  at t h e  t i p s  

of t h e  wing, according t o  whether they a r e  f u l l e r  o r  l e s s  f u l l  

t han  t h e  e l l i p t i c a l .  Since t h e  downwad v e l o c i t y  a f f e c t s  t h e  

f low d i r e c t i o n  of t h e  ind iv idua l  wing elements, i t  a l s o  a f f e c t s  

t h e  l i f t  d i s t r i b u t i o n  and, due t o  t h i s  interchange, o f f e r s  con- 

s i d e r a b l e  d i f f i c u l t y  t o  t h e  de terminat ion  of the  induced drag 

f o r  any given wing shape. The rec tangular  wing was very accu- 

r a t e l y  t r e a t e d  by Betz,+ t h e  r e s u l t  of vrhose i n v e s t i g a t i o n  i s  

represented  i n  Figure 3. 

* " ~ e i t r k g e  zur  ragf flu gel-~heorie~~rnit b e s o ~ d e r e r  ~ e r u c k s i c h - t i g -  
ung des  e inf  achen rechteckigen Flugels ,  " Go-tt ingen d i s s e r t a t i o n ,  
publ i shed  i n  iviunich i n  1919, 
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The l i f t  d i s t r i b u t i o n  on tapered  wings can be represented  

with s u f f i c i e n t  accuracy f o r  p r a c t i c d  purposes by a s e r i e s  with 

only t h r e e  terms. I n  the  p resen t  t r e a t i s e ,  i t  i s  f i r s t  shown 

how, f o r  such a l i f t  d i s t r i b u t i o n ,  t h e  wing shape producing i t  

can be found. For t h i s  purpose,  the  d i s t r i b u t i o n  of t h e  bend- 

ing  and t o r s i o n a l  moments of t h e  air f o r c e s  along t h e  span a re  

determined, and the  formulas f o r  t h e  comparison of t h e  drag 

and maximum bending and t o r s i o n a l  moments of tapered  and e l l i p -  

t i c a l  wings a re  given. An example of a warped wing shows how 

t h e  l i f t  d i s t r i b u t i o n  f o r  a given wing can be found approxi;.aate- 

l y  by solving two l i n e a r  equations.  The s impl i f i ed  equations 

a r e  g iven  f o r  an unwarped wing. 

x d i s t ance  from a x i s  of symmetry ( m ) .  

b span (a). 

t chord at d i s t ance  x (a) .  

V f l i g h t  speed ( m / s )  . 
w v e r t i c a l  induced v e l o c i t y  (rn/s). 

Y angle of a t t ack .  

6 angle of  decalage. 

P a i r  dens i ty  (kg m W 4 s i ) .  
P q =  3 = d y n a m i c p r e s s u r e  (kg/m2). 
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F p r o j e c t e d  wing a r e a  (m2). 

A t o t a l  l i f t  of wing (kg) .  

W t o t a l  drag of wing (kg ) .  

w~ p r o f i l e  drag (kg) .  

w i  induced drag (kg).  

M moment of air  f o r c e s  about i n t e r s e c t i o n  po in t  of 
v e r t i c a l  l i n e  from forer~iost point  of wing p r o f i l e  
with chord (m kg) .  

def ined  by A = ca qF 

II W = c, qF 

11 It Wp = carp qF. 

II 11 Wi = cwi qF 

I I  " 1 = c, qFt 

bending moment ( r n  kg) .  

t o r s i o n a l  (m .kg) . 
c i r c u l a t i o n  i n  wlz /s def ined  as 

r =  l i f t  per  rn span = ca ~t 
P v 

A 1 1  va lues  which apply t o  t h e  cen te r  of the  wing (x = k = o)  

have t h e  index o, 

Prand t l  g ives  , . " ' 

as t h e  proper func t ion  t o  r ep resen t  t h e  l i f t  d i s t r i b u t i o n ,  we 

w i l l  confine ourse lves  t o  t h e  use  of t h e  f i r s t  t h r e e  terms. 
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Examples of l i f t  d i s t r i b u t i o n ,  thus  obtained,  a re  p l o t t e d  i n  

F igures  4a, 4b, and 4c, For the  e l l i p t i c a l  d i s t r i b u t i o n  

a = f3 = 0 ,  while l e s s  f x l l  dis t r ibut iont t ,  appl icable  t o  tapered 

wings, y i e l d  negat ive  v,zlues of a. From the  above-mentioned 

source a l s o  t ake  

.. 

and t ak ing  equat ion ( 2 )  i n t o  cons idera t ion  

The bending and t o r s i o n a l  moments a r e  a l s o  of i n t e r e s t .  For 

t h e  bending moment i n  x, o r  E l  ( ~ i g .  5 )  we o b t a i n  

On s u b s t i t u t i n g  4 = s i n  9 ,  we obta in ,  a f t e r  seve ra l  t r ans fo r -  

mat i ons 
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. . . . . .  

and, e s p e c i a l l y  f o r  the  moment i n  the  cen te r  of the  wing, 

and, t ak ing  account of equat ion ( 2 )  

The t o r s i o n a l  moment cannot be represented  by t h i s  genera l  equa- 

t i o n .  A s  shorn below, t h e  c i r c u l a t i o n  d i s t r i b u t i o n  does not 

d e f i n i t e l y  determine the  shape of t h e  w i n g .  Hence t h e  t o r s i o n a l  

moment i s  a l s o  a f f e c t e d  by o t h e r  l i m i t i n g  assumptions. 

Determination of t h e  Shape of a Wing f o r  Producing 

a Given L i f t  D i s t r i b u t i o n  

We now proceed t o  t h e  s o l u t i o n  of t h e  problem as t o  what 

wing shape w i l l  g ive  t h e  d e s i r e d  l i f - t  and c i r c u l a t i o n  d i s t r i b u -  

t i o n  I?([). 

A wing i s  charac te r i zed  by i t s  p l a n  form or contour t ( g ) ,  

i t s  p r o f i l e  and i t s  warpii~g S ( t  ). An element of t h e  wing should 
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show t h e  c i r c u l a t i o n  

The necessary chord t i s  t h u s  f i x e d  when ca i s  given, For 

a g iven  p r o f i l e ,  ca i s  a f f e c t e d  only by the  angle of a t t a c k ,  

as i s  obvious from p r o f i l e  books on t h e  b a s i s  of exper imentd  

r e s u l t s .  I n  t h e  p r a c t i c a l  range c ,  ( y )  may be assumed t o  be 

l i n e a r  by p u t t i n g  A ca = k A Y. Theore t ica l ly ,  k = Z r r  f o r  

t h i n  s l i g h t l y  cambered wings, but somewhat smaller va lues  a r e  

ob ta ined  experimentally. 

If %he middle of t h e  wing has a geometrical  angle  of a t t a c k  

Y.3 o 9 t h a t  i s ,  i f  t h e  wing i s  warped at by an angle 6 ,  

t h a t  i s ,  6' s t eeper  than i n  t h e  middle of the  wing, i t s  geo- 

m e t r i c a l  angle i s  

?/ao = L o  + 6 

The index CB i s  used, because f o r  a wing of i n f i n i t e  span, the  

induced v e l o c i t y  vanishes and the  geometrical  angle of a t t a c k  

equals  the  a c t u a l  angle of a t tack .  

The secondzry flow, however, genera tes  at g t h e  induced 

v e l o c i t y  w perpendicupar t o  V, so t h a t  t h e  wing does not 

have t h e  geometr ical  angle of a t t a c k  Ym but the  a c t u a l  angle 

~f a t t a c k  (Pig. 2) .  

If c a m o  'epresents the l i f t  c o e f f i c i e n t  i n  t h e  rniddle of t h e  
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w h g ,  when t h e r e  i s  no induced v e l o c i t y  t h e r e ,  then,  f o r  t , 

Taking account of equation ( 9 ) ,  equation ( 8 )  becomes 
. , , a  

This shows t h a t  t h e  wing form t ( &)  i s  not f ixed ,  b u t  depends 

on t h e  wing warping 6 ( [ )  f o r  a given c i r c u l a t i o n  d i s t r i b u t i o n .  

The -- f l a t  wing.- We w i l l  confine ourse lves  t o  t h e  f l a t  un- a) 

warped-wing, which has  t h e  same geometrical  angle of a t t a c k  

tak ing  equat ion 

equa t ion .  ($a) r eads  

i n t o  cons idera t ion ,  

and, solved according ' t o  t , 

Then 

from which we o b t a i n  
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For t h e  f l a t  wing the  c i r c u l a t i o n  d i s t r i b u t i o n  i s  the re fo re  in- 

dependent of t h e  angle of a t t a c k  and t (!+) i s  a func t ion  of 

t h e  r a t i o  of t h e  c e n t r a l  chord t o  t h e  span f o r  a given c i rculz-  

t i o n  d i s t r i b u t i o n ,  

The a p p l i c a t i o n  i s  b e s t  i l l u s t r a t e d  by an example. It i s  

d e s i r e d  t o  cons t ruc t  a f l a t  u~warped  wing of 40 m (131 f t . )  span 

and 6.5 rn (21.3 f t ,  ) c e n t r a l  chord, so t h a t ,  with a t h i c k  pro- 
- I I  

f i l e  (NO. 449 of t h e  Gottingen c o l l e c t i o n ) ,  the  th ickness  i s  1.1 

m (3.6 f t ,  ) .* The c i r c u l a t i o n  d i s t r i b u t i o n  i s  charac te r i zed  by 

a = -. 0.- and p = - 0.1, while t h e  t h e o r e t i c a l  value 2  IT i s  

used f o r  k. 

I n  Figure 6 a  t h e  c i r c u l a t i o n  r ,  t h e  chord t and t h e  in- 

duced v e l o c i t y  w a re  p l o t t e d  along t h e  half-span, and indeed 

a l l  as r a t i o s  t o  t h e  va lues  i n  t h e  cen te r  of the  wing. Figure 

?a r e p r e s e n t s  a p r a c t i c a l  contour f o r  t h e  ca lcu la ted  wing chords. 
1 

Figure  ?b g ives ,  f o r  comparison, t h e  wing of minimum inauced 

drag  with t h e  same a r e a  and span, which must have t h e  e l l i p t i -  

c a l  form. 

The comparison of t h e  induced drag, bending moments and 

torsionall  rnoments of both wings i s  now of i n t e r e s t .  If we mizrk 

a l l  t h e  symbols r e f e r r i n g  t o  t h e  e l l i p t i c a l  wing with an a s t e r i s k  -- 
*be Prand t l ,  ItErgebnisse c?er Aerodynwiischen Versuchsanst d t  zu 
Gott ingen, " Report I ,  Oldenbourg, Munich ~ ~ n d  E e r l i n ,  1921, 
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and compare t h e  r a t i o s  f o r  t h e  same l i f t ,  ~vhich alone has sense, 

we o b t a i n ,  from equation ( 2 )  

a2 11 
w i l + - O + ; f . + - + -  

- - 2 4 - 4  32 aB+i% 
P 2  

W i  min (1 + i + J3\" 
f. 'g, 

According t o  Figure 8, t h e r e f o r e ,  t h e  chosen c i r c u l a t i o n  d i s t r i -  

bu t ion  exceeds t h e  minimum drag  by 8.28, but reduces the  bending 

moment by 9.9% and inc reases  t h e  t o r s i o n a l  moment i n  d iv ing  

f l i g h t  by 14.1$. In t h i s  connection, however, i t  should be noted 

t h a t  t h e  e l l i p t i c a l  wing, l ikewise  with 163 m2 a r e a  i n  t h e  mid- 

d l e ,  has  a chord of only 5.19 rn and a he ight  of only 0.88 m 

a g a i n s t  to = 6.5 m and ho = 1.1 rn of t h e  wing used f o r  com- 

par i son .  Moreover, t h e  induced drag i s  only a port iolz  of the 

t o t a l  drag, 5 t o  15% i n  straightaway f l i g h t  and 20 t o  30% i n  

climbing, so t h a t  t h e  drag increment, e s p e c i a l l y  i n  f l i g h t  with 

with small ca, has  a s t i l l  much smaller  p e r c e n t i l e  value. 

Figures  6a and 6b a l s o  show t h e  course of t h e  bending and 

t o r s i o n a l  moment along t h e  span. Diving f l i g h t ,  i. e, , t he  angle 
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of a t t a c k  with z e r o  l i f t ,  was chosen f o r  the.  cumparison of the  

tors ion , i l  moments. I n  t h i s  case ,  t h e  induced v e l o c i t y  f o r  each 

element t dx of the  wing i s  &so zero,  and each e leaen t  has  

I t h e  saine moment c o e f f i c i e n t  c, i c, = 0 )  aqd y i e l d s  a t o r s i o n a l  

moment of 

so t h a t  t h i s  becoiaes 

We now introduce t from equat ion ( 9 ) .  The r e s u l t i n g  i n t e g r a l  

i s  no t  solvable  mathematically,  however, and i s  bes t  solved 

g raph ica l ly  by p l m i m e t r y  f o r  t h e  su r face  a rea  

Figure 9a shows another wing with t h e  same c i r c u l a t i o n  d i s t r i b u -  

t i o n  as t h e  wing i n  Figure 7a, but with a d i f f e r e n t  to/b.  The 

corresponding e l l i p t i c d  wing of l i k e  a r e a  and span ( ~ i g .  9b) 

s t ands ,  ns regards  d r ~  and bending moment, i n  t h e  sane r e l a t i o n  

t o  i t  as the  two o the r  wings, but  w i t h  L?. s l i g h t l y  d i f f e r e n t  tor -  

s i o n a l  noment. 

Coxresponding t o  t h e  c i r c u l a t i o n  d i s t r i b u t i o n  o f  Figures  

4a, 4b, and 4c, Figure 10 shows t h e  d rzgs  a d  bending moments as 

compared with t h e  wing having zn e l l i p t i c a l  d i s t r i b u t i o n .  
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b )  The ~varred  wing.- A given c i r c u l a t i o n  d i s t r i b u t i o n  can be 

produced not only by a f l a t  wing whose chord i s  determined by 

equat ion  ( 9 ) ,  but ,zlso by a s u i t a b l e  warping, wi th in  c e r t a i n  l i m -  

i t s ,  of a xing of any o ther  form. 

Assuming t h e  wing contour t ( %  ) ,  we now seek the  wing 

warping 6 ( !) requi red  t o  produce t h e  des i red  l i f t  d i s t r i b u -  

t i o n .  Be a r r i v e  at the  s o l u t i o n  i n d i r e c t l y ,  by f i r s t  ca lcu la t -  

ing  t h e  l i f t  c o e f f i c i e n t s  c a m  corresponding t o  t h e  geometri- 

c a l  angles  of a t t a c k  ym = ym + 6 (1 )  and then proceeding, ac- 

cording t o  t h e  experimentally known r e l a t i o n  between c, and Y , 
t o  36, and then  t o  6. 

I f  we el iminate  To from equat ions (8b)  and ( 8 c )  and solve 

them according t o  c a m ,  we o b t a i n  

The r e l a t i o n  C ( )  i s  p l o t t e d  i n  Figure 11 f o r  the  p r o f i l e  

No. 449 on which t h e  following examples a r e  based. The measure- 

a e n t s  of the  ~ 6 t t i n ~ e n  model wing r e f e r  t o  t h e  so-called normal 
F wing i-iith an aspect r a t i o  of - - 1 
ba - 5 . For our purposes, ,  thcre-  

f o r e ,  t h e  measured angle of a t t a c k  must be c o n ~ a x t e d  by calcula-  

t i o n  t o  t h e  corresponding mgle  f o r  a wing of i n f i n i t e  span with 

no induced v e l o c i t y ,  whose angle of a.t-tack, on t h e  assumption of 
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e l l i p t i c a l  d i s t r i b u t i o n ,  i s  smaller  t h a n  t h a t  of t h e  model wing 

by t h e  mount 

t h e  number 57,3O being obtained by t h e  c o ~ v e r s i o n  of t h e  circu- 
0 

l a r  measure i x t o  angular measure, 2rr = 360 =d hence 

I f  a f i x e d  ca , i s  p resc r ibed  i n  t h e  center  of t h e  wing, then  ' 

t h e  c a m  requ i red  f o r  t h e  product ion of t h e  des i red  c i r cu la -  

t i o n  d i s t r i b u t i o n  i s  everywhere known through equat ion ( 1 4 )  and 

Figure 11. The geometrical  angle of a t t a c k  corresponding t o  

every value of c a m  can be read  froir. Tigure 11, azd t h e  angle 

of d e c d a g e  6 can be obta ined  from t h e  :orn?ula 

The statement of Y m 0  s u f f i c e s  t o  cha rac te r i ze  t h e  geometric 

angle  of a t t a c k  of the  wing. 

Figure 12 shovrs t h e  r e l a t i o n s  f o r  a taqered wing (~ig. 13)  

with a rec tangular  middle sec t ion ,  which agrees i n  a r e a  and sp& 

with  Figures  ?a and _7b and which, moreover, i s  supposed t o  have 

t h e  s m e  c i r c u l a t i o n  d i s t r i b u t  ion  as Figure 7a. The outeraos t  

wing sec t ion  must accordingly be s e t  9' l e s s  s teep  than t h e  

middle sec t ion ,  

For t h e  f l a t  wing, t h e  a i r c u l a t i o n  d i s t r i b u t i o n  along the  

span i s  the  saxe f o r  a l l  angles  o f  a t t a c k ,  so Long as ca v a -  
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i e s  p ropor t iona l ly  with the  angle of a t t a c k ,  This does not hold  

t r u e  f o r  t h e  warped wing. The l a t t e r  h a s ,  along t h e  span, q u i t e  

d i f f e r e n t  l i f t  c o e f f i c i e n t s ,  tvhich, due t o  t h e i r  l i n e a r  depend- 

ence on the  angle of a t t a c k ,  ca,nno% chmge t o  an equal per  cent  
& 

with t h e  changing of the  l a t t e r .  I n  t h e  case of a n o n e l l i p t i c a l  

f l a t  wing, s l i g h t  discrepe.ncies occur i n  the  l i f t  c o e f f i c i e n t s ,  

due t o  v a r i a t i o n s  i n  t h e  induced v e l o c i t i e s ,  b u t ,  with var ia -  

t i o n s  i n  the  angle of a t t a c k ,  t h e  induced v e l o c i t i e s  a lnays vary 

by such amounts t h a t  tile l i f t  d i s t r i b u t i o n  remains unchanged. 

In  t h e  case of a warped wing, the  more t h e  angle of a t t a c k  Y,, 

r ecedes  f r o i  t h e  above-considered "funda:irlent,d va lue ,  j u s t  so 

much inore t h e  c i r c u l a t i o n  d i s t r i b u t i o n  w i l l  d i f f e r  from t h e  

"fundai i?ent~l  d i s t r i b u t i o n ,  i , e , ,  t he  c o e f f i c i e n t s  a and P, 

which cha rac te r i ze  them, w i l l  assume o t h e r  values,  which we now 

have t o  determine. 

Approximation of the  L i f t  D i s t r i b u t i o n  f o r  Given Wings 

Only a l i m i t e d  v a r i e t y  of l i f t  d i s t r i b u t i o n s  can be repre- 

sen ted  by t h e  two parameters a and P .  The d i s t r i b u t i o n  f o r  any 

g iven  wing genera l ly  r e q u i r e s  o ther  pa rune te r s  and, i f  s t r i c t l y  

taken ,  an in f i l z i t e  number of them. I n  p r a c t i c e ,  however, two 

p a r m e t e r s  o f t e n  give a c lose  enough a - p p ~ o x i m ~ t i o n ,  i f  so chosen 

t h a t  t h e  c l i s t r ibu t ion  c h a a c t e r i g i n g  them corresponds as neaxly 

as poss ib le  t o  t h e  actu3;l. This a p p l i e s  e spec ia l ly  t o  d i s t r i -  

but ions  which a r e  ~nore d i f f i c u l t  t o  detexmine then t h e  e l l i p t i -  

caJ. ones a r e ,  a s  generated by t apezed wings. 
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By two parsmeters me o b t a i n  complete agreement i n  four  

p o i n t s  along t h e  ha l f - sgm,  nmiely, i n  t h e  a idd le  of t h e  wing 

and at the  t i p s ,  where t h e  c i r c u l a t i o n  mus% sink t o  zero and 

a l s o  f o r  any two s e l e c t e d  * in te rven ing  po in t s .  For t h e s e  interme- 

d i a t e  values El and t ,  vre a r e  i n  t h e  p o s i t i o n  t o  e s t a b l i s h  two 

cond i t iona l  equat i o a s  whose s o l u t  ion w i l l  give t h e  des i red  param- 

e t e r s  a and p.+ 

a )  The -- warped wing.- Fox t h e  deve1o:piilent of the  condi t ional  

equat ions,  we in t roduce  i n t o  equat ion (14)  the  va lues  of Ca o ,  

C a  o., to  and t f i r s t  f o r  El and then  f o r  4, corresponding 

t o  a d e f i n i t e  Y, o, thus  ob ta in ing  two eq~zat ions oI" t h e  forin 

with CL and f3 as ~lnknoml q u a n t i t i e s ,  ,In the, above equations 

and A,, B, , and 0, a r e  formed by exchanging c,, , , t, 
-- ----- --. --- 
*The problem i s  t r e a t e d  according t o  t h e  sai.'ile l i n e  of reasoning 
although iiil. a forma,ily d i f f e r e n t  wa:', by G l a i ~ e r t  i n  h i s  book 
ItThe Elexent s of Aerofoil  and A f  rscrew Theory, Cambridge, 1926 
( r e c e n t l y  pubj ished 21so i n  German by  s p r i n g e r ) .  H i s  theorems 
a r e  used by Kussner i n  h i s  d i g s e r t a t i o n  "Das w i r t s c h d t l i c h e  
Ozeanflugzeug, Z e i t s c h z i f t  fur Flugtechnik uild Xotor luf t schi f -  
f a h r t ,  1928, p, 513. 
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and 6 ,  f o r  ca , ., t,, and I , .  In  t h e  example, f o r  

,-. ca , = 0.4 according t o  equat ion ( l l ) ,  Yad - 4.2'. 1n 

5 ,  = 0.5, according t o  Fig-ure 12,  6, = - 0.4'. Hence 

Y,, = - 4.6' and, from Figure 11, czc.  1 = 0,365. It i s  pref -  

e r a b l e  t o  choose 0.5 to  0.6 f o r  e ,  and 0.85 t o  0.96 f o r  5 , .  

The t r u e  l i f t  c o e f f i c i e n t  of t h e  whole wing i s  obtained by 

combining equat ions ( 2 )  and ( 8 c )  t o  

while t h e  c o e f f i c i e n t  of t h e  induced drag  i s  obtained from equa- 

t i o n s  ( 4 )  and ( 8 c ) .  

I n  Sigure 1 4  t l iere a re  p l o t t e d  t h e  r e s u l t s  of t h e  calcula- 

t i o n  f o r  E l  = 0.5 and [, = 0.9 f o r  t h e  wing shown i n  Figure 

13. I t  i s  obvious from Figure 15 ,  which shows t h e  l i f t  d i s t r i -  

bu t ion  f o r  s e v e r a l  angles of a t t a c k  t h a t ,  f o r  l i f t  c o e f f i c i e n t s  

g r e a t e r  than t h e  lffunda,.lze~~tal value,  tt  t h e  l i f t  c? . is t r ibut ion i s  

f u l l e r  and approaciies t h e  xos t  favorable  form bu-t , f o r  smaller  

l i f t  c o e f f i c i e n t s ,  conti:iually recedes from the  e l l i p t i c a 3  form. 

I n  p a r t i c u l a r ,  t h e  inauced drag no longer  vanishes f o r  zero l i f t .  

This  i s  a l so  t o  be expected., s ince ,  i.n t h e  case of a warped wing, 

ze ro  l i f t  i s  not due t o  t h e  f a c t ,  as i n  the  case of a f l a t  wing, 
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t h a t  a l l  t h e  elements of t h e  riing produce no l i f t  and hence no 

secondary c a r r e n t s ,  but t h a t  a p o r t i o n  of t h e  wing ( f o r  t h e  pres- 

ent  example, t h e  inner  por t ior , )  p r o d ~ c e s  so-me l i , f t ,  which i s  off-  

s e t ,  however, by t h e  nag?Ltive l i f t  of tile outer  port t ion of t h e  

wing. This l i f t  d i s t r i b u t i o n ,  which d i f f e r s  considerably from 

t h e  e l f i p t i c c l ,  pzoduces secondary flows znd, c o n s e q ~ ~ e n t l y ,  in- 

duced dlr~g. Figure 16 r e p r e s e n t s  t h e  in$.uced d r3 .g~  of the  t h r e e  

mings shovm i n  Figures  7a,, 7b, 2nd 13  i n  t h e  form of polnrs.  

I n  order  t o  render  t h e  d i f f e r e n c e s  more obvious, a- 1 ,sger  ~cal..e 

than  usur.1 W a s  taken f o r  cwi. 

b )  The f l a t  Tvir!g.- The l i f t  d i s t r i b u t i o n  cf 2 given f l z t  - -- 

wing i s  determined approximately by t h e  e o l u J ~ i o n  of txo l i n e a  

equat ions  (IS), as represented  above f o r  t h e  carped wing, Since 
. . 

s impl i f i ed  t o  
- c a w  o - C a m  1 = C a m  2 ,  '%kid expressions f o r  A,  B and C a r e /  

and s i m i l a r  val.uec f o r  A,, E,, and C,. 

General Reixarks 

The derived formulas are based on t h e  l i n e q r  dependence of 

t h e  l i f t  on t h e  angle of a t- tack and on t h e  assuription t h a t  the  



IT, A .  C, A, Technical. ldemorand~nm KO. 578 19 

induced v e l o c i t i e s  w must be sinall i n  coinparison with t h e  

f l i g h t  speed V. I n  genera l ,  both condi t ions  a,re s u f f i c i e n t l y  

f u l f i l l e d ,  i .e . ,  so long as no separa t ion  of the  flow takes  p lace  

on t h e  suc t ion  (upper )  s i d e  of t h e  wing, This sepa ra t ion  of t h e  

flow, l i k e  t h e  second p a r t  of t h e  wing drag ( t h e  p r o f i l e  drag) 

i s  due t o  v i s c o s i t y  e f f e c t s  and i s  not ye t  s a t i s f a c t o r i l y  calcu- 

l a b l e .  We xus t  content ourse lves ,  t h e r e f o r e ,  with a few qual i -  

t a t i v e  s ta tements ,  The p r o f i l e  dszg depends c h i e f l y  on t h e  

cha rac te r  of t h e  wing surface ,  t h e  r a t i o  of the  th ickness  t o  t h e  

chord and, o t h e r  condi t ions remaining t h e  same, oil t h e  Reynolds 

Number R = V t  : v ( v  being t h e  k i n e t i c  v i s c o s i t y  i n  m2/s). 

I n  geiiera.1, t h e  g r e a t e r  R i s ,  t h e  smaller  cwp, and evenr the  

separa t ion  sf tlie f low i s  gostponed t o  g r e a t e r  angles  of at-tack. 

In  t h i s  r e spec t ,  a rec tangular  wing with constant R should g ive  

t h e  bes t  r e s u l t s .  Tapered Jv-iiigs, on t h e  cont rary ,  have a much 

sinaller R toward t h e i r  t i p s  than i n  t h e  middle, and t h e  sepa- 

r a t i o n  Segins at t h e i r  ou te r  ends. This tendency i s  considerably 

increased  by t h e  d i s t r i b u t i o n  of t h e  induced vel.ocity w. The 

dis t r i 'm-t ion of t h e  downwash i s  always such t h a t  t h e  l i f t  d i s t r i -  

bu t ion  i s  zpproxirnately e l l i p t i c a l ,  The t i p s  of a tapered  wing 

are thus  more heav i ly  loaded than  t h e  middle por t ion .  Due t o  

small or  even negat ive downward v e l o c i t i e s  ~t the wing t i p s ,  the  

e f f e c t i v e  angles  of a t t a c k  a r c  g r e z t e r  t h e r e  than i n  t h e  mid-dle, 

where they a r e  reduced by g r e a t  downward v e l o c i t i e s .  A s  r e g a d s  

t h e  maximum a t t a i n a b l e  l i f t ,  t apered  wings mag be exce l l ed  by 
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e l l i p t i c z . 1  wings. This sur~niue  i s  corif irrned by n ~ 8 t t i n ~ e n  

wind-tunnel t e s t .  Possibly t h e  rnaim~ l i f t  i s  l e s s  a f f e c t e d  

by t h e  fuselr-ge than  i n  the  case of e l l i p t i c z J .  wings. Rel iab le  

i n f o r a a t i o n  on t h i s  point  can be obtai-ned only by wind-tuixlel 

t e s t s .  l~ioreover, i t  i s  asc r ibab le  t o  t h i s  equal iz ing  e f f e c t  of 

t h e  dowliward v e l o c i t y ,  t h a t  t h e  bend.ing ::lo;~ent o f  t ~ p e r e d  wings 

i s  not so sziall as t h e  p l m  form zlone might l ead  one t o  expect. 

The downward ve loc i ty  nt  t h e  s t a b i l - i z e r  i s  i inportmt f o r  

t h e  cons t ruc tor ,  beczuse it a f f e c t s  t h e  st  a b i l i t y .  A> e s t  irnate 

of i t s  magnitude f o r  n tapered  wing can be made by increasing 

t h e  known dov,m-v;ash cor rec t ion  f a c t o r  f o r  an e l l i p t i c d  wing by 

t h e  r ; ~ t i o  of t h e  dow?lTfash v e l o c i t i e s  f o r  t h e  tapered  a i d  el-l ip- 

t i c a l  wings on t h e  wings themselves and baaed on equd. l i f t ,  

hence, according t o  equat ions ( 2 )  2nd ( 3 ) ,  by t h e  ?mount 

- - ---.-- -. 
rnr l - .------.------ .. 

For  k we nmst thereby adopt t h e  value corresponding t o  1 / 3  t o  

1/2 t h e  hzlf-span of t h e  st ; l ,bil izer.  For s t a b i l i z e r s  which nre 

small i n  com-pa.rison with t h e  wing spall, mr?*y unl1esit;r;~tingly 

be put  down. cs zero. -- -----.------- 
*Helmbold, "Uebgr d i e  Berechnung deli Abwindes h i n t e r  einem rech- 
teckigen  Tragf luge l , "  Z e i t s c h r i f t  f u r  Flugtechnik und l io tor luf t -  
s c h i f f z h r t  1925, No. 15 ,  pp. 291-294, - - 

Trans la t ion  by Dvl!iglit 2L. Iliner , 
1Jat i o i ~ a l  Advisory Coimittee 
f o r  Aeronautics. 
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Fig.1 The Rohrbech tfRomarff flying boat. 

Flight direction 

Fig.2 Production of induced drag Wi by ck.a.nging the angle of attack. 

Fig.3 Ratio of induced to,pinimum drag of rectan~xlar wing plotted 
&,gainst aspect ratio (~etz) . 
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Fig. 4a 

Fig. 4c 

.4 .6 

Fig. 4b 

Fig.&.,%, c Circulation distributions 
accordiw to eq.1 alorg the half- 

span for dif - 
ferent coef - 

-r +- -.-5 x = b/2 

Fig.5 Deduction 'of bending moment, 

1 .o 1 .0 

0.8 0.8 

0.6 0.6 

0.4 0.4 

0.2 0.2 
0 0 

-0.1 -0.1 0 .2 .4 .6 l . 8  1;0 0 .2 .4 .6 k.6 1. 
9i !;. .6b Fig. 6:3, 

Fig.Ga,b Distribution of circulation,chord,induced velocity,%ending and 
torsional moment ~.lon.~; the hclf-span for a flat wing vpith: 

a,Circulation distribution accordiq: to oq.1 for d t 0 . 5  nnd$=0.1; 
b,lTith ellipticnl circul~tion distribution. 
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Fig. 7% 

I Fig. 8 Ratios of 
induced 1.0 - 

6*5  drag,bend- 0.8 
ing and 

40 m torsional 0.6 - 
moment, wi~?; 
chord ar,d 0.4 

- 
8*2 thickness in0.2 - 

in the middle 
0 -- for the two wings Figs.7a and 7 

Fig.7a,b Bing contours: a,With b , ~ b ~ / ~ ~ f =  0.901 d,to/tol ; 
circulation distri- = h/ho 1 = 1.252 

bution according to Fig.Gp,span 
40 rn (131 ft .) ,area 167 rd(1754.5 sq.ft .) 
b,Wing of mimimum induced drag, 
of like span and area. 

k b 40 119 

Fig.ga,b Wiq- contours: a,!Viris 
with sme circulation 

distribution as Fig.Ga,but with -1.0 -0.5 0 0.5 1.0 

greater to/b ;b ,%in[: of mininum d 

induced dra;;2wi th b = 40 m(131 f t . ) a, f3= -0.25 
and F=220 m (2338 sq.ft.) b,@= 0. 

c,p ~ ~ 0 . 2 5  

Fig.10 Drags and bending monents of 
circulation distributions in 

Fig.4 in coqarison 
and bending moriaents 
distribution. 

with the drags 
of elliptical 

-10 -8 -6 -4 -2 0 2 4 6 8 1 0  
d O 

Fig.11 ca as a function of the angle of 
attack for ~'dttiu~en profile 449 

converted to a  win^ of infinite span. 
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Fig. 12 ca and decaltigo 6 nlong the  ha l f -  
Cb 

span f o r  the  warped tapered wint? 
i n  Fig.13. 

0.5 1- 

Fi,y.14 Coeff ic ients  d an6 f3 
i n  ch?,n:;in~ the  

angle of n t tnck f g r  the  
tapered wing i n  Fi5.13 

Fic.13 Varpcd. tapered wing 
with rec tnrgplnr  

2 middle portj.on. F=163 m 
(1754.5 s q . f t  ,) 

Fiy.15 L i f t  d i s t r i b u t i o n s  of 
tcpered wing of Fig.13 

at d i f  f e rent  ~ " n g l e s  of at tack. 

Fig.16 Induced drag of nings 
shonn i n  Fi3sa7a,7b,  and 

13 i n  thc  f5m of polars .  


