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Abstract

It is beneficial to use a distributed parameter model for large space
structures, because the approach minimizes the number of model
parameters. Holzer's transfer matrix method provides a useful means to
simplify and standardize the procedure for solving the system of partial
differential equations. Any large space structures can be broken down into
sub-structures with simple elastic and dynamical properties. For each single
element, such as beam, tether, or rigid body, we can derive the
corresponding transfer matrix. Combining these elements' matrices enables
the solution of the global system equations. The characteristic equation can
then be formed by satisfying the appropriate boundary conditions. Then
natural frequencies and mode shapes can be determined by searching the
roots of the characteristic equation at frequencies within the range of
interest. This paper applies this methodology, and the maximum
likelihood estimation method, to refine the modal characteristics of the
NASA Mini-Mast Truss by successively matching the theoretical response to
the test data of the truss. The method is being applied to more complex
configurations.

1. Introduction

Control of flexible spacecraft is best analyzed by representing, in a
single set of equations, all of the structural modes and the control system
dynamics. Distributed parameter models enable this approach based upon
the classical partial differential equation theories. In the early 1960's, the
distributed parameter approach was developed simultaneously with the
lumped parameter approach [1-3]. With the event of high-speed and large-
memory computers the finite element method has been developed much
more extensively than the distributed parameter approach. However, the
advantages of the distributed parameter approach to control synthesis,
parameter estimation and integrated design have been largely neglected by
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the technical community. It is the purpose of this paper to show the
advantage of employing the distributed parameter approach to large space
structures.

Holzer's transfer matrix method provides a useful means to simplify
and standardize the procedure for solving the system of partial differential
equations. Also, the transfer matrix method enables the construction of a
relatively simple mathematical model for complicated structures. It is of
great practical value to take advantage of catalogs of the most important
transfer matrices readily available. A complex structure, then, only requires
combining individual matrices to represent the structure which consists of
connected elements. The similarity of this concept to that of the transfer
function is particularly useful to control analysis.

The transfer matrix method itself has been a matured method [4], and
its power has been shown in several technical areas [5,6]. But, little use of
the transfer matrix method has been made for the distributed modeling,
parameter estimation and control of large flexible space structures.

In this paper we applied the transfer matrix method, accompanied by
the maximum likelihood estimation technique, to estimate the lateral
bending characteristics of the NASA Mini-Mast truss (Fig.1.1)[7] by matching
the theoretical transient response to test data. The Mini-Mast truss is a
ground testbed for the Control-Structure Interaction (CSI) program. The
total height of the truss is 20.16 meters, containing 18 deployable bays.
Two instrumentation platforms have been installed at BaylO and Bayl8.
Mini-Mast has 162 major structural elements. Finite element models of the
truss involve thousands of elements. The distributed parameter model of
the Mini-Mast truss used in this paper consists of two flexible beam elements
and two rigid bodies.

The shear deformation of the truss requires a Timoshenko beam
model in order to match the frequencies at higher mode numbers. It is also
necessary to extend the simple model by adding the so-called "appendage
model" to account for the effects of dynamics of diagonal struts and
associated hinge bodies. The method of this paper is shown to be applicable
to more complex configurations.

2. Derivation of Transfer Matrix

Holzer's transfer matrix method [4] provides a useful means to simplify
and standardize the procedure for solving the partial differential equations.
Any large space structures can be broken down into sub-structures with
simple elastic and dynamical properties. For each single element, such as
beam in bending, rigid body, we can derive the corresponding field matrix
and point matrix. Combining these elements' matrices in a required
manner, one can calculate the responses, i.e. the solution to the global
system equation, by proceeding from one point of the system to the other.

This paper concentrates on the estimation of the lateral bending
frequency of the NASA Mini-Mast Truss. The truss is modeled as two
successive beam elements with two rigid bodies at the Bay10, and Bay18 (tip
of the truss), respectively. To derive the transfer matrix we consider a



o

(23
.

by ﬂ""-.
-’
<

s -
.. -
-

Fig. 1.1 NASA Mini-Mast Truss

“original photo not available”
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cascaded beam-body system (Fig.2.1). The jth section consists of a flexible
beam whose elastic and dynamical properties will be described by a field

matrix, and a rigid body whose dynamical pro

perty is presented by a point

matrix. When necessary, we will designate any corresponding quantities to
the left and right of a rigid body by superscripts L and R.
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Fig. 2.1 A Cascaded Beam-Body System

The lateral bending of the beam is represented by the Bernoulli-Euler

beam equation,

4
oy L19Y

0z4

2.1

where, y(zt) is the lateral displacement, and a2=k/m where k=EI bending

stiffness and m=pA mass per length of the beam. By separation of variables
y(z,)=Y(2)T(t), we have two ordinary differential equations in Y(z) and T(t),

Y”I’(Z) - B4 Y(Z) =
and

0

T@) + 0? T() =0

(2.2)

(2.3)

where, p4=w2/a2 The solution to the Eq.(2.2) has the form,

Y(z) = Asinfz + Bcosfz + Csinhfz + Dcoshpz

(2.4)

At the left end of the beam (z=0), the displacement Y(0), slope Y'(0), shear

Q(0), and bending moment M(0) will be
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Y?l = Bj + Dj

YR = AjBj + CjB;

Q) = KY(0) = AP - CikiB;
M{; = -kY[(0) = BB} - Dikif;

or written in matrix form as,

Thus,

B 0 1 1 o |
] . 28 xp? .
[A\ 0 1 0 1 ly‘ % 0 0 _1_2 ’Yl

Bi_| B 0 B o0 Yl _ 2kB Y 2.5)
C{ |k’ 0 x> 0 Q o L .1 9 Q
2 2 2B 2kp°

D/j L o kxp* o -kp*J; \M/j, M /i

1 0 o -1

L2 2%p> i

Similarly, at the right end of the beam (z=L;), the corresponding quantities
are,
YE‘ = Ajsinf3iL; + BjcosBiL; + Cjsinh;L; + DjcoshB;L;
Y' = ABjcosBiL; - BBjsinBiL; + CBjcoshBjL; + D;B;sinhBiL;
7”7’ 3 3 . 3 3 .
Q}‘=ij (L)=-Ajijj COSBij + Bjijj smBij + Cjijj COShﬁij + Djijj sthij
” 2. 2 2. 2
M}‘:—kYJ‘ (L)=-Ajijj smBij - Bjijj COSBij + Cjkjﬁj s;nthLj + Djijj COShBJ'Lj
or written in matrix form as,

I sinfL cospL sinhBL  coshpL

Y \L A
[Y' _ BcosBL  -BsinBL  BcoshBL  PsinhfL B l
1Q kB cosL. kB’sinBL kP coshPL k’sinhpL | | C
M 2. 2 2. 2 D
| -kB"sinBL -kB cospL kBsinhBL kP coshfL |

(2.6)

—.

Substituting Eq.(2.5) into Eq.(2.6) we obtain
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where, the field matrix of the jth beam element,

2.7

LicospL+coshBL) 1 (sinBL+sinhfBL) —1 _(sinBL-sinhBL) 1 (cosBL-coshBL) ]
2 2B 2kp° 2kp?
- E(sinBL-sinhBL) LicosPL+coshBL) —1 (cospL-coshBL) - —L_(sinBL+sinhpL)
(FM] = 2 2 2kp? 2kB
i=
;—kB:’(sinBLﬂinhBL) - ;—kBZ(cosBL—coshBL) - %(cosBLAcoshBL) g(sinBL-sinhBL)

- %kﬁz(cosBL-ooshBL) - %kB(sinBL—sinhBL) - Elg(sinBLﬂinhBL) - %(cosBL+coshBL)

. _Jj

Yom

S
Qj "I gj
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Fig. 2.2 Free Disgram of a Rigid Body

Next, let us consider the jth body (Fig.2.2). The translational and
rotational motions of the body can be described by the following equations,

™y Yon = Q- & 2
= M- - - g @9)

For homogeneous motions, Egs.(2.8) and (2.9) can be written as,
Q}z - Q} - %Y oy (2.10)
M? = M} + Q}‘r? + QH- - Ij(ozY'J’-‘ (2.11)

But, the displacement of the center of mass, Ycm, is related to YjR and YjL by,



YR = Yo - R YR (2.12)
Yy = Yo +1- YE (2.13)

From Eq.(2.13), we see that
Yem =Y} -1k YT (2.14)
To keep the compatibility of the deflection, it must be that
YR =yt (2.15)
Substitution of Egs.(2.14) and (2.15) into Eq.(2.12) gives

YR=Y -1 YL (2.16)
where, 1j =1+ X,
Substituting Eq.(2.14) into Eq.(2.10) we obtain

Q= Q- mw? (YF-1+ Yt (2.17)
Substituting Eq(2.17) into Eq.(2.11) we can derive
MR = M+ 1 Q- mwlRyk - (J;- D (2.18)

Collecting Egs.(2.16), (2.15), (2.17) and (2.18), and writing in the matrix
form we obtain

l YR Y\L
Y ~pm) )Y (2.19)
Q 1 Q
MJ; M/
where, the point matrix of the rigid body element,
i 1 - rj 0 0 ]
0 1 0 0
[PM] =
- mj(o2 mj(ozr}* 1 0
- mje?rk - (-myrRrh)e? I 1 ]

Substituting Eq.(2.7) into Eq.(2.19) we obtain



’Y R Y\R
Y\ Zle) .Y (2.20)

W, il

where, the transfer matrix of the jth section,

oy P2 Pz DPu
Oy b On Ou
d3 O On Pu
Dy Pp P Du lj 1

[(D]j.j-l =[PM];[FM]; =

The elements of the transfer matrix are listed below:

® = -;j(cosBL + coshfL) + %Br(sinBL - sinhfL)
D, = —lﬁ—(sinBL + sinhfBL) - Iz—(cosBL + coshPL)
2

D3 = —L?(sinBL - sinhBL) - ——(cosBL - coshfL)

2k 2kB
Oy = —1—2(cosBL - coshpL) + —L—(sinpL + sinhPL)
2kB 2kp

D, =- —[;—(sin[iL - sinhBL)
O,y = %(cosBL + coshBL)

D3 = 1 2(cosBL - coshfBL)
2kpB
@4 = - —(sinpL + sinhfBL)
2B

O3 =- %moﬂ(cosﬁL + coshPL) - %Bmmer(sinBL - sinhL) + %kf?(sinBL + sinhPL)
@3y =- —1Emu)2(sinBL + sinhBL) + %mcoer(cosBL + coshPL) - %sz(cosBL - coshPpL)
2

D33 = - mﬂ%(sinBL - sinhPL) + m7'ITI“(czos[3L - coshPL) - %(cosBL + coshfL)
2kB 2kB

D3y =- m(’)zz(cosBL - coshPL) - mwer(sinBL + sinhpL) + E(sinBL - sinhBL)
2kPB 2kpB 2

D41 =- %merR(cosBL + coshPpL) + %—(I-errL)(oz(sinBL - sinhBL)
+ —é—kﬁ3r(sinBL + sinhfL) - %—kB2(cosBL - coshBL)



D4y = - 2—1[3—m0)2rR(sin[3L + sinhpBL) - %(I-errL)(oz(cosBL + coshpL)

; %szr(cosBL - coshpL) - %kB(sinBL _ sinhBL)
Oy3 =- —1§mco2rR(sinBL - sinhpL) - Lz(l-errL)w%cosBL - coshfL)
2kB 2k
- %(COSBL + coshPL) - iﬁ(sinBL + sinhpL)
2

Dy = - —LmarR(cospL - coshPL) + —(-mrRrL)w(sinBL + sinhBL)
2kp> 2kB
+ %Br(sinBL - sinhBL) - %(cos[iL + coshfL)

3. Characteristic Equation: Eigenvalue and Eigenfunction

After establishing the equation of motion of a global system by
combining the transfer functions of all necessary elements, the natural
frequency and mode shape function can be solved by satisfying the

appropriate boundary conditions.

R
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Fig. 3.1 The Mathematical Model for NASA Mini-Mast

As amathematical model of the NASA Mini-Mast truss, it consists of two
successive beam elements with two rigid bodies at the Bay1l0 and Bay18
(Fig.3.1). Using the transfer function in Eq.(2.20) we can see
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Y\R Y\R Y\R
YV =[@] 2@ 10 Y'\ =[<I>]zo[Y'\ (3.1)
Q PN Q °\
M|, Mlo Mo
Now let us consider the boundary conditions. At the fixed end we
have

Yo = Yo = 0 (32)

at the free end,
Q=Mz=0 (3.3)

Applying the BC.'s to the Eq.(3.1) we get

’ Y \ R 0\R
Y' 0
i =D 3.4
\ 0 ’ [ ]2.0 Q (3.4)
0/, Mo
Rearranging the state vector we will have
‘ % \R
Y'y
A =10 .
My

The condition for Eq.(3.5) having non-trivial solution is that the determinant
of the coefficient matrix equals to zero, that is,

-1 0 D13 Du

Det[a]=Det| © ! ®2 ®*|=0 (3.6)

0 0 dn Du
0 0 da Qu

where, ®j's (i=1 to 4, j=3,4) are the elements of the transfer matrix [P]2,0.
Eq.(3.6) is the so-called characteristic equation. Expanding the determinant
in Eq.(3.6) we can rewrite the characteristic equation as

D33 Oyg - P34 P43 =0 (3.7)

Solving for the roots of the characteristic equation, Eq.(3.7), we can get the

eigenvalue's B's. To verify the theoretical derivation we have deduced the
characteristic equations for two simple examples from the foregoing
characteristic equation (Eq.3.7) as follows:

For a cantilevered beam:



cosBL-coshBL = -1
For a cantilevered beam with a tip body:

1 + cosPBL-coshpL = - Wﬁ BL ( cosBLsinhBL - sinBLcoshpL )
b

where Wy, is the weight of the beam; W is the weight of the body. These
results are identical with those given in commonly used textbooks [8].

To establish the mode shape functions we must solve the Eqgs.(3.5) and
(2.19) simultaneously, that is,

2 (3.8)
0 D33 Dy lﬁg[
L0 Dy3 Dyq |
and
N g, 3
‘é =[PM]1’({2 (3.9)
\M 1 'M{l

The later equation represents the compatible conditions of the deflections,
forces, and moments between the two sides of the Bodyl. Because of the
translational and rotary inertias of the Bodyl, the shear and bending
moment have jumps at the connection point of the two beam elements,
while the deflection functions are still continuous.

According to the solution function, Eq.(2.4), we can express the state
vectors in Eqs.(3.8) and (3.9) in terms of the coefficients Aj, Bj, Cj and D;
(j=1,2) by using the following relations:

3 3
Qf = A1kiPT - Ciki By
Mg = Blkllﬁ - lellﬁ

YIf = AlsinB1L1 + B1008B1L1 + ClsinhﬂlLl + chOShB1L1
Y'I = AiBicosBiL, - BB;sinBiL; + CiBicoshB;L; + D;B;sinhBL,
Q} = - Ak BicosBiL; + BikBisinB;Ly + Cik;BicoshB Ly + D1k, BisinhB;L,
MY = - Ark;BIsinBiL; - BykiBicosBiL + CykBlsinhBL; + Dik;Bicoshp,L,
(3.10)
YR =B, +D,
Y} = A8, +CyB,
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3 3
Q} = AxkaBz - C2kaff2

2 2
MR = BokyP3 - Dokaf3?

YR = Y = Agsinfol, + BocosPala + CasinhBsL; + DacoshBal
Y& = YL = AjBacosPaLz - BoBasinoLa + CofacoshBalz + D,PB,sinhBoLa

Substituting the quantities in Eq.(3.10) into Egs.(3.8) and (3.9) we
obtain a matrix equation in the coefficients Aj, B;j, C; and Dj ( j= 1,2),

- le:d)u ka?‘bu - le?(bl! - k153¢14 ous o6 o7 ous _\
le::(DB k1B?‘bu - le?d)n - leT(Du Oas O2s Oz7 Ols A
BiDn KOs - kifidy -kipids O 0 0 0 1(3:,
KiBibe KiBi®u - kiidss-kifidu O 0 0 0 !
ost o2 os3 Olse 0 -1 0 -1 212 B [0] (3.11)
sl 62 O3 Olsa - B2 0 -B2 0 22
on an o7 Ol7a - szg 0 k;B; 0 D,
L as Olg2 Olg3 Olgs 0 - szi 0 sz; ]

The elements expressed in ajj's in coefficient matrix are listed below:
ays = - sinfyLs

a6 = - cosPala

o7 = - sinhPBa2la

o g = - coshBola

azs = - PacosPala
026 = BasinB2l2
07 = - BacoshPBoLo
ooy = - stinthLz

sy = sinPiLy - riBrcosPily
atsy = cosPiLy + 11 BysinBila
as3 = sinhPiL - riBicoshPily
os4 = coshPily - r1BysinhfBiL4

ae1 = BrcosPila

ots2 = - BisinPiLly
Olg3 = B]COShB1L1
otgs = BrsinhBiLy



a1 = - mofsinBiLy + mi?iBicosP;L; - kiBicospiL;
a7z = - m’cosPiLy - mwiP;sinBiLy + ki BisinfiL,
73 = - m@?sinhBL; + my?tBicoshBiL; + klﬁ?cosh[}lLl
074 = - my@?coshPiL; + myw?iB;sinhBiL; + kll-ﬁSinhBlLl

og1 = - m@’rysinBiLy - (-myrfrh)?BicosBiL - rikiBicosPiL - kiBlsinBiLy
ogy = - m@’ricosPily + (I-myrirp)w?BisinBi Ly + rik; Bisinp,L; - kiBicospiLy
ogy = - m@’rfsinhBiLy - (L-myrfr)w?BicoshBiL; + rikyBicoshBiLy + kyBisinhB,Ly
0gq = - me?rRcoshBi Ly - (I1-myrRrbyw?;sinhB, L, + rlkIB?sinhBlLl + k;1Bicoshp; L,
The solution to the Eq.(3.11) will give infinite sets of coefficients
corresponding to each order of eigenvalue, which are usually called the

modal participant coefficients. Assume that the solution is normalized with
respect to Dy, that is, Da=1. Then we will have a specific set of coefficients

corresponding to an eigenvalue Bji, which is now assumed in the form of

Ar=cy, Bi=cy, C= c3;, Dj=c4 For Beaml

Az=cs5, By=cs, Cy=c7, D=1  For Beam2 (3.12)

Substituting the coefficients in Eq.(3.12) into the solution equation Eq.(2.4),
we obtain the eigenfunctions, or the mode shape functions,

Yi2) fcl§inB1;+czposBI;+C3§inhBI,Z+C4posh[31; For Beaml
i(z) =

cssinPaz+cscosPaz+crsinhByz+coshByz For Beam2

(3.13)

4. Theoretical Response

When the proportional damping is taken into account the Bernoulli-
Euler beam equation will be

2 4
mé—y+ca—y+ka—y=0 4.1

ot? ot dz4

where, ¢ is a damping constant of proportionality which is assumed as
c=2bm. After separation of variables and introducing the generalized
coordinates Tj(t), we obtain

L

Z Ty f [mY;Y;] dz + Z T; f [cY;Y;] dz + 2 T; f [kY;Y;]dz =0

0
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which yields all zeros except for the one term in each when i=j according to
the orthogonal property of the eigenfunctions, that is,

m i) + cTit) + kTi) =0 (4.2)
where,
[L
m =} m Yiz dz generalized mass
b
rL
k=] k Yiz dz generalized stiffness
)
L
=] ¢ Y% dz = 2bmy generalized damping
Jo

Expressing Eq.(4.2) in modal form we obtain
T, + 25my Ty +@f Ty =0 (4.3)
where, 2&; 0; = ¢i/m; and ;2 = ki/m;. The solution to Eq.(4.3) is now
T; (1) =e 5@ (A cos 04t + B sinoat) (4.4)

where, Aj and Bj are the coefficients dependent on the initial conditions. By
superposition, the solution to the Eq.(4.1) can be written as

y(z,1) = 2 Yi(z) e 5% ( Aj cos wgt + B sin W4t ) (4.5)

where, the eigenfunction Y;(z) has been derived in Eq.(3.13). Recall that we
have defined that

a2=k/m, 2b=c/m, and Pi=w2/a2 46)

Then the damping ratio &; and the damped natural frequency ©dj can be
expressed in terms of the parameters a and b,

f=-S =b and og=eV1-& = V (aB2)” - b2 @.7)

- 2m;; aB?

By superposition, finally, the solution to the Eq.(4.1) can also be written in
terms of the parameters a and b,



y(z,t) = Z Yi(z) ebt ( Acos tV (a[3i2)2 -b? + B;sin't (aBiz)2 -b% ) (4.8)

5. Estimation of Modal Characteristics of NASA Mini-Mast

The maximum likelihood estimation method (MLE) is used to estimate
the modal characteristics of the NASA Mini-Mast truss. The iterative formula
for the MLE estimator has been derived in Ref[9],

~ m -1 m
9=90+[2(V9Yj)TR‘1(Ve)’j):] liZ(VOYj)TR-l(Yj'on)] (5.1)

J=1 =1

where,
Yo nominal response calculated by using 0

09 nominal 0 vector

Vey; gradient of y with respect to 8
R covariance of the measurement noise

The unknown parameter vector 6 will be defined as
6 =[a b, A;,A2,...,A;, By, By,...,B,T (5.2)

Because we have got the closed-form solution y(zt) (Eq.4.8), the gradient

VoYi can be easily obtained by directly taking the derivatives of y with
respect to the unknowns. The closed-form expressions of the gradients
have been derived,

2
W = Yia) e-btia;—_ [- AssintV @BD” - b2 + Bicos tV @D’ - b? ]
da i ‘V (aﬁlz) - b2

g—y(z,t) = z Yi(2)t e-b‘{ - AjcostV (a[3i2)2 - b? - B;sin tV (aBiz)2 - b?
b i
+ —bz—_ [AisintY @BD) - b2 - Bicos ¥ @p)>- b2 | }
V @ph” - b2
fl (z,t) =Yi(z) e-Ptcost (a[3i2)2 - b®
A.

1

aa—y (z,t) =Y;(z) e-btsinty (aBiz)2 - b?

1

(5.3)
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Now we use Eq.(5.1) iteratively, considering yj as the measurements

on a certain location of the beam at each time instant, and Yig as the iterative

response values calculated by using the updated fp, at the same location and
instant. When the innovation of the unknown parameter vector reaches the

required criterion we may obtain the estimate 6 of 6. All the modal
properties are related to the parameters a and b (Eq.4.7), thus we can obtain
the modal properties as long as these unknown parameters are determined.

The test data is contained in Ref.[10], which was measured by one
displacement sensor installed at Bay18, mounted parallel to the flat face on
the corner joints of the structure and positioned to measure deflections
normal to the face.

Table 5.1 shows the estimated frequencies which are compared with
those obtained from Finite Element Analysis (FEA) and an Eigensystem
Realization Algorithm (ERA) [11]. Fig.5.1 shows that the reconstructed
response obtained from the estimated parameters and the measured response
have a reasonably good fit.

6. Concluding Remarks

This paper has demonstrated the principles for applying a transfer
matrix method to the parameter estimation of large space structures. The
transfer matrix for the system with flexible beam elements and rigid bodies
has been derived. The procedure for establishing natural frequency and
mode shape has been described in detail. Maximum likelihood estimation
method has served to conduct the parameter estimation. Comparing with
the finite element model, the decrease in the number of unknown
parameters by the present method is significant. The calculation, therefore,
becomes highly efficient. The estimated results are compatible with those
obtained by other traditional methods.

Further research is needed to formulate a more general method for
more complicated structures. Some problems require coordinate
transformation for non-perpendicular attachment elements. Transfer
matrix for a branched structure must be considered. It is also desirable to
develop a more efficient computer software based on the transfer matrix
method, such as the new version of PDEMOD [12].
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Response (ft.)

Teble 5.1 Comperison of Estimated Bending Frequencies (tz.)

No. FEA. ERA. DPA.
1 0.80 0.86 0.77
2 6.16 6.18 6.64
3 32.08 32.39 29.77
4 44.86 43.23 60.92
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Fig. 8.1 Comparison of Reconstructed and Measured Responses



