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ABSTRACT

We study the long-wave, modulational, stability of steady periodic solutions of the
Kuramoto-Sivashinsky equation. The analysis is fully nonlinear at first, and can in prin-
ciple be carried out to all orders in the small parameter, which is the ratio of the spatial
period to a characteristic length of the envelope perturbations. In the linearized regime we
recover a high-order version of the results of Frisch, She and Thual, [1], which shows that

the periodic waves are much more stable than previously expected.
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1 Introduction
The Kuramoto Sivashinsky (KS) equation

U + UUg + Ugx + VUgrzr = 0,
(z,t) € R x RY, (1.1)

u(xa 0) = UQ(.'IJ),

with » a positive parameter, arises as an amplitude equation in long-wave, weakly nonlinear
stability analysis, in a variety of applications. It arises, for example, in free surface flow of
viscous liquids [2, 3, 4, 5], in concentration waves in chemically reacting systems {6, 7, 8], in
ion diffusion in plasmas [9], in flame propagation [10, 11] and in the dynamics of interfaces
in two-phase flows [12, 13, 14]. It is the simplest equation with a convective nonlinearity
and a band of unstable linear modes and therefore a good example on which to apply the
general notions of inertial manifold theory. This means that the long time dynamics of KS is
captured well by a finite dimensional dynamical system whose number of degrees of freedom
is at least as large as the number of linearly unstable modes [15]-[19]. For 27 periodic
solutions the number of linearly unstable modes is of order »=1/2 while the best estimate for
the dimension of the inertial manifold is const - v=21/40, [16], which is quite good except that
the constant in the estimate is large.

The KS equation has been studied numerically by many authors [20]-[25]. The main
objective of the numerical studies is to observe the appearance of low-dimensional dynamic
behavior, including complicated time-periodic and chaotic behavior. Feigenbaum, [26, 27],
and others [28, 29], have shown that period doubling and transition to chaos in the iteration
of one dimensional maps have a universal behavior. This universal behavior is expected
also in bifurcation of periodic solutions in low-dimensional dynamical systems, for example
the Lorenz system [30]. Numerical computations [31] have verified this Feigenbaum period
doubling route to chaos for this system. It is reasonable to expect then that partial differential
equations whose large time behavior is captured by finite dimensional dynamical systems
should also exhibit universal period doubling behavior. This was first seen numerically for
the Ginzburg-Landau equation in [32], for thermal convection in [33] and for the KS equation
in [34, 35]. Other aspects of the inertial manifold as its dimension increases are explored
numerically in [36, 37].

When v > 1 there are no nontrivial steady, 27 periodic solutions of KS. For v just below
one there exist steady periodic solutions [38]. Steady solutions with Dirichlet boundary
conditions and their stability were studied by Novick-Cohen [40]. In this paper we will



analyze the modulational stability of steady 27 periodic solutions U(y;v) normalized to
have mean zero

UU, + Uy + U,y = 0, (1.2)

1 2m
= — ] = J =U 2m).
U= [T Uy =0, U(y)=U(y+2m)

For any constants p and ¢ the KS equation (1.1) has the two-parameter family of solutions
u(t,x) = pU(p(z — ct); p’v) + c. (1.3)

which are due to scale and Gallilean invariance of the KS equation. By modulational stability
we mean the construction and analysis of solutions of KS in all of R near this family, when
p and c are slowly varying with respect to the period of the steady solution (1.2). In [1],
the linear modulational stability of U is analyzed by homogenization methods [41]. If € is
the ratio of the period 27 to the (long) scale of spatial modulations we must then study the

behavior of solutions to

ug + %U(f)ux + Upp + EVUpgpy = 0 (1.4)
as € tends to zero, which is a homogenization problem. This analysis was carried up to second
order in € in [1] and yields an effective diffusion equation with v dependent diffusion coefficient
which may be positive, corresponding to stable modulations, or negative, corresponding to
unstable modulations. However, the stabilizing term u,.,, does not influence the diffusion
coeflicient since it comes in at a higher order in the expansion. It is not surprising therefore
that the stable range of v obtained in [1] is very small.

In this paper we analyze the nonlinear modulational stability of U to sufficiently high
order that the stabilizing term u, .., is accounted for fully. We use a method similar to the
one in [42]. In addition to the expansion method, our main result is the determination of a

much larger range of v than that found in [1] for which there is stability.

2 Formulation.

We will construct modulated solutions of KS based on the family of solutions (1.3). Let
p...0 5 c 0
t,x) = =U(—; - -t,z). 2.1
u(tyz) = LU p20) + 4 w(,1,) (21)

where p(t, z), c(t, z), 0(t,z) = p(t,z) and w(y, z,t), which is periodic in the y variable and
has mean zero, are to be such that for e sufficiently small u solves the suitably scaled KS

equation

1
-f—ut + Uty + Ugy + EVUggee = 0, (2.2)



In (2.1), € is the ratio of the period 27 to a characteristic scale of the modulations. We will
consider (2.1) at first as a change of variables from u to the triple p, ¢, w (with §; = p and
the average of w over y, W = 0) and find the exact equations that p, ¢ and w must satisfy
so that u is a solution of KS. Then we solve the equations for p, ¢ and w approximately for

small e. The transformed KS equation (2.1) has the form
PL(w) + FO(c, p,w) = 0 (2.3

where F(9 is a function that depends on p, ¢ and w and their derivatives (it is given in

Appendix A) and L is the linearized operator for (1.2) with v replaced by p*v

L(¢) = (Ug)y + ¢yy + P21’¢yyyy (2.4)

governing the stability of the cellular solutions U = U(y, p*v). As explained further in
Appendices A and B, in order to be able to solve (2.3) and have a solution w that averages
to zero in the y variable it is necessary that F(©) have mean zero and that the coefficient of

U, in F© be zero. This leads to two equations for p and ¢ which are

3 )}z T}z T .
pt+ (Cp)z + 3€pzz + v ( (PP ) + P:: ) s =0, (25)
and
¢t + ez + UPppy + 200U, p°py + €U(pw),, + 2evU, wp*p,
+€Coz + EBW; + EVepzer = 0, | (2.6)

where the overbar stands for average over the y variable. When these equations are satisfied
then (2.3) takes the form

P L(w) + Fo(c, pi v) + €Fi(c, py w5 v) + Fale, pyw; v)

+3Fs(c, p, w; v) + €'Vwegrr = 0. (2.7)

where Fy, Fy and F3 are given in Appendix A.
- We will also use below the linearized operator L when p = 1 and we will then denote it
by
L(¢) = (Ud)y + ¢dyy + vdyyyy- (2.8)

Some properties of the linearized operator £ (or L) are discussed in Appendix B.



3 Nonlinear modulation theory.

The equations (2.5)-(2.7) are a coupled nonlinear system equivalent to the KS equation. The
two modulation equations for p and ¢ are, of course, not closed since they depend on the
fluctuation term w which in turn depends on p and ¢. To get a modulation theory we must
close the p and ¢ equations. We do this by expanding the fluctuation w in a power series in
e with e » 0

w = wy + ew; + €wy +.... (3.1)

The main point of our modulation analysis is that the modulation equations (2.5) and (2.6)
are exact to all orders in € and we can make the error be formally smaller than the terms
kept if we retain only the three leading order terms in the expansion of w shown above.
Substituting (3.1) into (2.5)-(2.7) yields the following equations for the first three terms in

the expansion of w:

p*L(wo) + Folc, p;v) =0 ' (3.2a)
p*L(w1) + Fa(e, p,wo;v) =0, (3.20)

P L(wz) + Fa(c, p,wo; v) + ((pwr),U — (pw1):U)
+2vp* po (WU, — wO,) + wie + (Cwiz)s + p(wowry + wiwey) — 2pswry
+20W1zy + 6V prwiyyy + 4Vp Wigyyy = 0. (3.2¢)

The functions Iy, Iy, F; are given in Appendix A. Equations (3.2a-c) appear to be linear but
they are in fact nonlinear because they are coupled to the modulation equations (2.5) and
(2.6). Very little can be said about them at this stage. They must be simplified further.
In the next two sections we will study the linearized modulation equations and then their

weakly nonlinear form.

4 Linear stability theory.
We now linearize equations (2.5), (2.6) and (3.2a-c) about the exact solution
plt,z) =1, c(t,z)=0, w=0 .

while regarding € as a fixed parameter. We obtain the following linear equations for the

small perturbations to p, ¢ and w

Pt + Co + 3€pzz + BV przs = 0, (4.1)



et + (U2 — 200U, pz + €w,U + €cop + €VCpggs = 0,

L(wo) — 20U, ¢ + p(U* — U2 + 2v(UU, -UU,)

+4vU,y + 80U,y + 100Uy, ) = 0,

'C(wl) + sz(“zU —-4vU, + IOVUyy + 121/2Uuyy)
+woy + (wO:c(] - waU) + Qway + 41/woxyyy =0,

£("“02) + w1t + Woze + (wle — wlxl]) + 2w1zy
+4vWigyyy + 6VWorzyy + 802 peelU,y = 0.

The solutions of (4.3a-c) can be written in the form
Wg = pxXl(y) + C:L'XZ(y)n

w = Pxxxgl)(y) + Cxxxgl)(y)’
Wy = pxxxxgz)(y) + cxx:cng)(y) )

where the functions x; etc. are functions of y alone and are obtained from

L(x1) + U* = U2+ 20(UU, — TU,) + 40U, + 82U,y + 100U, = 0,

L(x2) —2vU, =0,

£0V) + al = X0) - (7 + 20T, )xz + 21y
+4vX1yyy — 2U — 40U, + 100Uy, +120%U,,, =0,

E(Xgn) + (XZU - XZU) - X1+ 2X2y + 4VX2yyy = 0,

'C(Xgl)) + (Xgl)U - Xgl)) - (m + 2”UUU)X9) + 2X9y) + 41/x§1y)yy '

(4.2)

(4.3a)

(4.30)

(4.3¢)

(4.7¢)

(4.7d)



GI/ley - 2X1 - (l]XI)XZ + 81/2l]1/y = O, (476’)

L08”) + 0870 = x0U) 3V + 28]
+41/Xgly)yy + 6vX2yy — (Ux2)x2 = 0. (4.71)
[t is convenient to define the weighted averages of the x’s with weight the cellular solution
U(y). We let
=Ux1, a=Uxa, a3 —-UX(l) J
= Ux.g]) , a5 = Ux; , g = Ux.zz). (4.8)
Using (4.4)-(4.6) and the definitions (4.8) in the linearized modulation equations (4.1) and
(4.2) gives
Pt + o + 3€p2z + BEVPrgas = 0, (4.9)

¢+ (UZ + 2VUUV),0$ + €q1pzr + f(l + a2)cz‘x
+62(a3px1‘x + a4c:rx:r:) + €3a5p1::c1:1' + 63(a6 + V)c.rz:vz = 0. (410)

Equations (4.9) and (4.10) contain the linear modulational or long-wave stability characteris-
tics of the cellular steady states U of the Kuramoto-Sivashinsky equation up to order €. The
parameters of the problem are the coefficients a;, ..., ¢ which are determined numerically
as described in Section 6.

To analyze the stability of U it is sufficient to look for plane-wave solutions of the form

(p(t, ), c(t, ) = (P, )1kr+m ) (4.11)

where p,¢ are constants, k is the wavenumber of a particular disturbance and w is the
corresponding growth rate. Substituting (4.11) into (4.9) and (4.10) gives the dispersion

relation that determines w as a function of &
wtw [—6(4 + a2)k? + (6v + as)k4] + k22

+e2k*(3 + 3z — a3) — €'k®(8v + 36 + Sagy) + 5k u(v 4+ ag) = 0. (4.12)
Here
X =U? + 2200,

and in deriving this relation we have anticipated (6.6). We note here that A? can be either
positive or negative, a fact that is central to the modulational stability of the cellular solution.

It is easy to get the exact solution of the quadratic equation for w. The main feature of our

6



analysis here is the inclusion of higher order terms in e. We will focus on the (linearized)

structural stability of the celular solution of KS. For % large we have
w=tik) +enk*+...

where

oy = %(4 tag) . (4.13)
The parameter wy plays the role of a diffusion coefficient. Clearly the system is stable if both
A? > 0 and w; < 0. Such a two-term result obtained in [1] in their related study. Based on
the two-term result, they determined a range of values of v for which the cellular solutions
are linearly stable. It turns out, however, that the extent of this region is very small and
consequently of limited significance (see [1] and our Section 7). The two-term analysis gives
an incomplete answer to the linear and weakly nonlinear stability of the system because it
does not account for the effects of the stabilizing fourth derivative terms in the modulation
equations. These contributions are easily computed here. We find that there is a correction
term of O(7¢®k%) to w which is dispersive and does not contribute to growth or decay. The
physically significant for stability correction is obtainable from a large k analysis of the

dispersion relation (4.13), and is given by
w=ekws , ws=—-v—ag or —5v . (4.14)

The results (4.13), (4.14) can be used to determine the structural stability of the cellular
solutions. First, a range of v must be found which satisfies A? > 0 so that stable solutions are
obtained to leading order. The next correction to the real part of w is €k%w;. For stability
this term must be negative, and so the range of v for which A\> > 0 and —w; > 0 is a
linear stability region. As mentioned earlier, this range of v is very small because the next
correction to the real part of w given by (4.14) is neglected. We have structural stability
when » is such that —w3 = v + g > 0. When w; is positive but ws is negative then we have
structural stability and a finite band of linearly unstable wave numbers. This is a regime of
v values for which the weakly nonlinear modulation theory of the next section is applicable,
and it is much larger than the one for which w; is negative [1]. The computations leading to

these conclusions are described in Section 7.

5 Weakly nonlinear theory.

To get a suitable weakly nonlinear modulation theory we must return to (2.5), (2.6) and
(3.2a-c) and simplify them in a way consistent with the expansion (3.1) without, however,

altering the construction of the x functions of the linearized theory. This can be achieved by

7



making the size of the perturbations in p, ¢ and w about 1, 0 and 0, respectively, of order
¢2, in which case nonlinear terms enter into the modulation equations for ¢ and p and are

comparable with the stabilizing fourth derivative terms. We therefore let
p(t,z) =1+ €5t z), c(t,z) =t z), w(t,z) = Eb(t, z) (5.1)

and substitute this into (2.4)-(2.6) to get the following equations for p-and ¢ (with the tildes
omitted)
pi+ €z + 3€psz + €(cp)z + D Vpozee =0, (5.2)

o+ Aps + (1 + o2)Coe + € 03pags
+€%(cce + Npps) + (s + V)ergee =0 . (5.3)
These are the weakly nonlinear modulation equations. The difference between the system
(5.2) and (5.3) and the linear system (4.10) and (4.11) is the appearance of the nonlinear

terms of O(€®) in the former. The constants A%, &3, a3, ag for (5.2) and (5.3) are identical

to the constants of the linear theory in Section 4.

6 Computation of stability parameters.

We must solve problems of the form

Lx)=fy) , x@y+27)=x) , x=0, (6.1)

with f(y) a known 27-periodic function of mean zero and the operator £ defined by (2.8).
Since x(y) and f(y) are periodic in y and have mean zero, we can find periodic functions

Y(y) and F(y) such that
XxX=v%y , f=F, . ' (6.2)
Substituting into (6.1) and integrating with respect to y gives

Uty — Uthy + thyy + vy = F, F =0, (6.3)

with 7 determined only up to a constant which we take to be zero. It is convenient to

introduce the operator M defined by

M(zﬁ) = U, ’—U_d’y‘*' Vyy + Vyyyy

Integrating each of the equations (4.7a-f) gives the following sequence of problems
M) + /y(U2 — U?)dy + 2v /y(UU,, - UU,)dy

8



+100Uyy + 802U,y + 4vU, =0,
M) — 20 / ‘Udy =0,

MM + / (iU = Pry0)dy — (TF + 2000, by + 2, + dvibryyg

—Z/y Udy — 4v /y Udy + 100U, + 121/2U,,y =0,
M (1) +/ (lbsz "/)2&' )dy "/’1 + 2"/)23/ + 4’”/)2yyy = O

M@ + / WU — D) dy — (U7 + 2TV, )P + 25

+4y¢1yyy + 6v1h1yy + 802U, — 2 =0,

y
MD) + [ @0~ p0)dy ~ w0 + 2

+4V’/’§21y + 6vthayy — (Uthay )12 = 0.

The function U, is needed in the calculations and is computed by solving

M(V) = _Uyyyy , U, = Vy

unstable ones. We therefore write

N
U(y, 1/) = Z U, sin(ny) y

n=1

(6.3a)

(6.30)

(6.3¢c)

(6.3d)

(6.3¢)

(6.3f)

(6.39)

We now solve numerically the integrated equations (6.3a-f). We have also solved (5.7a-f)
by a similar method and with almost identical results but (6.3a-f) is more convenient. The
central element in the construction of numerical solutions of (6.3a-f) (or (6.1)) is the steady
state, periodic solutions U of the Kuramoto-Sivashinsky equation, which can be described
by a very small number of Fourier modes. Since we are interested in a range of values of v
(approximately 0.3 < v < 1.0) which is above any bifurcations, we know that steady states
are unique global attractors. The numerical calculations of [34, 35] show that a practical

estimate of the number of modes required is a few more than v~'/2] the number of linearly



where N and U, depend on v and are found numerically. With this approximate solution,

the linear operator (6.3) becomes a matrix equation for the constants a,, b, where

P(y) =D (aysin(ny) + b, cos(ny)). (6.4)

n=1
Expanding also the forcing F(y)
N

F(y) = Z(fn sin(ny) + gn cos(ny)),

n=1

the system of linear equations to be solved is

m—1 N-m
) 1, . .
E é‘]aij—j + Z E(JajUﬂm -7+ m)ajymU;)
Jj=1 j=1
+m?(vm? = Daw = fo (6.5a)
m=—1 1. N—-m 1. -
> 55biUn-j = > 500 Usm + (G + m)bismUs)
ji=1 j=1
+m?(vm? — Dby, = gm (6.50)

for 1 < m < N where the first or second sums are omitted when m = 1 or N respectively. We
see from (6.5a,b) that the equations for the sine and cosine coefficients of 1 are decoupled. In
particular if f,, = 0 (¢, = 0), for m =1, N then a,, =0 (b,, = 0), m =1, N also. This holds
as long as the determinant of the n x n matrix defined by (6.5a) or (6.5b) respectively, is
non-vanishing. This condition is monitored throughout the computation and is also checked
analytically near the bifurcation point ¥ = 1 (see Appendix C). The symmetry is due to the

odd parity of the steady state U(y; »). We expect, therefore, that
(11-:0, a4=0, a5=0. (66)

For a given value of v the coefficients U, were obtained numerically by solving the unsteady
KS equation until a steady state is reached (see [35] for a description of the numerical
scheme). For values of v near 1, the integration requires longer times to reach a steady state.
The results reported here have the same accuracy for all values of v.

With the Fourier coefficients of U(y; ») known, the solution vector (a1, az, ..., an, b1, ..., by)"
is found by a single matrix inversion for each value of v. The stability constants a;,z =1, ...,6
are determined easily from their definitions (5.8). The symmetry result (6.6) is confirmed
by our computations which do not explicitly assume the odd-parity property of U (y) and
can therefore be extended to general steady states. We note, however, that for the range of
v studied here, any steady state can be described by the odd-parity solutions by means of a

suitable translation or Galilean transformation, if necessary.

10



7 Numerical results for linear stability.

We now present the results of our computations of the stability constants.ay,...,a. First
we consider the behavior of the solutions near the bifurcation point » = 1. This analysis is

given in Appendix C and the main results are that
, 12
N==24+0() , o= 3 + 28 — 16¢ (7.1)

where { = 1 — v. Analogous results for the asymptotic form of 1, are given in Appendix
C. Table 1 below compares the asymptotic results for «, with direct computations when
N = 10.

£ (v =1~¢) | Exact (N=10) | Asymptotic
0.11 -84.61 -82.85
0.12 -72.62 -73.92
0.13 -62.84 -66.39
0.14 -54.73 -59.95
0.15 -47.90 -54.40

The asymptotic results show that for small ¢ the solutions are unstable to leading order.
The next order correction, however, is stable since w; < 0 for small §. For general values of
v the coefficients are computed numerically as explained in Section 6. In Table 2 below we
present the results for the parameters A? and w; for a range of values of v. The table also
gives the values of U. These results were produced with N = 6 or 10 and no change in the

accuracy was observed.

v XZ —h U
0.89 | -14.59 | 40.30 | 2.11
0.85 | -10.88 | 21.95 | 2.79
0.80 | -6.84 | 10.77 | 3.51
0.75 | -3.33 | 4.73 | 4.09
0.70 | -0.287 | 1.07 | 4.51
0.65 | 2.30 | -1.29 | 4.79
0.60 | 4.43 | -2.86 | 4.93
0.55 | 6.14 | -3.94 | 4.92
0.50 | 7.41 | -4.69 | 4.74
0.45 | 8.23 | -5.22 | 441
0.40 | 8.70 | -5.64 | 3.92
0.35 ] 8.77 | -6.09 | 3.25
0.30 | 8.57 | -6.97 | 2.37

11




From Table 2 we see that there is a small region, approximately 0.65 < v < 0.7, where
both A? and —w; are positive and so the solutions are stable. The results of Table 2 are
shown in Figure 1. The stability window (the same as in {1]) is present but is very small.

When w3 < 0 then there is a stabilization by the fourth derivative and the structural
stability window is enlarged to 0.36 < v < 0.7, approximately. Note that —w; becomes
negative somewhere in 0.36 < v < 0.365 and in 0.695 < v < 0.7, respectively.

8 Numerical solution of the weakly nonlinear modu-
lation equations

We will solve numerically equations (5.2) and (5.3). We consider the following initial value
problem
pi + z + 3€psz + €(pC)s + 5V przee =0, (8.1)
¢+ Nps + €(1 + oz)eow + € 3przs
+€*(cez + Npps) + € (6 + V)Cazar = 0, (8.2)
p(z,0) = po(z) , cfx,0)= co(z) (1C)

where the initial conditions satisfy
p—1 , ¢c—0 as |x] > o00. ' (BC)

We want to see how a localized perturbation in p and c¢ will evolve, when » and ¢ take
different values.
For the numerical work it is convenient to transform to new variables p — 1 + Ap and

¢ — Ac which makes the boundary conditions homogeneous, so that (8.1) and (8.2) become
pe+ (14 )er + 3epes + € A(pe)s + 56 Vpeeer =0 (8.3)

e+ X214 €)ps + (1 + aa)cet + €3prar
+3A(cey + N2pps) + €(as + V)Cogoz =0 . (8.4)

The constant A is a measure of the nonlinearity and in the numerical experiments it is such
that €A = 0.1 or 0.5.

We will use a spectral method to represent spatial derivatives and a time splitting scheme.
We will therefore be solving (8.3) and (8.4) on a large (compared to the support of the initial
data) but finite spatial region, with periodic boundary conditions. We will integrate the
equations up to the time that p and ¢ disturbances reach the ends of the spatial region, since

unphysical effects due to the boundary conditions will then be felt which are inconsistent

12




with the modulation theory. For the time splitting scheme, which is second order accurate,

the nonlinear and linear terms are treated separately. The split equations are
pt + 63A(pc)l‘ = 07

1 . y
¢+ EGSA(CZ +XpH),. =0,
and
pe+ (1 + fB)Ca: + 3€pee + 563”Pxxrr =0 ,

¢ + /\2(1 + Ea)pz + f(l + a2)czz‘ + f2a3,0xxm + 53(056 + V)Ca:xm: =0

(8.5)

(8.6)

(8.7)
(8.8)

The nonlinear equations (8.5) and (8.6) are a pair of conservation laws. It is easy to see that

the system is strictly hyperbolic with eigenvalues

p=eAlct ),

the strict hyperbolicity being a consequence of A\* > 0 for all v of interest. The time integra-

tion is done by a second order accurate Lax-Wendroff scheme with no artificial viscosity. The

linear part of the equations is solved exactly in Fourier space. Denoting Fourier transforms

by a caret, the solutions of (8.7), (8.8) subject to initial conditions (IC) are given by

p(k,t) = Aret Bt 4 4, 2R
ok, 1) = Byt Byt
where A;, A2, B, B, are constants determined from the initial conditions
pk,0) = o), &(k,0) = colk)
pi(k,0) = (3ek® — 53vk)po(k) — ik(1 + 63)ép(k) ,
&k, 0) = (i€ Koz — ikA*(1 + €2)) po(k) + (ek*(1 + o) — k(v + a6))éo(k)

and given by
— w; —w
Ay = 4 2P0 . A= Pt 1P0

’
W — Wy Wy — W
Ct — welp ¢t — w1
Bl = —————— 3 B2 = ——
W) — Wy Wy — w1

The eigenvalues w;,w; are the two roots of the dispersion relation
w? +w [-—6(4 + a2)k® + €k (6v + as)] + (1 + €)%K\

+E2 k(3 + 3az — (1 + €%)as) — €*k8(8v + 3o + Brag) + 5e8k3 (v + ) = 0

13

(8.9)

(8.10)

(8.11)

(8.12)
. (8.13)

(8.14)



The solution of the linear part of the problem can then be advanced to the level £+ At once
the spectrum of p and ¢ are known at level ¢. A further accuracy requirement, particularly
in the case of imaginary values of w; and w,, is that the exponents w; At and w, At must
be smaller in absolute value than a certain tolerance, typically no larger than 0.1 in our
computations.

Representative computations are given for the values » = 0.69 and » = 0.55. The
corresponding values of € used are 0.008 and 0.01 respectively. The linear spectra for these
parameters computed from the dispersion relation (8.14) are given in Figures 2, 3 and 4 and

the nonlinear evolutions in Figures 5, 6a-b and 7a-b.

9 Conclusions

We have considered the modulational stability of a class of steady spatially periodic solu-
tions of the Kuramoto-Sivashinsky equation. The theory is initially developed in a fully
nonlinear framework and analytical and computational results are presented for linear and
weakly nonlinear regimes. We find that the periodic waves are much more stable than
previously thought due to a high-order stabilizing correction which follows easily from our
theory. Nonlinear evolution solutions are also presented and indicate spatial spreading of

the disturbances.
Appendices

A Derivation of the exact nonlinear stability equa-
tions

In this Appendix we derive equations (2.5), (2.6) and (3.2a-c). Substituting the exact trans-
(2

5
formation (2.1) into the KS equation (2.2) and noting that

_q_)g_l_lg_a__*_g i
ot At e 'Oy YPPt ey

0 N o} +1 0 + o 9
dr Ot epay PPz 5y
with the 38_1/ derivative acting only on U, yields the transformed KS equation in which ¢ is

an order parameter.

1
= [(Pot + pPc+ 3epps + €V (ppacs + Fx)) U,
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+ (VU + Uy + PzVUyyyy)] + 61_2 [P2((Uw)y + wyy + P rwyyyy)

+(pe + (cp)2)U + (6: + cpywy + 2vp*(pi + cpz)Us + 4vp° pzUsy + 8% p° poUbyyy
+ppsU? + 2002 p,UU, + 100p° pUpyy + ¢ + cc + €(pw) U

+261/p2pxU,,w + €cpr + Ewwy + 631/cum]

1 . . .
+- [we + (ew)s + pwwy + poal +20((p p2)s + pp2)Us + 41 002U

+patwy + 2pway + V(pF + 6(p”pz)z)Uyy + 207 (pF* + 3(p" p2)e + 60°p7) Ubyy
12402 0% 02 Ury + 60 pstyyy + 40 Wiy

[wes + 202 (pF* + F¥ + ppaF)Usy + 40°(pF"™ 4 3(p* p2)a + ppo F**)Uiuy
+321/4p5p2U,,Wy + 12vpp,Wyyy + 610> Wrzyy + I/Fwyy]

tev [ prosall + 20(FY + ppopaza)Us + 40*(Fy” + ppaF*)Uss

F803((0*02)s + e F " VWos + 160 0° 0 Usnns + 4Pty

40 Way + 6psWazy + PrzeWy] + EVWaszr = 0.

(A1)

Here

F =3(ppz)z + Pz »

F = (p*pz)oz + (pp2)s + PP2pas »
F = 2(p°ps)z + 407 p% + p(p*P2)e
P = (p°02)s + ppz(P?ps)z + 0715 -

Equation (A1) above has been rearranged in ascending powers of ¢ and certain terms
have been grouped together as we explain next. The objective is to derive exact nonlinear
modulational equations which hold in the asymptotic regime ¢ < 1 without the need of
cumbersome solvability conditions at each order of the expansion. The modulation equations
act as all order solvability conditions. This is achieved by making the fluctuation w* have
zero mean. Since the determination of w* depends on solutions of an equation of the form
L(w®) = f(y) where f(y) is a known forcing function, it is necessary that f have mean zero
and that w* has zero mean if f(y) does not contain terms proportional to ;. All terms
proportional to U,, therefore, are grouped together, as shown in (Al) above, and ¢, p are
chosen so that the mean of f and the coefficient of U, vanishes for all z and t. The equations

are
(3(ppz)e + PPe2)e + PPzax | _ 0, (A2)

pe + (cp), + B€poz + €V ,




¢t + ccz + Upp, + 200U, p°p, + eU(pw), + 2evU, wp’p,
ey + EWWy + € Veggey = 0. (A3)

Note that (2.3a) is obtained by dividing (A2) by p and differenting with respect to z. With
the above choice of modulation functions, the equation that governs the fluctuation w be-

comes
p2L(w) + Fo+ eF + EF + EvFs + elvwgprs = 0.

where the functions Fy, Fi, Fs, F3 are
K = —21/p3czU,, + 101/p3szyyy + 81/2p5pquyyy

+4vp3p U,y + ppo(U? = U?) + 2vp°p.(UU, — UT,),

Fi = (pw)U — (pw).U + 2vp* pr(wU, — wU,) + w; + (cw),
+pwwy — 2pswy — 6102 p2cUy — 3pzz + pralU + 2V(PP?: + (P2Pr)r)Uv
+42p° pgUss + v(pF + 6(p%p2)2)Uyy + 202 (pF™ + 3(p*p2)z + 69° %) Ubyy

+241°0° 03Uy + 2pwey + 619 potwyyy + 4V Wayyy

Fy = 20%(pF" + FY + pps F)Usy + 4v*(pF* + 3(p* p2)c + ppoF**YUusy

+32V4P5P3Uuwy + Wz + wwy — WW; + 120pprweyy + 6VP2wzryy + v(ppzz + 3(pPz)z)wyy

P
+4V2(F:u + PPa:FV)Uuu + 81/3((,04%72)33 + PP::FVU)UW/U + 16V4p5PiUuuuu
TTT Fz‘
+ [sz - u] wy + 4szz:cy + 4P:zzwz'y + 6pzwzzy 9

B Properties of the linear operator L.
At several points in the analysis we have to solve

L(w) = h, (Bl)
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where, omitting = and ¢ dependence, h = h(y) is a given forcing function with mean zero
and w ='w(y) is also a periodic function with mean zero. The operator £ is defined by (2.8).

It 1s clear that

L) =U,

and so to make the solution of (Bl) have mean zero we must set to zero the coefficient of {/,
in h. Thus, the solvability condition for (B1) is

e h =0, and

o The coefficient of U, in h (if any) is zero.

C Stability analysis near v = 1.

We are interested in the modulational stability of the cellular solution U for values of v just
below 1. Let v =1 — € where £ < 1. A two-term Fourier expansion is sufficient to describe
the steady state U(y) :

U(y; &) = Upsin(y) + Uy sin(2y) + ...

Uy = =2 12282 | Uy =—-2¢ . (C1)

We also need U, which from (C1) is

U,(y; €) = 121262 5in(y) + 2sin(2y) + ... . (C2)

To fix matters, consider the asymptotic solutions for 1, from equation (6.3b). This solution
leads directly to the value of o, which is one of the important stability parameters. The

solution ), is

12(y) = a1 sin(y) + a2 sin(2y) + by cos(y) + b, cos.(2y) 4.0 . | (C3)

Since the forcing terms of (6.3b) can be expanded in a series of cosines, we expect a; = a; = 0.
This holds for general values of v (verified numerically), and it is shown here that the result
also holds near » = 1. Substituting (C3) into (6.5a) and (6.5b) with N =2 and m = 1,2

yields the decoupled linear equations

. .
(§U2+(V— 1))(11 —U1a2=0 ) (041)
%Ulal.—i— 4(4v — l)ay =0 , (C4.2)

17



(—%UQ + (I/ - 1))b1 bl U1b2 = —2(1 - 6)121/26—1/2 5 ((751)

1

The determinant of the coefficient matrix of the first system is D = 32¢2, and so the trivial
solutions a; = ay = 0 follow as expected. The second system gives

1 12 30

1 .
121/2 (53/2 - HE

+18¢17%) , by = “F +1 . (C6)

These expressions are exact in £. From the definition (4.9) of o, and using x; = 9,3, we find

b] = —
1 12 .
Qo = —:2-\U1b1 - (]21)2 = —? + 28 — 166 . ((/7)

We note that this result can also be obtained from an asymptotic analysis of the differenti-
ated equation (5.7b) for x,. Comparison of the asymptotic expression (C6) with the direct

simulations shows that they are in excellent agreement (see Section 7).
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Stability results

20.0 . . - ;
10.0 - A? i
0.0 |
-10.0 ; -1 - ' " L
0.2 0.4 0.6 0.8 1.0

o Figure 1 Linear stability characteristics, ¢ = 0.025. Structural stability is achieved
when A\? and —w; (from the fourth derivative terms) are positive. If we stop at O(k?),
a small structural stability window is obtained when A* and —w; are positive, as seen
in the figure. Inclusion of higher order terms extends the structural stability window

significantly.
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Spectrum of most unstable mode

v=0.69 e=0.95
0.0 . ; :
-5000.0 |
-10000.0 |
-15000.0 : . '
0.0 2.0 4.0 6.0 8.0

k

e Figure 2 The most unstable eigenvalue computed from the exact dispersion relation
(8.14) or equivalently (4.12) (the difference is a scaling factor due to a change of
variables). The parameters are v = 0.69, € = 0.95 corresponding to a stability window
where both the O(k?) and O(k*) terms are dissipative.

Spectrum of most unstable mode
.69 £30.008

T

100.0 T

50.0

0.0

-50.0

-100.0

0.0 50.0 100.0 150.0
k

e Figure 3 As in Figure 2, but ¢ = 0.008. For this € a large but finite band of unstable
modes is obtained.
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Spectrum of most unstable mode
v=055 e=0.01

100.0 T T

0.0

-100.0

-200.0

-300.9,5 50.0 100.0 150.0

k

e Figure 4 As in Figure 2, but » = 0.55, ¢ = 0.01. For this v the O(k?) term is unstable
and the O(k*) term is dissipative. There is a small band of stable modes near k = 0

and a large band of unstable modes.

Weakly nonlinear evolution

v=0.69 =095
0.40 — . .
0.30 | :
0.20 -
[}
0.10 i
0.00 .
0195 20 ‘ 4.0 ' 6.0 8.0
X

e Figure 5 Solution of the nonlinear system (8.3), (8.4). The initial condition for p
and c is a Gaussian of amplitude 0.25 centered at the midpoint of the domain. The
evolution of p is shown for v = 0.69, € = 0.95. The corresponding ¢ decays fast to a
steady state (equal to the mean of the initial condition) by the end of the computation.

The spectrum corresponding to this run is shown in Figure 2.
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Weakly nonlinear evolution

v=0.69 €=0.008

0.40 :

0.30 -
0.20 .

(=9
0.10 1
0.00 .
0109 2.0 4.0 6.0 8.0
X

¢ Figure 6a As in Figure 5, the evolution of p for € = 0.008. The spectrum is shown in
Figure 3.

Weakly nonlinear evolution
v=0.69 £=0.008

0.40 T T T

0.30 4

0.20

0.10

0.00

-0.10 ! N t . ! "
0.0 2.0 4.0 6.0 8.0

e Figure 6b As in Figure 6a but evolution of c.
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Weakly nonlinear evolution

v=0.55 &0.01
0.40 . . T
0.30 -
N
0.20 | ]
Q

0.10 T

0.00 .

{)'100.0 ‘ 2.0 4.0 6.0 8.0

X

o Figure 7a As in Figure 5, evolution of p for » = 0.55, ¢ = 0.01. The spectrum is

shown in Figure 4.

Weakly nonlinear evolution

. va0.55 ex0.01
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¢ Figure 7b As in Figure 7a but evolution of c.
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