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ABSTRACT OF THE DISSERTATION

Nonlinear Damping Model

for Flexible Structures
by

Weijian Zhang

Doctor of Philosophy in Electrical Engineering
University of California, Los Angeles, 1990

Professor A. V. Balakrishnan, Chair

This dissertation is on the study of nonlinear damping problem of flexible struc-
tures. Both passive and active damping, both finite dimensional and infinite dimen-
sional models are studied.

In the first part of this dissertation, the spectral density and the correlation

function of the following single DOF nonlinear damping model is investigated
%+ 2fwot + vD(z,2) + wiz = on(t)

where 4 > 0 is a small parameter. A formula for the spectral density is established
with O(4?) accuracy based upon Fokker-Planck technique and perturbation. The

spectral density depends upon certain first order statistics which could be obtained
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if the stationary density is known. A method is proposed to find the approximate
stationary density explicitly.
In the second part of this dissertation, the spectral density of the following multi-

DOF nonlinear damping model is investigated
Mz + Doz + vD(z,2) + Kz = on(t)

where 4 > 0 is a small parameter.

In multi-DOF case, z and z are generally not uncorrelated in stationary state,
even in linear case, which is one of the features of the multi-DOF model. A necessary
and sufficient condition for uncorrelatedness is given for the linear model.

In the third part of this dissertation, energy type nonliner damping model in an
infinite dimensional setting is studied. According to its geometry of the structures
considered, the nonlinear damping models are divided into two types. The existence
and uniqueness result of the nonlinear damping model is based on the work of A.
Lunardi.

Then a Krylov-Bogoliubov type approximation is established for the nonlinear
damping model in the case the linear damping part is neglected. In general, the
generalization of Krylov-Bogoliubov approximation method, which applies only to
single DOF model, to multi-DOF model has been a formidable task. The result
presented here is based upon the specific form of nonlinearity - energy type damping.
From its Krylov-Bogoliubov approximation, we can see that there is no exchange of
energy between modes, i.e., internal resonance does not exist.

The notions of Characteristic equation and its Root locus are extended to actively
damped distributed parameter systems. The root locus provides an insight of the
nature of active damping. Sufficient conditions of strong stabilizability are provided,

which are the weakest sufficient conditions obtained so far.
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Chapter 1

Introduction

1.1 Background and Survey

A new generation of spacecrafts often contain very large flexible components such
as truss structures, solar panels, dish antennas, radar arrays, space telescopes and
space stations. In general, these structures are characterized by weak damping, and
interconnection of rigid and flexible parts. The tasks of controlling the rotation,
pointing with high accuracy in minimum time or with minimum energy consump-
tion, and at the same time stabilizing the vibrations, pose very difficult control
problems. This need is evident for various ongoing government programs such as
space shuttle and space station. In 1984, NASA Langley Research Center and Dr.
A. V. Balakrishnan initiated a design challenge for the SCOLE (Spacecraft Control
Laboratory Experiment) problem(4], the objective of which includes the task of di-
recting the line-of-sight of the shuttle/antenna configuration toward a fixed target,

under condition of noisy data, limited control authority and random disturbances

[4] - [13].



In most applications, damping is important to the structural dynamics, and in
many applications it is in fact critical. Two examples may suffice to illustrate the
point: for spinning (or partly spinning) spacecraft, the level of energy dissipation
in the structure determine whether an initial wobbling motion grows or decays
(dynamical stability); and an automatically controlled flexible spacecraft may act
either unmanageable or docile (control system stability) depending on the level of
damping in the higher order vibration modes.

In addition, the advance of modern material science and technology has provided
us with useful structural material which are generally light weight. Their applica-
tions in spacrcrafts, high-performance helicopters have sharply increased in the past
decade. However, such viscoelastic materials have highly nonlinear characteristics
that cause significant nonlinear response in the system. The questions of analysis,
design and control appear more difficult.

Literature Survey

The following literature survey is made along the lines of nonlinear damping
and linear damping. In the nonlinear damping case, literature is devided into two
groups: (1) Finite dimensional model; (2) Infinite dimensional model. While in the
linear damping case, literature on distributed parameter system is divided into three
groups: (1) Strictly proportional and asymptotic proportional damping operator;
(2)Boundary damping model; (3)Interior point damping model. In the end, the
work on finite dimensional linear damping modelling is briefly reported .

Nonlinear Damping Model

e Finite Dimensional Model

There has been large amount of literature on finite dimensional nonlinear

damping model, among the authors, T. K. Caughey [25] - [27], S. H. Crandall
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[34] - [36], P -T. Spanos [64] [65], V. V. Bolotin [21], T. S. Atalik and S.
Utku [1], I. I. Orabi and G. Ahemadi [59]. Hysteretic type nonlinear damping
has been studied by Y. K. Wen [70] [71]. An excellent survey is given by S.
H. Crandall [33]. These works have primarily focused on the study of the
response of nonlinear damping model to random excitations. Generally, three
methods are used in the analysis of nonlinear damping systems under random

excitations:

1. The Fokker-Planck approach;
2. The perturbation approach;

3. The equivalent (stochastic) linearization approach.

The main advantage of Fokker-Planck method over all the others is that, the-
oretically, exact solutions may be obtained when the excitations are Gaussian
white noise. Unfortunately, its use is limited because of the severe restrictions
that must be placed on the form of nonlinearities and on the spectral density

matrix of the excitations. For a more detailed study, refer to [25].

If the dynamical system has weak nonlinearities, then the approximate random
response may be obtained using the classical perturbation theory. First devel-
oped by Crandall [34], the approach has been later generalized to multi-degree

of freedom systems by Tung [68].

Among the methods mentioned above, the equivalent linearization technique
has the widest range of applicability. Basically, the method is the statistical
extension of Krylov Bogoliubov approximation method [49]. Although the
equivalent linearization method is widely used, it is incapable of displaying

the nature of nonlinearity.



e Infinite Dimensional Model

To the best of my knowledge, research work on nonlinear damping in a dis-

tributed parameter system is very limited.

A. V. Balakrishnan [13], for the first time, established energy nonlinear damp-
ing model for distributed parameter systems. The damping consists of asymp-
totically proportional linear damping term and energy nomnlinear damping

term.

A. Lunardi [55] considered the transverse deflection of an extensible beam
with hinged ends and the nonlinear damping term considered is nonlinear vis-
cous damping. By reformulating the nonlinear damping model as a semilinear
abstract parabolic initial value problem, the author studied the stability and
the instability of all the stationary solutions and of small periodic orbits near
stationary solutions for the various ranges of the associated parameter in the

model.

H. K Wang and G. Chen [69] considered a vibrating string with one end fixed
and the other end is installed on a nonlinear damping device whose velocity-

frictional force relationship as determined by material testing is given by

dy(0,t) . 8y(0,1)
T Oz =1l ot ]

where f(z) is a a multivalued function. The authors used the method of

characteristics and nonlinear semigroup theory to study the effect of nonlinear
boundary damping and analyzed the asymptotic behavior of the solutions of
such systems. The w-limit set of the dynamical system and the asymptotic

rates of various solutions to the w-limit set are determined.

Linear Damping (Distributed Parameter Systems)

4



e Strictly proportional and asymptotic proportional damping

To formulate the internal passive damping, strictly proportional and asymp-
totic proportional damping operators have been reported in A. V. Balakr-
ishnan [10] [11], as well as in G. Chen and D. Russell [28], S. Chen and R.
Triggiani [32]. F. Huang [42] [43] studied the spectral property of the systems
in the form
Z(t) + Bz(t)+ Az(t) =0

where B is a closed linear operator related in various ways to A with 1/2 <
a < 1. The author obtained some fundamental results for the holomorphic
property and the exponential stability of the semigroups associated with these

systems.

Strictly proportional damping operator is essentially the square root of the

stiffness operator A. In this case, the eigenvalues have the proportionality

property
R(A) _ €

()~ VI-E

The drawback of strictly proportional damping is that the damping opera-

tor contains nonlocal feature, which is unnatural if we consider that internal
passive damping is due to the structure material itself. However, if strict

proportionality is relaxed to asymptotic proportionality, i.e.

lim R;(ﬁ._) = constant

n—oo g(,\")

then, the nonlocal feature can be avoided.

A. V. Balakrishnan, based upon his theory on the fractional power of closed
linear operators [14], explicitly calculated the strictly proportional and asymp-

totic proportional damping operators for the beam bending model [11], in

5



which one end of the beam is clamped and the other end has an end-body
attached to it. In [10], the strictly proportional damping operator is given

explicitly for beam torsion model.

e Boundary Damping

There has been considerable amount of literature on the distributed parameter
systems with boundary damping (including boundary active control). G. Chen
[29] [30]. J. Lagnese [50] [51], and R. Triggiani [52] [67], to name a few, have
studied the energy decay of solutions of wave equation on bounded domain
with damping only on the boundary. In general, in this kind of study, the

concrete question to be answered is:

Under what conditions is it true that there is an ezponential decay rate for
E(t),i.e.
E(t) < Ce“'E(0), t>0

for some positive w? In the above, E(t) stands for the total energy of the

vibrating systems, which needs to be properly defined.

e Interior Point Damping

G. Chen, M. Coleman and H. H. West [31] and K. Liu [54] studied the energy
decay rate of a coupled vibrating string with a point damper installed at the
coupling point. In these studies, it is assumed that a damper applies damping
at an interior point where two strings couple. Possible mechanical designs are

also proposed in [31].

As far as linear damping problem in finite dimensional space, certain work has

been done. Modern computer-based techniques (such as finite element method)

6



enable the structural engineers to make highly precise calculations of the mass and
stiffness matrices of elastic structures. These calculations, in turn, lead to quite
accurate estimates of natural frequencies and mode shapes, particularly for the lower
modes. Structural damping properties, on the other hand, tend to be much less
accurately calculated; indeed, one usually simply guesses at modal damping factors.
Limited work has been done in this area [2] [3] [40]. D. F. Golla and P. C. Hughes [40)
developed a method of constructing linear damping matrix for viscoelastic structures
in the framework of finite element method. They assume that certain material
constants are available (ultimately by measurements) for each constituent material
of the structure, just as known densities determine mass properties, and known
elastic constants, such as Young’s modulus, determine stiffness properties. These
measured viscoelastic material constants permit a set of equations to be formulated
for the dissipative properties over all parts of the structure. The method merges

naturally with finite element method and is a natural extension of it.

1.2 Objectives and Contributions of the Disser-

tation

Experimental data has clearly indicated the nonlinear nature of the internal friction
damping of large flexible space structures. Then, what is the frequency response of
a nonlinearly damped structure? Until now , Monte Carlo simulation has been the
only method of computing the frequency response, due to the lack of the parallel
theory as in linear systems, in which the frequency response can simply be obtained
from transfer functions. This dissertation provides an analytical method of com-

puting the frequency response of single DOF oscillator with nonlinear damping. In



spite of its fundamental importance, the nature of internal damping has been little
known. In the modeling aspect, this dissertation proposes an energy type nonlinear
damping model and the corresponding stationary probability density with white
noise input can be obtained explicitly. Theorem 3 gives an interesting result, in
terms of Krylov-Bogoliubov approximation, concerning the modeling and identifi-
cation of nonlinear internal damping in flexible structures. This work also serves a
contribution to the random vibration theory by providing a method of computing
the first and the second order statistics (steady state probability density, correlation
function and spectral density) of nonlinearly damped oscillators with white noise
input.

A Krylov-Bogoliubov type approximation is established for systems having in-
finite number of DOF’s and its error estimate is obtained. Comparisons are made
between nonlinear damping (linear stiffness) models and nonlinear stiffness (linear
damping) models, and between nonlinear damping (linear stiffness) models and lin-
ear models.

A group of sufficient conditions for strong stabilizability is provided for general
distributed parameter oscillation system, taking the actuator saturation into con-
sideration. These are the weakest sufficient conditions obtained so far and it is
found that the nature of internal damping is not crucial in guaranteeing the strong
stabilizability.

By extending the notions of characteristic equation and its root locus to our

distributed parameter oscillation system, we studied the nature of active damping.



1.3 Organizations of the Dissertation

This dissertation is organized in the order of dimensions of the model:

1. Chapters 2 and 3 are on the single degree of freedom nonlinear damping mod-

els;

2. Chapters 4 and 5 are on the multi- but finite- degree of freedom nonlinear

damping models;

3. Chapters 6 is on infinite dimensional energy type nonlinear passive damping

models;

4. Chapter 7 is on the active damping of a uniform Euler-Bernoulli beam with
one end clamped and the other end free, with a tip mass. The notions of
Characteristic equation and Root locus are extended to distributed parameter

systems.

5. Chapter 8 is a summary of conclusions and a list of some related open prob-

lems.






Chapter 2

The Spectral Density of

Nonlinear Damping Model:
Single DOF Case

2.1 Introduction

The problem of characterizing the damping mechanism in flexible structures has
received renewed attention in recent years in connection with the need to stablize
flexible flight structures such as antennas deployed in space. Experimental evidence
suggests the need for nonlinear damping model and the need to consider the effect
of random disturbances due to the uncertainties in system parameters and the en-
vironment. One of the most important subjects in nonlinear random vibration is
to obtain the second order statistics, i.e., correlation function and spectral density

of the stationary response, because they provide average amplitude and frequency

10



information about the sample histories. Unfortunately, up to now, the only practi-
cal method available is Monte Carlo simulation and there is no analytical technique
for the second order statistics of nonlinear systems [33]. This paper presents an
analytical technique for computing correlation function and spectral density of the
stationary response of nonlinear damping model subject to white noise excitation.

The basic nonlinear damping model we consider is
£ 4 2fwot + vD(z, %) + wiz = on(t) (1)

where 7 > 0 is a small constant because the damping in flexible space structures,
whatever its nature, is small.

The corresponding Fokker-Planck equation is given by

% _ %, 0d,, o? 3%p
% - Vg, t %[(wox + 2fwoy + vD(z,y))p) + 2 9y?
d
= Lop+ 7%[0(2, y)p]
lim p(t, 2, y|20, yo) = 6(z — 20)é(y — yo) (2)
Notations
2(t) ¥ D(z(t), y(t));

Ps(z,y): stationary density of (z(t),y(t)), i.e., the invariant Imeasure;
m; def [ rez'y’ps(z,y)dzdy, 1,5 = 0,1,2, - - -

P(t,2,y|2o, yo) : the fundamental solution of (2);

Po(t, z,y|zo, yo) : the fundamental solution of (2) with v = 0;

T(t) def exp(Lot);

4(t,5, 2,920, 40) &' [ g D(u, v)po(t — s, 2, ylu, v)p(s, u, v|zo, yo)dudv.

11



It is well-known that po(t, T, y|Zo, yo) is a two-dimensional Gaussian density func-

tion. Its mean vector and covariance matrix can be found by straightforward calcu-

lation, as
M (t T
) _ =
my (1) Yo
B e—fwot [ wocos(wnt — 0) sin wyt Zo 3)
“n —wisinw,t  wpcos(wnt + 6) Yo
ol(t) or(t
o2y (1) Uz(t)
Wewo \ 0 1
. o2 —atnt —El—o[f sin(2wyt — 6) + 1] 1 — cos 2wpt ()
Bt 1 — cos 2wnt (¢ sin(2wnt + 6) — 1]
where

wn = woy/1—E?
1

3

0 = tan™' ——

Vi-g
Later on. we will need the notation

2

0
1

S ¥ im B0) = g
0 t—o0o () 45(.4.‘0

o &)~

and without ambiguity we will often denote L(t) by Z.

Assumptions on D(a,y)

(A1) D(z,y) is differentiable with respect to y;

12
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(A2) 3K >0,k > 0 such that |D(z,y)| < K[1 + (22 + y?)*] for (z,y) € R?
(A3) m,; are finite for all nonnegative integers 7.

Of course, to satisfly the energy nonincrease requirement, we also need

?‘5‘*'0.7/2 + D(x’y)y 20 (x,y) € IR?

2.2 Results

2.2.1 An equation of spectral density

Lemma 1 Under assumption (A2) and (A3), it holds

Lim g(tos,a,ylre,90) =0 V0 < s<t, (2o, y0) € IR (6)
Tyl
provided
im  p(t,z,ylz0,90) =0 WVt >0, (zo, Yo) € IR? (7N
1-2+y2_.°;,

Proof: First, by Schwarz inequality, we have

ot s,z vlz0,v0)l < [[ 1D, 0)lpolt - 5,2, ylu,v)p(s, u, vlo, yo)dudo
< [// (u, v)po(t — s, z,y|u, v)p(s, u, v|zo, yo)dudv]!/?
x / Wpo (t — s,2,ylu,v)p(s, u, v|zo, yo)dudv]*/?

The second sqare root term goes to 0 as 22 + y? — oo by the assumption (7).
Therefore it is sufficient to show that the first sqare root term is bounded for all
(r,y) € IR

In fact, we have

// D1, v[*po(t = s, 2, ylu, v)p(s, u, v|zo, yo)dudv

1
= d
T2z \/(lct“ 1 —s) .//Rz (u,v)| p(s u, v|Zo, yo)dudv (8)

13



In addition, by assumptions (A2) and (A3), we have

/./ /,/ ID(l,y)PP(t, xayI-TO,yO)ps((Co, yo)dl'odyod:z:dy
n2 IR?

- //mz'D(I’y)lzps(x,y)d:L‘dy

//]m]\'?[l + (,7:2 + yz)k]zp-i(x,y)dzdy <o

IN

By Tonclli's lemma, we know that
|D(z,y)*p(t, 7, ¥|20, ¥0)Ps(Z0, y0) € L* (IR* ® IR?)
Then by Fubini’s theorem, we know that
J] 1Dy et 2,3 Jdadypi(-, ) € LH(R?)

which implies |D(-,-)]?p(t, -, |20, yo) € L'(JR?). Therefore, by (8), the first sqare

root term is bounded for all (z,y) € IR?. ]

Theorem 1 Under the assumptions (A1)-(A3), the following equations hold:

4€wdmap V.. (w)
(I)Il‘ w = » .
() (w? — wl)? + 4£2uwdw? + 27%[0‘)2 -—wi+ z2§wow] (%)
4€womp w? U, (w)

Pyylw) = (w2 — w2)? + 4€2u3w? + 27w8‘[w2 —

wi+ i2£wow] (10)

wher
U,.(w) = /oo R.(7)e™"dr
0
V. (w) = /0 R,.(r)e™ dr

and R. I denole real, 1maginary parts.

Proof:(2) is equivalent to the following integral equation

p(t.2,ylzo,0) = polt, z,y]Zo,Yo)

t 0
+y [ T(t = 8)5 1Dz y)p(s,7,ylo, yo)lds

14



or more explicitly,

p(t, 2, ylzo, yo) = Po(t, z,y|z0, ¥o)
t 0
+‘)/0 //Imbo(t - s,x,ylu,v)%[D(u,v)p(s,u,vlzo,yo)]dudvds (11)

Performing integration by part in the second term and noticing the relation

O e~fwot 9
o (b eylee) = =S sinent 20,2, yfu,0)

e-€wot

_—l\/___—__£7 cos(wpt + 0)36—1;0“, z,ylu,v)

we obtain the following

‘ )
’)’/ // I)o (t — 5’z’yluv”)%[D(",U)P(S,U,leo,yo)]dudvds
- ./ ././pz 81’0 =S5, ylu’ ’U)D(u, ’U)p(s, u, 1-’l-?»'o, yo)dudvds

t g=fwol(t—s)
= () / —————sin wn(t — s)q(t,s,z,ylxo,yo)ds
€ Jo

w'y,
a t 6-6“"0“—5)

o V=& cosfwy (t — s) + 0]q(t, s, 2, y|zo, yo)ds

Therefore, we obtain the following integro-differential equation for p(t, z, y|zo, yo):

Pt 2, yl2o,50) = polt, z,y|zo, yo)

o —Cwo(t-s)
+"‘0—1‘ _/(, wn sinwn(t — s)q(t, s, Z, y|zo, yo)ds
a t e—Euo(t-s)

dyJo VT=¢2

Based upon (A2) and lhence Lemma 1, we find that the marginal transition

cos[wn(t - 3) + O]Q(ta S, T, ylzo, yo)ds(12)

probability density p(t,x|xg, yo) satisfies the following equation, by integrating (12)
with respect to y over IR,

t e—e“’o(t“’)

p(t7 'Tl‘TO» UO) = t lllo,yo) + 76 / ——sin wﬁ(t - S)

x//mpg(t - s, z|u, v)D(u, v)p(s, u, v|To, yo)dudvds  (13)

15



After integration, the third term vanishes by Lemma 1. And in (13), po(t, z|zo, Yo)

is a one-dimensional Gaussian density with mean

-

and variance given by

c—(’uot .
[wozo cos(wnt — 6) + yosinwnt]
Wh
o2 e-2wot
0 1- - (€ sin(2wnt — 6) + 1))

Multiplving (13) by 2eaps(2o, yo) and integrating with respect to (z, o0, yo) over

I3, we obtain

R.(1) =

Jort >0,

/_/Iml'o/ 2po(t, 2|zo, Yo )dzps(Zo, Yo)dTodyo

t ¢—Ewolt—s) o0 J
—~ | ——— sinwg(t — // // / t —s,zju,v)dr
’7/(; " sinwp(t — s) rol) R _oopo( ,Tlu, v)

x D(u,v)p(s, u,v|To, Yo)Zops(o, yo)dudvdzodyods

e—f.dot .
//m*mo [wozo cos(wnt — 0) + yo sin wat]p,(Zo, Yo)dTodyo

Wn
t C—iwo(i—-’) .
-—'7'/ ——————sinwy(t — 8)
u wn

< [[ ][, 70Dz, v)p(s. . ylz0,yo)ps 20, vo)dzodyodzdyds

—€wplt
772‘2'0—6_[\/—:62 COS(Ldnt - 0)
t (—f'.do(f-—s) .
—‘)'/ —sinwy(t — 8)Rz.(s)ds (14)
0 wn

In the above. we used the fact that

My = //w-‘foyops(xo,yo)dxodyo =0

which is generally true in nonlinear mechanics due to symmetry. If m;, # 0, we can

get similar result with similar proof, and the only difference is an extra term: with

m; . as coefflicient on the right of (9) and (10).
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Since R,.(7) is even, hence

/Oc‘ R.o(7)e™dr = 2/:0 R,.(7) coswrdr (15)

-0

And in general, we have the following relation

/ / f(t s)ds cos wtdt

= /0 Tt )cosu,tdt/ (t) coswtdt — / f(t) smwtdt/ g(t) sinwtdt (16)

if each of the integrals in (16) exists. Also, from the identity

oo g—Ewpt . 1
/ < sinwpte™dt = (17)
)

Wh wg — w? — 12fwwy

one can casily obtain two identities corresponding to the real and imaginary parts
of both sides.
Next, performing Fourier transform on both sides of (14) using (15), (16) and

(17), one obtains

4€wdmap
(w? — w.g)z T 162u3w?
(w? = w}) J5° Re2(t) cos widt + 2bwow [ R..(t) sin widt
(W? — wd)? + 4£20w3w?
4€udmy g 5 R[(w? — W2 — 128wow) ¥, (w)]
(W? —w3)? + 4€203w? ta (w? — wd)? + 4€20w?
4€uwdmy g VU, (w)
(w? —wd)? + 420202 w? —wg + i2£wow]

Poxlw) =

+2

+ 29[

For the sccond identity (10), one can similarly first show

c—fwot
R, ) = 7770.2\/__62cos(w,,t+0)
ety t 61R,(s)d 18
7 [} S coslin(t = ) + O} Rua(s)ds (18)
from which (10) follows. )
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In linear case, i.e. v = 0 in (1), it

and 7 have the following relation

Wwid,,

is well known that the spectral densities of z

(w) = q)yy(‘*’)

The natural question to ask is whether we have similar relation for nonlinear damp-

ing modcl (1). The answer to this question is provided in the following

Corollary 1 Under the assumptions

(A1)-(AS8), it holds for (1)

WP (w) = Oy (w) (19)
\Ij z(w) ‘I’xz(w)
& v — D)
[uﬂ — w4 128wow w%[uﬂ -wi+ i2£wow] (20)
L«.‘STIIQ'O = 1Mp,2 (21)
Proof: (19) follows from
d
Ro(r) = --Ey(D)a(t+7)
d2
= —Z;Ea:(t - 7)z(1)
42
= gl
For (20), first onc has
d
_‘Rz:(T) = —Ey(t—T)Z(t)
dr
= —Ry(7)
Then integration by part gives
1 [ dR(7) 0,
V,.(w) = = _37—(_)6 dr
1 o wT
= E/o R,.(7)e™"dr
1
= —V(w) (22)

18



in which we have assumed that

R..(0) = //szD(z,y)p,(z,y)d:z:dy =0

lim R,.(7) =0

T =00

Therefore, from (22), we have

N U, (w) _ w¥,, (w)
\S[wz —wi + i2§wow] - g[uﬂ —wi+ i2£wow]
= wqR[ Ver (w) ]

w? — wg + 12fwow

from which (10) becomes

4€wemg ow? V., (w
Pule) = (w? — ;'8)2 + 4£2wdw? N 27w2%[w2 —wi -}(- i)2£wow]
4fwomg gw?
7= ) + e
_ 4€wo(wimap — mog)w
(w? — w2)? + 4€2W3w?

4{&)87712'0 ]

2
+w [q):x(“‘") - (wg _ wg)g + 462“)3“‘)2

2

= w2<I)N(w)

(23)

Comparing (23) with (19), one can immediately obtains (21). o

2.2.2 The spectral density

In this subsection. we establish the perturbation formula of the spectral density of

(1) with O(4?) accuracy. First, we need two lemmas.

Lemma 2 The following mairiz relations hold

S(t) = Do — et Toed™ (24)
-1 _ E—leAt(zal + eAth—leAt)-leAth-l - 251 (25)
(E(-)-l + eATt):—leAt)-leATt = EoeATtZEIZ (26)
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Proof: Define

‘:(t) d'-":—‘r Eo - €A‘206A1t

To show (24) is equivalent to showing E(t) = ().

0 0 0.2

we know that S(t) satisfies the following linear differential equation

In fact. since

0 0
(—’S(t) = AS(t) + Z()AT + ( ) (27)
dl 0 0.2

And. based upon the simple fact

—AS, = AT = 00
0 o?

we also have

%i(z) = AE({) - o) + (E(t) = To)AT
) N 0 0
= AS(t)+Z(t)AT+( ) (28)
0 o2

Therefore. the uniqueness of the solutions of linear differential equations implies
T(t) = S(1).
By the matrix inversion formula
(My + MMM = M7 = MM (M + MM M) "M M (29)

20



we have, noticing (24),
D1 EeAY ST 4 eATIE el 1At D
= (T + e**Toet )
= X!
For the proof of (26), we again use (29) and (24) to obtain
(S5 + eATtD1eAt) 1At
= [So — Toe? (T + €A1 Tped ) TeAt ATt
= Zoed (] - T3l Toet™)
= Toe"![I - T3 (S0 - T)]
= Toed"tTlT

Lemma 3 For linear damping model
&+ 2fwot + wiz = on(t)

we have

E ( =(1) ) D(z(t + 7),y(t + 7)) = e’ 751 ( z’ )

where

¥z z | 2w? 2fw
( . ) = //RZD(x,y) ( , ) —Tl’-gz—‘)exp[——cho((.u(";a;2 + y?))dzdy

Proof: Let us use the following notations:

y Yo

21
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By (25) and (26), we have

(X — e Xo)TE (X — e Xo) + X5 £ Xo
= XT[T1 - DleAt (S5t + AT M) AT ST X
H[Xo — (AT 4 T3 e T TIXT (AT BT M + 557)
X[Xo — (AT eM + 557) e DT X]
= XTE'X
+(Xo — SoeAT S X)T (ATHE e + B57)(Xo — Zoe* 25 X)

Then

z(t)
E D(z(t+7),y(t+ 7))
y(t)

= ] o] KD el /20X = A XTI X — 7o)
1

exp(—1/2XT 5" Xo)d| X |d| Xol

X
2m\/|Zol

= //Rzp(x,y)Q_r—lTZJ exp(—-l/?XTE;lX)//mXO

= exp[—1/2(Xo — Soe?" T3 X)T (T3 + €A 7T 1eAT)
27 /1Z(7)]

x(Xo — Zoe? "5 X)]d| Xo|d| X |

exp(—1/2XTZ51X)

1
= [P Sy o

ATy -1
X 206 Ldzdy
VIS()IIZ5" + eAT"E=1 (r)e|

= Tt TTy? XD(z, ~1/2XTE:1 X)dzd
o€ 0 .//IP (x y)21r\/—2:|exp( / ) ) ray



= EoeATTEEI ( "bf )
by

In the above, we used the fact that
SIS + A2 (et = 1
which could be easily verified by using (26). O

Theorem 2 Under assumptions (A1)-(AS8), the spectral density of (1) is given by

4€wyma
(w? — w?)? + 4£2w3w?

. (w) =

fnrbe(i’ = wd +46%B) + I = B = 4%
(@7 = wA)? + 42T

) (32)

+ 2%

Proof: If we write
Ro.(7 RO(r RO)(r
(1) - (1) i () 4. (33)
R,.(7) R{(r) R{)(7)
then (R{)(r), R{%(r)) is given by (30), i.e.,
RO r
rz (T) = ZOCAT-rZEl ‘I)
R{)(7) by
e—¢wot | wocos(wnt — 6) — sinwpt ¥z
Wn wisinw,t wo cos(wyt + 6) ¥y

Through one-sided Fourier transform, we obtain

¥z(iw — 26wo) + ¢y

©(,) =
¥z (@) w? — wi + 12fwow (34)
which, together with (9), gives (32). O
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EXAMPLE 1: Consider the nonlinear damping model with
D(z,y) = z*"|z|°y*** |yl’

where m, n are nonnegative integers and 0 < a, B <1

Since D(z,y) is an even function of z, ¥ = 0. And computation gives

1 02 | int148 1+a 1+ 8
’(/)y=—gm(2—€:0) + +1+_§£I’(m+ > )P(n+1+-—2—

W,

EXAMPLE 2: Consider the following saturation type active damping model,
i + 26woi + ytan™! bi + wiz = on(t) (35)

Similarly, we have ¢, = 0. And

V2€wo 2fw

oo - 0 0
hy, = /_wytan thy=—2—exp(—— y*)dy
ob oo 1 e ( 26(1)0 2)d
T 2278wy J-o0 1 + b2y? XA ¥
_oym V2£wo 2ep
NI == 2, e

where the last equality is based upon the identity [40, p931)

2,2

22 _pa0 [® €7V
d =1—-—e" v/
(zy) x o t2+42z2

dd =z,y>0 (36)

in which

o(z) & .;_; 0’ e~ dt

It is not surprising to see that the second order statistics depends upon the first
order statistics m; ;. Therefore it is important to compute those numbers m; ;, which

is our next topic.
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Chapter 3

On the Stationary Probability
Density: Single DOF Case

3.1 The Stationary Probability Density in a Par-
ticular Case

To determine m; ;, it is desirable to have p,(z,y) in explicit form. However, to obtain
ps(z,y) explicitly is itself a very difficult task which has attracted large amount of
literature. Many researchers have tried to clarify the largest class of nonlinear
damping models for which an explicit stationary density can be obtained. The most
recent and most inclusive account of this subject can be found in [22] and [23],
which include parametric excitation as well as external excitation cases. However,
the only useful result so far for the linear stiffness, nonlinear damping model with

only external excitations is the following [37]: if the nonlinear damping model is of
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the form
wiz? + 12

7 )& + wiz = on(t)

z + p(
then the stationary first order density is given by
2,2,.2
2 wo T4y
piay) = Cexpl-3 [ 7 w(z)ds]
1 2r oo

= = exp[—% /0 " u(z)dz)dp

C wWo JO
. w2z2+y2 . .
Next, let us consider the case D(z,y) = u(=——=)y. In this case, the stationary

density of (1) is given by

2,2 2 i
Koo @t 4y _ 27 (77 oyda] (37)

o? 2 o? Jo

Ps(z,y) = Cexp[—
From (37) one can realize the following:

1. if p(-) is a polynomial such that u(z) > 0 for z large, then all the assumptions
(A1)-(A3) are automatically satisfied;

2. after reaching stationarity, z and & are uncorrelated, but are not independent
because p(z, &) is not separable unless in the trivial case u(E) = const., which

reduces to a linear damping problem.

For later convenience, let us introduce the notation

00 4€w 2y (=
m(k) & _[) z* exp[— §2Ox_a—z A p(z)dzldz
k=0,1,2,-..

Then the normalizing constant C can be written as

1/C = Zm(0)
Wo
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Through substitution of variables

{ z = 1/wepcosf

y = psinf

we can write

mi s
2r , . oo . T
= ;%I-A cos' 0 sin’ OdGA (2.1:)'?' exp[—4i‘:°:z: - g A p(z)dz)dz
0 either ¢ or j is odd (38)
= 2 L) ym(i42) . :
7o () m(0) both ¢ and j are even
In (38), we have used the following identity
27 . .
/ cos' sin’ 6d0
0
0 either 7 or j is odd
2B(HL, -%1) both ¢ and j are even

where B(-,-) is a Beta function which has the following relation with Gamma func-
tion
B(z,y) =T(z)I'(y)/T(z +v)

from which (38) follows.
In addition, (38) immediately implies that

|' . . .
wemmi; = wpm;i 1,5 =10,1,2,---

from which one can be obtained from the other.
Therefore, the problem of computing m; ; becomes that of evaluating the inte-

grals m(0) and those necessary m('—}l) for ¢, 7 both even.
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Notice that (32) is not exactly a perturbation expression because the first term

contains myo which depends on <. In this particular case that D(z,y) being of

the form u( -“-’E#)y, we can obtain the perturbation expression of m;¢ and hence

obtain the perturbation expression of ®,,(w).

Corollary 2 Suppose D(z,y) is of the form p(fg%ﬂ-’i)y, then

ot =27)
o = —ZE—-—”"O( %)

ol

(w? — w)? + 4£2whuw?
d’y(4§wow)2
e T o)

&
8
5
&
[

Proof: First, computation gives

m(k) iy o?
m(O) 4€w0

I—/ x’/ z)dz exp(—

Successive integration by part gives

8 2
Ik + 1)+ 22k = By + ()

where

wo .
p z)dz 3=0,1,2,---

I, = (4&) k!Io
‘it b & (e utz) exp(— X2
Therefore, we have
mk) _ oty
m(©) = (45%) & -
(zk)]ﬂ(x)GXP(— —=z)dz + O(%)
J—O

28
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In particular,

m(l) _ o> 29
m(0) 4w 4bwo
4fwo [ 4§wo 2
=2 [7 (@) exp(— =52 2)dz + O(x’)
02 - 271/)" 2
= om0
where we have used the relation
45(4)0 g 45“)0
Y, = p /0 zu(z) exp(— = z)dz
which will be proved in Theorem 4.
Then, by (38), we obtain (39). (40) is easily seen from (39) and (32). 0

In the case D(z,y) is not of the form p(ﬁff—yz)y, approximation approach has

to be made.

3.2 The Stationary Probability Density in Gen-
eral Cases

For simplicity of notation, we surpress the damping term 2{woz + vD(z, Z) to, say,
simply D(z,z). Then the nonlinear damping model (1) is rewritten as

i+ D(z,2) + wlz = on(t) (43)

What we propose is to approximate the exact model (43) by the following mod-
ified model

I+ u(w—g-x%‘-iz)i: + wiz = on(t) (44)
where y(E) minimizes
/OH[D( \{fE sin ¢, V2E cos ) — p(E)V2E cos )|2dy)
0
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and is given by

u(E) = 4 [)% D( \/j_E sin v, V2E cos ) cos ¥dyp (45)
0

V2FE

Presently, the problem of giving a precise estimate of the error of the above

proposed approximation is still open. But we do have the following side evidences.

Theorem 3 If D(z,y) is even with respect to z and odd with respect to y, then both
the exact model ({8) and the modified model ({4) have the same Krylov-Bogoliubov

approzimation [{8].

Proof: For the exact model (43),

da(t) 1
dt 27((.4)0

/02,r D(asin 1, awg cos 1) cos dyp (46)

By the assumption on D(z,y),

o |
dt - 2rwoa ./0 D(a sin ¥, awg cos ‘¢‘) sin Ydy
_ 1 /7 D(a cos ¥, awq sin ) cos Ydy
Twoea J-&
= 0

For the modified model (44), the Krylov-Bogoliubov approximation is given by

da(t 1 27 Wia?
d(t) - _27ruo./<; g 02 Jwoa cos® pdyp
2 2
_ _a wia
27
= - 27:% /0 D(asin ¢, woa cos ) cos $dip
de(t 1 ™ wia? i
= 0

Therefore, (43) and (44) have the same Krylov-Bogoliubov approximation. 0O
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Theorem 4 If D(z,y) is even with respect to z and odd with respect to y, and let
¥z, ¥, correspond to the ezact model (48), Yk, Y} correspond to the modified model

(44), then

b = w2 [ o) exp(~ 200 (48)
Consequently,
’ ( x(t) ) D(a(t + 7),y(t +7) = E ( o ) WD Dy
y(?) y(1)
(49)

Proof: (47) is obvious because both D(z,y) and the corresponding p(fgi:f-)y are
even with respect to z.

For (48), we have the following

2 22 2
by = // Rt wox +y )y? €w° exp[— i °(wox + y*)]dzdy
2 2 2
= / / )r sin 075:20 exp(— i‘jorz)rdedr (50)

= / /2"—/21r —smz/),rcoszb)cosy/)di/)rsinzo

2w 2w
Ezoxp( 502
TO

= /oo/u D(— sin¢,rcos¢)rc05¢d¢
o Jo Wo

2fwo 2£wo 2
X ——7 exp(—

// o D(z ,y)y%% xp[—zi‘:(’(wéx2+y2)]dzdy
= ¢y (51)

yrdfdr

)rdfdr

The second equality in (48) is easily seen from (50). @]
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The solution of the stationary Fokker-Planck equation corresponding to (44) is
given by Gy

pi(z,y) = Cezpl-= [ 7 n(z)és] (52)
where
— = —/w e:cp[——/ p(z)dz]dp (53)
Example 3: Again, consider the saturation type active damping model (35).

By the identity

/2 T+ 2 _
/ tan~!(bcos ) cos zd —i_iibi—i be R
0

one can compute

#(E)
= ﬁ /o,}[%wo\/Q_E’cos ¥ + Atan™ (bV2E cos 1)) cos dy

And consequently, one has

2 E
= p(z)dz
26w 4
°(2E) —V1+2PE

+;2—b In[l + V1 4+ 282E] + const.

The solution of the stationary Fokker-Planck equation:

p(z,y) = C[1 + /1 + b2(wiz? + y2)]| 75

2 4
Xexp[— 5‘:0 (wiz? +y?) - m\[l + P (wiz? + y?)]

32



where

= T e (2£wo)
- w0b2 P 02b2

x/ 1+\/_”e:rp[—
1

Ql =

2{(‘00

2 ez

It is easy to realize that p(z,y) achieves maximum at the origin.

(48) provides a simpler means of computing ¥,. From what follows, one can see
1, can be easily obtained without employing the integral identity (36) as in Example
2.

By (48) and(54), we have

4w v1+ 262 -1 4
Yy, = ¢ 0/ - exp(— &;)Ox)da:
o
2 oo ab 2¢w,
= z @y(\/iz—y—l)e v dyexp(b 0)
ob
2.2
(substitution of variable 1 + 2%z = 7 v?)
2{‘.00

= o - )% eV’ dy exP(%EUi?O) (integration by part)
Jro
- 2\/2&)0[1 — & ob )] exp( b202)

which is the same as obtained in Example 2.






Chapter 4

The Spectral Density of
Nonlinear Damping Model:
Multi-DOF Case

4.1 Introduction

As indicated in the first part of this work [70], the problem of characterizing the
damping mechanism in flexible structures has received renewed attention in recent
years in connection with the need to stablize flexible flight structures such as an-
tennas deployed in space. Experimental evidence [8] suggests the need for nonlinear
damping model and the need to consider the effect of random disturbances due to the
uncertainties in system parameters and the environment. One of the most impor-
tant subjects in nonlinear random vibration is to obtain the second order statistics,

i.e., correlation function and spectral density of the stationary response, because
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they provide average amplitude and frequency information about the sample histo-
ries. Unfortunately, up to now, the only practical method available is Monte Carlo
simulation and there is no analytical technique for the second order statistics of
nonlinear systems [32]. This paper presents an analytical technique for computing
correlation function and spectral density of the stationary response of n—DOF non-
linear damping model subject to white noise excitation. The single DOF case was
fully investigated in the first part of this work [70).

The basic nonlinear damping model we consider is, for z(t) € IR,
Mz 4+ Doz + vD(z,2) + Kz = on(t) (55)

where v > 0 is a small constant because the damping in flexible space structures,
whatever its nature, is small. Here, M > 0, Dy > 0, and n(t) is m dimensional white
noise. ¢ is an n x m matrix. Since we are only interested in oscillation problem, we
assume that (55) has no rigid body mode, i.e. K > 0.

The corresponding Fokker-Planck equation is easily seen to be

Op

5 ~y'Vep+ YV, - (M7 Kz + M~ Doy)p]

1
+9V, - (M~'D(z,y)p) + §tr(M'1aaTM"1V§p)
= Lop+7V, - (M~'D(z,y)p)

lim p(, 2, y|20, y0) = 8(z ~ 20)(y — yo) (56)

Notations
() = D(a(1), y(1));
ps(z,y): stationary density of (z(t),y(t)), i.e., the invariant measure;
p(t,z,y|zo, yo) : the fundamental solution of (2);
Po(t, Z,¥|Zo, ¥0) : the fundamental solution of (2) with v = 0;
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T(t) & ezp(Lot);

def
Q(t, $,Z, y‘xov yO) = ffﬂ’"D(uav)po(t - 8,7, y|tt,v)p(s, u, leovyo)dluldlvl'

It is well-known that po(t, z,y|Zo, ¥o) is a 2n-dimensional Gaussian density func-

tion. Its mean vector and covariance matrix are given by
( m.(t) )
my(t)

where the matrix A is defined by

AY 0 I
—M'K —M™1D,

OR /te"“'” ° ° AT (=2 ds
0 0 M-loo™M™!

Later on, we will need the notation

Py P
deéflimx(t)=( N ”)

i
[q.]
2
P
e 2}
(=) (=]
S

2nX2n

and

t—00 T
P, Pp
2nx2n

and without ambiguity we will often denote X(t) by X.

Assumptions on D(z,y)

(A1) Each component of D(z,y) is differentiable with respect to y;

(57)

(58)

(A2) 3K > 0,k > 0 such that ||D(z,y)|| < K[1 + (l|z|* + llyl[*)*] for (=,y) € B*™;

(A3) fran(llz]]? + ll¥l1?)¥ps (2, y)d|z|d]y| < oo for all nonnegative integers k.

Of course, to satisfy the energy nonincrease requirement, we also need

yTDoy + vy"D(z,y) >0 (z,y) € R™
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4.2 An Equation of Spectral Density

Lemma 4 Under assumptions (A2) and (A8), it holds

hm Q(ty s, T, yIanyﬂ) =0 V 0 S S S ta (mDa yO) € an (60)
HizlP+Hyli?— oo

provided
P(t,-’r,ylzo,yo) =0 Vt> Oa (.’2:0, yo) € R2n (61)

el o oo
PROOF: First, by Schwarz inequality, we have
llg(2, s, 2, y|zo, yo)l|
< [/, 1D v)lIpo(t = 5,2, ylu,0)p(s, u, vlzo, yo)dudv
[ 121D )1 Ppo(t = 5,2, ylu,v)p(s, w, vlzo, yo)dude] 2

X[.//R? pO(t - S, T, ylu’ v)p(s, u,v|:co, yO)dudv]l/2

IN

The second square root term goes to 0 as ||z||?+ ||y||> — oo by the assumption

(61). Therefore it is sufficient to show that the first square root term is bounded for
all (z,y) € R*™.

In fact, we have

[/ 2 1D(,0)IPpot = 5, 2, b, 0)p(s, 2, vz, yo)dud

ID(u, )| p(s, 4, v|zo, yo)dudy (62)

1
(27)"y/detS(t - s)//m
In addition, by assumptions (A2) and (A3), we have
—//R"‘-//mn”D(z’ y)Hzp(t, z, y'an yo)p,(mo, yo)dxodyodl'dy
= [/, D)l (= v)dedy
< 2 2 2232
S [ K el + Tl )iy
< o
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By Tonelli’s lemma, we know that
HD(:L‘, y)”2p(t,$, y|$0v yo)Pa(xo,yo) € Ll(ﬂpﬂ ® R?n)

Then, by Fubini’s theorem, we know that
//Rzn”D(‘ra y)”zp(ta T, y" °)d$dyp8('? ) € Ll(m2n)

which implies
ID(:, )I1*p(t, -, |20, o) € L'(R™)
Therefore, by (62), the first square root term is bounded for all (z,y) € IR?*". Thus

the claim is proved. 0

In the following theorem, we establish an equation for the correlation matrices

which plays a fundamental role for later development.

Theorem 5 Under the assumptions (A1)-(A8), the following equation holds:

Ro(1) = Ru(O)Q?I(T) + Rry(o)q){z(T)
—ry /0 " R..(s)M~®7,(r — s)ds (63)
fort > 0.

PROOF: (56) is equivalent to the following integral equation

p(t,2,ylz0,%0) = Po(t,2,y|Zo, Y0)
t
1 [ T(t=9)9y - (M7 D(z,y)p(s,2,yl20, w)ds

or more explicitly,

t
p(t, z,ylz0,y0) = po(t,z,ylzo,yo)+7// po(t — 3,2, y|u, v)
0 R
x Vo[M ! D(u,v)p(s,u, v|xo, yo)}d|u|d|v|ds (64)
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Performing integration by part in the second term and noticing the relation

Vopo(t = s,2,ylu,v) = —®(t — 8)Vapo(t — s, 2,ylu,v)
—00,(t — 8)Vypo(t — 5,7, ylu, v)
we obtain the following
Jron Polt = 5:2,1,0) 9, - (M7 D(us, 0)p(s,, 0]z, yo)lduld]l
i . [Vepo(t — s, 2, ylu,v)]" M~ D(u, v)p(s, u, v|zo, yo)d|ul|d]v]
= /Rzn [Vzpo(t — 5,7, ylu, v)]T @12(t — s)M ™ D(u,v)p(s,u, v|zo, yo)d|u|d|v]
+ [ [apalt = 5,2, lu, o) ®zs(t — )M~ Dlu,0)p(s,u,vlzo, yo)dluldlo
= V,. /R“ ®12(t — s)M 1 D(u, v)po(t — s, z,y|u, v)p(s, u, v|zo, yo)d|u|d|v]
+V, - /Rzn ®2(t — s)M ' D(u,v)po(t ~ s, z,y|u, v)p(s, u, v|zo, yo)d|u|d|v]
= V- [®ua(t — )M q(t, 5,2, yl20, 30)

+vy ) [(I)??(t - S)A!-lq(t? s,z, yIzO’ yO)
Therefore, we obtain the following integro-differential equation for p(t,z, y|zo, ¥o):
p(t’ z, yl-'ro, yO) = pO(t’ z, !/I%a yO)
t
+‘sz : ./0 ¢12(t - 3)M~lq(ts s, T, ylzo, yO)ds

t
+’7vy * ‘/0 <I)22(t - S)M_lq(ta s, y'a"Ov yO)ds (65)

Based upon (A2) and hence Lemma I, we find that the marginal transition
probability density p(t,z|zo, yo) satisfies the following equation, by integrating (65)
with respect to y over IR,

t
plt,zlz0,30) = polt,zlao, o) +9Ve - [ @ualt — )M~

x [, Dl 0)polt = 8,2lu, v)p(s, u,vlz, yo)dluldlvlds (66)
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After integration, the third term vanishes by Lemma I. And in (66), po(t, z|Zo, Yo)

is an n-dimensional Gaussian density with mean
®,1(t)z0 + D12(t)y0

Multiplying (66) by zoz” p.(zo, yo) and integrating with respect to (z,z0,Yo) OVer

IR®", we obtain, for t > 0,

Ree(t) = [ oz polt,zlz0: 0)p(zos vo)dleldlzoldlvol

by [z Ve [ @t = )M [ D(wv)polt = szl
xp(s, u, v|To, yo)d|"|d|v|dspa(zo»yO)d|$|d|Io|d|yo|

= /mn zo[®11(2)z0 + ®12(t)y0)” (2o, Yo)d|zo|dlyol
[, @0 / ‘ [, DT 0)MTIOT (¢ = s)polt = 5, 2], 0)
x (s, u, v|Zo, yo)d|uld|v|ps(zo, yo)d|z|d|zo|d|yo|ds

= R..(0)®7T(t) + Ry (0)01,(1)
[ ] zeD M el =)
XP(SaUaU|$o,yo)Pa(%ayo)d|u|d|v|d|-’fo|dlyo‘ds

= Ruz(0)®T,(1) + Ry (0)®T,(¢)
—5 /0 ' R..(s)M1®T,(t — s)ds (67)

O

The significance of this theorem is that R .(7) is expressed in terms of R..(7),
while the unknown matrix R.,(r) appears only in the first order coefficient of ~.
Therefore, if one obtains the kth order perturbation of R..(r), then R..(7) is im-

mediately given by (63) with error in the order of O(v*+?).
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4.3 The Spectral Density

In this section, we establish the formula of the spectral density of (55) with O(v?)

accuracy. First, we need two lemmas.

0
a2
M-lo

being completely controllable, then the following matriz relations hold

Lemma 5 Assume the pair

S() = T — AT eh (68)

-1 _ S—IEAI(S;OI + eATtE-leAt)—leAth-—l = 2;1 (69)
- T -1 _AT Tie

(S + et 1T leA) 1At = B et YD) (70)

PROOF: Under the controllability assumption we can know that both I(¢) and T,
are positive definite for all ¢ > 0.

Let us define

() L T, — ety eAT

To show (68) is equivalent to showing Z(t) = E(2).

In fact, since

t 0 0
() = / e4(t=2) AT (t=2) g
v 0 M-loogTAM

we know that S(t) satisfies the following linear differential equation

d v —_ AT Ay T 0 0
t 0 M-looTM™!
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Letting ¢t — oc, we obtain the relation

—AS = T,,AT = 0 0
0 M-looTM™!

by which we also have

el

C8() = A - Sw) + (S0 - So)AT

. . 0 0
= AS(t)+ S@W)AT + (72)
0 M-looTM-?

Obviously. ¥(t) and ©(t) have the same initial condition

Therefore. the uniqueness of the solutions of linear differential equations implies
(1) = S(1).

By tlic matrix inversion formula
(M + MpMady)™ = MY = MM (M5 + MM M) MM (73)

we have. noticing (24),

- - - Tio-— - Tien—
v I—S 16.41(3001_*_6,4 12 leAt) leA 12 1

For the proof of (70), we again use (73) and (68) to obtain
(D21 4 eATIE 1Al 14T

— [Sf.\— _ SO;,CATt(E + eAtzooeATt)—leAtzoo]eATt
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= ¥ _eATt(] _ E—ICAIEOOeATt)
= ToeI - £2(Ee - T)]

ATt -
= Y.€ Soo]E

- =0

Lemma 6 Assume the matric pair

0
a(0)
M-1lo

is complctcly controllable. Then for the linear damping model
Mi+ Di+ Kz = ont)

we hare

" ( o ) DT(2(t +7),y(t + 7)) = ToceA™ 7T ( . )

¢'y 2nXxn

where

Ve z )
(%) = () e

T

x exp[~1/2 ( ’ ) T ( ’ )]d|z|d|y|
Y y

PROOI: Let us use the {ollowing notations:

y Yo
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By (69) and (70), we have

(X — e*Xo)TS™H(X — e**Xo) + X7 T3 Xo
= XT[S™? = SleH(S) + eATtnleA) AT X
+[Xo = (AT e 4 £ 1A S X T (AT et + £7))
x[Xo — (e ATep-1 At + v—l) ~1,ATty- IX]
= XTTX
H(Xo — SecdISI X (eATHE 1A + £21)(Xo — Tee T30 X)

Then

y(1)

- ,/./1122"_/ IR2"X0DT($,y)27? |IE(7')|

x exp[—1/2(X — " Xo) T (7)(X — e*" Xo)]

E ( A ) D7 (z(t+7),y(t+ 7))

x—t exp(=1/2XT T2 Xo)d|X |d] Xol
271/ | S oo

_ {//man(x,y);\']l_@

w— L exp[=1/2(Xo — T TEI X)T (5T + eATTE1eAT)

2m\/I=(7)

% (Xo — Sace™ "SI X))d| Xold| X 1}T

1
= [/ W”D(way)'%—l\/-;—'w—‘

((‘ ATTE—“]X)T

en €

X
\[,v NSz + eATTz—l(T)eATI
_ Tro- 1// §)—
J2n ~1‘. /IEml
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/
T Wz
= Teet 7S]
1
Py

In the above, we used the fact that
1SS + AT T (1)ed =1 VE> 0

which could be casily verified by using (70).

Theorem 6 Under the assumption of the complete controllability of

0
()
M 1o

the spcctral density matriv of (55) is given by
Vor(w) = ‘il:r(w) + \i’;x(w)

with

Txn D—iwM -K G(iw)
-9 Soa
0 M —wM 0

where

G(iw) ¥ (=w?M — iwD + )™

(76)

)
G(iw)

(77)

PROOF: First of all, it should be noted that (63) is valid only for 7 > 0. However,

by the basic property of correlation function matrix
A.o(—7) = R (1)
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we can easily obtain RR,,(7) for 7 <0 as
Reo(7) = Rz (—7)
Therelore. if we define
3 def [ wT
VU, (w) = A R .(1)e"dr
then we have the following expression for the spectral density matrix
Voo (w) = \i’xx(w) + ‘i’;z(w)
Next, to find the expression of l:[lu(w), we need to evaluate

oo .
/ eAtetwtdt
0

To this end. we perforni integration on both sides of

o d .
etul_eAt = AeAtetut
dt

to obtain

O(iw) = (—iwlgnxzn—A)—l

( G(iw) 0 ) ( D—iwM M )
(78)
0 G(iw) _K  —iwM

where the last equality can be easily verified.

R..(s) RO(s) R (s)
= + TR (79)
R,.(s) R (s) R{)(s)

then, by Lemma 3,

If one writes

46



which implies
T

RO = | 7| seermza | ¥
0 ¥y

And correspondingly, we have

T
o , Ixn D—-iwM -K
/ RO(s)e*ds = T
0 0 M —wM
G(z 0 z
« | G o | ¥ (80)
0 G(w) Yy
Therefore (77) becomes obvious based upon (63), (78) and (80). O
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Chapter 5

On the Stationary Probability
Density: Multi-DOF Case

5.1 A Necessary and Sufficient Condition of Un-
correlatedness

A natural but nontrivial question to ask is in the stationary state, whether z and
# are uncorrelated as they always are in single DOF case. The answer is no, in
general. Such an example will be given after the following theorem. Then the next
immediate question is under what conditions = and & are uncorrelated. Next, we

concentrate on only linear model
Mi + Di + Kz = on(t) (81)
for which we have the following conclusion

Theorem 7 Assume the matriz Asnxan ts stable. Then, in stationary state,  and

# are uncorrelated if and only if there ezists a self-adjoint, nonnegative matriz Prxn
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satisfying

KPM = MPK
(82)

DPK + KPD = o007

And in this case, the stationary density is 2n-dimensional Gaussian with mean

P 0
0 M'KP

PROOF: (=>) First we establish the following equation concerning the structure

0 and variance

of the variance matrix X

P, P.
5. = 11 12 (83)

5 = ( Py Py
PL P,
In fact, by the equation,

d [ () @) ) 0 I 0.:(t) D12(t)
U\ op(t) On(t) )] \ MK -MD |\ &u(t) ®u(t)

we have the following relations

where we use the notation

$15(t) = ®(t) (84)
Dy(t) = —MT'Kdy,(t) — M1 D®,y(1) (85)

Also, by the equation

L = /we“ 0 0 eATtdt
0 0 M-looTM"?

/°° D12(2)QBT,(1) B12(1)QIL(2) dt
O\ 92(t)QT(t) (1)QDL,(2)

49



where Q = M~'goT M, we obtain, in the light of (84),
Py = /0 % B1,()Q8L(t)dt
= /0 ” 0.,(1)QdT,(1)dt
= - [ dumeehd
= —-P%

i.e., Py; is skrew-symmetric.

Similarly, by (84) and (85), we have
Py = /0 % 52(1)Q0L(1)dt

- /0 ” ®25(1) QT (t)dt

- - /0 ” b2 (1) QBT (2)dt

— M™'KP,+ M™'DP],

= M™YKP,, - DPy,)
Noticing that, by (83),

z and y being uncorrelated

&= P,=0

Pn 0
= Y. . =
0 M 'KP,

0 0
ASe + Lo AT + =0 (86)
0 M logoTM-!

and that ., satisfying

then it must be true that
M-KP, = (M7 KPy)T
M-DM-'KP,; + (M 'DMKP;;,)T = M'ec™ M
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which can be easily reduced to (82).

(¢<=) Suppose P > 0 satisfies (82), then we know

- P 0
0 M-'KP

satisfies (86). On the other hand, the solution of (86) is unique, based upon the
following general fact [45, p527): if Apmxm and B.x, have no common eigenvalues,

then the matriz algebraic equation

TnxmAmxm - annTnXm = Ulnxm

has a unique solution T, . Therefore, the ¥, defined above is indeed the station-
ary covariance matrix, which is block diagonal. )
Now let us consider the following example in which p,(z,y) is not separable, i.e.

z and y are not uncorrelated.

Take, for z € IR?,

M = I,
(4, 0)
D = with d;, d; > 0
\ 0 d;
(w2 0
K = \01 , with w? #£ w?
ws
(21
g =
\ 12

Obviously the corresponding matrix A is stable. And it is easy to verify that

0
{A,( )}
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is completely controllable, i.e. £ > 0.

Next, we observe that for this example,

KPM = MPK
= PK =KP

0
— P= ( N )

0 D2

However, on the other hand,
dip1w? 0
pPK + kpp=2| ‘7 £ 00T
0 dgpgwg
i.e., there is no such Py, satisfying (82). This, by Theorem 8, implies that z and &

are not uncorrelated in steady state.

Next, we make the following observations:

1. (82) is equivalent to
KPM =MPK
(87)
(=DM~ (MPK) + (KPM)(-DM-)T + 66T =0
If D > 0, then —DM™! is stable because —DM ™! has the same eigenvalues as
—M-Y2DM-1/? which is negative definite. Then the unique solution of (87)
is given by
MPK = KPM = / % =DMt T =MDt gy (88)
0

Therefore, the necessary and sufficient condition for r and  to be uncorrelated

in stationary state is that
w - —-—
P =M [T e M gg e M DK
0
is self-adjoint and nonnegative.
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2. Let P be the self-adjoint, nonnegative matrix satisfying (82), then P > 0 <

(DM, ¢) is completelly controllable.

3. In the particular case, D = ko007, where ko is a scalar constant, we can
take P = ﬁK =1 in (82). In this case, the stationary probability density is a
function of the energy E = 1/2(zTKz + yT My),

p(z,y) = (%)"(IMHKI)"’2 exp[—ko(zT Kz + yT My))

5.2 Energy Type Nonlinear Damping Model

In fact, this conclusion can be generalized to the following type nonlinear

damping model.

Theorem 8 In the following type nonlinear damping model

zTKDz + y"TMDy

5 Joo'Di + Kz = on(t) (89)

Mz + u(

we assume D is positive definite and commutative with K and M, and (89) is stable.

Then the stationary probability density is given by

Ep
Pi(z,9) = P2(Ep) = Cexp(=2 [ u(2)ds) (90)

where

Ep = 1/2(zTKDz + y"MDy)
2(n-1)

(KIWMIDD A TT 5) [ e exp(=2 [ u()dz)dz (91)

=0

1/C
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with I; & JT sin’ 8d6 which has the following iteration relation

Io = T
L = 2
j=1 .
I, = "'_]-__j—Q 1=2,3,--

PROOF: Assume that p,(z,y) is a function of Ep, then

dp,
Veps(z,y) = ngKD

Viplz.y) = E-MDy
Also, we have the relation:
t[M 00T M- 1V3p,(2,9)] = U, - [M~'00T M~V ,p,(2,)]
Therefore, by noticing the relation
~y"V.p, + V- (M~ Kzp,)
= —yTV.p, + 2T KM~ 'V,p,

=0
the stationary Fokker-Planck equation

0=-y"V.p, + V- [u(Ep)M 00" Dyp, + M~ Kzp,] + %tr(M “looc"M7'V,p,)
(92)

is easily reduced to the following form
0=V, [p(ED)p,M’laaTDy + 1/2M'100TDyEd§5-]
D

or

0=V, [M~00™ Dy(u(Eo)p, +1/252 £
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Then it is sufficient for p,(z,y) = p,(Ep) to satisfy
dp,
1/2m + #(Ep)ps =0
or, equivalently,
Ep
Pu(2,9) = pu(Ep) = Cexp(=2 [ u(2)dz)
The integrability of p,(z,y) on IR?" is guaranteed by the fact that both KD and

M D are positive definite under the assumptions on D.

The normalizing constant C can be obtained by first making the following vari-

(-0 ) ()

then changing (u,v) into 2n-dimensional polar coordinate (r,¢;,-- -, d2n-1). ]

able transformation

REMARK: It is quite natural that in muti-DOF case the stationary probability

density is a function of Ep instead of E. Consider a simple example,
moi + Di + wlz = opn(t) (93)

where my, w?, o, are positive constants, while D is a positive definite n x n matrix.
Obviously, the corresponding undamped system is uncoupled and it is easy to
realize that D > 0 implies (93) is stable.

In this case, (82) reduces to

2
pDP+PD=2]

wo
therefore,
2
= 2o p
P = 2w§D
and
Mow? n/2
pu(2,) = 2Dl expl-1/(wds" D + oy D)
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5.3 An Illustrative Example
In this subsection, we consider the following special type of nonlinear damping model
Mi + (do + vu(E))Di + Kz = on(t) (94)

where D = 00T, dy > 0 and p(E) > 0 for large E.
We need to find the four n x n matrices ¥, ¥y, Rzz(0) and Rz,(0).

First, by Theorem { we know that the covariance matrix of the corresponding

K-' 0
Y = 1/2do
0 M

and therefore, by definition,

linear system is given by

d
¥y, = /mn w(E)yy oo™ (2)"VIK||IM]| exp|—do(=" Kz + y" My)ld|z|dly|

_ [[ull? + |0\, sz, T ap-172, TG0 \n
- /m,‘( T M 2T M 0T ()

x exp|—do(|[u]l? + |[v][*))dluld]v|
a1 2 P l?, doyn
= M7oo” [ ()

x exp|—do(|[ul|? + |[v][*)}dluldlv|

o0 2r 2r 2r
— M-ooT /0 dr jo ddn-n [ dbanma-- /0 dgyr? cos? ¢yu(r?/2)

d ) .
x(_;rg)ne—dorern-l s]n2n-2 ¢l ...sin ¢2ﬂ_2

o 2d
_ -1 T O\n_n_=2doz
= Moo /0 (—7r Y'z"e p(z)dz

X2Io]1 s Izn_3(12n—2 - IZn)

L T K 2(n-1)

- n

= M oo — D(:) I;
J=

56



where
ko = (2do)" [Jw z"u(z)e 2% dg

Similarly, we obtain

¢z = 0
Rz,(0)

I
=

By noticing that the corresponding stationary density p.(z,y) is given by (90) and
(91), we obtain

R;-(0) = m, K! (95)
where

_ 1 [z exp(—2dox — 27 [§ p(2)dz)dz
T n [P zn-lexp(—2doz — 24 I #(2)dz)dz

By substituting the computed matrices ¥., ¥,, R..(0) and R.,(0) into (77), we

m,

obtain

Voo(w) = m,K (D - iwM)G(iw)
2(n-1)

= ( I 1)G(iw)eo™Gliw) + O(v)

n

+7

§=0

Consequently, the spectral density matrix is given by

er(w) = \i’zz(w)'*"i’;z(w)

= 2dym,G(—iw)ooTG(iw) +
2(n-1)

+27—=( [] L)R{G(iw)ooTG(iw)} + O(+?) (96)

nan

3=0
By straightforward calculation, we know

_ 1 Kn
T 2do 7d0n!

+0(7)

m
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Therefore, the perturbation expression of the spectral density matrix ®,.(w)is given

by

2(n-1)
( TI I)R{G(iw)ooT G(iw)}

=0

_%G(—iw)aaTG(iw)] +0(7%) (97)

&, (w) = G(—iw)oa? Giw) + 2vkn]

nwh
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Chapter 6

Infinite Dimensional Nonlinear

Damping Models

In this chapter, we study energy type nonlinear damping model in an infinite dimen-
sional setting. According to the geometry of the structures considered, energy type
ponlinear damping model is divided into two types. The following two examples are
considered to be representatives of the two types of models, which, later on will be

called TYPE I and TYPE Il model, respectively.

6.1 Nonlinear damping models - the formula-
tions

TYPE I Model:
We consider a uniform Bernoulli beam with length L, and both ends hinged. Let
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u(t, s) denote the small deflection. Then the undamped model is given by

a(t,s) + a®umi(t,s) =0 0<s<lL
u(t,0) = u(t,0) =0 (98)
u(t,L) = un(t,L) =0

where super-dots represent derivatives with respect to time t, and the primes deriva-

tives with respect to s.

We introduce the Hilbert space H = L%[0, L] and the inner product defined on

it

L

[u,v] = / u(s)v(s)ds

(]

Let the operator A be defined by
Au = d*unn(t, s)

with domain

D(A) = {u € H | uwm € L*[0, L];u(0) = un(0) = u(L) = u//(L) = 0}

Then, it is easy to see that

A%y = —aun(t,s)

for

u € D(A?) = {u € H | un € L*[0,L];u(0) = u(L) = 0}

And the total energy, the sum of strain energy and kinetic energy, is given by

E(®) = 1/2([Au,u] + ||ul*)

L
= 1/2 [ [@un(t, s)? + u(t, s)’)ds
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If we use proportional damping A'/? as linear damping and E%(t), ¢ > 0 as
nonlinear damping, then the total damping is
26 AV + yE(t)i
L
= —2fau(t,s)+ 7{1/2/ [a®un(t,sr)? + u(t, s)?]dsr}?
0

Using z(t) to denote u(t,-), we can write the complete model in the following

abstract form

2(t) + 26 AV2(t) + Y E()'(t) + Az(t) = 0 (99)

TYPFE I Model:

We consider a flexible beam with a tip mass m at one end and with the other
end clamped. We may assume that either the motion occurs only in the horizontal
plane or the structure is in micro-g state. Therefore we do not have to take into
account the effect of gravity.

The undamped model is given by

a(t,r) + %ul/ll(t,r) =0 (100)
(L) — %’um(t,L) =0 (101)
u(t,0) = w/(t,0) = u(t,L) =0 (102)

Notations: u(t,r) transverse displacement at a spatial point 0 < r < L at time t > 0;

E Young’s modulus of the arm material;

1 area moment of inertia of the arm material;

p density of the arm material;

m mass of the payload including the end effector;
L length of the arm material.
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Now, in order to give a complete formulation of the problem, let us introduce

the Hilbert space
M = L*[0,L] x R!

and define the operator A by
a®uin(-) u(-)
Aw = for Vw= € D(A)
—b*um(L) u(L)

u(:)
u(L)

with
=t ( ) € Mlum(-) € L*[0, L], u(0) = u(0) = ui(L) = 0}

where

a*=FEl/p; W =EI/m

The inner product on H is defined by

w1, 0] = o [ () + g (L L)

w,~=( 45() ) €H, j=1,2
u;(L)

Then, by integration by parts, it is very easy to verify that

for

L
[Aw, w] = /0 lun(r)Pdr >0 Vw € D(A)

and [Aw,w] = 0 if and only if w = 0, i.e., the operator A is self-adjoint, positive
definite and A~! exists and is compact. Then by the spectral theorem of posi-
tive self-adjoint operators with compact resolvent, there is a sequence of increasing

eigenvalues

n-E.g
IA
£

LX)
IA



associated with the corresponding eigenfunctions {t,} such that
Ay, = w:'/’n

and {t,} form an orthonormal basis in H.

With the above preparation, (100)-(102) can be rewritten as
w(t) + Aw(t) =0 (103)

For linear damping part, we choose the following asymptotically proportional
—aull(-
Duw — auli(-)
b?*/au/(L)

D(D) = {w= ( u() ) € H | ur € L?[0, L];u(0) = 0}
u(L)

damping

with domain

And it is easy to verify that
[Dw,w] = 1/a / " lui(s)Pds > 0
()
i.e., D is positive definite on D(D).
For nonlinear damping part, we consider the energy possessed by the beam alone
E(t) = E(t)- §-1b-5iz(t,L)’
= 1/2 / Y (e, $)|Pds + 1/a? / " li(t, s)[ds)
) 0

E(t) is the energy of the beam itself, the sum of strain energy and kinetic energy.
Then we use vEJ(t)u(t) as the energy type damping. We notice that

1/(2b%)4(t, L)? is essentially the kinetic energy of the tip mass. The reason of ex-

cluding the kinetic energy of the tip mass in damping is that internal damping

mechanism should be dependent upon the beam material, not on any attatchments.
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energy of the tip mass in damping is that internal damping mechanism should be
dependent upon the beam material, not on any attatchments.

Then the abstract form of the damped model writes
w(t) + 26Duw(t) + vE{ (t)w(t) + Az(t) = 0 (104)

Next, let us consider the basic modes and frequencies of the model (103). We

will explicitly solve the eigenvalue problem

Let

$u(L)

then (105) is equivalent to the following two point boundary value problem (TPBVP)

a2 1(r) = W2 a(r)
b$utt1(L) + wign(L) = 0 (106)
$n(0) = 6n/(0) = ¢u/(L) =0

Let w, & a(82)2. Then (106) can be rewritten as

$arm(r) = (B2)14,(r) (107)
1smL)+ (Eygu(z) = 0 (108)
8a(0) = $ul(0) = $u(L) = 0 (109)

The general solution of (107) is given by

@n(T) = €1, CcOs %—r + ¢a,n cosh -é'lr + c3pnsin &r + ¢4, sinh %r

L L

where ¢;n, ¢=1,2,3,4 and S, are to be determined by (108) and (109).
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(109) implies that

én(r) = é[(oosh éﬁr — cos &r) vn(sinh &r —sin %r)]

L
where ¢, is a normalizing constant and

cosh 3, + cos B,
sinh 8, + sin 8,

Tn =

In order for ¢, to satisfy (108), B, must satisfy the following transcendental

equation

sinh ,Bn — sin B, — Ya(cosh B, + cos G,)

+-;—[cosh Br — €08 Bn — Yn(sinh B, —sin B,)] = 0 (110)

which is equivalent to

1 + cos B, cosh 8, + -rs-ﬂf(cos B, sinh B, — sin B, cosh 8,) =0 (111)

It is easy to realize that
Bn —nr+7/4 asn — oo

le.,

Bn 4

w2 —a( )4 ——raz(%)‘(n+1/4)4 asn — 00

Finally, the normalizing constants ¢, should be chosen such that ||¢.|| = 1. By

tedious but straightforword calculation, we obtain

p ( L ) (1 + cos B, cosh B,
B sin B, + sinh 8,

Therefore, the eigenvalue problem (105) has been solved.

cn=all + PP n=1,2,---
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6.2 Some basic results

Notations:

E(t) = 1/2([A"2(t), AV z(t)] + [2(2), £(2)); () € Hp = D(A?) @ H

T

Ep(t) = 1/2([Az(t), Dz(t)] + [D(2), £(2)]); ( i ) € D(A) =D(4) ® D(D)

0 u
—yE(t)v v

Then the nonlinear damping model
F(t) 4+ 26Dz(t) +vE(t)z(t) + Az(t) =0
can be recast into the form
dw(t)

= = Aw(t) + T(w(t)) (112)

The other notations are just as usual.

6.2.1 Existence and uniqueness

A. Lunardi [53] established the existence and uniqueness of solutions of the nonlinear

infinite dimensional system
w(t) = Lw(t) + G(w(t))
by assuming
1. £ generates an analytic semigroup, which is asymptotically stable, i.e.,
sup{R(A); A€ o(L)} =—wo <0
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2. G(0) =0, and G/(0) = 0;

3. If w(-) € C([to,t1]; D(L)), then G(w(-)) € C([to,t1]; Dr(6,00)), where

Dy (8,00) is the interpolation space defined by
Di(6,00) = {z|z € X,[z]o = sup ||[t'?Le“z|| < o0}
0<t<1
llzllp, o) = Il + [a]o

The proof is essentially the application of the fixed point theorem of contraction

mapping and interpolation space theory [18][64].

Therefore, to establish the existence and uniqueness of the solution of (112), it

suffices to verify the third assumption.

In fact, for any

u(t)
w(t) = € C([to, t1]; D(A))

[P(w(:))le = sup It~ AT ()T (w ()|

0<t<1

0
sup ||T<t)A( ) I
~llw()Io()

<
= llw()]* sup nT(t)( -+ )n
0<t<1 26 Dv(")
< o0
Hence,
IT(o(WIpyoaey = T+ [T(w(-))le

< A2 + [(w(-)ls

< o
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Theorem 9 For V wy such that ||{wo|| < r for some r > 0, there erists a unique

solution w(-) € C'([0,00); HEg) N C([0,00); D(A)) which satisfies (112).

6.2.2 Asymptotic Stability

Theorem 10 Assume that T(t), the semigroup generated by A, is asymptotically

stable, i.e.

ITOI < e™;  w € (0,wo)

for some wy > 0. Then, ¥y € (0,wp), there ezrists r = r(n) > 0 such that for any

wo € D(A) with ||w|| < 7, we have
()] < [lwolle™

Proof: For any n € (0,wp), choose § > 0 such that 5, =+ 8 < wy.
Let r = (£)%. Then, for Ywo € D(A) with ||wol| < r, we have

[l ()]

IT(@)wo + [ Tt ~ $)T(wo(s))ds]

t
e lluol] + [ e fw(s)[24+2ds
0

IN

Then, we have

t
lw@lle™ < ol + [ em*llw(s)lP+ds

t
< hwoll + yllwol P+ [ e™lfuw(s)l|ds

Then, by Gronwall’s inequality, we obtain

llw®Il < llwoll exp[—(m — 7llwol***)t]

< |lwolle™™
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6.3 An infinite dimensional Krylov-Bogoliubov

approximation

6.3.1 Preliminary results

Lemma 7 Suppose A generates an analytic semigroup T'(t), which is also asymp-

totically stable, i.e., there exists n > 0 such that
1Tl <e™; t20
Then we have the following estimates for [Di(t), £(t)]:
1. For linear damping model
Z(t)+ 26Dz(t) + Az(t) =0

we have

2%[Da(t), (1) < Ihuol| e (2B ()72, ¢ >0
2. For nonlinear damping model

Z(t)+26Dz(t) + vE(t)z(t) + Az(t) =0

AY?’D = DAY’ on D(A) (113)
A1/2

IA

pD on D(D) (114)
for some p > 0, then we have

2D (1), £(t)] < Ma(2E())'*, 120
where M, depends on £,v,n,p and the initial state z(0), £(0).
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Proof: (1) Since T(-) is analytic, we have [15][58]

M
ATl < =Fe™, >0

Then,

2%[Da(0) (1) = ~1Z 5L w(t),w(t)]

= —[Aw(®),w(®)]
< [MAw()ll ()]

= T @woll [l
M,
t

IA

" huol(2E(0)
(2) To prove the nonlinear version, we consider the quantity Ep(t) defined by
Ep(t) = 1/2([A=(t), Dz(t)] + [D(2), 2(t)])
By (113), we can show that [Az, Dz] > 0 for £ € D(A), and therefore
Ep(t)>0, t>0

And, we further have

dEp(t)
dt

~2||Dz(t)|* — vE*(t)[Di(t), £()]

<0 t20
Therefore,

Ep(0) — Ep(t)

2 ['ID&(s)Ids + [ E¥(s)[D2(s), &(s)lds
< Ep(0)

In particular,

% [ D& (t)IPdt < Eol(0)
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i.e., Dz(-) € L?[0,00; H].
In addition, by (113) and (114), we can have that for any v € D(A/?),

1AY20]* = 3 willv, éall?

n=0

< 23 [Dén, dull[vs 6]

n=0

= p*||Dv|?
Next, we estimate

I [ ATt = 5)T(w(s))ds|
= |1 [ Tt - $)AT(w(s))ds]

= 1 [ T - syyEs) ( 7 ) sl
° —2¢Dzi(s)

1E(0) [ "I 42a(s)|I + 46211 Di(s) /2 ds

IN

IA

TE0)(4€* + 5/ [ =61 Di(s)||ds

t
0

IA

2, av1/2p ff —2n(t=2) 3.11/2| s
YE'(0)(4€% + p1)/2[ [ €7~ ds] || Ditl|zspo o

IN

2
2+ LyreEY 0

= ’7Co

Therefore, we obtain

2§[Dx(t),x(t)] = —[Aw(t)aw(t)]
< |lAw(@)]] llw(t)]
< [IAT(usll +1| [ AT(— )T (w(e)ds] )]

IA

M
(= lwolle™ +7Col (1))

M,(2E(1))*/?

IN
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which completes the proof. v ]
S. Chen and R. Triggiani [31] have given the sufficient conditions on D which
guarantee the analyticity of T'(t) generated by A. That is, if for 1/2 < o < 1, it

holds
p1A% < D < p A*

for some constants 0 < p; < p2 < 00, then T'(t) is analytic. And it is further proved

that for 0 < a < 1/2, the semigroup is not analytic.
Theorem 11 For the following nonlinear damping model,
#(t) 4+ 26 AYV22(t) + vE'(1)£(t) + Az(t) = 0
its solution satisfies
2(t) = exp(~1 [ E9(s)ds)S(2)y 1)

where S(t) = e~¢VAt and y(t) satisfies the following undamped equation with ezpo-

nentially decaying parametric ezcitation

(1) +[(1 - €)A - EYEU() A2 + 4*8(1)]y(t) = 0 (115)
where 6(t) is a function of t which goes to zero ezponentially ast — oo, if ¢ > 1/2.
Proof: If we let

2(t) = exp(~7 [ Ev(s)ds)S()y(1)
2 Jo
then it is not hard to verify that y(t) satisfies (115) with
0t) = ~1/4E™ (1) + gE* W)l + J26[Da(1), s(D]E* (2
Then using Lemma 1, we have
M
6(t)] < (1/4 +2)E™(2) + \/ﬁqE"'m(i)[#Hone‘"t + Col

Therefore, if ¢ > 1/2, |6(t)| exponentially decays to zero as long as E(t) does. D
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6.3.2 The Krylov-Bogoliubov approximation

Since we are interested in the effect of nonlinear damping, we now neglect the

linear damping part, i.e., let £ = 0. In this case, we desire to establish a Krylov-

Bogoliubov type approximation in our infinite dimensional setting. As we know,

Krylov-Bogoliubov approximation technique has been widely used and its accuracy

is often satisfactory. However, it has not been generalized to multi-DOF models.

Krylov-Bogoliubov approximation is an averaging method. In multi-DOF case, aver-

age method does not seem to make sense because more than one natural frequencies

exist. What we are going to do is to make use of the special form of nonlinear

damping - energy type damping.
We first consider TYPE I model,

E(t) + 1E*(t)2(t) + Az(t) = 0

By Theorem 3, we already know that

where
alt) = exp(~v/2 [ E%(s)ds)
and y(1) solves
§(t) + (A+~%0(t)y(t) =0
y(0) = z(0)
#(0) = £(0) + 7/2E%(0)z(0)
in which 6(-) is uniformly bounded,

16()] < (1/4 + 29)E*(2) < (1/4 + 29)E*(0)
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Next, we need to find appropriate ag(t) and yo(t) such that z(t) is approximated
by

zo(t) = ao(t)yo(t)

First, since a(t) is slowly varying, we make our first approximation

£(t) = a(t)y(?)

Consequently,
£(0) = y(0) (118)
Next, we make our second approximation by letting y(t) = yo(t), where yo(t) is
obtained by dropping 4?8(t) in (117) and replacing the second initial condition in
(117) by (118). That is, yo satisfies

o(t) + Ayo(t) =0
y0(0) = z0(0) (119)
flo(o) = -'17(0)

Based upon the above two approximations we made, we obtain

B(t) = a*(t)/2([Ayolt),3o(t)] + lin(t)I)
N1 AG

2
= d*(t)E(0)
where
Yo(t) = ( ¥o(?) )
Yo(t)
Then, by definition,
alt) = exp(~v/2E%(0) [ " a2(s)ds) (120)

74



We naturally let the solution of the above integral equation be ao(?).
Therefore, differentiating (120), we realize that ao(t) solves the following initial

value problem

{ ao(t) = —3E*(0)ag™ () (121)

ao(O) =1

One can easily find the solution as
ao(t) = (1 + 7gE*(0)t) ™%

Therefore, the Krylov-Bogoliubov type approximation of TYPE I model is given
by
zo(t) = (1 + 79 E°(0)) % yo2)

From this Krylov-Bogoliubov approximation, we can see, without linear damp-
ing, the free response of TYPE I model still goes to zero, and the decay is in the
order of t™%. Furthermore, larger value of ¢ implies slower decay.

For TYPE I model, similar result can be obtained.

In fact, through the same procedure as above, we can see that the yo(t) we choose
should also satisfy (119) in this case, while the integral equation for ao(2) is slightly
different.

Under the same approximations, we have

Ey(t)

B(f) - 5i(t, L)

a3()[E(D) - pzid(t, )]

where



Then, the integral equation for ag(t) is given by

aft) = exp(~/2 [ * B3(tr)dvr)

= expl—1/2 [ ¥ (U)(E(0) ~ 5pid(er, L))id]
from which, one can easily find,
t -
ao(t) = [1+7q [ (B(0) = 5id(t, L)) d)) ™%

Thus, the Krylov-Bogoliubov approximation for TYPE I model is obtained.

Notice that since tg(t.L) is periodic in ¢ and

1

1 .
sia(tL) = 1/2|m<t)u%;——u3(t L)

= 1/2[Ay0(t), vo(8)] + 5 / fio(t, 5)[2ds

> 0

E(0) -

we can realize that as t — oo,

/ [E(0) - 5 L 2w, Lpdy = o)

Therefore, the Krylov-Bogoliubov approximation indicates that the free response of
TYPE Il model also goes to zero at the rate of O(t'*) as t — oo.
In the above, we have used the simple fact that if f(t) > 0 and is periodic with

period T, then
Jim ~ / F(tndy = = / F(¢ndy

6.3.3 The Error Estimate

Next, the natural question we ask is what the error of the Krylov-Bogoliubov ap-

proximation is. For simplicity, we only study the error in TYPE I model.
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Before the estimation of the error, we first introduce a correcttion term o in the
initial condition of (119) so that yo(t) now satisfies
Jo(t) + Ayo(t) =0
¥o(0) = z(0) (122)
§0(0) = £(0) + do
The purpose of introducing the correction term g in the initial condition will be
explained later.

Now our result is

Theorem 12 For TYPE I model, the error of the Krylov-Bogoliubov approzimation

is given by
l|z(t) — zo()]| < a(®)||A7*(v/2E%(0)2(0) ~ §o)ll + 7*Bo(t,7)  (123)

where
V2

_E2q+1/2(0)[1/4 + 2¢
wh wh

lim Bo(t,) < +q/2t

The error contains two parts, one part is of the form Cy*t. Therefore if t < 1/7,
then this part of the error is still of the order of O(y). The other part of the error,
a(t)||A~*(v/2E%(0)z(0) — §o)||, is decaying with time because a(t) is. In addition,
by choosing

§o = 7/2E%(0)z(0) + O(~*)
we can keep the first part of the error in the order of O(4?), hence the total error is
of the form O(4?) x (¢ +1).

To further understand the reason of introducing the correction term go, recall
that the first approximation we made in the derivation of the Krylov-Bogoliubov

approximation is



since a(t) is slowly varying. Based upon this approximation, the initial condition
9(0) = £(0) + 7/2E(0)=(0)

is replaced by

This change of intial condition, on one hand, made the following derivation possible,
on the other hand, introduces an error (in the order of O(%)).

Through error estimate, we realize that this error can be minimized by choosing

Jo = v/2E%(0)z(0)

Therefore, the correction term g, plays the role of compensating for the error intro-

duced by the “slow varying” approximation.

PROOF: First we estimate ||y(t) — yo(t)||. We know that

y(©) = C(¥)z(0) + S(t)(£(0) + v/2E(0)z( ))—72/(:0(T)S(T)y(f)df
yo(t) = C(t)z(0) + S(t)(2(0) + do)

where C(t) : H — H and S(t) : H — D(A'/?) are cosine and sine operators
defined by, Vz € H,

C(t)r = icosw,,t[:c,z/zn]l,bn

)
~~
o~
e’
8

i

Z SlI;wn wn]"r/’n

n=1 n

Obviously, we have

IS(t)z]| < |A72z||  for z€ H
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Then,

ly(2) = 30(t)]
< ISE)/2E(0)2(0) ~ ol + 7(1/4 + 2)E*(0) [ 1IS(r)a(r)lldr

< A 2(x/2E9(0)2(0) — o)ll + *(1/4 + 20 E*(0) [ 1A= y(r)lld{124)

Secondly, we estimate |a(t) — ao(t)|. For this purpose, we consider

Y(t)=U() ( =(0) ) + U(t) ( 0 ) —72/tU(t —7)0(7) ( 0 ) dr
z(0) 7/2E%(0)z(0) ° y(7)

Y(t)=(y“)) - u(t)=( c() S(t))
#(t) —AS(t) C(¥)

is a unitary operator from Mg to Hg.

From the above equation, we can easily know that
Y (1)IIE = 2E(0) + vE?(0)[2(0), £(0)] + O(~*) (125)

In addition, from
z(t) = —v/2E%(t)a(t)y(t) + a(t)y(t)
we know that
eI = a®@)lg(t) — v/2E*(t)y(V)I
= a® (W {5 — vE D)y (@), 5()] + ¥V [4E># @)lly(D)IP}  (126)

Then, by (125) and (126), we can rewrite the energy corresponding to TYPE I
model (116) as

E(t) = 1/2{[Az(t),z(t)] + |lz(t)II"}
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= 1/22°(t){[Ay(8), y(1)] + llg@®)II® = vE )y (2), 9(t)] + 7*/4E*(2) |y (2)|1”}
= a(){1/2(|Y()|E - 7/2E*()ly(2), 5(t)] + O(+*)}
= a*(t)[E(0) +vf(t) + O(+*)]

where

f(t) = 1/2{E*(0)[z(0), 2(0)] — E*(t)[y(t), 9(2)]}

Then, a(t) can be rewritten as

a(t) = exp(~v/2 [ Ev(r)dr)

= exp{-/2 [ ™(n)[E(0) +77(7) + O(x")]%dr)

from which, a(t) can be easily solved to be

a(t) = [1+47¢ /;[E(O) +7f(7) + O(¥*))%dr) "%

= [14+v¢E*(0)t + v*¢*E*~*(0) /ot f(r)dr + O(v*) %

Therefore, we obtain

a(t) = ao(t)] < 7%9/2B"O)[ [ F(r)d7 +0(3)

Finally, using (124) and (127), we obtain the error estimate as

|lz(t) — zo(D)l|

<

<

a(®lly(®) — 3o(®)l + la(®) ~ aa(t) llgo(t)l
a(OIIA2/2E*(0)2(0) - )
+7(1/4 + 20)a()) E*(0) [ 1|Ay(r)]|dr
+7°4/28 )L [ 15(r)ld + O}l
a(D]|A™2(3/2E%(0)2(0)  do)l| + 7" Bo(t, )
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where

Bo(t,7) = (1/4+2)a(t)E*() [ 1A~ /2y(r)ldr

+a/2B Q)L [ 17(7)ldr + O(lllva(t)]

By noticing that for y — 0,

IF6) < 172E20)(ll=(0)]] [12(0)]1 + [lyo (I lIgo(2)II)
E4(0)

< E—;—(llflmt(o)ll 12(0)]} + 1A 2yo ()] l50(t)1])

< E"(O)(llflmﬂf(o)ll2 + IO 1A 2y ()11 + ||iro(i)||2)
2wy 2 2

S w_l_E“H'l(())

we can obtain by easy calculation that

V2 1/4 4+ 2q

2
im B, < = + E23t1/2
ll 0 O(t’7) = L [q/2 1 ] (O)t

6.4 Frequency response - single frequency exci-
tation case
We consider the following infinite dimensional nonlinear damping model
3(t) + 26 A2 &(1) + v([A=z(t), z()] + [l ()]I*)?2(2) + Az(t) = E(2) (128)

For the reason of simplicity, we consider strictly proportional linear damping and
total energy (TYPE I) nonlinear damping so that we can easily obtain its modal

decomposition.
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We are interested in the stationary amplitude response of each mode to a single
sinusoidal input to the system. To specify the excitation input E(t), let B: R! —

H be a linear bounded operator. Then we let the excitation be of the form
E(t) = eBcoswt
where € > 0 is a small parameter in the order of { and 4. That is, we let

=806 7 ="0¢
We order the input amplitude as O(¢) for the following reasons:

1. For a weakly damped system, a small amplitude (O(e)) excitation at the nat-

ural frequency produces a relatively large (O(1)) amplitude response.

2. In the actural system, large oscillation are limited by damping. Thus to obtain
a uniformly valid approximate solution of this problem, we need to order
the external excitation amplitude such that, in the perturbation procedure,

excitation term appears in the same equation as damping terms.
Therefore, we are considering the stationary response of
E(t) + €[260 A2 2(t) + 10 E(t)2(t)] + Az(t) = eB cos wt (129)

The method we will use for the following analysis is multiple scale method. Define

and the notations

le(TOa Tl) = ngTl

of

Dof(To, Th) = T
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Let the solution of (129) be
z(t) = zo(To, Th) + €1(To, Th) +

then
I(t) = Dol‘o + C(Dlxo + Do.’L‘l) + 0(62) (130)
i(t) = Dg.’to + €(2DODlzo + Dgl‘]) + 0(62) (131)

Then substituting (130)-(131) into (129) and equating those terms withe same order,

we obtain
Co : .Dg:l'o(To, T]) + AJ:Q(T(), T]) =0
61 : Dgl’](To,Tl) +AI;|(TQ,T1)

= —2D0D1.'L'0 - 2£0A1/2D0.'Eo —_ ’70([A1'0, 1'0] + ”DoIo“z)qDoxo + B cos wti

Obviously, zo(To,T;) and z,(Tp,T;) can be written in the form

2o(ToT3) = 3 an(To,Ti)m
m=1
) (To, Th) = ibm(TO)Tl)d)m

1

Then’ {an(T()’Tl); n= 1a2a' ) } and {bn(TO,Tl); n= 112" : } sa'tiSfy

3
I

D2a, (T, Th) + wian(To, Ty) = 0
Dby (To, Ty) + w?ba(To, Ty)
= —2D¢Dsa,, — 2épw,Doa,, — ‘70[2 w2 a2 + (Doam)?*)* Doa, + B*t, coswt

n= 1’2’ e
Obviously, for n = 1,2, -,

an(TO, Tl) = An(Tl)eiwnTo + Aﬂ(Tl)e—iw,.To
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from which, we know
Z w2 a2 (To, ) + [Doam(To, T1))?

3 W2 R2AN(T)P (132)

m=1

Then the equations for b,(Tp,7;)’s become

ngﬂ(To, Tl) + wib,,(To, Tl)

= e“nTo[_2iw, Au/(Ty) — 2ibowl An(Th) — Y0(D_ wi|2Am[*) iwnAn(Th)]
m=1
+ B, /2™ 4 cc (133)
where cc stands for complex conjugate of the preceding terms.

Next, we assume that the excitation frequency w is close to a particular natural

frequency, say w;, i.e., without loss of generality,
w=uw + €0

where ¢ is a detuning parameter, quantitatively describing the nearness of w to w;.

Then b,(To, T1) satisfies

ngl(To, Th) + w?bl(TO, Ty)

= “1To[—2iu A /(Th) - 2i&owi Ar(Th) — 7ol Y WrLRALP) AT (134)

m=1
+B* /26" ] 4 cc (135)
If the coefficient of €17 is not zero, then the right hand side of (134) is
of the form f(T))cosw;Tp, which would produce terms like T cosw,Tp and/or
T sinw;Tp. Such terms are called secular terms, which are obviously unbounded.
Since a positively damped system cannot have unbounded response corresponding to

a bounded input, secular terms should not appear. Therefore, in order to eliminate

84



secular terms, we need to choose A;(T}) such that the coefficient of 1T vanishes,

ie.,

—2iw1All(T1) - 21{0&)?A1(T1) - ’]o( E w3n|2Am|2)°iw1A1(Tl)

m=1

+B*, /2T =0 (136)

For the same reason, for n > 2, A,(T}) should satisfy, noticing w = w; + €0 is

away from wy,

— 2iw, A (Ty) — 2160w An(Th) — Yol }: W2 124, *)iw, An(Th) = 0 (137)

m=1
and hence, for n > 2, b,(Tp, T;) satisfy
Db, (To, Ty) + w2b,(To, T1) = B4, coswt (138)
Next, in order to solve {An(Th); n =1,2,--- } from (136) and (137), let
A (1) = %pn(Tl)em"(T’), n=12--.

Then substituting A,(T}) into (136) and (137), collecting the real and the imaginary

parts, one obtain the following systems of differential equations for

{Pn(Tl), ﬂn(Tl); n= 1,2,...}

4

BT = fownpr(Th) — 70/ 2T Wi oA (TH)) o1 (Th)
\ +5 8 sinn (1) (139)

API(TI)M = UPI(TI)‘*‘BT:ELCOS‘Y:(TJ

dT;
o) = _ownpa(Th) = 70/2TZm w2 % (T1))pn(T1)
{ (140)
{ pn(Tl)d'Y;T’T = apn(Tl) n= 2,3, .
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It is obvious that for each solution of (140), it holds
lim p,(T1) =0, n>2
Ty —c0

For (139), by setting dng—‘l = 0 and i'-'dl%ll = 0, we know that at steady state, p;

and 7, satisfy

0 = —fowrp — Y0/2(w1p1)*p1 + %‘-ccs "
(141)

0 = opy+ BT;'*:il-cos'yl

Then, eliminating v, from (141), we obtain the equation for the steady state har-

monic amplitude of the first mode

pHo? + [Eowr + Y0/2(wr1p1) ¥} = (32;_1/:1)2 (142)

This is called frequency response equation. It is easy to see that the frequency
response equation has a unique positive solution p; for each value of o, denoted by
g(o|wy, B*t1). The plot of p; in terms of o is called frequency response curve. From
(142) we can see that p;(o) = g(o|w;, B*¥) is an even function of o.

In fact, the existence and uniqueness of a positive solution of (142) becomes

trivial if one rewrites (142) in the form

o = [B*%1/(2w1))?
1702 4 [fowr + Y0/2(wrp1)%)?

(143)

Next, let us examine the steady state response of the other modes. We already
know that p, = 0 for n > 2 at steady state. But what about the O(¢) order term?
Solving b,(T,,T;) from (138) gives

*

—"—2 coswTy

bn(TO’ Tl) = C,,(T;)cos(wnTo + oﬂ(Tl)) + w2

86



Then it is not hard to realize that C,.(73) — 0 as T} — oo.

Therefore, for w = wy + €0, the nth (n > 2) mode stationary amplitude is of
order O(e), given by
_ B¢

Pn =z =07

+ 0(é?)
Similarly, we can infer that if the excitation frequency w is away from wy, then

the steady state amplitude of the first mode is given by
__|B*¥]
e_

fwf —

(@) +0(€)

In summary, the frequency response curve of any mode, corresponding to a single
frequency w excitation is given by

g(o|wn, B*Y,) when w=w, + €0
pn(w) = (144)
C%’LI when |w —w,| = O(1)

6.5 Frequency response - multi-frequency exci-
tation case

Next, we consider the case in which the external excitation E(t) contains M distinct
frequencies, and each of them is close to a natural frequency. Say, they are w, +

€0, n=1,2,-.. M. Then the excitation takes the form

M
E(t)=¢ E faB cos(wpt + eont + 1)

n=1

where f, and 7, are certain constants.
Through similar procedures and with the same notations as in the single fre-

quency excitation case, we can obtain
D}ba(To, Th) + wiba(To, Th)
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= e““"T°[—2iwnA,,l(Tl) -— 2lfow'2‘Aﬂ(Tl) - ‘)’0( Z wntZAmlz)“iqu,,]

m=1

M
+B'Yn/2) e OB n=1,2,

=1

In order to eliminate secular terms, A,(7;) should satisfy

— 2w A/ (Ty) — 2i€ow? An(Th) — Yol i W2 1240 1) %W A,
B g
for n=1,2,--- .M
—2iwn A (Th) — 2ibow? A (Th) — 70(% w2 |24, %) %wn An(Ty) = 0
m=1

forn=M+1,M+2,...
Similarly, by letting
An(Tl) = pn(Tl)/2e‘ﬁ"(Tl) n= 172, ot

we can know that

Tlim pn(T1) =0 forn>M+1

and for 1 <n< M,

Gl = —twna(T1) = 20/2( 3 A (D)) on(T)
+B" 5[ (2ws) fa sin v, (Th)
pn(Tl)d‘y;q(-{l) = Onpu(Th) + B Y0/ (2wn) fa cos 1 (Th)

where 1, (T1) = 0Ty + 7 — Bu(Th).

Again, after reaching stationarity, pn, 1 < n < M satisfy

JnB¢n

. )? (145)

M
{{bown + 70/20Q_w?p3)?)* + 62}?p2 = (
=1
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Therefore, in the case of multi-frequency excitation, the stationary harmonic
response amplitudes p,, 1 < n < M satisfy the above coupled nonlinear equation.

In order to study the solutions of (145), we introduce the notation
L
G= 70/2(2 w,-p,’-)"
=1

Then, from (145), we obviously have

22 _ _ (faB ¥n/2)? —1.92 ...
wips = (Goon 7 G 4 02 n=12.--,M (146)

n

On both sides of (146). summing up from 1 to M, raising to the power ¢ and
multiplying by ~0/2, one obtains

M . 2

It is easy to see that for each & = (07,03,---,0%), (147) has a unique positive

solution denoted by G(&?). Therefore, for 1 < n < M, p, satisfies

” (faB*%n/(2w,))?
pa(8%) = 2% + [bowr. + GG (148)

pn(G?) is single valued because of the uniqueness of G(&?) for each &°.
To study the behavior of p,(5?), we first notice that by differentiating (147) with

respect to a , we realize that

dG(c )
" d0?

J

j=1a2a"'aM

i.e., G(&?) is decreasing as o7 increases with the other o} ’s fixed.

Next, we restrict our attention to the case M = 2, the interation of the first two
modes. As o2 increases, G(0;,0;) decreases, and hence p,(0,,0;) increases. As o?
increases, p;(0,,0;) increases because G(o,,0;) decreases. Then it must be the case

that p;(o1,02) decreases, since G(o1,0,) decreases. Therefore the plot of pi(oy,03;)
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is a saddle surface. For fixed o;, the curve p,(-,02) is still bell shaped, reaching
maximum at 0, = 0. As o2 decreases, the energy possesséd by the second mode
becomes bigger which results in bigger damping in the nonlinear energy type damp-
ing, therefore due to coupling the first mode amplitude becomes smaller. Similarly,
p2(01,02) is also a saddle surface.

Numerical Results

For any fixed n, 1 < n < M, in order to find the frequency response p,(5?)
from (148), one has to resort to numerical methods to find G(?) first for each &2.
Here, we pointed out that if we use fixed point iteration starting from 0, then we
have monotone convergence, hence avoiding the common phenomenon in solving
nonlinear algebraic equation that the convergence depends on the choice of initial
data.

Specifically, we define

M - 2

n=1

and
To(5%) = I'(5%0)
I'a(6?) = (6% T,1(6%), n=1,2--.

It can be shown that I',,(6?) is monotone decreasing as n increases, and

I'2n.41(8?) is monotone increasing as n increases. In addition, it holds
[2n41(6%) < G(6%) < T9n(6%), n=0,1,2,--- (149)
In fact, first it is obvious that

I (6%) < G(8*%) < To(5%)
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Then, we can easily show that

Q
Qi
<
A
5
=
Qy
<
[
e
Qi
- ~N
3
o
<
N
=3
Q
- [*]
=
I
)
2.
Qi
~
p

G(6%) > T3(d?%) =T(8%T(5%) = T(5%To(6%)) =T1(5%)

Then, by assuming

G(8%) < Tan(6%) < T2n-2(5’)

G(Ez) Z F2ﬂ+1( )2 2n—1(‘7)

we obtain

«Q
Q
N
N

F2n+2(52) I“(U [ont1( ))<F(° I‘Zn--l("f )) = Tan(0 )
G(3%) 2 T2043(6% Tan42(6?)) 2 (5% T2a(5%)) = T2n41(5?)

Therefore, by induction, we have shown that {I'2,(6%)} ({T2n41(6?%)}) is mono-
tone decreasing (increasing), and (149) holds.

A few numerical examples are made, in which we have chosen M = 3, ¢ =
3/2, 70 =2, faB*¥, =2, for n = 1,2,3. From the computer tests we realize that
when £ is not small, the convergence is quite satisfactory, while the convergence is
very slow for small . Therefore, in choosing ¢, we should let € = {/k where k > 2

to guarantee fast convergence.
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=2 b=2|b=1]t=0
o, = oy=1|oy=1}0,=3
02=0|0=1|02=2]|0,=2
03=0]|03=1}|03=3|03=1
Solution | 0.333 | 0.236 | 0.448 | 0.848
Ty 0.662 | 0.323 | 0.811 | 1.588
0.195 | 0.211 | 0.278 | 0.379
Iy 0.433 | 0.244 | 0.563 | 1.356
I3 0.280 | 0.234 | 0.384 | 0.483
Ty 0.368 | 0.237 | 0.488 | 1.241
Ts 0.314 | 0.236 | 0.424 | 0.547
Ts 0.346 | 0.236 | 0.462 | 1.169
I, 0.326 | 0.236 | 0.439 | 0.592
Ts 0.338 | 0.236 | 0.453 | 1.118
Ty 0.331 | 0.236 | 0.445 | 0.627

By ploting p;(0?,02), we verified that it is indeed a saddle surface. However,
the increase in o, direction for fixed o, is very small, which is also clear from the
corresponding contour plot. The decrease of p,(0?,02) in o, direction is much more
significant than that in o, direction. This indicates that even though there exists

coupling due to nonlinear damping, the coupling effect is rather weak.
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Chapter 7

Active Damping of Flexible
Structures via Saturating

Acturators

7.1 Introduction

In the previous chapters we have studied nonlinear passive damping problem. In
applications, active dampers are often used to enhance the stability of a flexible
structures. Moreover, due to actuator saturations, active damping become non-
linear. Therefore, it is also important to study nonlinear active damping, as well
as passive damping. In this chapter, we study the active damping aspect of the
SCOLE problem [4] - a recent NASA project. The primary objective of the SCOLE
(Spacecraft Control Laboratory Experiment) problem includes the task of directing
the line-of-sight of the shuttle/antenna configuration towards a fixed target (Figure

1). Due to the facts of very small passive damping in the supporting truss structure
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and the micro-g environment in the orbit, structure vibration is inevitable after each
slewing maneuver. In order to maintain the prescribed pointing accuracry of the
antenna line-of-sight, active dampers are required to enhance the structure stabil-
ity. Only active damping problem will be studied and colocated sensor/actuator
arrangement will be used. The controls are force and moments actuators and the
sensors are rate gyros.

A distributed parameter model is used in this investigation. In Section 2, the
continuum model and problem formulation are presented.

In Section 3, a group of rather weak sufficient conditions for strong stabilizability
is presented. Although other sufficient conditions for strong stabilizability has been
obtained in [7], the present conditions are much weaker in the sense that internal
damping is no longer required to be positive definite, and, in fact, can even be zero
while strong stabilizability can still be achieved by active damping.

In order to understand the nature of active damping, in particular, the nature of
saturation type active damping, the mode excitation problem is studied in Section
4. In this study, some notions in classical feedback control such as Characteristic
FEgquation and Root Locus are extended to our distributed parameter system, which
is a feature of this work. As we will see, the root locus can provide an insight of
the nature of active damping. The root locus method has been a powerful and
useful approach for the analysis and design of finite dimensional control systems.
However, the notions of Characteristic equation and its Root locus have not been
extended to the study of distributed parameter systems, due to the difficulty caused
by its infinite dimensional nature. In this work, we have taken the advantage of the
fact that, although the system is infinite dimensional, the number of actuators and

sensors used is always finite (here, we have excluded those applications in which
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distributed actuators and/or distributed sensors are used).

While much work has been done in the active damping of distributed parameter
oscillation systems by using linear feedback control [18],{39],[53], from practical point
of view, actuators can be linear only in certain range (small amplitude) and become
saturated for large amplitude. Therefore, we need to take the nonlinear (saturating)
nature of the actuators into consideration in control design. Generally, actuator
saturation brings many difficulties. Nowadays, such systems are still designed by
intuition, experience, and simulation using trial and error. Their effects on the loop
response are still poorly undrstood from a theoretical point of view. In Section 4,
the effect of actuator saturation is studied and compared with linear damping case.

In Section 5, the notions of Characteristic Equation and its Root Locus are ex-
tended to general multi-actuators/sensors case. The generalization is based upon
an operator inverse identity.

Since sensor noise is inevitable for most sensors, in Section 6, we consider sensor
noise problem in active damping through direct connection. By studying the effect
of sensor noise on the steady state antenna motion, a design guideline is provided
for the choice of the feedback gain constant in active damping.

Section 7 summarizes the conclusions of this work.

7.2 A Simple Continuum Model

The model we will consider is based upon a simplified version of the SCOLE problem
- a flexible truss, clamped at one end, with an offset antenna at the other end, has
only bending motion in a plane. The truss structure is modelled by an equivalent

uniform Bernoulli beam of length L along z-axis, extending from r = 0, the clamped
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end, to r = L, the antenna end. The antenna is considered as an attached tip mass
with mass m. With r, 0 < r < L, denoting the spatial variable along the z-axis
and t denoting time, let u(t,r) denote the displacement of the truss in y — z plane.
For simplicity, we suppose we use only one control force actuator which is located
at the antenna end. Then the beam deflection u(t,r) sloves the following boundary

coupled linear partial differential equations:
u(t,r) + Ep'{u""(t,r) =0

u(t,L) — %u"’(t, LY+2(t)=0

u(t,0) =0 (150)
u'(t,0)=0
u"(t,L)=0

where super-dots represent derivatives with respect to time ¢, and the primes deriva-
tives with respect to r. Here we use z(t) to denote control force and E, I, p are
Young’s modulus, moment of inertia and density of the beamn material, respectively.

In order to study this problem systematically and rigorously, we need to refor-
mulate this problem in a Hilbert space setting.

First we introduce a Hilbert space
H=L%0,L)® R
and the inner product on H,

1 L 1
[z1,22) = -&3/0 uy(r)uz(r)dr + ﬁclq

where
u;(r
zT;= i{r) € H ;=1,2
G
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and
a*=El/p, b*=EIl/m
For a general element z € H, its scalar component does not have to have any relation

with the L2?[0, L)-function component.

And, we define the stiffness operator A by

Az — ( a2ullll(') )
_bzum(L)

for
Vz = ( u() ) € D(A)
u(L)
with
D(A) = {z = ( u((L)) ) € H|u"(-) € L*[0, L), u(0) = v'(0) = u"(L) =0}

Next, we define the control operator B as
0
B: R' — H, Bz=( ), ze R
z

1.e., the control is applied only to the beam tip. Obviously, N'(B) = {0}.

Under the above notations, (150) can be written as
Z(t) + Bz(t) + Az(t) =0 (151)

It can be shown that A is self-adjoint, positive definite on D(A) and A-! exists
and is compact. Then by the spectral theorem of positive self-adjoint operators with

compact resolvent, there is a sequence of eigenvalues of A (natural frequencies)

0<w?_<_w§$-o- — 00
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associated with the corresponding eigenvectors {t)n, n = 1,2, -} such that
A, = wﬁz/:n, n=12,--- (152)

and, furthermore, {t)n, n = 1,2,---} form an orthonormal basis in H.

The eigenvalue problem (152) can be solved to give

( ba() )
én(L)

Wy = a(%)"’, n=12--

¥n

in which

en(r) = -::[COSh &r — cos &" ~ Yn(sinh &r — sin &r)]

L L L L

and {8, n = 1,2,-.-} are the solutions of
mf, : .
1 + cos B, cosh B, + —pT(cos Bn sinh B, — sin B, cosh 8,) =0
In fact, we also have
|Bn— (R —2+41/4)7| — 0, asn — oo

In the above, the constants ¢,, 7, are defined by

L
en = alL+ ()X

_ cosh B, + cos Bn
T = Sinh B, + sin B,
x 1 4+ cos B, cosh G,
n sinh B, + sin B,

Later on, we will need the following realtions which are not difficult to verify,

2pLXn 1
men  Pn

$n(L) =
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= 0(L)  asn—oo (153)

W) 2, plmE
b e 1/L+p/m3f
= O(Elz) as n — 00 (154)

Sometimes, we need to write (151) in the form of first order system

jt(x(t))=(0 I)(I(t))-*-(o)z“)
z(t) -A 0 z(t) -B
The underlying Hilbert space is

He = D(AY?) Q@ H

equipped with the inner product

I
[wi, wa)g = [AY22, AV223) + [y1,92), w; = ( ’ ) €He, 7=1,2
y

J
For later convenience, we define the operators
0 I )
A= ,with D(A) = D(A)® H
-A 0
and
0
B = : R' — Hg
-B

7.3 Strong Stabilizability Conditions

In this section, we present a group of sufficient conditions for the strong stabilizabil-

ity of general distributed parameter oscillation systems, not only for the particular
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model presented in the last section. We concentrate on the following abstract wave

equation version of an infinite dimensional linear oscillation system
#(t) + Di(t) + Az(t) = Bz(t) z2¢€ R™ (155)

on a Hilber space H. Last section can be considered as a simple example of reducing
a concrete PDE model to the above abstract wave equation model.

In (155), A is a stiffness operator with domain D(A), and is generally nonnega-
tive definite with compact resolvent. There exist a sequence of natural frequencies
{wn, n =1,2,---} and the corresponding linear natural modes {¢,, n = 1,2,---}

such that
1 A =wipn n=1,2,--5
2. w <w;y <---, and im0 Wy = 00;
3. {%n, n =1,2,---} form an orthonormal basis on H.

From now on, we assume w; > 0, i.e., there is no rigid body mode.
D is the linear internal damping operator, which is nonnegative definite on its
domain D(D). B: IR™ — H is a finite dimensional linear operator.

The energy of the system is defined by
E(t) = 1/2(||A2())][* + [12(2)]I’]

The question we want to answer is: taking the actuator saturation into consid-
eration, what kind of feedback stabilizing control we should use, in order to make
the closed-loop system strongly stable. By strong stability, we mean, for any given

initial data, (z(0), £(0)), the corresponding closed-loop system response satisfy
Jlim E(t)=0
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Our main result of this section is the following
Theorem 13 Under the following assumptions:

1. f(-) is Lipschitz continuous;

2. [f(z),z]prm >0, z#0;

8. N((D+ BB)|g, ) = {0} *
the following rate feedback with colocated sensors/actuators

(t) = —f(B2(2))
strongly stabilizes (155), i.e., the closed-loop system
%(t)+ Dz(t) + Bf(B*#(t)) + Az(t) =0 (156)

is strongly stable.
Here E, denotes the subspace spanned by those natural modes ,, corresponding
to the natural frequency wy,.

In particular, if all w,’s are distinct, then Assumption § can be replaced by
Assumption 3’ : [Dpn,¥n] + ||Bnl* >0 n=1,2,---
Before the proof, we make the following remarks:

1. In this theorem, we do not require the passive (internal) damping D to be
positive definite. In fact, even we neglect the internal damping (D = 0) in the

modeling, (156) is still strongly stable as long as
|1B*¢all >0, n=1,2,---

and Assumptions 1, 2 are satisfied.

1 N'(P) stands for the null space of the operator P, and (D + BB"*)|E, stands for the restriction
of the operator D + BB* on the subspace E,,.
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2. Assumption 3 is also a necessary condition. Since if Y € N( (D + BB*)|g, ),
then
Dy=0; B'yv=0

Then it is easy to see that (156) has the following solution
z(t) = (acoswnt + bsinwnt)y
which is obviously not strongly stable.

3. In particular, if we let f(z) = z, then we obtain that the necessary and

sufficient condition for the linear system
#(t) + Dz(t) + BB #(t) + Az(t) =0

to be strongly stable is Assumption § holds (or Assumption 8/ holds if all wy’s

are distinct). .

4. Assumption 1 not only plays the role of assuring the existence of solution of
(156), but also contributes to the strong stability of (156). In other words, to
guarantee the strong stability of (156), it is important to require f(:) being
continuous at least in the neighborhood of z = 0. In the following example,
which is although of single-DOF, we can see since f(:) is not continuous at
z = 0, z(t) does not always go to 0 as t — oo, even Assumptions 2, & are

satisfied.

EXAMPLE: Consider the governing equation of a spring-mass system with

Coulomb damping
#(t) + psgn((t)) + wiz(t) =0
in which H = IR!.
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By considering z(t) > 0 and #(t) < 0 separately, we can obtain the solution

4

woz(t) + Lsgn(#(t)) = woz(0)coswot + £(0)sin wot
+4 sgn(£(t)) cos wot/wo
4 (157)

z(t) = —woz(0)sinwot + z(0) cos wot

\ —p sgn(&(t)) sin wot /wo

Therefore, in the (woz(t), (t)) phase plane, the trajectory is governed by the

following circle
[woz(t) + Zsgn(@ ()] + [£(1)]" = [woz(0) + -sgn((O)] + O

When the representative point (woz(t),Z(t)) is in the upper half plane, the tra-
~ jectories consist of a series of circular arcs with center (—u/wo,0) and radius de-
pending upon the initial data or the state when the representative point enters the
upper half plane from the lower half plane. Similarly, when the representative point
(woz(t), z(t)) is in the lower half plane, its trajectories consist of a series of circular
arcs with center (u/wp,0), see Figure 2.

If the initial data satisfies |woz(0)| > p/wo, then, starting from the initial point
(woz(0), 2(0)), the representative point moves clockwise along various circular arcs
in the upper and lower plane. The process stops when the representative point
intersects the woz(t) axis between —u/wp and u/wo. The motion ceases at such a
point because the maximum possible friction force exceeds the force in the spring,
ie.

b > whz(t)

Similarly, if the initial data is such that
£(0)=0; |z(0)| < p/wp
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Figure 2. Phase plane trajectory of the spring-mass system with Coulomb damping.



then there is no motion because the spring force w2z(0) cannot overcome the friction

force .

Therefore, from this example we can see, since

f(z) = usgn(z)

which is not continuous at z = 0, the system energy does not generally go to zero
as t — oco. After the mass stops moving, its strain energy 1/2w2z?(t) is generally

positive.
PROOF OF THEOREM 13: First of all, Assumptions 2 and & imply f(0) = 0.

In fact, let
Si(zy, -y 2m)
f(z) = '
fm(l'l, . ,-Tm)
Suppose some f;(0,---,0) # 0 for some j. Without loss of generality, suppose
f1(0,---,0) > 0. By the continuity of f at z = 0, there exist § > 0, ¢ > 0 such that

fl(xlaoa"'ao) 2 f1(0,°-',0)—€ > 0’ for |.’E1| < )

Then,
fl(_6/2’0a70)(_5/2) S "6/2[f1(0170) - C] <0

However, from Assumption 2 we already know
f](—5/2,0, e ’0)(—6/2) >0
This contradiction implies f;(0,---,0) = 0. Similarly, we can show

fj(o,"'ao):Oa j=27"'am
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Next, for any (z(0),£(0)) € D(A) ® D(D), by virtue of Assumption I, the
existence and uniqueness of solution of (156) is immediate.

Since
dE(t)

dt

E(t) is monotone decreasing and is lower bounded (by 0). Therefore, there exists

—[Dz(t), 2(1)] — [f(B (1)), B*¢(1)] < 0

E(o0) > 0 such that
‘lixg E(t) = E(o0)
It suffices for us to show that E(co) = 0. For this purpose, let us assume that
E(o0) > 0. Then there exists energy-preserving steady state motion, denoted by

(z,(t), Z,(t)), with corresponding energy
E,(t) = 1/2([Az.(1), z,(t)] + ||2:(2)]]*) = E(o0)

Then,

dE,(t)
dt

= —[Dz,(t),2,(t)] — [f(B .(t)), B"2.(t)]
=0

which immediately implies

(158) |
Bz,(t1)=0

by Assumption 2 and f(0) = 0. However, (158) indicates that z,(t) solves

{ Di,(t) =0

£,(t) + Az,(t) = 0

or

z,(t) = D_(ancoswnt+ bpsinwnt)yn

n=1

z,(t) = z wn (b cOSWrt — an Sinwat)Pn

n=1
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Since we do not intend to lose the generality by excluding the repeated w, case,
we use {1, } to denote the eigenvectors corresponding to the repeated natural fre-

quency wk. Then, #,(t) can be rewritten as
o0
i:,(t) = z Wy COS Wkt(z: bk.-‘,/)k.-)

k=1 k;

o0
- E Wi sin wkt(z ak; tpki)
k=1 k;
Then, (158) is equivalent to

3 wk coswrt(D + BB")(Y bu,)

k=1 k;

- i wy sinwit(D + BB')(Z ar %) =0 (159)

k=1 k;

Therefore, it must be the case that

{ (D + BB*)(Ty, bithr,) = 0 (160)

(D+BB‘)(E". aki'/)ki) =O7 k = 1v2a"'

Then, by Assumption 3, we know that

{ Zk.‘ bk-"/’k.' =0 (161) '

Ek.‘ ak.“#k,— =0, k=1,2,

Therefore, the orthogonality of {1x,} implies
ay, =0; b, =0, forallk, andk=1,2,---

i.e., z,(t) =0 or E(o0) = E,(t) =0. 0

From the proof we can easily see that if Assumption 8 is replaced by

Assumption 3a : [Dipn, ] >0, n=12,.--,
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then Assumption 2 can be replaced by a weaker version, i.e.
Assumption 2a: [f(z),z]gm =0 for z € R™.
Under Assumption 8a, the uncontrolled system
Z(t)+ Dz(t) + Az(t) =0

is itself strongly stable. By using active damping u(?) = —f(B*z(t)), we are en-

hancing the system stability.

7.4 Mode Excitation by Active Damping

In this section, we study the following problem: For an undamped linear oscillation

system,

(1) + Az(t) = 0

2(0) = zo #(0) = o

If z(0), £(0) are linear combinations of finite number of modes, say,

K
Zop = Z Qan, ¢ﬂ.g

k=1

K
iO = Eﬂngwnk
k=1

then the corresponding solution z(t) always stays on these modes and is of the form

K
z(t) = 3 an, (t)¢n,

k=1
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where a,, (t) satisfies

ank(t) + wvzs,,aﬂk (t) =0

4 a"k(o) = Qn,

| ni(0) = B,

However, with active damping, the system response no longer stays on the initial
modes. For simplicity of notations, suppose the damped system starts from the first
mode, i.e.,

2(0) = 01(0)‘¢‘l, 1’(0) =0

then the active damping will excite other modes. How many more modes are excited?
In what magnitudes? What is the behavior of those excited higher order modes?
These are some of the questions we will answer in the following analysis. The idea
is to solve the feedback control effort 2(t) = f(u(¢,L)), a finite dimensional time
function, without solving the whole system - a PDE.

First, we write the damped system response in its mode decomposition form

(=]

z(t) = 3 an(t)¢n

n=1

where the mode responses a,(t), n =1,2,--- solve

[ Gn(t) + w2an(t) = —ga(L)/B2(2)

§ a1(0) = a;(0), & (0)=0 (162)

| a(0) =0, a,(0)=0, n>2
where z(t) = f(u(t, L)), the rate feedback control.
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Recall that (151) can be written as

w(t) = Aw(t) + Bz(t)

t
(1)
The semigroup 7 (t) generated by A is given by
c(t) St
roo| €O SO
—AS(t) C(t)
where C(t): H — H, S(t) : H — D(A'/?) are cosine and sine operators defined
by

where

C(t)r = i coswnt[z,Yu]tn, zT€H
n=1
Sty = 3y g, yeH

n=1 n

Therefore the response (z(t), £(t)) is given by

( =(t) ) =T (1) ( =(0) ) + “T(t - 1)Bz(r)dr (163)
(1) i0) | Jo

from which we obtain, noticing that #(0) = 0 and z(0) = a,(0)¢x,

2(t) = C(t)z(0)+ / S(t — 7)(—Bz(r))dr
_ sxnw,,( — 1) éa(L)
= a;(0)coswt ¢ — / o T

Ynz(7)dT

Then, separating the boundary component in z(t) gives

s1n w,,(t T)

u(t, L) = a1(0)¢ (L) coswnt — == / ) S0Vt~ T) 42(L)2(r)dr
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Differentiating both sides with respect to t gives
t
6(t, L) = —a1(0)¢1(L)ws sinwyt — /0 Ki(t — 7)z(r)dr (164)

where

K, (t) = .bl; i @2 (L) cos wyt

n=1

From (154) it is obvious that the infinite series is absolutely convergent and the
convergence is uniform in .
Therefore, from (164) we conclude that the feedback control z(t) is uniquely

determined by the following nonlinear integral equation:
t
2(t) = fl-a1 ()41 (Lywr sinwnt — [ Ka(t = r)z(r)dr] (165)

If we can solve z(t) from (165), then we can find each mode response a,(t) from
(162). We first study
(1) Linear Damping Case (f(z) = kz) We introduce the notation

1 & én(L)gn(r)
G(S,")=§Z_:IW, 0<r<L, s€C

And, later on, we will often use the capital letters to denote the Laplace transforms

of the functions denoted by the corresponding lower case letters, such as
Z(s) = L[z(t)],  An(s) = Lan(?)]

etc.

By performing Laplace transforms on both sides of (165), one can obtain

—ka,(0)wiéy (L)
(82 +wi)(1 + ksG(s, L))

Z(s)=
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Furthermore, from (162), one can obtain the mode responses

8 2 <00 2 (L 2 2
Ai(s) = a;1(0) (1+ ks/b s 7:%35) +k¢i(L)/b

(s? + wi)(1 + ksG(s, L))
ka1 (0)widr(L)én(L)/b’
(8% + w?)(s? + w2)(1 + ksG(s, L))
n=23,---

An(s)

(166)

From the definition of G(s, L), we can realize that {+iw,, n =1,2,---} are not

the poles of An(s), n = 1,2,--- due to cancellation. In fact, all An(s)’s have the

same poles and they are simply the roots of the equation

1+ ksG(s,L) =0

(167)

(2) Saturating Nonlinear Damping Case. First of all, the saturation func-

tion f(z) can be written as
f(z) = kz — ¥(z)

where (z) is the following dead-zone function

ola) = { 0 lz| < M/k

k(z —sgn(z)M/k) |z|> M/k

Then from (164), we have

2(t)

f(a(t, L))
= ku(t,L) — ¥(u(t, L))

= H-a0)é (L sinwt - [ ‘Kt — 7)2(r)dr) — (a(t, L))

Then, performing Laplace transform on both sides and letting

U(s) = L[p(u(t, L))]
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give
—kay(0)wi¢r (L) — (s* + wi)¥(s)
(s? + wi)(1 + ksG(s, L))

Similarly as in linear damping case, we obtain

Z(s)=

s(1 + ks/b T, $E) + ke¥(L)/? 6:(L)/89(s)

(7 + w})(1 + ksG(s, L)) (s + wh)(1 + ksG(s, L))
ko)t (LD)gu(L)/V $a(L)/HU(s) (168)
(7 +wi)(s? + w2)(1 + ksG(s, L)) " (7 +w2)(1 + ksG(s, L))
n=23,.-

Al(s) = 01(0)

Comparing (168) with (166), we can realize that each mode response An(s) is
simply the linear damping mode response A,(s) plus a correction term Cp(s), with

U(s)
(s? +wI)(1 + ksG(s, L))

Ca(s) = ¢n(L)/b2

Furthermore, all the poles of each correction term are again the roots of (167),
because we can show that ¥(s) is analytic on the complex plane.
In fact, from Theorem 18, we can see that under saturation type nonlinear damp-

ing, the damped system is strongly stable. Hence,
1/bfu(t, L)| < [|2(t)]| < [2E@))*? — 0, as t — oo

That is, for fixed linear range slope k, and saturation level M, there exists T' =

T(k,M) < oo such that
lu(t, L)l < M/k, for t>T
Therefore, ¥(s) can be written as

T
W(s) = Llp(u(t, L)) = [ wlidt, L))e~at
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Since T is finite and ¥(u(t, L)) is bounded and continuous with respect to ¢, we thus

conclude that ¥(s) is analytic.
From above analysis we can see that in both linear and nonlinear damping cases,

all A,(s), n = 1,2,.-- have the same poles, which are simply the roots of (167).

Therefore, we now introduce

Definition 1 (167) is called the Characieristic Equation of the distributed param-

eter system (150).

To study the behavior of the mode responses a,(t), n = 1,2,---, we need to

study the characteristic equation in detail, in particular its root locus.
1. The closed form expression of G(s, L) is given by

(169)

£(3)3/22+c0sh 2] 4+ cos /2L

1/G(s,L) = s* +
/Gls, 1) V2'a sinh %L—sin %L

Hence, the characteristic equation (167) is reduced to

2 2+ cosh/2L + 227,
s=—k— —b— Vs oo 2 V. (170)
V2a3?  ginh -?L — sin %ﬁL

In particular, we have

= b¥’G(0,L) = L%/3

Py L

(7%

The derivation of the closed form of G(s, L) is given in Appendix A.

2. G(s, L) is analytic on C\{ziwn, n = 1,2,---}. {£iws, n =1,2,---} are the
first order poles of G(s, L). All the zeros of sG(s, L) are on the imaginary axis,
except for one at infinity, i.e., they are {0, oo, +iz,, n =2,3,-- -} where

|zpn — wp| — 0, asn — o0
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In fact, the first statement is obvious. To show the second statement, it is
easy to see that 0 and oo are two of the zeros of sG(s, L) from the definition
of G(s,L). The other zeros, from the closed from expression of G(s, L), are

simply the roots of
sinh {/2s/aL —siny/2sfal =0 (171)
However, the roots of the transcendental equation
sinhz =sinz

are given by {(1 £4)zx, k=0,1,2,---} where {zx, k=0,1,2,---} are the
roots of

tanz = tanh z

Obviously, we have

|lzx —(k+1/4)7] — 0, as k — oo

Hence, from the relation z = /2s/aL, we know that the zeros of (171) are
given by

a (1 + i):rk 2 _

{5[ L ]’ k=0,1,2,-- }
or

{xia(zx/L)?, k=0,1,2,---}
Therefore, letting z, = a(zn-2/L)?, n=2,3,.-., we realize that the zeros of
sG(s,L) are {£iz,, n =2,3,---}, in addition to {0, oo}. Furthermore, from

the definition of G(s, L), it is not difficult to see that

Wn1 < zZp<wp, n=23,---
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3. For 0 < k < oo, the characteristic equation (167) has a sequence of roots

{80,357, n =1,2,---} such that
Risa)<0; n=12,---

and

R(sa) — 0, |S[sa] —wn| — 0, n = 00

In fact, first of all, the characteristic equation (167) cannot possibly have any
roots on the imaginary axis, because ksG(s, L) will be purely imaginary on

the imaginary axis excluding {+iwn, n=1,2,---}.
To see the rest of the claim, it is sufficient to plot the root locus of (167).

As usual, the root loci start from the poles of sG(s,L), i.e. {Ziwn, n =
1,2,---} and end at the zeros of sG(s, L), i.e., {0, oo, *iza,n = 2,3,---}.
The angles of departures from the poles and the angles of arrivals at the zeros
are all 180 deg with respect to the positive real axis. Therefore, we can realize
that the root loci stay in the left half plane, since it cannot cross the imaginary
axis.

Since one of the zeros of sG(s, L) is at infinity, we know that one branch of the
root loci extends to infinity along an asymptote. The angle of the asymptote
to the positive real axis can be computed to be 180deg. Furtheremore, in
general, the root locus on the real axis always lies in a section of the real axis
to the left of an odd number of poles and zeros (in our case, there is exactly
one zero on the real axis, which is s = 0). Therefore, the root locus occupies

the whole negative real axis.
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Of course, the root locus is symmetric with respect to the real axis, since

1+ ksG(s,L) =1+ k3G(3,L)

The root locus of (167) is shown in Figure S.

To verify the statements on s,, the roots of the characteristic equation, we let

w = y/2s/aL. Then (167) can be written as

(1 2kL) sinhw — sinw +(b)2.1__0

L aw?’2+4 coshw 4+ cosw a w

Since the roots w, = y/2s,/aL are unbounded as n — oo, we can conclude
that

[wng2 — (1 +1)(n+1/4)7r| — 0, asn — oo
Hence

Sn = 0/2(%)2
. Brg wn /(1 1),
ia( B4

Bn
. we/(141)
= twy(———=
(2=
Therefore, we can show that
g%['sn] — 0, Iglsn] - wn' — 0, asn— o0

Based upon the above study of the characteristic equation and its root locus, we

can obtain the following conclusions:

(I) In linear damping case, we have found the Laplace transform of each mode

response A,(s), n = 1,2,- -, supposing the beam starts from the first mode. Active

damping excites all other modes. The active damping process is as follows: the
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Figure 8. The root locus of the characteristic equation 1 + ksG(s,L) = 0, for

0 < k < oo.



system energy initially possessed by only the first mode, 1/2w?a2(0), is first partially
shifted to all other modes, and then the energy acquired by each mode is gradually
absorbed by the active damper. Quantitatively, the excited mode response a,(t),
n > 2, is equivalent to the output of a stable system with the following transfer

function
_ wie (L)/¥
Bl = T + oD+ 560, D)

corresponding to an initial impulse excitation with magnitude ka;(0)¢,(L). Each

of the excited mode responses is proportional to the feedback gain k.
The excited mode response in time domain can be found through inverse Laplace
transform. Let I' be a closed contour consisting of the imaginary axis and the

semicircle with infinite radius on the left half plane. Then for n > 2,

a,(t) = -1—/_'00 An(s)etds

27

1 st
= mfi‘A,,(s)e ds

= i[ReS,m*{An(s)e"} + Res,=5; { An(s)e"}]

= Z o™ exp(R[si]t) cos(Ss]t + 6 (172)
where
Pge") = |Ress=s, {A4n(s)}
6 = ArglRes,p, {An(s)}]
k=12,
From (172) we can see that each mode response a,(t) involves all frequencies,
which are slightly smaller than the corresponding natural frequencies. As frequency

goes higher, the damping effect of the active damper becomes weaker, because

R[sk] — 0 as k — oo.
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(I) In saturation type nonlinear damping case, we have shown that A.(s) is
equivalent to the sum of the A,(s) corresponding to linear damping case and a
correction term. Furthermore, all the correction terms have the same poles as in
linear damping case, i.e., the poles are the roots of the characteristic equation. In
other words, the A,(s) in both linear and nonlinear damping cases have the same
poles, but with different residues.

In saturation type nonlinear damping case, the mode response can be similarly
obtained (attention needs to be paid on the restriction t > T'(k, M) to guarantee
the integrand vanishing on the infinite semicircle).

oo
an(t) = Y A" exp(Rlsult) cos(Ssilt + 6
k=1
with ﬁi"),éﬁ") similarly defined as in linear damping case.

Therefore, the existence of saturation in active damping only causes variation of
amplitudes and phases, and does not result in any qualitative change in terms of
mode responses. In particular, the component frequencies remain the same and no
extra frequency is introduced. These confirm that saturation type nonlinearity is
amplitude sensitive but frequency insensitive.

(IT) From the root locus (Figure §), we can see that when the feedback gain & is
chosen such that s; and §; are located to the left of PQ, the base frequency oscilla-
tion decays much faster than higher frequency oscillations. Then higher frequency
oscillations soon become dominant in this case.

When k is sufficiently large such that the first pair of roots are on the real
axis but to the left of PQ, base frequency oscillation is then completely eliminated.
However, it is impossible to eliminate any of the higher order frequency oscillations

with only one actuator. In other words, active damping effect is significant only to
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the base frequency oscillation.
(IV) From (172) we can see that for any n > 2, there does not exist o > 0 such
that

|an(t)] < const.e™?"

That is to say, the total energy E(t) of the system does not possess exponential
decay.

However, if we use modal truncation as an approximation, the finite dimensional
truncated system energy does decay exponentially in both linear and saturation non-
linear damping cases. This is a difference between the original infinite dimensional
model and the finite dimensional truncated model.

Let us condiser the saturation type nonlinear damping case. Let the finite mode

approximation of z(t) be

N
x(t) & E an(t)'/)n

n=1

Then {a.(t), n=1,---,N} satisfy
an(t) + da(L)/22n(t) + Wian(t) =0, n=12,---,N (173)

where
zn(t) = f (}_:l @n(t)¢n(L))

By introducing the following notations

0 = Diagonal{w?,wi, .-, w%}
a1(t)
zn(t) =
an(t)
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$:1(L)

én(L)
(173) can be recast into the form
- 1 .
En(t) + BN f(Byen(t)) + Qan(t) =0

(11(0) él(O)
zn(0) = : ,  En(0) =
an(0) an(0)

Applying Theorem 18, we can conclude that for any initial data
llzn(®)l] — 0, ast—o0

Then, through similar steps as in obtaining (164) we can obtain

an(t) = —an(0)wnsinwnt + @n(0)coswnt — el /t coswp(t — T)Pn(L)zn(T)dT
b Jo

n=12,---,N
and, further that

N
an(t) = f( an(t)éa(L))

n=1

N
= Kk[D_(éa(0) cos wnt — an(0)wn sinwnt)¢a(L)

n=1

1 & >
—5 /0 E ¢3,(L) cos wy(t — T)ZN(T)dT] - '/’(z: an(t)¢n(L))

n=1 n=1

Therefore,

1 N @n(0)s — an(0)w?
Ty TrnLa DR LR S

Zn(s) =
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An(s) = ST + [an(0)3+an(0)—¢n(L)/bzz~(6)]

Pu(s) 4 $a(D) ¥n(s)
T2, (2 + w?)(1 + ksGn(s, L)) b2 (s?2 4 w2)(1+ ksGn(s,L))
where
Gu(s,L) = 2_?1 s‘f:(.iz
Un(s) = C['/)(El @n(t)éa(L))]

and each P,(s) is a polynomial of s of order 2N -1, forn =1,2,.-.,N.
Let

o = minjcnen {—R[sn]} > 0

where {s,, 5;, n = 1,2,---, N} are the roots of the following rational characteristic

equation

14 ksGn(s,L)=0
Then, through inverse Laplace transform we can see that

lan(t)] < M,e™"*
lan(t)] < Mpe™

for some M, > 0. And hence,

Eyn(t)=1/2 f:(w:aﬁ(t) + ai(t)) < Koe™ %', t > T(k,M)

n=1
for some Ky > 0. Therefore, we can find K > 0 such that
En(t) < Ke ', t>0
i.e., the energy of the modal truncation model decays exponentially.
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7.5 Sensor Noise Effect

Since in most cases, measurements are corrupted by sensor noise, we consider the
effect of sensor noise in this section. We are particularly interested in the sensor
noise effect on the steady state motion of the offset antenna. For simplicity, we
assume that the sensor noise is a white noise process n(t) with constant spectral

density 1 over the whole frequency range. Then the sensor output is given by

v(t) B*i(t) — on(t)

= u(t,L) — on(t)
If we use direct connection, the feedback control is
z(t) = f(u(t, L) — on(?))
Again, we use the continuum model (150), which, in this case with sensor noise,
can be rewritten as
a(t,r) + a*u"(t,r) =0

a(t, L) — b*u"'(¢t,L) + f(u(t,L) — on(t)) =0

u(t,0) =0 (174)
u'(1,0)=0
u’(t,L)=0

where f(z) can be either a linear function, f(z) = kz, or, a saturation function

represented by

f(z) = M tan~!(kz)
for our convenience.
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Linear Damping Case

In linear damping case, things are rather trivial because we have the luxury of
transfer function - we can find the transfer function between the beam tip position
u(t, L) and the sensor noise input N(t).

In fact, by setting the initial conditions to be zero, we obtain as before

S el g2 ye(ryar

n=1

1 rt
'U.(t,L) = ﬁ./o

where, in this case, 2(t) = k[u(t, L) — N(t)]. Then, through Laplace transform one

can find
U(s,L)  kG(s,L)

N(s) ~ 14 ksG(s,L)

In particular, if N(¢) = on(t), a white noise process, then we have the spectral

density of u(t, L) in stationarity:

02k2|G(iw, L)|?
11+ kiwG(iw, L)
2

®,.(w)

(o4
liw + 1/k[G(iw, L)1 ]2

— < w<oo

Then from the spectral density, we can further calaulate the stationary variance
of u(t,L) by integration. Figure { is a typical plot of the spectral density ®,,(w),
from which, we can see that if the sensor noise involves only those frequencies,

{zn, n=1,2,--- }, i.e. the zeros of G(iz, L), such that
N(t) = 2 Cr, €OS 2,t + d,, sin z,t

then the beam tip is motionless at steady state, while the beam itself is vibrating
under the sensor noise excitation.

Instead of going further, we switch our attention to saturation type nonlinear

damping case.
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Saturation Damping Case

In order to cast (174) into Ito form, we first employ the following approximation

flat,L) —on(t) = f(u(t,L)) = f'(i(t, L))on(t) + o?/2f"(u(t, L))
_ —1/1 - Mkon(t)
= Mtan'(ki(t, L)) — T+ [kutt, L)

ka(t,L)

[1+ (ka(t, L))’

—M(ok)?

so that the antenna motion equation in (174) is approximated by

a(t, L) + f(u(t, L)) + */2f"(u(t, L)) — b*u"(t, L)
= f'(a(t, L))on(t) (175)

Next, in order to simplify the diffusion coefficient, we divide both sides of (175)
by 1/(Mk)f'(u(t, L)), which is always positive, to obtain

i(t, L) + MD(ku(t, L)) + [ku(t, L))*[i(t, L) — b*u™(¢, L))
—b*u"(t, L) = Mkon(t) (176)

where
T

1522 z € R!

D(z) = (1 4+ z*)tan™! z — (ok)?

Before we proceed, we pause on the curve of D(z) versus z. First, D(z) is an
odd function, hence it is sufficient to study D(z) curve for positive 2. We can easily

have, when ok <1,
D'(z) > [1 — (c0k)}] +2ztan"12 >0 220

Therefore, D(z) is positive and monotone increasing on (0, 00) when ok < 1. When
ok >1,
D'(0)=1-(ok)?*<0
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That is, there exists zo > 0 such that D(z) < 0 on (0, 20) and D(z) > 0 on (2o, 00).
The D(z) curves corresponding to a few ok values are plotted in Figure 5.
Next, consider that
[ku(t, L))*[a(t, L) — b*u"™(t, L))
= (Kbt L)%d(t, L)[i(t, L) — Bu"(t, L))
= (kb)*u(t, L)[%(t), Z(t) + Az(t)]
(kb)’il%ft—)B‘:'z(t)
Hence, (176) can be rewritten as
i(t, L) + MD(kB*£(t)) + (kb)2E(t)B*#(t)
—b%u"(t,L) = Mkon(t)
and, from which, (174) is approximated by
i(t)+ MBD(kB*i(t)) + (kb)?E(t)BB"i(t)
+Az(t) = MkoBn(t) (177)

In what follows, we are only interested in the steady state behavior of (177).
After the system reaching stationarity, the total energy E(t) fluctuates around a
constant energy level and E(t) becomes a zero mean stationary stochastic process.
Therefore, we can intuitively see that, after reaching stationarity, among the two
damping terms, the nonlinear damping term MBD(kB*z(t)) becomes dominant
over the other damping term, which has a zero mean random damping coefficient.
Therefore, we neglect the damping term (kb)2E(t)BB*#(t) in (177) so that the
stationary structure response is approximated by the following Ito type stochastic

distributed parameter system:
#(t) + MBD(kB"1(t)) + Az(t) = MkoBn(t) (178)
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Figure 5. The curves of D(kz) for various ok values.



From (178), through similar procedures as in Section 4, we can obtain
t
z(t) = /0 S(t — 7)B[-MD(ki(r, L)) + Mkon(r)}dr

where we have set the initial conditions to be zero since we are only concerned with
the stationary behavior.
By separating the boundary (scalar) component in z(t), we obtain from the

above equation
u(t, )= M [ ' Kot - )[~D(kis(r, L)) + kon(r))dr

where

Ky(t) =1/b° i #a(L) sin wpt

n=1 Wn

From (154), we have
1/b2 ¢2 (L) O(n—4)

ﬂ

Therefore, K,(t) is a fast converging series and we can reasonably use first NV terms

as an approximation of the infinite sum to obtain
¢
u(t, L) sxnwn(t — 7)[-D(ku(r,L)) + kon(r)}dr
b2 n‘-l
By defining

t 2
yn(t) = A %45:0(5) sinwy,(t — 7)[-D(ku(r, L)) + kon(7)]dr

n=2’3,o..

we can realize that the beam tip (antenna) motion (u(t,L),u(t, L)) satisfies the
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following system of stochastic differential equations:
[ (e, L) + IS, SID(RL L) + whu(t, L)
+ Tt (Wi —edun(t) = F[Tio AA(L)]kon(t)
< (179)

§n(t) + O (L)D(ku(t, L)) + wiyn(t) = §FA(L)kon(t)

n = 2,3,---,N

We call (179) the N-th order approximation of the beam tip motion. Notice that
in (179), the damping coefficient
1 N
§§¢i(L) —+ 1 asN— o0

because

1 r=1L

$§¢n(r)¢n(L)={
0 0<r<l

n=1

In fact, it can be easily seen from

(4) - £(*)win
1 n=1 \ 1

_ ;_2§¢n(L)( éa(r) )

én(L)
In particular, the first order (N = 1) approximation of the beam tip motion is
given by
i(t,L) + AD(ku(t, L)) + wiu(t, L) = Akon(t) (180)

where A = M/b?¢%(L).
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When ko > 1, the deterministic version of (180) has a stable limit cycle (Figure
5).

Stationary Statistics for Single-DOF Nonlinear Vibration

In the rest of this section, we will find the approximate stationary probability
density and varaince of (180). This is a central topic in nonlinear random vibration
theory. Various methods have been reported by many authors. For surveys, see [25]
[33].

The method we are going to use is called Method of Energy Approzimation,
developed by the author [72)].

What we propose is to approximate a general nonlinear damping model
i(t) + vD(z, 1) + wiz(t) = ow(t) (181)
by the following energy type nonlinear damping model

M)z(t) + wiz(t) = ow(t) (182)

(1) + (25

where p(E) is chosen in such a way that it minimizes
2r
/0 [D(V2E Jwo sin , V2E cos ) — u(E)V2E cos y]2dy

In the above minimization, E is considered to be fixed, because after reaching sta-
tionarity, the energy fluctuates around a constant level. In other words, at station-
arity, the energy absorbed by the damping mechanism is statistically equivalent to
the energy input due to the external noise.

It turns out that u(FE) is given by [72]

4
7v2F

The following are two facts supporting the above approximation. The first fact

is [72]

p(E) = /0 i D(V2E [wosin 9, V2E cos ¥) cos ydyp (183)
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Theorem 14 If D(z,y) is even with respect to  and odd with respect to y, then
both the original model (181) and the corresponding modified model (182) have the

same Krylov-Bogoliubov approzimation, given by

{da(t)/dt = —v/wol(a(t))

do(t)/dt = 0
where
1 27
L(a) = 2—7r/0 D(a sin ¥, awg cos ) cos tdyp

The second fact is concerned with limit cycle.

For the general nonlinear damping model (181) without noise input, i.e.,
#(t) 4+ vD(z,z) + wiz(t) =0

by Krylov-Bogoliubov approximation, we know that a limit cycle exists if and only
if
L(a)=0

has a positive solution a,. And in this case, the limit cycle has approximate ampli-
tude a, and frequency wy.

To find the stability of the limit cycle, let us define the deviation Aa(t) from the
limit cycle amplitude, i.e.,

a(t) = ap, + Aa(t)

Substituting into a(t) = —v/weL(a(t)), we obtain

dAa(t)

= —yfweL(ay + Aa(t))

N —yfun( e lemey Aot
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Then, it becomes obvious that the limit cycle is stable if and only if

dL(a)
TIa:a, > 0

In summary, for a general nonlinear damping model, the existence, amplitude

and stability of a limit cycle are determined by

L(a) =0
{ %&ﬂla:a, > 0or <0

Since both the original model and the corresponding modified model have the same
L(a) function, we conclude that both of the nonlinear damping models have the
same limit cycles and stability propertity. Of course, this analysis is based upon the
Krylov-Bogoliubov approximation.

For the modified model (182), its stationary probability density function is given
by {72]

9 wBri4y?
ps(z,y) = Cexp[—;; /0 p(z)dz]

1/C = 2—ﬂ.-/omexp[—%'/(;pp(z)dz]dp

&o
In order to compute the function u(E) for our problem (180), we will need the

following three identities

x/2
/ tan~!(kcosz)coszdz = 21k V1+k2-1) (184)
()
/2 _ 2\3/2
/ tan~'(kcosz)cos’ zdz = -1\/1+k2—1/2+ 1-(1+F) ] (185)
0 2k 3k2
/2 cos’z n
T dr = —(1- 2
/ ol = (- 1VIER) (186)
Using (184) - (186), we obtain
4 x/2
WE) = —= /o AD(kV/2E cos ) cos dip
(14 2k2E)%? -1 (ok)? (ok)?
= 2\ —k/2 -
=z /2= %k * REVI+ 2R E
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Next, we need to evaluate [F u(z)dz. For this purpose, we first calaulate

/ E (o k)2 (ok)?
2kz 2kz\/l + 2k22

Jdz = —o*kIn(l + V1 +2k2E) + 0%k 1n2

E 2.,\3/2 _
/ [(1 + 2k%2) l_ k/2ldz = 3(4 + 2k*E)V1 + 2k2E
o 3kz 9k
_3%111(1 + V14 2k2E)
—k/2E + 51-,;(21112 - 8/3)

Then, we obtain

B (/\130)2 /OE p(z)dz = _z\kiﬂ 4+ 2k2E)(8/9\/1 ¥ 2K2E — 1)

4
= Vv 2 ¢
+Ak(1 3(ko )2)ln(1+ 1 4+ 2k2E) + constan

Therefore, the stationary probability density is given by

p(z,y) = C[14/1+ k2 (wiz? +y2))°

x exp{—p[4 + k*(wiz? + yz)][8/9\/1 + k?(wiz? + y?) — 1]}187)

where
4 8
a = E+§ﬂ
1
b= Ak(ok)?

and C is the normalizing constant, which is given by

2n

16 = =5 /1  2(1 + 2)° exp[—8/98(z* + 3)(z — 9/8)]dz (188)

If we define

In(a, B) = /1 " 2"(1 + 2)° exp[—8/98(z* + 3)(z — 9/8)]dz
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forn=1,2,..-, then

¢ =221 (a,B) (189)
It is not difficult to see that the stationary variance is given by
1 13(07 ﬂ)

Ez? - 1j

%sz[-’l(asﬂ)
1 L(a+2,8)-2h(a+1,p5)
2w12k2 Il(aaﬂ)

Next, we study how the stationary density p(z,y) is affected by the value of the

parameter ok.

For this purpose, we define

¢E) = V1+2kE

g(€) = C(1+£)" exp[-8/98(¢? +3)(§ - 9/8)] (190)
Obviously,
p(z,y) = q(y/1 + k2(wiz? +37) ) (191)
Since
Qo+l

¢'(€(0)) = ¢'(1) = C-e"*[1 - (ok)~"]

we realize that, when ok < 1, the stationary density p(z,y) attains maximum at
the origin. For a typical plot of p(z,y), see Figure 6. When ok > 1, the maximum
is not achieved at the origin, but rather, along a parabola with center located at the
origin. A typical plot of p(z,y) in this case is shown in Figure 7. Figure § is the
density plot of p(z,y) corresponding to Figure 7, clearly indicating the altitude of
the stationary density.

We can actually find the equation of the parabola on which p(z,y) achieves

maximum in the case ok > 1. Consider the equation

q({(E)) =0
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Figure 6. The stationary probability density p(z,y) foro =1, k=1, A =1,

i.e. ok <1 case.



Figure 7. The stationary probability density p(z,y)foro =1, k=3, A =1,

i.e. Ak > 1 case.
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Figure 8. The density plot of p(z,y) witho =1, k=3,and A = 1.



which is equivalent to

£+ 1/4(€% + €) = 3/2(0k)? (192)

The solution of (192) is given by
to(ok) = h(3/2(ck)?) %[h(:!/z(ak)’)]“ ~1/12

where

PR 1331 17 p/ae
h(z) = {7755 +2/2 + l55g5087 * (75 T2/2T"}

Therefore, the equation of the parabola is

\/1 + k2(wiz? + y?) = &o(ok)

or

1
Wiz +y" = ledek) - 1

And, it is easy to verify that
bo(ok)>1 <= ok>1

In Figure 9, the variation of the stationary statistics Ez? as a function of k and
) is plotted. It is obvious that the stationary variance increases more significantly
in k direction than in A direction, for fixed observation noise intensity o > 0.

Among those parameters, o - the sensor noise intensity, and A - the maximum
output of the actuator, are dependent upon the sensor and actuator used. The
only parameter we can adjust is k in the linear range slope Ak. Through the above
analysis, we know that when k is large (ck > 1), the stationary variance (deviation
from the equilibrium) is large. Therefore, to achieve small deviation from the equi-
librium, a small k is desired. However, at transient, if k is small, the active damper

no longer significantly enhance the stability. Therefore we have two options:
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0.7

Figure 9. The plot of the stationary variance Ez? versus k and A with o = 1.



o preset a compromized value for k such that k = 1/0;

e let k vary in the following manner:

relatively large k; at transient or when signal — noise ratio is large;
k(t) = { relatively small k, after transient or when signal — noise ratio is

small.

7.6 Conclusions

A group of sufficient conditions for strong stabilizability is provided for general
distributed parameter oscillation system, taking the actuator saturation into con-
sideration. These are the weakest sufficient conditions obtained so far and it is
found that the nature of internal damping is not crucial in guaranteeing the strong
stabilizability.

By extending the notions of Characteristic Equation and Root Locus to our dis-
tributed parameter system, we studied the nature of active damping. Active damp-
ing excites all other modes even if only one mode is involved initially. Saturation
type nonlinear damping does not generate any qualitative change in terms of mode
response. In particular, each component frequency remains the same and no extra
frequency is introduced. Indeed, the Laplace transform of each mode response in
both linear and nonlinear damping cases have the same poles, which are the roots
of the characteristic equation. Through the root locus, it is also found that using
one active damper can only significantly damp or eliminate the base frequency os-
cillation and higher frequency oscillations become dominant in the response of the
actively damped system.

We studied the effect of sensor noise on the steady state response of the beam
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tip. By calculating the approximate stationary probability density of the beam
tip motion (u(t, L), u(t, L)), we have found that a large feedback gain (linear range
slope) will result in a relatively large steady state deviation of the beam tip from the
equilibrium due to sensor noise excitation. Therefore, in the design of the feedback
gain, a compromise has to be made between satisfactory transient damping effect

and reasonably small steady state deviation of the beam tip.
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Chapter 8

Conclusions and Some Open

Questions

8.1 Conclusions

Frequency Response of Nonlinear Damping Model: Single DOF Case

A method of computing the correlation function and the spectral demsity of
nonlinear damping model is obtained. In the case that D(z,y) being of the form
#(géz_;ﬁ)y, the spectral density is given by (40) in which ¢, is given by (48). In
the case of general D(z,y), the spectral density is given by (32) for which one needs
to evaluate v, and m,p. ¥, can be obtained from (31) or from (48) by first finding
the corresponding u(:) through the formula (45). Based upon (38), the approximate
value of m, is given by

1 m(1)

™10 = g m(0)

This paper also proposes a method to obtain the approximate explicit stationary
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density for nonlinear damping model with general D(z,y). The idea is to replace
D(z,y) in the exact model by the corresponding p(w)y to obtain the modified
model. The approximate explicit stationary density is given by (52) and (53). It is
shown that both the exact model and the modified model have the same Krylov-
Bogoliubov approximation and the same ., t,.

In the Spacecraft Control Laboratory Experiment (SCOLE) program, the pri-
mary control task is to rapidly slew or change the line-of-sight of an antenna attached
to the space shuttle orbiter, and to settle or damp the structural vibrations to the
degree required for precise pointing of the antenna. The objective will be to min-
imize the time required to slew and settle, untill the antenna line-of-sight remains
within the prescribed angle. From practical consideration, the maximum moment
and force generating capability of the controllers on both the shuttle and the an-
tenna beam/reflector are limited (maximum moment on both shuttle and antenna
reflector is 10* ft-1b for each axis, maximum control on the reflector is 800 Ib).
Therefore, saturation type of control is inevitable. To avoid significant excitation
of the beam while applying the slew control, the first harmonic of the slew control
versus time should stay away from the resonant frequencies of the first a few modes
of the antenna beam. This consideration is important in the design of the slew
control. This paper provides an analytical frame of finding the spectral density of
each mode, which is basically the amplitude of the system response corresponding
to the sinusoidal input with each frequency w. Specifically, the spectral density tells
the designers where the resonant frequency is.

Theorem 8 gives an interesting result concerning the modelling and identification
of nonlinear internal damping in flexible space structures. In spite of the fundamen-

tal importance of the damping term, the nature of internal damping has been little
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known. In [8], the following nonlinear damping model is proposed
i+ 2wnz + vz 2|22 )P + Wiz =0 (193)

The free response of (193) fits NASA flight data with great accuracy. However, if

we replace the nonlinear damping term in (193) by p(“’z”;“’ )z where
n/2 V4
u(E) = 4 D( 2E sin 6, V2E cos @) cos 8d8
nVv2E Jo Wn
_ Ho 2,2, .2
- ey

in which

g = m+n+(a+p)/2
2T(m + =f)I(n +1 + 241
v s I'(g+2)

Mo

we obtain the following energy type nonlinear damping model

5 4 2wnd + 7—2_(wP2? + 32)0% 4 wiz = 0 (194)

2m+4+a
w2m+

By Theorem 3, both (193) and (194) have the same Krylov-Bogoliubov approxima-
tion, that is to say, these two nonlinear damping models can not be distinguished
based upon their free responses (for details, see [72]).

Frequency Response of Nonlinear Damping Model: Multi-DOF Case

A formula for computing the spectral density matrix of nonlinear damping model
with n-DOF is presented, (77). The error of the formula (77) is of the order O(4?).
It is not surprising that the spectral density matrix depends on the first order
statistics R;-(0) and R.,(0) for which we need the (first order) stationary probability

density. However, to find the stationary density in general is itself a difficult task.
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In the case of energy type damping, i.e.

2 TKDz+yTMD
D(z,y) = 2 —F)oo"Dy

the explicit stationary probability density can be obtained and is given by (90) and

(91). In this case, the stationary density function is a function of energy Ep with
Ep =1/2(zT KDz + yTMDy)

and R.,(0) = 0, R.-(0) can be obtained explicitly and is proportional to K1, see
(95).

As we know, in single-DOF case, z and z are always uncorrelated in stationary
state. However, this luxiury does not extend to multi-DOF model. It is pointed
out in this paper that even for linear multi-DOF model, z and % are in general not
uncorrelated. A necessary and sufficient condition for uncorrelatedness is given by
(82).

The conclusions on the infinite dimensional model

1. The shape of the frequency-response curve

Let us consider any fixed mode, say the first mode. For single frequency

excitation with frequency close to wy, i.e.,
Ww=uw) + €0

the frequency-response equation is given by

(Bt /(2uw1))?
02 + [Eowr + 70/ 2(wipi(0?))9]?

pi(c?) =

The unique positive solution, denoted by g(c|ws, B*%,), when plotted, is still
bell-shaped. And there is no multi-peak phenomenon because g(-|w;, B*¥,) is

an even function of o and is monotone decreasing as o2 increases.
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The frequency-response curve is given by

g(ojwr, B*¥,) when w=w, +¢o
p(w) =
Cllug.-_'ﬁ:’,"'l when |w —wi| = 0(1)

or, generally,

g(o|wn, B*,) when w=w, +e¢o
pn(w) =
el when |w —w,| = 0(1)

However, for nonlinear stiffness (linear damping) problem, the shape of the
frequency-response curve is more complex and qualitatively different. For

example, for the following Duffing oscillator
F + 2eut + wiz + eaz® = E(t)

the corresponding frequency-response equation is given by

k?/(2uwo)?
p? + [0 — 32 p%(0))?

(o) =

One can easily see that p(o) is no longer an even function of 0. In fact, in
certain range of frequency, p(o) is even multi-valued. As long as a # 0, the

frequency-response curve is a backbone curve.

In this case, there are jump phenomenon and caotic behavior which will be dis-
cussed later. Of course, if @ = 0, the model becomes linear and the frequency-

response curve is single-valued and takes the shape we are familiar with.

2. Comparison with linear damping problem
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It is well known that for a single DOF linear oscillator
I + 2epunz + wfz = eB*yY, coswt

the stationary amplitude is given by its spectral density

(CB'¢1)2

(w? — w?)? + 4£22wiw?

pLw) =

When w = w; + €0, i.e.,

w? — w? = 2e0w, + €207

we have, for the linear model,

(B 1/ (2u))?
(0 + €2=)2 + (éoun + €£o0)?

2wy

pL(w) =

While the corresponding nonlinear counterpart is

() = B/ @)
M) = G T + 2T

As we can see,

pN(w) < pr(w) for w=w +eo

This is not surprising because inclusion of nonlinear damping makes the to-
tal damping greater. This in turn results in smaller steady state response

amplitude.

When w, the excitation frequency, is away from w;, we have

= B L e
pL(w) - elwz_wﬂ +O(€ )
_ B 2
pn(w) = Clwz T + O(€¢*)
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i.e., these two frequency-response curves are very close when the excitation

frequency is away from the natural frequency.

From above we can see, comparing with linear model, the frequency-response
curve of nonlinear damping model has no qualitative change and the only
difference is the frequency-response curve of nonlinear damping model is below
the curve corresponding to the linear model, especially in the neighborhood of

the natural frequency of that mode.

. Jump phenomenon and chaotic behavior

For nonlinear stiffness problem such as the Duffing oscillator, the multival-
uedness of the frequency-response curve due to the nonlinearity of stiffness
has a significance from the physical point of view because it leads to jump
phenomenon. To explain this, we imagine that an experiment is performed in
which the amplitude of the excitation is held fixed, the frequency of the exci-
tation, i.e. o, is slowly varied up and down through the natural frequency wo.
We observe the amplitude of the harmonic response. If ¢ starts from the left
side of the peak and increases, the amplitude will jump from the peak value
to the lower value. Conversely, if o starts from the right side of the peak and
decreases, the response amplitude will jump from the lower value to a higher

value. This jump phenomenon is due to the presence of nonlinearity.

Then what value does the steady state amplitude take if the excitation fre-
quency starts and stays at a point within the multivalued region? The answer
is, it depends on the initial condition. In other words, if more than one steady
states exist, the initial condition determine which steady state is physically

realized by the system.
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This chaotic behavior is éxclusively possessed by nonlinear stiffness model. For
nonlinear damping (linear stiffness) problem, the frequency-response curve is
always single-valued. This means that the steady state response of a nonlinear
damping system is independent of the initial conditions. And for nonlinear
damping problem, all the points in the frequency-response curve are physically
realizable and there is no jump phenomenon or chaotic behavior. This is
one of the fundamental differences between nonlinear damping problems and

nonlinear stiffness problems.

. Internal resonance and energy exchange between modes

What is internal resonance? For multi-DOF nonlinear systems, an important
case occurs whenever two or more natural frequencies are commensurable or

nearly commensurable. Examples of near-commensurability are

wy & 2wy, wy & 3wy, w3 R wy tw,

W3R Antw, wRwytw w

Depending on the order of the nonlinearity in the system, these commensurable
relationships of frequencies can cause the corresponding modes to be strongly
coupled, and an tnternal resonanceis said to exist. When an internal resonance
exists in a free system, energy imparted initially to one of the modes involved
in the internal resonance will be continuously exchanged among all the modes

involved in the internal resonance.

For example, we consider the motion of a mass m attached to a spring that
is swinging in a vertical plane. If we let z(t) denote the stretch in the spring

beyond its equilibrium and #(t) denote the angle between the spring and the

152



vertical line, then the governing equations of the motion are
" gsin 8(t) + 22(2)8(t)
o) + l+z(t)

£(t) + k/mz(t) — (I + z(t))0* —gcos 6 = 0

=0

where k is a spring constant, [ is the natural length of the spring, and g is the

acceleration of gravity.

The two natural frequencies are

w o= (g/V?

w, = (k/m)'/?

Suppose [ and m are chosen such that w; = w;. If one starts the motion
when 6 = 6, # 0, by pulling the mass m down, one finds that the mass
oscillates up and down first, and that then a pendulum-type component of
motion develops and grows at the expense of the spring-type motion. After
a while, the pendulum-type motion starts to decrease and the spring-type
motion starts to grow. Thus the energy is transferred continuously back and

forth between the two modes of oscillation.

Whether commensurable or nearly commensurable frequencies can cause in-
ternal resonance depends on the degree of the nonlinearity and the geometry

of the system.

For energy type nonlinear damping system, internal resonance never occurs
for any commensurable or nearly commensurable frequencies. This fact can
be seen from its Krylov-Bogoliubov approximation. By Krylov-Bogoliubov

approximation, we know the enérgy possessed by the nth mode is given by
E.(0)(1 + 7gE*(0)t) %
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where E,(0) is the initial energy of the nth mode. Therefore, the energy of
each mode is continuously absorbed by the damping mechanism and there is
no exchange of energy between any two modes. This is another fundamental
difference between nonlinear damping problems and nonlinear stiffness prob-

lems.

. Steady state response to multi-frequency excitation and coupling effect

Suppose the external excitation contains M frequencies, say they are
wp+eo, n=12,.-- M

Then the steady state response is dominated by these M modes. And the

frequency-response equation for the nth mode is given by

p2 (U ) - (an-'nbn/(zwn))z
"M 02 4 [bown + G(32)]

where G(5?) solves

oy M (an,¢n/2)2 9
G(6%) = v/2(2 02 + (bown + G’(ﬁz))zl

n=1

and we used the notation 62 = (0?,03,---,0%).

Comparing with the single frequency case, the stationary amplitude corre-
sponding to multi-frequency excitation becomes smaller due to the coupling
effect of nonlinear damping. However, qualitatively, there is no change in the
shape of the frequency-response curve. Therefore we see that the coupling
effect due to nonlinear damping is weak. This can also be seen by examining
the Krylov-Bogoliubov approximation, which tells us, to certain accuracy, if
the initial data involve only finite number of modes, nonlinear damping itself
will not involve modes other than those involved initially. The free response

will stay on those modes initially involved.
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In one word, by using nonlinear damping, one can only quantitatively change
the decay rate so that test data can be fitted. Nonlinear damping model with linear
stiffness does not produce any peculiar behavior such as internal resonance, jump
phenomenon or chaotic behavior. If the experiments on flexible space structures
indicated the existence of any of these peculiar behaviors, nonlinear stiffness model

becomes necessary.

8.2 Some Open Questions

Inspite of the above investigations, some questions remain unsolved. They are listed

below:

1. What is the spectral density of the following nonlinear stiffness model with
linear damping
Z + 26z + g(z) = on(t) (195)
where £ > 0 is a small parameter, and g(-) is an odd function of z € IR.

Even more challenging is the same question without assuming £ being small.

A handy example is the so-called Duffing oscillator
F+nt+22=o0n(t) (n>0) (196)

R. N. Iyengar [45] studied this problem by first enhancing the dimension
(DOF), then using Equivalent Linearization Mehtod(ELM) to obtain an ap-
proximating linear system of equations, thus reducing the original single DOF
nonlinear stiffness model to a two-DOF linear model, for which the spectral
density become trivial. To illustrate the idea, let us consider the above Duffing

oscilla‘or (196).
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Let z = z3, then

; = 3z
i = 6zi?4 3z%(on(t) - 2° - n)

6zi? + 30z’n(t) — 3z2% — g3

Therefore, we obtain the second equation

4+ nz+ 322z — 62%z = 30x’n(t) (197)

Then by applying Equivalent Linearization Method to (196) and (197), one

obtains the corresponding two-DOF linear model

I L - d|[ = 0 1 T o
(1)) () (D) () om

where P, @), o, are certain positive constants.

The spectral density obtained by this approach shows two peaks reflecting the
existence of subharmonics in the system. The secondary resonance occurs at
about three times the primary resonance frequency. Notice that the resulted

linear model has non-symmetric stiffness matrix.

Only Equivalent Linearization Method itself cannot account for the existence of
higher harmonics which is one of the very important nonlinear phenomenon.
Applying ELM to a single DOF nonlinear oscillator leads to a single DOF
linear oscillator which can oscillate at only one frequency. This viewpoint
hints the desirability of increasing the DOF of the equivalent linear system, so

as to allow more than one natural frequency to exist.
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It is worthwhile to mention that the stationary probability density of nonlinear

stiffness model (195) has been found, see, for example [25], which is given by
pi(z,y) = Coexp[-2¢/0*(G(z) +y*/2)]
where Cp is the normalizing constant and

G(z) = /0: g(u)du

. In Section 2of Chapter 8, to find the approximate explicit stationary probabil-
ity density of general nonlinear damping model in single DOF case, what the
author proposed is to replace the damping term D(z,y) by the corresponding

energy type damping p(ﬁ)y, where u(FE) is given by

w(E) = ;% / " D(VE Juwo sin , VZE cos ) cos (199)

And we have seen that both
i+ ¢D(z,2) 4+ wiz = on(t)

and

4+ Ep(f—gi";—y)i: + wiz = on(t)
have the same Krylov-Bogoliubov approximation and the same 1. and ¥,
which are defined in (31). What we do not know now is the difference (in
an appropriate sense) between the two stationary probability densities corre-

sponding to the above nonlinear damping models. And what are the differences

between the stationary (first order) statistics, such as R.-(0) and R,,(0)?

In this regard, I make the following conjecture: for the general nonlinear

damping model with single DOF
%+ D(z,%) + wiz = on(t)
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the stationary probability density can be written in the following form

D(u,v)v
pu(2,) = Coexp|- =2 / i oesten AT 144 (200)

where S(z,y) is a (z,y)-dependent closed area.

As we already know, the stationary probability density for energy type non-

linear damping model is given by

E
pu(z,9) = Coexpl=2/a* [~ u(z)ds]

If we use (199), the relation between x(E) and D(z, ), then we obtain

ps(z,y) = Coexp[—2/02/E (z)dz]

= Coexp-—/ /2« ——smtb,\/2_zcos¢)

wo?
x cos pdipdv/2z]
Vwizi+y? p2r
= Coexp[__g._/ ° v ‘L 1 2

/p
xD(EEEY. 5 cos )7 cos ydpd)

D(u,v)v
= Copexp[- m//wgu’w’s:-%:?w? Al 40 dudv]

In this particular case, S(z,y) is a (z,y)-dependent parabola with center at

the origin and axes (w3z? + y*)*/?/wp and (wiz? + y?)!/2.

. If the self-adjoint operator A is positive definite and has compact resolvent,

with 0 € p(A), then the eigenfunctions of A
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given by

wie( o) e ) mmrae
u‘-’n¢n _1wﬂ¢ﬂ

form an orthogonal basis in H ® H.

In fact, first it is easy to verify that {®}, ¥-;n =1,2,-.-} is an orthogonal

sequence. To prove its completeness, let

T
w=( )GH@H
y

w 1 span{®},®;; n=12--}

and

. Or equivalently, we have
[w, ®}]E = wi[z, $n] — iwnly, ¢u] = 0
[w, ®7]E = wi[z, ¢n] + iwnly, én] = 0
which immediately gives
[v,¢a] =0; [2,¢a] =0, n=1,2,--

By the assumptions upon A we know {¢,; n = 1,2,---} is an orthonormal
basis in M, therefore, z = 0, y = 0, i.e., w = 0. Then the completeness is

justified for the non-damped case.

Now the open question is, with damping term D, are the eigenfunctions of
-A -D
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