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Section I- Description of the Problem that Motivated the Technology Development

Ceramic matrix composites (CMC) and intermetallic materials (e.g., single crystal nickel

aluminide) are high performance materials that exhibit attractive mechanical, thermal, and chemical

properties. These materials are critically important in advancing certain performance aspects of gas

turbine engines. From an aerospace engineer's perspective the new generation of ceramic composites

and intermetallics offers a significant potential for raising the thrust/weight ratio and reducing NO,

emissions of gas turbine engines. These aspects have increased interest in utilizing these materials in

the hot sections of turbine engines. However, as these materials evolve and their performance

characteristics improve a persistent need exists for state-of-the-art analytical methods that predict the

response of components fabricated from CMC and intermetallic material systems. This need provided

the motivation for the technology developed under this research effort.

Continuous ceramic fiber composites exhibit an increase in work of fi-acture, which allows for

"graceful" rather than catastrophic failure. When loaded in the fiber direction, these composites retain

substantial strength capacity beyond the initiation of tram,erse matrixcrac g despite the fact that

neither of its constituents would exhibit such behavior if tested alone. As additional load is applied

beyond first matrix cracking, the matrix tends to break in a series of cracks bridged by the ceramic

fibers. Any additional load is born increasingly by the fibers until the ultimate strength of the composite

is reached. Thus modeling efforts supported under this research effort have focused on predicting this

sort of behavior.

For single crystal intermetallics the issues that motivated the technology development involved

questions relating to material behavior and component design. Thus the research effort supported by

this grant had to determine the statistical natureand source of fracture in a high strength,Nu_l single

crystal turbine blade material; map a simplistic failure strength envelope of the material; develop a

statistically based reliability computer algorithm; verify the reliability model and computer algorithm;

and model stator vanes for fig tests.

Thus establishing design protocols that enable the engineer to analyze and predict the

mechanical behavior of ceramic composites and intermetallics would mitigate the prototype (trial and



error) approach cx_renfly used by the engineering commurdty. The primary objective of the research

effort supported by this short term grant is the continued creation of enabling technologies for the

macroanalysis of components fabricated from ceramic composites and imermetallic material systems.

The creation of enabling technologies aids in shortening the product development cycle of components

fabricated fi'om the new high technology materials.
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Section 11- Description of the New Technology that was Developed

The majority of the technology developments relating to ceramic matrix composites was

reported on in a final report for the NASA grant that preceded this effort (NCC 3-310). The

discussion here focuses on the efforts relating to intermetallic technology that occurred under the short

duration of this research project. The new technology pertaining to the nickel aluminide (NiAI)

intermetaIlic primarily focused on expanding the data base of mechanical properties. In addition,

pre "luninary work began on developing aspects ofa multiaxial reliability model for this material.

The nickel aluminide (N'_.I) material under consideration is very brittle and highly anisotropic

(Young's modulus varies from 95 to 271 GPa, depending on the direction of crystallization). Since the

material is brittle and highly anisotropic the statistical nature and source of fracture was studied using

flexural test specimens (re£ 1) fabricated from small billets (25 x 50 x 100 ram) where the direction of

crystallization in each billet was identified prior to specimen preparation. Use of flexural test specimens

allowed a maximum number of test specimens to be fabricated from a given region of a billet. This

permitted the determination of billet-to-billet, and within billet variation of ultimate strengths. Both

factors will affect stator vane reliability. Further, in contrast to tensile testing, flexural testing allows

the location the failure site within a specimen since the asymmetry of flexural loading results in an

identifiable shattering pattern.

Two basic types of flaws are typically encountered in brittle materials: surface defects and

volumetric defects. Volumetric defects include large grains, pores, agglomerates and inclusions, while

surface defects include exposed volume defects (e.g. a pore machined open) and machining or handling

damage occurring during specimen/componem fabrication (ref. 2). Flexural strength results to date

indicate that the material exlu'bits a wide dispersion in strength which can be characterized by Weibull

statistics. Failure origins were identified in 25 of 27 specimens tested. In all cases failure occurred

from singular, coarse I-If-rich or Hf-Ni-AI particles.

Brittle materials frequently fail fi'om a single, strength limiting origin or region within the

material due to the low toughness and low ductility. The strength of such a system is thus governed by

the weakest-link within the system and thus dependent on the surface area and volume stressed during



testing. Wdbull statistics (re£. 3 and re£. 4) are commonly used for _ analysis of components

fabricated from these types of materials. The calculated failure probability is dependent on the stress

state and the material properties of the component. However, this procedure is inadequate to descnlae

experimental data obtained fi'om test specimens fabricated from anisotropic materials. The use of N'tAl

in the fabrication of structural components used in gas turbine engines requires a rigorous reliability

theory. Specifically, a reliability theory should combine linear elastic fracture mechanics with

established statistical failure theories. Several isotropic theories applicable to ceramics and glasses have

been incorporated into the public domain computer algorithm entitled Ceramics Analysis and Refiability

Evaluation of Structures (CARES) (ref. 5) code developed at NASA Lewis. This algorithm, when

combined with a finite element method (FEM) stress analysis, calculates fast fracture probability of a

brittle, monolithic structural component. An effort to modify the algorithm to account for the anisotr-

opy of single crystal N'LAI began under this short duration research effort. Future research efforts will

focus on verifying the modeling efforts that began here.

Verification of a failure theory can be accomplished via measurement of points on the failure

envelope and comparison to predictions by the model and code. Each point on the failure envelope

represents a stress state and thus can be measured experimentally for a given material via strength

testing with various geometries. Strength tests planned for verification work include flexure (3 and 4-

point), pure tension, pure compression, torsion and biaxial flexure. To date, uniaxial and biaxial

flextaal tests have been conducted, and a torsion specimen is being designed and verified relative to

handbook solutions. Since the NiAI material exhibits elastic anisotropy and variation in fracture

toughness with orientation (ref. 6), several orientations will be considered in strength testing.
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Section HI- Unique and Novel Features of the Technology & Resu_q_enefits of Application

The primary objective of the principal investigator's efforts is the creation of enabling

technologies for the macro-analysis of aerospace components. During the duration of this research

grant the technical efforts of the principal investigator were made a part of a cooperative agreement

with General Electric Aircrait Engines and NASA LeRC. Specifically, the principal investigator guided

the development of a design analysis which focused on modeling a GEAE stator vanes fabricated from

a nickel aluminide intermetallic material. These vanes will be inserted in a rig test sometime in the near

filture. The modeling has been done via the finite element method, and the CARES algorithm will be

utilized in order to predict component reliability. The modeling effort is described below. The enabling

technologies developed under this research effort and past research efforts will aid in shortening the

product development. The results/benefits of application are compiled in the following summary of this

research project.

ACCOMPLISHMENTS DURING YEAR 1995-1996

During the past year the principal investigator has continued to guide the development of a

design analysis as part of a cooperative agreement with General Electric Aircraft Engines. This effort

is focused on modifying the CARES reliability algorithm for use in the design of engine components

fabricated from N'LAI. This intermetallic material will be utilized in single crystal form and it exh_its

brittle behavior at lower service temperatures. In addition, the brittle strength of this material exhibits

stochastic behavior, i.e., the ultimate strength is a random variable. The design approach advocates the

following:

• Determination of the statistical nature and source of fracture in a high strength, NiAI single

crystal turbine blade material;

• defining a phenomenological failure strength envelope for the material;

• developing a computer algorithm for statistically based reliability models;

• and developing analytical models of turbine blades and vanes for use in test bed engines.
w



From these prelingnary tests it was concluded that the ultimate strength of this material could

be adequately modeled using weakest-link reliability models (otten referred to as Wel_oull analysis in the

ceramics literature). The application of reliability theory to this particular materizd required the

modification of current models (which assume isotropic material behavior) to account for anisotropic

faihre behavior. Several isotropic theories applicable to ceramics and glasses have been incorporated

into a computer algorithm entitled Ceramics Analysis and Reliability Evaluation of Structures

(CARES) developed under previous funding of this grant. This algorithm allows for anisotropi¢

material behavior, however, a reliability model must be tailored to the N'tAI material being analyzed in

this project Work began on this aspect of the project in last quarter the grant period and is unfinished

at the time of the premature close-out of this cooperative work agreement. Note that GE/AEBG

provided researchers supported under this grant with a finite element model of a turbine blade which

will be used in a future fig test. This model will be utilized in revamping the CARES algorithm.

The principal investigator also organized a session for the ASME Biennial Conference on

Reliability, Stress Analysis, and Failure Prevention. This conference was held in Boston,

Massachusetts. The session was entitled "Fatigue and Creep of Materials." In addition the principal

investigator organized a session for the ASME/IGTI International Gas Turbine and Aeroengine

Congress & Exposition. This conference was held in Bh'mingham, England. The session was entitled

"Life Prediction Methodologies: Ceramic Materials."

Conference Sessions Organized 1995--1996:
1. "Fatigue and Creep of Materials," Session #RSAFP - 2; 1lth Biennial Conference on Reliability,

Stress Analysis, & Failure Prevention; S.F. Duffy (chair), 17-20 September 1995; Boston,
Massachusetts.

. "Life Prediction Methodologies Ceramic Materials," Session # - International Gas Turbine and

Aeroengine Congress & Exposition; S.F. Duffy (chair) J.P. Gyekenyesi (vice-chair), 5-8 June
1996, Birmingham, U.K.

Awards 1995-1996:

I. NASA Lewis AwarenessTeam Recognition-member oftheHSR (HighSpeed Research)PhaseI
Team (November 1975)
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SectionIV- U "aliza6onofNew TechnologyinNon-AerospaceAppfications

The technology developed under this research effort has not been applied to non-aerospace

applications.
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Se_on V- Ad_ional Documentation

Publications:

l. "Reliability Analysis of Single Crystal N'tAI Turbine Blades," J.L Palko, S.F. Du_, J.A. Salem,

R.D. Noebe, F. Holland, D.R. Wheeler, P.K. Wright, HITEMP Review 1994, Advanced tragh

Temperature Engine Materials Technology Program, NASA CP-10146, Cleveland, Oh., pp.

56-1 through 56-11, October, 1994.

. "Design with Brittle Materials," S.F. Duffy and L.A. Janosik, to appear in Engineered

Materials Handbook: Volume 20 Material $¢lecti0n and Desigg, G. Dieter, volume chair,

ASM International
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lntr0cluction

As part of a co-operative agreement with General Electric Aircraft Engines (GEAE), NASA LeRC is

modifying and validating the Ceramic Analysis and Reliability Evaluation of Structures (CARES ref. 1)
algorithm for use in design of components made of high strength NiAI based intermetallic materials.

NiAI single crystal alloys are being actively investigated by GEAE as a replacement for Ni-based single

crystal superalloys for use in high pressure turbine blades and vanes. The driving force for this research
lies in the numerous property advantages offered by NiAI alloys (ref. 2) over their superalloy counterparts.
These include a reduction of density by as much as a third without significantly sacrificing strength, higher

melting point, greater thermal conductivity, better oxidation resistance, and a better response to thermal
barrier coatings. The current drawback to high strength NiAI single crystals is their limited ductility.

Consequently, significant efforts including the work agreement with GEAE are underway to develop testing

and design methodologies for these materials.

The approach to validation and component analysis involves the following steps (Fig. 2): determination of
the statistical nature and source of fracture in a high strength, NiAI single crystal turbine blade material;

measurement of the failure strength envelope of the material; coding of statistically based reliability models;
verification of the code and model; and modeling of turbine blades and vanes for rig testing.

Material Testin2 and S_cimen Design

Brittle materials frequently fail from a single, strength limiting origin due to low toughness. The strength

of such a system is thus governed by the weakest-link within the system and is therefore dependent on the
surface area and volume stressed during testing. Weibull statistics (ref. 5) are commonly used for reLi-

ability analysis of components fabricated from such materials. The calculated failure probability is

dependent on the stress state and the material properties of the component.

Several isotropic theories applicable to ceramics and glasses have been incorporated into the public domain
CARES (ref. 1) code developed at NASA Lewis. This post-processor code, when combined with a finite
element stress analysis, calculates fast fracture probability of a brittle, monolithic structural component. As

part of the cooperative agreement with GEAE the code will be modified to model anisotropic materials,

such as single crystal NiAI.

The material being considered has limited ductility, is hi_ghly anisotropic CYoung's modulus varies 95 to 271

GPa; 13.78 E3 ksi to 39.305 E3 ksi) and made in relatively small billets (25 x 50 x 100 ram; 0.98 x 1.96 x
3.94 in.) that will be used individually to produce a vane or blade. Therefore, the statistical nature and

' Resident research associate at NASA LeRC.
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source of fracture is being studied via flexural testing of beam specimens (tel 3), with statistical analysis
of the data and fractography performed on all of the post-tested samples (ref. 4). Flexural testing allows

many samples to be removed from a particular region of a given billet, thereby allowing determination of
billet-to-billet and within billet consistency. These factors will cause a variation in component reliability.
Furthermore, in contrast to tensile testing, flexural testing allows the location of failure to be readily identi-

fied because the asymmetry of flexural loading results in a specific fracture pattern.

Two basic types of flaws are typically encountered in brittle materials such as ceramics or glasses: surface
defects and volumetric defects. Volumetric defects include large grains, pores, agglomerates and inclu-

sions, while surface defects include exposed volume defects (e.g. a pore machined open) and machining or
handling damage that occurs during specimen/component fabrication (tel 4).

Flexural strength results for the single crystal NiAI indicate the material to exhibit a wide dispersion in
strength (Fig. 3) that can be characterized via normal or Weibull statistics. Failure origins were identified
in 27 of 29 specimens tested. In all cases failure originated from regions of interdenddtic precipitation

(Fig. 4). These interdendritic regions always contained a Ni-AI-Hf rich phase (Fig. 5) that was confirmed

by x-ray analysis to be the Heusler phase NizAIHf. Roughly half of the initiation sites also contained HfC
dendrites within the interdendritic Heusler phase (Fig 6). The HfC phase was identified by Auger electron
spectroscopy and confirmed by the shape of the carbon peak (Fig. 7).

Other strength tests planned for verification work include flexure (3 and 4-point), pure tension, pure

compression, torsion and biaxial flexure. To date, uniaxial and biaxial flexural tests (Fig. 3) have been
conducted, and a torsion specimen is being designed and verified relative to handbook solutions.
Verification of a failure theory can be accomplished via measurement of points on the failure envelope and

comparison to predictions by the model and code (Fig. 8). Each point on the failure envelope represents a
stress state and thus can be measured experimentally for a given material via strength testing with various

geometries. As the material exhibits elastic anisotropy and variation in fracture toughness with orientation
(ref. 7), several orientations will be considered in strength testing.

For the torsion specimen design, in an effort to conserve time, materials and machining costs, finite
element analysis was used to characterize the stress response of several specimens. A baseline model and

several variations were analyzed using the ANSYS 5.0 finite element package. The intent was to optimize
the stress response of the specimen such that highest stresses would occur in the gage section of the

specimen, thus concentrating failure within this section. Upon completion of the stress analysis, a CARES

analysis was conducted for each specimen as well.

Each model consisted of three parts: the specimen, a three jaw chuck assembly used to grip the specimen,

and a sleeve of surface elements around the volume of the specimen (see Fig. 9). Note that only half of the
length of the specimen was modeled to take advantage of symmetry. A desired maximum principal stress

of 800 MPa (116.0 ksi) was specified for each specimen. To obtain this stress level, a tangential force in

the circumferential direction was applied at third points to the extremities of the chuck assembly.

A total of nine specimen geometries were analyzed. The use of parametric design language within ANSYS

facilitated easy manipulation of design variables and model creation. The transition length between the
gage section and the grip section of the specimen served as one design parameter. The gage diameter was

the other. The different values for these parameters appear in Fig. 10. The intent was to eliminate stress
risers in the transition section of the specimen and keep the maximum stress within the gage section. A

constant, low stress field was also desirable in the grip section of the specimen. The baseline design
satisfied both of these requirements. A plot of the first _rincipal stress for this model is shown in Fig. 11.

As the gage section of the specimen became larger, higher stresses began to migrate into the transition
section and beyond into the grip section. Also, as the transition length between the grip and gage sections

was changed, higher stresses began to migrate into the transition section. Of the nine designs, no model
behaved better than the baseline design.

56-2



The subsequent reliability analyses reinforced these results. Developing • specimen with high probability of
failure in the gage section and low or no probability of failure in the transition and grip sections was the
objective. Since it is anticipated that this material will exhibit the so called "size effect" (i.e., decreasing

component strength with increasing component size), the overall stressed area of the component would
likely affect the reliability results. This factor was monitored as the results of the different models were

compared. Again, the various iterations in the design provided no reason to switch from the baseline
specimen design.

Comvonent Analysis

As a starting point for the component feasibility study, a two dimensional finite element model of a double

tang blade post and disk assembly was obtained from General Electric (see Fig. 12). This was used with
the NLAI failure data (Fig. 3) to perform the reliability analysis. Fig. 13 shows the approach used for this

type of analysis. Using this approach, the design engineer can concentrate on areas of the component
which possess low reliability and modify them accordingly, thus leading to the optimization of the

component.

Only the blade dove tail section was considered in the reliability analysis. Two separate analyses were

conducted. The first used the entire set of 29 failure data points to calculate the Welbull parameters. The
second involved the assumption that through improved processing techniques, the lowest five failure points
would be eliminated, hence the Weibull parameters were calculated from the 24 highest failure strength

values. The results of the reliability analysis and the respective Weibull parameters appear in Fig. 14.
This analysis clearly shows the effect that reduced scatter has on a reliability of a component fabricated

from a brittle material system.

This effort was successful in demonstrating the feasibility of such design procedures; however, to fully

characterize a component fabricated from this type of material system, a failure criterion has to be
developed that captures the anisotropic behavior of the material. This is a subject for future work and is
identified as a milestone within the work agreement. Other areas of future work include a more complete
characterization of the material's behavior along various crystallographic orientations. Billet to billet

strength variation as well as strength variation within each billet will also be monitored.
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OBJECTIVE

- Modify and validate the CARES reliability code for use in design
of components made from low ductility NiAI based intermetallics.

- This effort is part of a co-operative work agreement between
General Electric Aircraft Engines and NASA LeRC.

FIg. 1

APPROACH

- Determine the statistical nature and source of fracture in high-

strength NiAI single crystal material

- Measure the fracture strength envelope of the material
(may involve characterizations in different material directions)

Develop and code the appropriate failure model to capture
both the statistical nature of failure and the anisotropic
behavior of the material

- Verify the model and reliability code

- Model turbine vanes and blades for rig testing

56-4



WEIBULL PLOT OF FAILURE DATA
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AUGER ANALYSIS SHOWING HEUSI.E]_ PHA_E
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DETAILED AUGEI_ ANALYSIS

OF CARBON REGION
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TEST SPECIMEN ANALYSIS

Finite element model of specimen and chucks
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PRINCIPAL STRESS PLOT OF BASELINE TORSION SPECIMEN
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800.6 116.1

11 CID-94_

PROBABILISTIC COMPONENT DESIGN PROCEDURE

• Approach:

Test Specimen
Complex Geometries

---- Material failure characterization

Fractographic examination of ruptured specimens

------ Component finite-element analysis

Component reliability evaluation

Design optimization
I_. 12 CD-_t-_
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BLADE AND DISK ANALYSIS

Finite element model of blade post and disk assembly

Turbine disk

P_.12 CO-N-418056

SUMMARY OF CARES ANALYSIS OF BLADE

Two reliability analyses were conducted on blade design

- Two sets of Weibull parameters were used

29 Data points

Alpha 8.32

Beta (ksi) 3/a 51,021

Reliability 99.46%

24 Data points

15.30

74,092

99.99%
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CONCLUSIONS

Failure origins can be identified in low ductility
NiAl's with appropriate testing

Torsion specimen geometry was verified through
FEM and CARES analyses

Methods in place for component reliability analyses

Improved processing techniques can be used to
improve component reliability

F_.15
CD-N-4_057

FUTURE WORK

- Test material for billet to billet strength variation

- Test material for strength variation within a billet

- Test for statistical variation along different material

directions

- Develop appropriate failure model for this material

F;g. 16
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Design with Brittle Materials

1. introduction

There is an increasing use of certain types of brittle materials (e.g., ceramics, intermetallics, and graphites) in

the fabrication of lightweight components. From a design engineer's perspective, brittle materials often exhibit

attractive high strength properties at service temperatures that are well beyond use temperatures of conventional ductile

materials. For advanced diesel and turbine engines, ceramic components have already demonstrated functional abilities

at temperatures reaching 1371 °C, which is well beyond the operational limits of most conventional metal alloys.

However, a penalty is paid in that these materials typically exhibit low fracture toughness, which is usually defined by a

critical stress intensity factor, and typically quantified by K_c. This inherent undesirable property must be considered

when designing components. Lack of ductility (i.e., lack of fracture toughness) leads to low strain tolerance and large

variations in observed fracture strength. When a load is applied, the absence of significant plastic deformation or

micro-cracking causes large stress concentrations to occur at microscopic flaws. These flaws are unavoidably present

as a result of fabrication or in-service environmental factors. Note that non-destructive evaluation (NDE) inspection

programs can not be successfully implemented during fabrication. The combination of high strength and low fracture

toughness leads to relatively small critical defect sizes that can not be detected by current NDE methods. As a result,

components with a distribution of defects (characterized by various sizes and orientations) are produced which leads to

an observed scatter in component strength. Catastrophic crack growth for brittle materials occurs when the crack

driving force or energy release rate reaches a critical value and the resulting component failure proceeds in a

catastrophic manner.

The emphasis in this chapter is placed on design methodologies and characterization of certain material

properties. Of particular interest to the design engineer is the inherent scatter in strength noted above. Accounting for

this phenomenon requires a change in philosophy on the design engineer's part that leads to a reduced focus on the use

of safety factors in favor of reliability analyses. Ira brittle material with an obvious scatter in tensile strength is selected

for its high strength atlributes, or inert behavior, then components should be designed using an appropriate design
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methodology rooted in statisticalanalysis. However, the reliability approachpresentedin this chapter demandsthat the

design engineer must tolerate a finite risk of unacceptableperformance. This risk of unacceptableperformance is

identified asa component'sprobabilityof failure (or alternatively,component reliability). The primary concernof the

engineeris minimizing this risk inan economicalmanner.

This chapter will presentfundamentalconceptsand models associated with performing time-independentand

time-dependentreliability analyses for brittle materials exhibiting scatterin ultimate strength. However, the discussion

containedwithin this chapteris not limited to materials exposed to elevatedservice temperatures. The concepts can be

easily extendedto more mundane applicationswhere brittle materialssuchas glassor cements are utilized. Specific

applications that have utilized ceramicmaterials at nearambienttemperatures include wear parts(nozzles, valves,seals,

etc.), cutting tools,grinding wheels,bearings,coatings,elecu'onics, andhuman prostheses.Other brittle materials, such

as glass and graphite materials, have been used in the fabrication of infrared transmissionwindows, glassskyscraper

panels,television cathoderay tubes(CRTs), and high-temperaturegraphite bearings. Thus in this chapter the design

methodologies used to analyze these types of components, as well as components exposed to elevated service

temperatures, are presented. Reliability algorithms are outlined, and several applications are presented to further

illustrate the utilization of these reliability algorithms in structuralapplications. For further background material on

statisticalmethods, the readeris directedto seearticle2-C.

2 Time-independent Reliability Analyses

An engineer is trained to quantify component failure through the use of a safety factor. By def'mition, the

safety factor for a component subjected to a single load L is given by the ratio

R
Safety Factor = -_ (Eq 1)

where R is the resistance (or strength) of the material from which the component is fabricated. Making use of the

concept of a safety factor, the probability of failure (P/) for the component where a single load is applied is given by the

expression
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Pf= Probability / J (Eq 2)_L

In making the transition from a deterministic safety factor for a component to a probability of failure, for the most

general case, the assumption is made that both R and L are random variables. Under this assumption Pf is the product

of two finite probabilities summed over all possible outcomes. Both probabilities are associated with an event and a

random variable.

The first event is defined by the random variable L taking on a value in the range

The probability associated with this event is the area under the probability density function (PDF) for the load random

variable (.fL) over this interval, i.e.,

p_ = f L(x) dx lea 4)

Tile second event is associated with the probability that the random variable R is less than or equal to x. This is the area

under the probability density for the resistance random variable (/'R) from minus infinity (or an appropriate lower limit

defined by the range of the resistance random variable) to x. This second probability is given by the cumulative

distribution function (CDF) for the resistance random variable (FR) evaluated at x, i.e.,

P2 _ FR(x) OEq 5)

With the probability of failure defined as the product of these two probabilities, summed over all possible values of x,

then

P/ = PtPz

= f FR(x)fL(x)dx
(Eq 6)

To interpret this integral expression, consider the graphs in Fig I. In this figure, the graph of an arbitrary

probability density fimction for the resistance random variable is superimposed on the graph of an arbitrary probability

density function for the load random variable. Note that R and L must have the same dimensional units (e.g., force or

stress) to superimpose their graphs in the same figure. A common misconception is that Pf is the area of overlap
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encompassedby the two probabilitydensity functions.

probabilityof failure is really the area underthe compositefunction

g e_ (x) = F R(x) ft.(x)

which is also illustrated in Fig !.

Scrutiny of Eq 6 leads to the appropriate conclusion that the

(Eq 7)

Next, consider the situation where the load random variable has very little scatter relative to the resistance

random variable. For example, ifa number of test specimens were fabricated from a brittle material, say for instance a

monolithic ceramic, the ultimate tensile strength can easily vary by over 100%. That is, the highest strength value in

the group tested can easily be twice as large as the lowest value. Variations of this magnitude are not typical for the

load design variable, and the engineer could easily conclude that load is a deterministic design variable while strength is

a random design variable. This assumption can be accommodated in this development by allowing the probability

density function for the load random variable to be defined by the expression

f L(x) = CY(X - Xo) OSq$)

Here8 istheDiracdeltafunctiondefinedas

,(x-xo) = {0 x=xox _ xo 0gq 9)

Note that the Dime delta function satisfies the definition for a probability density function, i.e., the area under the curve

is equal to one, and the function is greater than or equal to zero for all values ofx. The Dirac delta function represents

the scenario where the standard deviation of a random variable approaches zero in the limit, and the random variable

takes on a single value, i.e., the central value identified here as Xo. Since the Dirac delta function is being used to

represent the load random variable, then Xo really represents the deterministic magnitude of the applied load. Keep in

mind that the applied load can have units of force or stress. However, load and resistance are commonly represented

with units of stress. Thus Xo is replaced with _ an applied stress, and the probability of failure is given by the

expression

P/ - f FR(x)8(x - cr)dx fvq 1o)
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However, with the Dirac delta function embeddedin the integralexpression,the probabilityof failure simplifiesto

P/ - FR(#) (Eqll)

"l_husthe probability of failure is equal to the CDF of the resistance random variable evaluated at the applied load, _.

The use of the Dirac delta function in representing the load design variable provides justification for the use of the

Weibull CDF (or a similarly skewed distribution) in quantifying the probability of failure for components fabricated

from ceramics or glass.

2.1 System Reliability

A unique property of most brittle materials is an apparent decrease in tensile strength as the size of the

component increases. This is the so called size effect. As an example consider a simple component such as a

uniaxial tensile specimen. Now suppose that two groups of these simple components have been fabricated. Each

group is identical with the exception that the size of the specimens in the first group is uniformly smaller than the

sl3ecimens in the second group. The mean sample strength from the first group would be consistently and distinctly

larger in a manner that can not be accounted for by randomness. Thus Eq 11 must be transformed in some fashion

to admit a size dependence. This is accomplished through the use of system reliability concepts. (See article 2-D

for details on formulating the basic equations for system reliability.) ARer the following discussion the reader

should be cognizant that the expression given in Eq 11 represents the probability of failure for a specified set of

boundary conditions. If the boundary conditions are modified in any fashion, Eq ! 1 is no longer valid. To account

for size effects and deal with the probability of failure for a component in a general manner, the component should

be treated as a system, and the focus must be directed on the probability of failure of the system.

The typical approach to designing structural components with varying stress fields involves discretizing

the component in order to characterize the stress field using finite element methods. Since component failure may

initiate in any of the discrete elements, it is convenient to consider a component as a system and utilize system

reliability theories. A component is a series system if it fails when one discrete element fails. This type of failure

can be modeled using weakest-link reliability theories. _, component is a parallel system when failure of a single

element does not cause the component to fail. In this case the remaining elements sustain load through
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redistribution. This type of failure can be modeled with what has been referred to in the literature as "bundle

theories." Weakest-link theories and bundle theories represent represent the extremes of failure behavior modeled

by reliability analysis. They suggest more complex systems such as "r out of n" systems. Here a component

(system) of n elements functions if at least r elements have not failed. This type of system model has not found

widespread application in structural reliability analysis. The assumption in this chapter is that the failure behavior

of the brittle materials is sudden and catastrophic. This type of behavior fits within the description of a series

system, thus a weakest-link reliability system is adopted.

Now the probability of failure of a discrete element must be related to the overall probability of failure of

the component. If the failure of an individual element is considered a statistical event, and if these events are

independent, then the probability of failure of a discretized component that acts as a series system is given by the

expression

N

ez -- 1 - YI (1-
i- _, (Eq 12)

where N is the number of finite elements for a given component analysis. Here P_ is the probability of failure of the

it/) discrete element.

In the next section an expression is specified for the probability of failure (or alternatively, the reliability)

of the ith discrete element for a simplified state of stress, i.e., a uniaxiai tensile stress. The reader will also f'md that

this expression allows the introduction of size scaling. Once size scaling relationships are established for a simple

state of stress, the relationships are extended to multiaxial states of stress.

2.2 Two Parameter Weibuil Distribution and Size Effects

In the ceramic and glass industry the Weibuil distribution is universally accepted as the distribution of choice

in representing the underlying probability distribution function for tensile strength. A two-parameter formulation and a

three-parameter formulation are available for the Weibull distribution. However, the two-parameter formulation

usually leads to a more conservative estimate for the component probability of failure. The two-parameter Weibull

-¢s

probability density function for a continuous random strength variable, denoted as 2_ is given by the expression
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for o" > O,_d

f =(o.) = o

for cr < 0. The cumulative distribution is given by the expression

for o- > O, and

(Vq z3)

(Eq 14)

Fz(o" ) = I - - (Eq 15)

Fz(o" ) = 0 Ogq 16)

for cr < O. Here a (a scatter parameter, or Weibull modulus) and fl(a central location parameter, or typically refered to

as the Weibull scale parameter) are disu'ibution parameters that def'me the Weibull distribution in much the same way as

the mean (a central location parameter) and standard deviation (a scatter parameter) are parameters that define the

Gaussian (normal) distribution. Note that in the ceramics and glass literature when the two-parameter We_ull

formulation is adopted then "m" is used for the Weibuil modulus a, and either cr0 or o'o (see the discussion in the

parameter estimation section regarding the difference between crOand co) is used for the Weibull scale parameter. In

this chapter the (cx ,£?)notation is used exclusively and reference is made to the typical notation adopted in the ceramics

literature. The reason for this is the tendency to overuse the "a" symbol (e.g., era or0, o?-failure observation, and err-

threshold stress, etc.). Throughout this discussion the symbol "d' will imply applied su'ess.

If the random variable representing uniaxial tensile su'ength of an advanced ceramic is characterized by a two-

parameter Weibull distribution, i.e., the random strength parameter is governed by Eq 13 and Eq 14, then the

probability that a uniaxial test specimen fabricated from an advanced ceramic will fail can be expressed by the

cumulative distribution function

P/ = ! - _ - °'a" (Eq17)
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Note that O'max is the maximum normal stressin the component. When used in the contextof characterizingthe

strength of ceramics and glasses, the central location parameter is referred to as the Weibuil characteristic strength (rio).

in the ceramic literature this parameter can either be identified as the Weibull characteristic strength or the We_ull

scale parameter. Since tensile strength is the random variable of interest, this parameter will be refered to as a strength

parameter throughout the rest of this chapter. The characteristic strength is dependent on the uniaxial test specimen

(tensile, flexural, pressurized ring, etc.) used to generate the failure data. For a given material, this parameter will

change in magnitude with specimen geometry (the so-called size effect alluded to earlier). The Weibull characteristic

strength typically has units of stress. The scatter parameter a is dimensionless.

With the tensile strength characterized by the two parameter Weibull distribution the discussion returns

to the weakest link expression for component probability of failure defined by Eq 12. Let _j represent the

reliability of the i th continuum element where

_, = 1 - _ (EqlS)

The reliability of this continuum element is then governed by the following expression

9_, _- - dY (Eq 19)

where o" is the principal tensile stress applied to the continuum element. The volume of this arbitrary continuum

element is identified by LIV. In this expression flO is the Weibull material scale parameter and can be described as

the Weibull characteristic strength of a specimen with unit volume loaded in uniform uniaxial tension. This is a

material specific parameter that is utilized in the component reliability analyses that follow. The dimensions of this

parameter are stress-(volume) I/_.

The requisite size scaling discussed earlier is introduced by Eq 19. To demonstrate this, take the natural

logarithm of Eq 19 twice, i.e.,

t. l.(9_,) ,. In- zW (Eq20)
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Manipulation of Eq 20 yields

With

and

l,,(],v) = -<,#,(0-)+ + =i,,(-A) ¢Eq2 )

y = t,i(Av) (Zq22)

= #,(o-) (zq 23)

m = -or (Eq24)

then it is apparent that Eq 21 has the form of a straight line, i.e.,y = nix + b.

Once again consider the two groups of test specimens fabricated from the same material mentioned

earlier at the beginning of the section concerningsystem reliability. Recall that the specimens in each group are

identical with each other, but the two groups have different gage sectionssuch that AV (which is now identified as

the gage section volume) is different for each group. Estimate Weibull parameters a and ,80 from the failure data

obtained from either group (parameter estimation is discussed in detail in a following section). After the Weibull

parametersare estimatedthe straight line in Fig 3 is located by setting 9t_equal to 0.5 (i.e., the 50_ percentile) in Eq

21. This value for _1_should establisha line that correlateswell with the median values in each group.

Now return to the data setsmentioned above and establish the stressvalue associatedwith the median in

each group. Plot the gage volumes (AY) of each group as a function of the median stressvalues in Fig 2. If no size

effect is presentthe median failure strengthsof the groups will fall close to a horizontal line. This would indicate no

correlation between gage volume and the median strength value. Keep in mind that the discussionhere could

proceed using any percentile value, not just the 50_' percentile. A systematicvariation away from a horizontal line

indicatesindicates a size effect exists which must be considered in engineering design. If the median values for

each group follows the trend indicated by the solid line in Fig 2 the design engineer should have no apprehensions

usingWeibull analysis with size scaling. Fig 1 and Fig 3 in Johnsonand Tucker (Ref 1) are two excellent examples

of these types of graphs with actual data.

(Eq 25)
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The ability to account for size effects of individual elementswas introduced through the expressionfor

,_i given by Eq 19. A rational approach for justifying this expression was outlined above. Now a general

expression for the probability of failure for a component(i.e., a general form for Eq 17) is derived basedon Eq 19.

Under the assumptions that the component consists of an infinite number of elements (i.e., the continuum

assumption) and that the component is best represented by a series system, then

P f = 1 - lim N, (Eq 26)
k--c, ao

Substituting for _Ri yields

P f = I . exp -lira _, dY (Eq 27)
k--cm i " I

I

Here AVonce again represents the volume of an element. The limit inside the bracket is a Riemann sum. Thus

P/ = 1 - - S dV (Eq 28)

Weibull (Ref 2) first proposed this integral representation for the probability of failure. The expression is integrated

over all tensile regions of the specimen volume if the strength-controlling flaws are randomly distributed through

the volume of the material, or over all tensile regions of the specimen area if flaws are restricted to the specimen

surface. For failures due to surface defects the probability of failure is given by the expression

P/ = 1 - - j" dA (Eq 29)

which is derived in a manner similar to Eq 28.

The segregation of defect populations into volume and surface distributed flaws hints at the possibility of

multiple defect populations. Johnson (Ref 3) presented an in depth treatment of this topic as it relates to ceramic

materials. The Weibuil material scale parameter flO has units of stress.(volume)l:". If the strength controlling

flaws are restricted to the surface of the specimens in a sample, then the Weibull material scale parameter has units

of stress-(area )v,_. For a given specimen geometry, Eqs 17 and 28 can be equated, yielding an expression relating
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,gOand ]3@ Methods for converting Bo to an equivalent fl0 value are addressed in ASTM Standard Practice C 1239-

95.

2.3 Three Parameter Weibull Distribution

The three-parameter Weibull probability density function for a continuous random strength variable, denoted

as £_ is given by the expression

for cr > y, and

f£(cr) -- exp - (Eq 30)

foro" <y.

and y is a threshold parameter. The cumulative distribution is given by the expression

Fz(_) = ] - -

fx(o') = 0 0gq 31)

In Eq 30 a is once again the Weibull modulus (or the shape parameter), fl is the Weibull scale parameter,

for o" > ¥, and

(Eq 32)

F,(o.) = 0 (Eq33)

for cr < y. The same reasoning presented in the previous section on size scaling utilizing a two parameter formulation

can be applied using the three parameter formulation. The resulting expression for the probability of failure of a

component subjected to a single applied stress cr is

_, ,3o ) 0gq 34)

if the defect population is spatially distributed throughout the volume. A similar expression exists for failures due to

area defects. The focus of the discussion in the next section turns to accommodating muitiaxial stress states in Eq 28

and Eq 34. This involves the development ofmultiaxial reliability models.
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The approachoutlined in this sectionandprevioussectionsto accountfor the scatterin failure strengthand the

size effect of brittle materials was first introducedby Weibull (Ref 2 and Ref 4). The conceptswere basedon the

principlesof weakest-link theory presentedearlier. A number of authorsincluding Pierce (Ref 5), Kontorova(Ref 6),

aswell as Frenkel and Kontorova (Ref'7) have made contributionsin this area. In fact Pierce trustproposedthe weakest

link concept while modeling yarn failure. However, Pierce assumeda Gaussiandistribution for the strength random

variableof yarn, and WeibuIl developed the unique probabilitydensity function for his work that now bearshis name.

Hu (Ref 8) explored the difficulties associatedwith parameterestimationwhena Guassianor log normal distributionis

adopted for the strengthrandom variable. Shih (Ref 9) has shown that the three-parameter Weibull dis_bution is a

more accurateapproximation of brittle material behavior (specifically monolithic ceramics)than the Gaussianor other

distributions. However, most analyses incorporate a two-parameter Weibull probability density function where the

threshold stress(the value of'applied stressbelow which the failure probability is zero) is taken as zero. The reliability

predictions obtained using the two-parameter function are more conservative than those obtained with the three-

parametermodel.

2.4 Multiaxial Reliability Models

Over the years a number of reliability models have been presented that extend the uniaxial format of Eq 28 and

Eq 34 to multiaxial states of stress. Only models associated with isotropic brittle materials are presented here.

Anisotropic reliability models are beyond the scope of this chapter. The reader can consult the work of Duff'y and co-

workers (Ref 10 and Ref 11) for information pertaining to reliability models for brittle composites. The monolithic

models highlighted here include the principle of independent action (PIA) model, the normal stress averaging (NSA)

model, and Batdorf's model. A brief discussion is presented for each. A detailed development is omitted for the sake

of brevity. In order to simplify the presentation of each model recast Eq 28 as

P/ = I - exp[- _ 9"dI" ] (Eq35)

where 9"is identified as a failure function per unit volume. What remains is the specification of the failure function 9'

for each reliability model.
t,
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2.4.1 NSA and PIA - Phenomenological Models

To predictthe time-independent (also referred to as fast-fracture) material responseundermultiaxial stressstates

Weibull (Ref 2) proposedcalculatinga failure functionper unit volume (Weibull identified the function as the risk of

rupture) by averaging the tensile normal stressraised to an exponent in all directionsover the area of a unit radius

spherefor volume flaws. This is known asthe normal stressaveraging(NSA) model where

where

and

= k _n c, (Eq 36)

(Eq 37)

2 a + 1)

k = (,6o)a (Eq 38)

The area integration in Eq 37 is performed over the region of a unit spherewhere crn (the Cauchy normal stress)is

tensile. The reader is directed to the CARES UsersandProgrammers Manual (Ref 12) for a in depth explanationof the

constantsappearing in the equationsabove. Gross(Ref 13) demonstratedthat for surfaceflaws this same averaging

technique can be executed over the contour of a circle with a unit radius. Although the surfaceflaw technique is

intuitively plausible for the HSA model, the approach is somewhat arbitrary. In addition, it lacks a closed-form

solution,and therefore, requires computationallyintensivenumericalmodeling.

Barnett et ai. (Ref 14) and Freudenthal(Ref 15) proposedan alternative approachusually referred to as the

(Eq 39)

principle of independent action (PIA) model. Here

_' = + kA) + kilo)

where o7, 0"2and 0"3are the three principal stressesat a given poinL The PIA model is the probabilisticequivalentto

the deterministicmaximum stressfailure theory.
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The NSA model, and in particular the PIA model, have been widely applied in brittle material design. The

reader is directed to works by Margetson (Ref 16), Paluszny and Wu (Ref 17), DeSalvo (Ref 18), Wertz, and Heitman

(Ref 19), as well as Dukes (Ref20) for a more in depth development and discussion of the merits of these two models.

Historically, the NSA and the PIA models have been popular methods for multiaxial stress state analysis. However, the

NSA and PIA models are in essence phenomenological and do not specify the nature of the defect causing failure. As a

consequence, no foundation exists for extrapolating predictions made by these models to conditions different from the

original test specimen configuration. Other models that are rooted in the principles of fracture mechanics will be

discussed in the next section.

2.4.2. BatdorJ's Theory - Mechanistic Model

The concepts proposed by Batdorf (Ref 21), and later refined by Batdoff and Crose (Ref 22), are important in

that the approach incorporates a mechanistic basis for the effect of multiaxiai states of stress into the weakest-link

theory. Here material defects distributed throughout the volume (and/or over the surface) are assumed to have a

random orientation. In addition, the defects are assume to be noninteracting discontinuities (cracks) with an assumed

regular geometry. Failure is assumed to occur when a far field effective s_ess associated with the weakest flaw reaches

a critical level. The effective stress is a predef'med combination of the far field normal stress and the far field shear

stress. It is also a function of the assumed crack configuration, the existing stress state, and the fracture criterion

employed (hence the claim that the approach captures the physics of fracture). Accounting for the presence of a far-

field shear stress reduces the far-field normal stress needed for fracture. This model is identified by taking

O'c,a-I dcrc, (Eq 40)
¥ = a k a o 4;r

where ¢ is a solid angle that is dependenton the fracture criterionselected,the crack configuration and the applied

stressstate. The maximum effective stress(O'e)max is defined asan equivalentmode I fracture stressfor mixed mode

loading. The crack densitycoefficientkB is obtainedfrom the following expression
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k.- (o.). (Eq41)

Here Crcris defined as the critical far field normal stress for a given crack configuration under mode ! loading. Once

again the reader is directed to the CARES Users and Programmers Manual (Ref 12) for a detailed interpretation of the

parameters appearing in Eq 40. For the most part, the Batdorf model yields more accurate reliability analyses than

those produced by either the NSA or PIA models.

Numerous authors have discussed the stress distribution around cavities of various types under different loading

conditions, and proposed numerous criteria to describe impending fracture. Specifically investigators such as Giovan

and Sines (Ref23), Batdorf(Ref2 l), Stout and Petrovic (Ref24), as well as Petrovic and Stout (Ref25) have compared

results from the most widely accepted mixed-mode fi'acture criteria with each other and with selected experimental

data. The semi-empirical equation developed by Palaniswamy and Knauss (Ref 26) and Sherry (Ref 27) seemingly

provides enough flexibility to fit to experimental data. In addition, Shetty's criterion can account for the out-of-plane

flaw growth that is observed under mixed-mode loadings. However, several issues must be noted. No prevailing

consensus has emerged regarding a best probabilistic fracture theory. Most of the available criteria predict somewhat

similar results, despite the divergence of initial assumptions. Moreover, one must approach the mechanistic models

with some caution. The reliability models based on fracture mechanics incorporate the assumptions made in

developing the fracture models on which they are based. One of the fundamental assumptions made in the derivation of

fracture mechanics criteria is that the crack length is much larger than the characteristic length of the rnicrostructure.

This is sometimes referred to as the continuum principle in engineering mechanics. For the brittle materials discussed

here that characteristic length is the grain size (or diameter). If one contemplates the fact that most brittle materials are

high strength with an attending low fracture toughness, then the critical defect size can be quite small, if the critical

defect size approaches the grain size of the material, then the phenornenological models discussed above may be more

appropriate than the mechanistic models.

Revised 05/13/97 Page 15



2.5 Parameter estimation

As indicated earlier, the distribution of choice for characterizing the tensile strength of brittle materials is

the Weibull distribution. One fundamental reason for this choice goes beyond the fact that the Weibull distribution

usually provides a good fit to the data. While the log-normal distribution often provides an adequate fit, it precludes

any accounting of size effects. The reader is once again directed to work by Hu (Ref 8) for a detailed discussion on

this matter. As it turns out, once a conscious choice is made to utilize the Weibull distribution, Eq 17 provides a

convenient formulation for parameter estimation. However, one can not extract the fundamental distribution

parameters needed for general component analysis from this expression, unless the test specimen has the same

geometry and applied loads as the component. The fundamental distribution parameters (identified previously as

material specific parameters) were embedded in Eq 28. Thus together, Eq 17 and Eq 28 provide a convenient

method for extracting material specific parameters from failure data. The details are provided in the next section.

Tensile strength measurements are taken for one of two reasons: either for a comparison of the relative quality

of two materials, or for the prediction of the failure probability for a structural component. The latter is the focus of this

chapter, although the analytical details provided here allow for either. To obtain point estimates of the unknown

Weibull distribution parameters, well-def'med functions are utilized that incorporate the failure data and specimen

geometry. These functions are referred to as estimators. It is desirable that an estimator be consistent and efficient. In

addition, the estimator should produce unique, unbiased estimates of the distribution parameters. Different types of

estimators exist, including: moment estimators, least-squares estimators, and maximum likelihood estimators. This

discussion initially focuses on maximum likelihood estimators (MLE) due to the efficiency and the ease of application

when censored failure populations are encountered. The likelihood estimators are used to compute parameters from

failure populations characterized by a two-parameter Weibull distribution. Alternatively, non-linear regression

estimators (discussed later) are utilized to calculate unknown distribution parameters for a three-parameter Weibull

distribution.

Many factors affect the estimates of the distribution parameters. The total number of test specimens plays a

significant role. Initially, the uncertainty associated with parameter estimates decreases significantly as the number of

test specimens increases. However a point of diminishing returns occurs when the cost associated with performing
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additional strengthtestsmay not be justified by improvementsin the estimatedvaluesof the distributionparameters.

This suggeststhat a practical number of strength tests should be performed to obtain a desired level of confidence

associatedwith a parameter estimate. This point can not be overemphasized. However, quite often 30 specimens(a

widely cited rule-of-thumb) isdeemeda sufficient quantityof test specimenswhen estimatingWeibull parameters.One

should immediately ask why 29 specimenswould not suffice. Or more importantly, why is 30 specimenssufficient?.

The answer to this is addressed in ASTM Standard Practice C 1239-95 where the details of computing confidence

bounds for the maximum likelihood estimates (these bounds are directly relate to the precision of the estimate) are

presented. Duffy et al. (Ref28) discusses the reasons why these same confidence bounds are not available for the non-

linear regression estimators.

Tensile and flexural specimens are the most commonly used test configurations in determining ultimate

strength values for brittle materials. However, as noted earlier, most brittle material systems exhibit a decreasing trend

in material strength as the test specimen geometry is increased. Thus the observed strength values are dependent on

specimen size and geometry. Parameter estimates can be computed based on a given specimen geometry; however, the

parameter estimates should be transformed and utilized in a component reliability analysis as material=specific

parameters. The procedure for transforming parameter estimates for the typical specimen geometries just cited is

outlined in ASTM Standard Practice C 1239-95. The reader should be aware that the parameters estimated using non-

linear regression estimators are material specific parameters. Therefore no transformation is necessary aRer these

parameters have been estimated.

Brittle materials can easily contain two or more active flaw distributions (e.g., failures due to inclusions or

machining damage) and each will have its own strength distribution parameters. The censoring techniques presented

here for the two=parameter Weibull distribution require positive confirmation of multiple flaw distributions, which

necessitates fractographic examination to characterize the fracture origin in each specimen. Multiple flaw distributions

may also be indicated by a deviation from the linearity of the data from a single Weibull distribution (see Fig 3).

However observations of approximately linear behavior should not be considered a sufficient reason to conclude a

single flaw distribution is active. The reader is strongly encouraged to integrate mechanical failure data and

fractographic analysis.
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As was just noted, discrete fracture origins are quite oRen grouped by flaw distributions. The data for each

flaw distribution can also be screened for outliers. An outlying observation is one that deviates significantly from other

observations in the sample. However, an apparent outlying observation may be an extreme manifestation of the

variability in strength. If this is the case, the data point should be retained and treated as any other observation in the

failure sample. Yet the outlying observation can be the result of a gross deviation from prescribed experimental

procedure, or possibly an error in calculating or recording the numerical value of the data point in question. When the

experimentalist is clearly aware that either of these situations has occurred, the outlying observation may be discarded,

unless the observation (i.e., the strength value) can be corrected in a rational manner. For the sake of brevity this

discussion omits any discussion on the performance of fractographic analyses, and omits any discussion concerning

outlier tests.

2.5.1 Two parameter Maximum Likelihood Estimators (MLE)

With the above discussion serving as background, attention is now focused on obtaining estimated values of

the Weibull parameters ar and fl_ This discussion focuses on maximum likelihood estimators t'MLE) due to the

efficiency, and the ease of application when censored failure populations are encountered. When a sarnple containing

ultimate strength observations yields two or more distinct flaw distributions, the sample is said to contain censored data.

The maximum likelihood methodology accounts for censored data in a rational, straight-forward manner. Other

estimation techniques (specifically linear regression estimators) must appeal to ad hoc re-ranking schemes in the

presence of censored data.

Johnson and Tucker (Ref I), as well as others, have shown that the MLE method is more efficient in

estimating parameters. Here efficiency is measured through the use of confidence bounds. For an equivalent

confidence level these authors have demonstrated that the confidence bounds for a maximum likelihood estimate is

always smaller than the confidence bound obtained using linear regression. For this reason the likelihood estimators

should be used to compute parameters from failure populations characterized by a two parameter Weibull distribution.

The parameter estimates obtained using the maximum likelihood technique are unique (for a two-parameter

Weibull distribution), and as the size of the sample increases, the estimates statistically approach the expected values of
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the true population parameter. Let or/, 0"2..... ON represent realizations of the ultimate tensile strength(a random

variable) in a given sample, where it is assumedthat the ultimatetensile strengthis characterizedby the two-parameter

Weibuil distribution. The likelihood function associatedwith this sample is the joint probability density of the N

random variables, and thus is a function of the unknown Weihull disu'ibutionparameters(a, ,8o). The likelihood

function for an uncensoredsampleunder theseassumptionsis given by the expression

L-- 1-[
,-,tNJtT  q42:)

The parameter estimates (the Weibull modulus _, and the characteristic s_'ength /_) are determined by taking the partial

derivatives of the logarithm of the likelihood function with respect to _ and/_, and equating the resulting expressions

to zero. Note that the tildes will distinguisha parameterestimatefrom its correspondingmaevalue. The systemof

equations obtained by differentiating the log likelihood function for a censored sample is given by

N

Z (o'_P In (cr_)
i'!

N

i-I

1 _ 1
- _ _r In (o'_) - "_ - 0 Ogq 43)

N _.! a

and

1

(Eq 44)

Eq 43 is solved numerically, since a closed form solution for _ can not be obtained from this expression. Once _ is

determined this value is inserted into Eq 44 and ]_ is calculated directly. The reader is once again directed to ASTM

Standard Practice C 1239-95 for the expressions corresponding to samples with censored data.

2.5.2 Three Parameter Linear RegresMon

To date, most reliability analyses performed on su'uctural components fabricated from ceramic materials have

utilized the two-parameter form of the Weibull distribution. The use of a two-parameter Weibull distribution to

characterize the rapdom nature of material strength implies a non-zero probability of failure for the full range of applied
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tensile stress. This represents a conservative design assumption when analyzing structural components. The

three=parameter form of the Weibull disuibution was presented earlier in Eqs 30 and 31. The additional parameter is a

tl_reshoid stress (y) that allows for zero probability of"failure when the applied stress is at or below the threshold value.

Certain monolithic ceramics have exhibited threshold behavior. The reader is directed to an extensive data base

assembled by Quinn (Ref 29), the silicon nimde data in Foley et al. (Ref 30), as well as data (with supporting

fractography) presented by Chao and Sherry (Ref31) that was analyzed laser in Duffy et al. (Ref2$).

When strength data indicates the existence of a threshold stress, a three-parameter Weibull distribution should

be employed in the stochastic failure analysis of structural components. By employing the concept of a threshold stress,

an engineer can effectively tailor the design of a component to optimize su-uctural reliability. To illustrate the approach

Duffy et al. (Ref28) embedded the three-parameter Weibull distribution in a reliability model that utilized the principle

of independent action (PIA). Analysis of a space shuttle main engine (SSME) turbo-pump blade predicted a substantial

improvement in component reliability when the three-parameter Weibuil distribution was utilized in place of the two-

pmameter Weibull distribution. Note that the three-parameter form of the Weibull distribution can easily be extended

to Batdorfs (Ref 21 and Ref 22) model, reliability models proposed for ceramic composites by Duffy et al. (Ref 32), or

Thomas and Wetherhold (Ref33), as well as the interactive reliability models proposed by Palko (Ref34).

The non-linear regression method presented here was flu-stproposed by Margetson and Cooper (Ref 35).

However, these estimators maintain certain disadvantages relative to bias and invariance, and these issues were

explored numerically in Duffy et al. (Ref28). The Monte Carlo simulations in Duff'y et ai. (Ref 25) demonstrated that

the functions proposed by Margetson and Cooper (Ref 35) are neither invariant nor unbiased. However, they .are

asymptotically well behaved in that bias decreases and confidence intervals contract as the sample size increases. Thus,

even though bias and confidence bounds may never be quantified using these non-linear regression technique, the user

is guaranteed that estimated values improve as the sample size is increased.

Regression analysis postulates a relationship between two variables. In an experiment typically one variable

can be controlled (the independent variable) while the response variable (or dependent variable) is not. In simple

failure experiments the material dictates the strength at failure, indicating that the failure stress is the response variable.
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The ranked probability of failure (Pi) can be controlledby the experimentalist,since it is functionallydependenton the

sample size (At). ARer arrangingthe observedfailure stresses(or/, 02, 0"3,"', ON) in ascendingorder, andspeci_,ing

P_ ffi (Eq 45)
N

then clearly the ranked probability of failure for a given stress level can be influenced by increasing or decreasing the

sample size. The procedure proposed by Margetson and Cooper (Ref35) adopts this philosophy. They assume that the

specimen failure stress is the dependent variable, and the associated ranked probability of failure becomes the

independent variable.

Using the three-parameter versionof Eq 34, an expressioncan be obtained relating the ranked probability of

failure (Pi) to an estimateof the failure strength (_). Assuming uniaxial stressconditionsin a test specimenwith a unit

volume, Eq 34 yields

, 11

where _ Bo and ? are estimates of the shape parameter (c)), the scale parameter (Bo), threshold parameter (7,),

respectively. Expressions for the evaluation of these parameters for a test specimen subjected to pure bending are

found in Dui_/et al. (Ref2g). Defining the residual as

6i ==_ - or (Eq47)

where o7 is the it/: ranked failure stress obtained from actual test data, then the sum of the squared residuals is expressed

as

(Eq 46)

_, (6i_ = 7 + flo (W,) I/_" nr, Ogq48)
i-I i I

Here the notation of Margetson and Cooper (Ref 35) has been adopted where

! 1
W, = n_l.--_,) 0gq 49)

Note that the forms of _ and Wi change with specimen geometry. This is discussed in more detail in in Duff-y et al.

(Ref2g).
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It should be apparentthat the objectiveof this method is to obtainparameter estimatesthat minimize the sum

of the squaredresiduals. Setting the partial derivativesof the sum of the squaredresiduals with respect to el, _ arid ?

equal to zero yields the following three expressions

i"l . i=! i=l

N F. (W,//s _ Z (w,/'s
i-/ i,,/ -

i-1 i=1 i-I i-I

Z (w,t/s Z (w,//s Z
i-I i'l i"l

and

I N-_1 o'_i i-I i-I
< Pcco., (Eq 52)

in terms of the parameter estimates. The solution of this system of equations is iterative, where the third expression is

used to check convergence at iteration. The initial solution vector for this system is determined after assuming a

convenient value for c_ say _=I. Then B0 is computed from Eq 50 and 7 is calculated from Eq Sl. The values of these

parameter estimates are then inserted into Eq 52 to determine if the convergence criterion is satisfied to within some

predetermined tolerance (_Cconv). If this expression is not satisfied, & is updated and a new iteration is conducted. This

procedure continues until a set of parameter estimates is determined that satisfy Eq 52.

The estimators perform reasonably well in comparison to estimates of the two-parameter Weibull distribution

for the alumina data found in Table I. Fig 4 is a plot of probability of failure versus failure stress for this data. The

straight line represents the two-parameter fit to the data where c_= 143.2, Bo= 395 (7 - 0) using Quirm's (Ref 29) values

for the shape and scale parameters. The non-linear curve represents the three-parameter fit tO the data where &= 1.22,

Bo = 389, and 7= 298. Note that the three-parameter distribution appears more efficient in predicting the failure data in

the high reliability region of the graph. This is a qualitative assessment. Goodness-of=fit statistics such as the

Kolmogorov-Smimov statistic, the Anderson-Darling statistic, and likelihood ratio tests could provide quantitative

measures to estab!ish which form of the Weibull distribution would best fit the experimental data. These statistics are
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utilized in conjunction with hypothesistesting to assessthe significance level at which the null hypothesiscan be

rejected. Comparisonscanthen be madebased on the valueof the significance level.

2.6 Time-independent Reliability Algorithms

At_er a reliability model has been adoptedand the failure function _u,has beenspecified,the primary task is the

evaluation of the integral given in Eq 35. Closedform solutionsexist for only the simplest of componentgeometries

and boundary conditions. Therefore integrated computer algorithms have been developed that enable the design

engineer to predict the time-independent (fast-fracture) reliability of components subjected to therrnomechanical

loading. Two algorithmsare discussedhere. One algorithmhas beendevelopedat the NASA Lewis ResearchCenter

and hasbeen given the acronymCARES (Ceramics AnalysisandReliability Evaluation of Structures). This algorithm

has been widely discussedin the literature by Nemeth et al. (Ref 12), Pai and Gyekenyesi (Ref 36), Gyekenyesi and

Nemeth (Ref 37), as well as Gyekenyesi (Ref 38). The second computer algorithm was developed by AlliedSignal

(Refs 39 and 40) with funding provided by the Department of Energy (DOE). Both algorithms are discussed briefly,

and design examples are illustrated.

2.6.1 CARES Algorithm

The NASA Lewis Research Center CARES algorithm couples commercially available f'mite element programs,

such as MSC/NASTRAN, ANSYS, or ABAQUS with the probabilistic design models discussed previously. The

algorithm contains three software modules which: (I) perform parameter estimation utilizing experimental data

obtained from standard laboratory specimens; (2) generate a neutral data base fi'om MSC/NASTRAN, ABAQUS, and

ANSYS f'mite element results files, and (3) evaluate the reliability of thermomechanically loaded components. Heat

transfer and linear-elastic finite element analyses are used to determine the temperature field and stress field. The

component reliability analysis module of CARES uses the thermoclastic or isothermal elastostatic results to calculate

the time-independent reliability for each element utilizing a specified reliability model. Each element can be made

arbitrarily small, such that the stress field in an element can be approximated as constant throughout the element (or

subelement). The algorithm is compatible with most (but not all) two-dimensional elements, three-dimensional
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elements, axisymmetfic elements, and shell elements for the commercial f'mite element algorithms mentioned above.

Reliability calculations are performed at the Gaussian integration points of the element or, optionally, at the element

centroid. Using the element integration points enables the element to be divided into sub=elements, where integration

point sub=volumes, sub=areas, and sub=temperatures are calculated. The location of the Gaussian integration point in

the fmite element and the corresponding weight functions are considered when the subelement volume and/or area is

calculated. The number ofsubelements in each element depends on the integration order chosen, and the element type.

If the probability of survival for each element is assumed to be a mutually exclusive event, the overall component

reliability is the product of all the calculated element (or sub=element) survival probabilities. The CARES algorithm

produces an optional PATRAN file containing risk-of-rupture intensifies (a local measure of reliability) for graphical

rendering of the structure's critical regions.

2.6.2 ERICA Algorithm

Unlike CARES, the AlliedSignal algorithm ERICA has a software architecture with a single module.

Currently only one f'mite element program interface exists for the algorithm, i.e., an interface with the ANSYS f'mite

element program. Once again sU'ess and temperature information from the solution of a discretized component are

used in conjunction with a specified reliability model to assess a component's reliability. ERICA admits multiple

flaw distributions that can be spatially distributed through the volume, along the surface, and along the edges of a

component. Both isotropic material behavior, and to a limited extent, anisotropic material behavior (for surface

calculations) are taken into account. This anisotropic surface option allows the user to account for various types of

surface finish on a component (e.g., ground, as fired, etc.). The ERICA algorithm can function on any platform that

supports ANSYS. A limited number of element types are supported that offer the user some flexibility in modeling

a component. Note that neither CARES nor ERICA support a full suite of elements for any of the commercial finite

element algorithms.
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2. 7 Time-independent Design Examples

Reliability analyses are typically segregated into two categories: time-independent and time-dependent. This

classification is rooted both in the historic development of the reliability models presented here and also in a practical

approach to the analysis of a component. Yet in many instances, a component must perform in an adequate fashion

over a pre-determined service life. To accomplish this design goal, the component must survive the initial load cycle.

Thus the calculated time-independent reliability value is used as a screening criterion, and can also be used as an initial

value for the time-dependent analyses discussed later. A fundamental premise of probabiIistic analysis dictates that if

the reliability of a component varies with time then it should never exceed the initial value (unless there exists some

physical mechanism such as flaw healing that can account for this phenomenon). Typically materials deteriorate with

time, and this assumption is incorporated throughout this chapter. From an historical perspective, the authors simply

point out that the time-independent models were developed f'u'st (hence they are presented here f'u'st). In addition, the

time-independent approach has been rigorously exercized over the years. Extensive design experience and data bases

have been established prior to proposal of the time-dependent modeling efforts outlined later in this chapter.

Both the CARES and ERICA reliability algorithms have been utilized in the design and analysis of numerous

structural components. Of the two, the NASA CARES algorithm has been more widely utilized for proprietary reasons.

The CARES reliability algorithm has been used to design glass and ceramic parts for a wide range of applications.

These include hot section components for turbine and internal combustion engines, bearings, laser windows on test rigs,

radomes, radiant heater tubes, spacecral_ activation valves and platforms, cathode ray tubes (CRTs), rocket launcher

tubes, and ceramic packaging for microprocessors. Illustrated below are some typical design and analysis applications

that have utilized the CARES software. In the interest of brevity, a complete example problem cannot be included in

this article. For a complete step-by-step procedure on conducting a time-independent component reliability analysis,

the reader is directed to the CARES Users and Programmers Manual (Ref 12).

The CARES algorithm has been successfully used in the development of ceramic turbocharger wheels (Ref 41).

Specifically, the CARES algorithm was utilized to design the CTV7301 silicon nitride turbocharger rotor, depicted in

Fig 5, which was implemented in the Caterpillar 3406E ¢[iesel engine. The reduced rotational inertia of the silicon

nitride ceramic rotor compared to a metallic rotor significantly enhanced the turbocharger transient performance and
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reducedemissions.Note thatthiswas ajointeffortinvolvingAlliedSignaland Caterpillarand representsthefirst

designand large-scaledeploymentofceramicturbocharge(sintheUnitedStates.Over 1700unitshavebeensupplied

toCaterpillarTractorCompany foron-highwaytruckengines.Theseunitstogetherhaveaccumulateda totalofover

120millionmilesofservice.

Extensive work has been performed at the Fluid Systems Division of AlliedSignal Aerospace to analyze graphite

and ceramic structural components such as high-temperature valves, test fixtures, and turbine wheels using CARES. A

silicon nitride turbine wheel has been designed as a retrofit to replace components fabricated from waspalloy in a

military cartridge-mode air turbine starter (Ref 42). The silicon nitride component reduced cost and weight while

increasing resistance to temperature, erosion, and corrosion.

G'rE Laboratories utilized the CARES algorithm in the analysis of a ceramic-to-metal brazed joint for automotive

gas turbine engines (Ref 43 and Ref 44). A major design hurdle in ceramic-to-metal joining is the thermal expansion

mismatch between the two different materials. This results in high residual stresses that increase the likelihood of

ceramic failure. One of the goals of this work was to improve the capability of the metal shat_ to transmit power by

reducing concentrated tensile stresses. Their results conf'Lrmed the importance of probabilistic failure analysis for

assessing the performance of various brazed joint designs.

A monolithic graphite spacecrai_ activation valve was designed by the Aerospace and Electronics Division of

Boeing Space Defense Group (R.ef 45). The valve directs reaction conu'ol gases for f'me-tuning a high-performance

kinetic energy kill vehicle's trajectory during the last 9 seconds of flight. Utilizing the CARES sofrware, the valve was

designed to withstand a gas pressure of 11.4 MPa (1.6 ksi) at 19300C (3506°F).

At the NASA-Lewis Research Center, a design study demonstrated the viability of an uncooled silicon nitride

combustor for commercial application in a 300-kW engine with a turbine inlet temperature of 13700C (2498 °F) (Ref

46). Using the CARES algorithm an analysis identified the most severe transient thermal stress in an emergency

shutdown. The most critical area was found to be around the dilution port.

Ceramic poppet valves for spark ignition engines have been designed by TRW's Automotive Valve Division (Ref

47) as well as by General Motors. These parts depicted with other engine components in Fig 6 have been field tested in

passenger cars, with excellent results. Potential advantages offered by these valves include reduced seat insert and
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valve guidewear, improved valve train dynamics,increasedengineoutput,and reducedfriction loss using lower spring

loads.

The largestknown zinc-selenide(ZnSe) containmentwindow (depicted in Fig 7) was been designed by Hughes

Danbury Optical Systems (formerly Perkin-Eimer) utilizing the CARES algorithm. The window formed a pressure

barrier between a cryogenic vacuum chamber containing optical equipment and a sensorchamber. The window

measured79 cm (31 inches) in diameter by 2.5 cm (I inch) thick and was usedin a test facility at Boeing for long-range

infraredsensors.

The previous examples cited successfulapplicationsof the reliability algorithms in the designand analysis

of commercial applications. In many instancesthe algorithms have been an integral component of research and

development efforts in government supported programs. A specific example of this is the use of the CARES

algorithm by participating organizations in the Advanced Turbine Technology Applications Program (ATTAP) to

determine the reliability of structural componentdesigns. The ATrAP program (Ref 48) is intendedto advance the

technological readinessof the ceramic automotive gas turbine engine. Structural ceramiccomponentsrepresent the

greatest technical challenge facing the commercialization of such an engine, and are thus the prime project focus.

Cooperative efforts have been developed between industry, key national facilities, and academia to capitalize on the

unique capabilitiesand facilities developed for ceramicmaterials characterizationand processing technology. Since

the proJect's inception, Allison Engine Company has utilized the NASA-developed CARES sol'are to design

engine components, including structural, combustion, regeneration, and insulation applications all of which are

depictedin Fig g.

3. Life Prediction Using Reliability Analyses

The discussions in the previous sections assumed all failures were independent of time and history of previous

thermomechanical loadings. However, as design protocols emerge for brittle material systems, designers must be aware

of several innate characteristics exhibited by these materials. When subjectedto elevatedservice temperatures, they

exhibit complex thermomechanical behavior that is both inherently time-dependent and hereditary in the sense that

current behavior dependsnot only on current conditions, but alsoon thermomechanical history. The designengineer
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must alsobe cognizant that the ability of a componentto sustainload degradesover time due to a variety of effectssuch

as oxidation, creep, stresscorrosion,and cyclic fatigue. Stresscorrosionand cyclic fatigue result in a phenomenon

called subcritical crack growth (SCG). This failure mechanism initiatesat a pre-existingflaw and continuesuntil a

critical length is attained. At that point the crackgrowsin an unstable fashion leadingto catastrophicfailure. The SCG

failure mechanism is a time-dependent load-inducedphenomenon. Time-dependent crack growth can also be a

function of chemical reaction, environment,debris wedgingnear the crack tip, and deteriorationof bridging ligaments.

Fracturemechanism maps,such as the one developed by Quinn (Ref 49) for ceramic materials depicted in Fig 9, help

illustratethe relative contribution of variousfailure modes asa functionof temperature and stress.

In addition to the WeibulI shape and scale parametersdiscussedpreviously, analysis of time-dependent

reliability in brittle materials necessitatesaccuratestressfield information, as well asevaluation of distinctparameters

reflecting material, microstructural, and/or environmentalconditions. Predicted lifetime reliability of brittle material

components dependson Weibuii and fatigue parametersestimatedfrom rupture data obtainedfrom widely used tests

involving flexura] or tensile specimens. Fatigueparameterestimatesare obtained from naturally flawed specimens

ruptured under static, cyclic, or dynamic (constantsU'essrate) loading. For otherspecimengeometries,a f'miteelement

model of the specimen is also required when estimatingthese parameters. For a more detailed discussionof time-

dependentparameterestimation,the reader is directedto the CARES�Life (CARES/Life Fh'edictionProgram) Usersand

Programmers Manual (Ref 50). This information can then be combined with stochastic modeling approachesand

incorporated into integrateddesign algorithms(computersoft'ware) in a fashionsimilar to that presentedpreviouslyfor

time-independent models. The theoretical concepts upon which thesetime-dependent algorithmshave been consu'ucted

and the effects of time-dependent mechanisms, most notably subcriticai crack growth and creep, will be addressed in

the remaining sections of this chapter.

Although it will not be discussed in detail here, one approach to improve the confidence in component

reliability predictions is to subject the component to proof testing prior to placing it in service. Ideally, the boundary

conditions applied to a component under proof testing simulate those conditions the component would be subjected to

in service, and the proof test loads are appropriately greater in magnitude over a fixed time interval. This form of

testing eliminates the weakest components and, thus, truncates the tail of the strength distribution curve. After proof
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testing, survived components can be placed in service with greater confidence in their integrity and a predictable

minimum service life.

3.1 Need for Correct Stress State

With increasing use of brittle materials in high temperature structural applications, the need arises to

accurately predict thermomechanicai behavior. Most current analytical methods for both subcritical crack growth and

creep models utilize elastic stress fields in predicting the time-dependent reliability response of components

subjected to elevated service temperatures. Inelastic response at high temperature has been well documented in the

materials science literature for these material systems, but this issue has been ignored by the engineering design

community. However, the authors wish to emphasize that accurate predictions of time-dependent reliability demand

accurate stress field information. From a design engineer's perspective, it is imperative that the inaccuracies of

making time-dependent reliability predictions based on elastic stress fields are taken into consideration. The current

section addresses this issue by presenting a recent formulation of a viscoplastic constitutive theory to model the

inelastic deformation behavior of brittle materials at high temperatures.

Early work in the field of metal plasticity indicated that inelastic deformations are essentially unaffected by

hydrostatic stress. This is not the case for brittle (e.g., ceramic-based) material systems, unless the material is fully

dense. The theory presented here allows for fully dense material behavior as a limiting case. In addition, as Chuang and

Duffy (Ref 51) point out, these materials exhibit different time-dependent behavior in tension and compression. Thus

inelastic deformation models for these materials must be constructed in a fashion that admits sensitivity to hydrostatic

stress and differing behavior in tension and compression.

A number of constitutive theories for materials that exhibit sensitivity to the hydrostatic component of stress

have been proposed that characterize deformation using time-independent classical plasticity as a foundation.

Corapcioglu and Uz (Ref 32) reviewed several of these theories by focusing on the proposed form of the individual

yield function. The review includes the works of Kulm and Downey (Ref 53), Shima and Oyane (Ref 54) and Green

(Ref 55). Not included is the work by Gurson (Ref 56) who not only developed a yield criteria and flow rule, but also
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discussed the role of void nucleation. Subsequent work by Meat and Hutchinson (Ref 57) extended Gurson's work to

include kinematic hardening of the yield surfaces.

Although the previously mentioned theories admit a dependence on the hydrostatic component of stress, none

of these theories allow different behavior in tension and compression. In addition, the aforementioned theories are

somewhat lacking in that they are unable to capture creep, relaxation, and rate-sensitive phenomena exhibited by brittle

materials at high temperature. Noted exceptions are the recent work by Ding et al. (Ref 58), as well as the work by

White and Hazime (Ref 59). Another exception is an article by Liu et al. (Ref 60) which is an extension of the work

presented by Ding and coworkers. As these authors point out, when subjected to elevated service temperatures, brittle

materials exhibit complex thermo-mechanica] behavior that is inherently time dependent, and hereditary in the sense

that current behavior depends not only on current conditions, but also on thermo-mechanicai history.

The macroscopic continuum theory formulated in the remainder of this section captures these time dependent

phenomena by developing an extension of a,/2 plasticity model f'u'stproposed by Robinson (Ref 61) and later extended

to sintered powder metals by Duff7 (Ref62). Although the viscoplastic model presented by Duffy (Ref 62) admitted a

sensitivity to hydrostatic stress, it did not allow for different material behavior in tension and compression.

Willam and Wamke (Ref 63) proposed a yield criterion for concrete that admits a dependence on the

hydrostatic component of stress and explicitly allows different material responses in tension and compression. Several

formulations of their model exist, i.e., a three-parameter formulation and a five-parameter formulation. For simplicity,

the overview of the muldaxiai derivation of the viscoplastic constitutive model presented here builds on the three-

parameter formulation. The attending geometrical implications have been presented elsewhere by Janosik and Duffy

(Ref 64 and Ref 65). A quantitative assessment has yet to be conducted since the material constants have not been

suitably characterized for a specific material. The quantitative assessment could easily dovetail with the nascent efforts

of White and coworkers (Ref 59).

The complete theory is derivable from a scalar dissipative potential function identified here as .¢2 Under

isothermal conditions, this function is dependent upon the applied stress _rij and internal state variable a/j
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The stressdependence for a ,/2 plasticity model or adz viscoplasticity model is usually stipulated in terms of the

deviatoric components of the applied stress,Si}=crij-(//3).crk_Ei}, and a deviatoric statevariable, aij=aij-(l/3)a/dcEij.

For the viscoplasticity model presentedhere, these deviatoric tensors are incorporated along with the effective

stress,rlij--a'ij-ai}, and an effective deviatoric stress,identified as Zij--Sij-aif Both tensors, i.e., q/} and 2"/},are

utilized for notational convenience.

The potential nature of_ is exhibited by the manner in which the flow and evolutionary laws are derived.

The flow law is derived from .('2by taking the partial derivative with respect to the applied stress

8f2
Eq(54)

The adoption of a flow potential and the concept of normality, as expressed in Eq 54, were introduced by Rice (Ref

66). In his work the above relationship was established using thermodynamic arguments. The authors wish to point

out that Eq 54 holds for each individual inelastic state.

The evolutionary law is similarly derived from the flow potential. The rate of change of the internal stress

is expressed as

_F2
a_s = -h -- Eq(55)

_j

where h is a scalar function of the inelastic state variable (i.e., the internal stress) only. Using arguments similar to

Rice's, Ponter and Leckie (Ref67) have demonstrated the appropriateness of this type of evolutionary law.

adopted

To give the flow potential a specific form, the following integral format proposed by Robinson (Ref61) is

F" dF + R Eq

where/.t, R, H, and K are material constants. In this formulation/s is a viscosity constant, H is a hardening constant,

n and m are unitless exponents, and R is associated with recovery. The octahedral threshold shear stress K appearing

in Eq 56 is generally considered a scalar state variable which accounts for isotropic hardening (or softening).

However, since isotropic hardening is often negligible at high homologous temperatures (T/T,> 0.5), to a first
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approximation K is taken to be a constant for metals. This assumption is adopted in the present work for brittle

materials. The reader is directed to the work by Janosik (Ref 68) for specific details regarding the experimental test

matrix needed to characterize these parameters.

The dependence upon the effective stress Z_j and the deviatoric internal stress a/j are introduced through

the scalar functions F=F(Xij, rlij) and G=G(aij, aij). Inclusion of q/j and a/] will account for sensitivity to

hydrostatic stress. The concept of a threshold function was introduced by Bingham (Ref69) and later generalized by

Hohenemser and Prager (Ref 70). Correspondingly, F will be referred to as a Bingham-Prager threshold function.

Inelastic deformation occurs only for those stress states where F(Zij, r/_>0.

For frame indifference, the scalar functions F and G (and hence .O) must be form invariant under all proper

orthogonal transformations. This condition is ensured if the functions depend only on the principal invadants of Z/j,

aU, r//j, and a/j; that is, F=F(II,J2,J3), where 71=)7ii, _2=(l/2),Eij,_ij, ,_3=(I/3)Zij_jkorki and G=G(II, J2,J3),

where II=aii, J2=(l/2)aijaij, J3=(l/3)aijajkaki . These scalar quantities are elements of what is known in invariant

theory as an integrity basis for the functions F and G.

A three parameter flow criterion proposed by Wiilam and Warnke (Ref 63) will serve as the Bingham-

Prager threshold function, F. The Willam-Warnke criterion uses the previously mentioned stress invariants to define

the functional dependence on the Cauchy stress (o'/j) and internal state variable (_z//). In general, this flow criterion

can be constructed from the following general polynomial

t,#oJ
+ B(_--_lc) - 1 Eq(57)

where _rc is the uniaxiai threshold flow stress in compression and B is a constant determined by considering

homogeneously stressed elements in the virgin inelastic state aij=O.

Note that a threshold flow stress is similar in nature to a yield stress in classical plasticity. [n addition, 2 is a

function dependent on the invariant ,73 and other threshold stress parameters that are defined momentarily. The

specific details in deriving the final form of the function F can be found in Willam and Warnke (Ref 63), and this

final formulation is stated here as
I
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I I + 7/ IJ,, =

for brevity. The invariant [I in Eq 70 admits a sensitivity to hydrostatic stress. The function

dependent on .73 through the function r(_, where the angle of similitude, (0), is defined by the expression

The invariant ,73 accounts for different behavior in tension and compression, since this invariant changes sign when

the direction of a stress component is reversed. The parameter p characterizes the tensile hydrostatic tlweshold flow

stress. For the Willam-Wamke tl_e-parameter formulation, the model parameters include _t, the tensile Lmiaxial

threshold stress, crc, the compressive uniaxial threshold stress, and O'bo the equal biaxiai compressive threshold stress

A similar functional form is adopted for the scalar state function G. However, this formulation assumes a

threshold does not exist for the scalar function G, and follows the framework of previously proposed constitutive

models based on Robinson's (Ref61) viseoplastic law.

Employing the chain role for differentiation and evaluating the partial derivative of .O with respect to oTj,

and then with respect to a_jas indicated in Eqs 54 and 55, yields the flow law and the evolutionary law, respectively.

These expressions are dependent on the principal invariants (i.e., II, ,]2, ,13, II, .]2,, and .]3,) the three Willam-

Warnke threshold parameters (i.e., o'_ _c, and o'bc), and the flow potential parameters utilized in Eq 56 (i.e., R, _

K, and m). These expressions constitute a multiaxial statement of a constitutive theory for isotropic materials, and

will serve as an inelastic deformation model for ceramic materials.

The overview presented in this section is intended to provide a qualitative assessment of the capabilities of this

viscoplastic model in capturing the complex thermomechanical behavior exhibited by brittle materials at elevated

service temperatures. Constitutive equations for the flow law (strain rate) and evolutionary law have been formulated

based on a threshold function which exhibits a sensitivity to hydrostatic stress and allows different behavior in tension

and compression. Further, inelastic deformation is treated as inherently time-dependent. A rate of inelastic swain is

Eq (58)

F is implicitly

Eq (59)
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associated with every state of stress. As a result, creep, stress relaxation, and rate sensitivity are phenomena resulting

from applied boundary conditions and are not treated separately in an ad hoc fashion. Incorporating this model into a

non-linear finite element code would provide a tool for the design engineer to numerically simulate the inherently time-

dependent and hereditary phenomena exhibited by these materials in service.
Z

3.2 Life Prediction Reliability Models

The ability of a brittle material component to sustain load degrades over time due to a variety of effects such as

oxidation, creep, stress corrosion, and fatigue. Time-dependent probabilistic component design involves predicting the

probability of failure for a thermomechanicaily loaded component based on specimen rupture data. Typically these

experiments are performed using many simple geometry flexural or tensile test specimens. A static (creep), or dynamic

(cyclic) load is applied to each specimen until fracture. Statistical strength and SCG (subcritical crack growth, or

fatigue) parameters are then determined from these data. Using these statistical parameters, a time-dependent reliability

model such as those discussed in the following section, and the results obtained from a f'mite element analysis, the life

of a component with complex geometry and loading can be predicted. This life is interpreted as a component's

reliability as a function of time. When the component reliability falls below a predetermined value, the associated point

in time at which this occurs is assigned the life of the component. This design methodology presented herein combines

the statistical nature of strength-controlling flaws with the mechanics of crack growth to allow for multiaxial stress

states, concurrent (simultaneously occurring) flaw populations, and scaling effects. With this type of integrated design

tool, a design engineer can make appropriate design changes until an acceptable time to failure has been reached. In the

sections that follow only creep rupture and fatigue failure mechanisms are discussed. Although models that account for

subcriticai crack growth and creep rupture are presented, the reader is cautioned that currently available creep models

for advanced ceramics have limited applicability due to the phenomenological nature of the models. There is a

considerable need to develop models incorporating both the ceramic material behavior and microstructural events.
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3.2.! Subcritical Crack Growth

A wide variety of brittle materials, including ceramics and glasses, exhibit the phenomenon of delayed fracture

or fatigue. Under the application of a loading function of magnitude smaller than that which induces short term failure,

there is a regime where subcritical crack growth occurs and this can lead to eventual component failure in service. SCG

is a complex process involving a combination of simultaneous and synergistic failure mechanisms. These can be

grouped into two categories: (1) crack growth due to corrosion, and (2) crack growth due to mechanical effects arising

from cyclic loading. Stress corrosion reflects a stress-dependent chemical interaction between the material and its

environment. Water, for example, has a pronounced deleterious effect on the strength of glass and alumina. In

addition, higher temperatures also tend to accelerate this process. Mechanically induced cyclic fatigue is dependent

only on the number of load cycles and not on the duration of the cycle. This phenomenon can be caused by a variety of

effects, such as debris wedging or the degradation of bridging ligaments, hut essentially it is based on the accumulation

of some type of irreversible damage that tends to enhance crack growth. Service environment, material composition,

and material microstructure determine if a brittle material will display one, none, or some combination of these fatigue

mechanisms.

Lifetime reliability analysis accounting for subcritical crack growth under cyclic and/or sustained loads is

essential for the safe and efficient utilization of brittle materials in structural design. Because of the complex nature of

SCG, models that have been developed tend to be semi-empirical and approximate the behavior of subcritical crack

growth phenomenologically. Theoretical and experimental work in this area has demonstrated that lifetime failure

characteristics can be described by consideration of the crack growth rate versus the stress intensity factor (or the range

in the stress intensity factor). This is graphically depicted (see Fig. I0) as the logarithm of the rate of crack growth

versus the logarithm of the mode I stress intensity factor. Curves of experimental data show three distinct regimes or

regions of growth. The fwst region (denoted by I in Fig 10) indicates threshold behavior of the crack, where below a

certain value of stress intensity the crack growth is zero. The second region (denoted by !1 in Fig 10) shows an

approximately linear relationship of stable crack growth. The third region (denoted by llI in Fig 10) indicates unstable

crack growth as the materials critical stress intensity factor_is approached. For the stress corrosion failure mechanism,

these curves are material and environment sensitive. This model, using conventional fracture mechanics relationships,

i
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satisfactorilydescribesthe failure mechanismsin materials where at high temperatures,plasticdeformationsand creep

behave in a linearviscoelastic manner (RefTl). In general, athigh temperaturesand low levelsof stress,failure is best

describedby creeprupture which generatesnew cracks(Ref72). The creeprupture processwill be discussedfurther in

the next section.

The most often cited models in the literature regarding SCG are basedon power law formulations. Other

theories, most notably Wiederhom's (Ref 73), have not achieved such widespread usage, although they may also have a

reasonable physical foundation. Power law formulations are used to model both the stress corrosion phenomenon and

the cyclic fatigue phenomenon. This modeling flexibility, coupled with their widespread acceptance, make these

formulations the most atwactive candidates to incorporate into a design methodology. A power law formulation is

obtained by assuming the second crack growth region is linear and that it dominates over the other regions. Three

power law formulations are useful for modeling brittle materials: the power law, the Paris law, and the Walker equation.

The power law (Ref 71) (Ref74) describes the crack velocity as a function of the stress intensity factor, and implies that

the crack growth is due to stress corrosion. For cyclic fatigue, either the Pads law (Ref 75) or Walker's (Ref 76) (Ref

77) modified formulation of the Paris law is used to model the subcritical crack growth. The Pads law describes the

crack growth per load cycle as a function of the range in the sa'ess intensity factor. The Walker equation relates the

crack growth per load cycle to both the range in the crack tip stress intensity factor and the maximum applied crack tip

stress intensity factor. It is useful for predicting the effect of the R=ratio (the ratio of the minimum cyclic stress to the

maximum cyclic stress) on the material strength degradation.

Expressions for time-dependent reliability are usually formulated based on the mode [ equivalent stress

distribution transformed to its equivalent stress distribution at time t=O. Investigations of mode I crack extension (Ref

78) have resulted in the following relationship for the equivalent mode I stress intensity factor

gteq (_, t) = _r/eq (_', 0 Y _/-a(_, t) (Eq 60)

where oi.,(_0 is the equivalent mode [ stress on the crack, Y is a function of crack geometry, a(_,O is the appropriate

crack length, and _represents a spatial location within the body and the orientation of the crack. In some models such

as the Weibull and PIA, _represents a location only. Y is g function of crack geometry; however, herein it is assumed
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constant with subcritical crack growth. Crack growth as a function of the equivalent mode I stress intensity factor is

assumed to follow a power law relationship

da(_u't)- = A K_q(_,O " (Eq 6n)
dt

where A and N are material/environmental constants. The transformation of the equivalent stress distribution at the time

of failure, t=tf, to its critical effective stress distribution at time t=O is expressed (Ref 79) (Ref 80)

where

/

I l l,q.o f,j ,v= + crg'qz(_,tf) 0gq 62)
B

2
B=

A -2

is a material/environmental fatigue parameter, Kit is the critical stress intensity factor, and _,q(_,t d is the equivalent

s_'ess distribution in the component at time t=tr. The dimensionless fatigue parameter N is independent of fracture

criterion. B is adjusted to satisfy the requirement that for a uniaxial stress state, all models produce the same probability

of failure. The parameter B has units ofsu'ess2 x time.

Because SCG operates on existing flaws in a material, the weakest-link statistical theories discussed previously

are required to predict the time-dependent lifetime reliability for brittle materials. A subcritical crack growth model

(e.g., the previously discussed power law, Paris law, or Walker equation) is combined with either the two- or three-

parameter Weibull cumulative distribution function to characterize the component failure probability as a fimction of

service lifetime. The effects of multiaxial stresses are considered by using the principle of independent action (PIA)

model, the Weibull normal stress averaging t'NSA) method, or the Batdorf theory. These multiaxial reliability

expressions were outlined in the previous discussion on time-independent reliability analysis models, and, for brevity,

will not be repeated here. The reader is directed to see the previous discussion or, for more complete details, to consult

the CARES�Life Users and Programmers Manual (Ref 50).

0gq 63)
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3.2.2 CreepRupture

For brittle materials the term creepcan infer two' different issues. The first relates to catastrophicfailure of

a component from a defect that has beennucleated and propagatesto critical size. This is known as creep rupture to

the design engineer. Here it is assumed that failure does not occur from a defect in the original flaw population.

Unlike subcritical crack growth, which is assumed to begin at preexisting flaws in a component and continue until

the crack reaches a critical length, creep rupture typically entails the nucleation, growth, and coalescenceof voids

which eventually form macrocracicswhich then propagateto failure. The secondissuerelated to creep reflects back

on subcritical crack growth as well as creep rupture, i.e., creep deformation. This section focuses on the former,

while the latter (i.e., creepdeformation) was discussedin a previoussection.

Currently, most ceramic researchers utilize deterministic approaches to predict lifetime due to creep

rupture. Stochastic methodologies for predicting creep life in ceramic components have not reached a level of

maturity comparable to those developed for predicting fast-fracture and SCG reliability. One such theory is based

on the premise that both creep and SCG failure modesact simultaneously(Ref g1). Another alternative method for

characterizing creep rupture in ceramicswas developedby Duffy and Gyekenyesi, (Ref 82), who developed a tbne-

dependent reliability model that integratescontinuum damage mechanics principles and Weibull analysis. This

particular approachassumes that the failure processesfor SCG and creep are distinct and separable activities.

The remainder of this section outlines this approach,highlighting creep rupture with the intent to provide

the design engineer with a method to determinean allowable stress for a given component lifetime and reliability.

This is accomplished by coupling Weibull theory with the principles of continuum damage mechanics, which was

originally developed by Kachanov (Ref 83) to accountfor tertiary creep and creep fracture of ductile metal alloys.

Ideally, any theory that predicts the behavior of a material should incorporateparametersthat are relevant

to its microstructure (grain size, void spacing, etc.). However, this would require a determination of volume

averaged effects of microsu'ucturalphenomenareflecting nucleation, growth, and coalescenceof microdefects that

in many instancesinteract. This approachis difficult even understrongly simplifying assumptions. In this respect,

Leckie (Ref g4) points out that the difference between theematerials scientist and the engineer is one of scale. He

notes the materials scientist is interestedin mechanisms of deformation and failure at the microstructural level and
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the engineer focuses on these issuesat the component level. Thus the former designs the material and the latter

designs the component. Here, we adopt the engineer's v!ewpoint and note fi'om the outset that continuum damage

mechanics doesnot focus attention on microstmctural events,yet this logical Fu'stapproachdoesprovide a practical

model which macroscopically capturesthe changesinducedby the evolution of voids and defects.

This method uses a continuum damage approach where a continuity function, 4, is coupled with Weibull

theory to render a time-dependent damage model for ceramic materials. The continuity function is given by the

expression

= [1 - b(o'o)" (m+ l)t] (i/(-÷`)) (Eq 64)

where b and m are material constants, _ is the applied uniaxial su'ess on a unit volume, and t is time. From this, an

expression for a time to failure, M can be obtained by noting that when t = tf, d = 0. This results in the following

1

t/ = b(cTo)m( m + 1) (Eq 65)

which leads to the simplification of ¢Ias follows

¢J= [I -(t / t/)](,/(m+l)) (Eq 66)

The above equations are then coupled with an expression for reliability to develop the time-dependent model. The

expression for reliability for a uniaxial specimen is

where Y is the volume of the specimen, a is the Weibull shape parameter and fl is the Weibull scale parameter.

Incorporating the continuity function into the reliability equation,and assuming a unit volume yields

R = exp[-(o" o/_]_)_] (Eq 68)

Substituting for _ in terms of the time to failure results in the time-dependent expression for reliability

{ [,_'-1
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This model has been presented in a qualitative fashion, intending to provide the design engineer with a

reliability theory that incorporatesthe expected lifetime of a brittle material component undergoing damage in the

ci'eep rupture regime. The predictive capability of this approach depends on how well the macroscopic state

variable ¢_captures the growth of grain boundary microdefects. Finally, note that the kinetics of damage also

depend significantly on the direction of the applied stress. In the above development, it was expedient from a

theoretical and computational standpoint to use a scalar state variable for damage since only uniaxial loading

conditions were considered. The incorporation of a continuum damage approach within a multiaxial Weibull

analysisnecessitates the descriptionof oriented damageby a second-order tensor.

3.3 Life Prediction Reliability Algorithms

The computer programs CARE$/L/_ (Ceramics Analysis and Reliability Evaluation of Structures/Life

prediction program) and the AlliedSignal algorithm ERICA have the capability to evaluate the time-dependent

reliability of monolithic ceramic components subjected to therrnomechanical and/or proof test loading. The reader is

directed to previously cited references (Ref39 and Ref40) for a detailed discussion of the life prediction capabilities of

the ERICA algorithm. The CARES�Life program is an extension of the previously discussed CARES program, which

predicted the fast-fracture (time-independent) reliability of monolithic ceramic components. CARES�Life retains all of

the fast-fracture capabilities of the CARES program, and additionally includes the ability to perform time-dependent

reliability analysis due to subcritical crack growth ($CG). CARES�Life accounts for the phenomenon of subcritical

crack growth by utilizing the power law, Paris law, or Walker equation. The two-parameter Weibull cumulative

distribution function is used to characterize the variation in component strength. The probabilistic nature of material

strength and the effects of multiaxial stresses are modeled using either the principle of independent action (PIA), the

Weibuli normal stress averaging method (NSA), or the Batdorf theory. Parameter estimation routines are available for

obtaining inert strength and fatigue parameters from rupture strength data of naturally flawed specimens loaded in

static, dynamic, or cyclic fatigue. Fatigue parameters can be calculated using either the median value technique (Ref

85), a least squares regression technique, or a median deviation regression method which is somewhat similar to
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trivariant regression (Ref 85). In addition, CARES/LIfe can predict the effect of proof testing on component service

probabilityof failure. Creep andmaterial healingmechanisms are notaddressed in the CARES/L_ code.

3.4 Life Prediction Design Examples

Once again, due to the proprietary nature of the ERICA algorithm, the life prediction examples presented in this

section are all based on design applications where the NASA CARES�Life algorithm was utilized. Either algorithm

should predict the same results cited here. However, at this point in time comparative studies utilizing both algorithms

for the same analysis are not available in the open literature. The primary thrust behind CARES/L_ is the support and

development of advanced heat engines, and related ceramics technology infi'astructure. DOE and Oak Ridge National

Laboratory (ORNL) have several ongoing programs such as the Advanced Turbine Technology Applications Project

(ATI"AP) (Ref g6) (Ref 87) for automotive gas turbine development, the Heavy Duty Transport Program for low-heat-

rejection heavy duty diesel engine development, and the Ceramic Stationary Gas Turbine (CSGT) program for electric

power cogeneration. Both CARES/£ife and the previously discussed CARES program are used in these projects to

design stationary and rotating equipment, including turbine rotors, vanes, scrolls, combustors, insulating rings, and

seals. These programs are also integrated with the DOE/ORNL Ceramic Technology Project (CTP) (Ref 88)

characterization and life prediction efforts (Ref 89) (Ref 90).

Solar Turbines Incorporated is using CARES/L/_ to design hot-section turbine parts for the CSGT development

program (Ref 91) sponsored by the DOE Office of Industrial Technology. This project seeks to replace metallic hot

section parts with uncooled ceramic components in an existing design for a natural-gas-f'u-ed industrial turbine engine

operating at a turbine rotor inlet temperature of 1120°C (2048°F). At least one stage of blades (Fig I 1) and vanes, as

well as the combustor liner, will be replaced with ceramic parts. Ultimately, demonstration of the technology will be

proved with a 4000-hr engine field test.

Ceramic pistons for a constant-speed drive are being developed at Sundstrand Corporation's Aerospace Division.

Constant-speed drives are used to convert variable engine speed to a constant output speed for aircraft elecU'ical

generators. The calculated probability of failure of the piston is less than 0.2 x 104 under the most severe limit-load

condition. This program is sponsored by the U.S. Navy and ARPA (Advanced Research Projects Agency, formerly
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DARPA - Defense Advanced Research Projects Agency). As depicted in Fig 12, Sundstrand has designed ceramic

components for a number of other applications, most notably for aircraft auxiliary power units.

Glass components behave in a similar manner as ceramics and must be designed using reliability evaluation

techniques. Using the CARES�Life software, Phillips Display Components Company has analyzed the possibility of

alkali strontium silicate glass CRTs spontaneously imploding (Ref92). CRTs are under a constant static load due to the

pressure forces placed on the outside of the evacuated tube. A 68-cm- (27-in.)-diagonal tube was analyzed with and

without an implosion protection band. The implosion protection band reduces the overall stresses in the tube and, in the

event of an implosion, also contains the glass particles within the enclosure. Stress analysis (Fig 13) showed

compressive stresses on the front face and tensile stresses on the sides of the tube. The implosion band reduced the

maximum principal stress by 20%. Reliability analysis with CARES�Life showed that the implosion protection band

significantly reduced the probability of failure to about 5x 104.

The so'uctural integrity of a silicon carbide convective air-heater for use in an advanced power generation system

has been assessed by ORNL and the NASA-Lewis Research Center. The design used a finned tube arrangement !.8 m

(70.9 in.) in length with 2.5-cm (I in.)diameter tubes. Incoming air was to be heated from 390°C to 700°C (734°F to

1292°F). The hot gas flow across the tubes was at 980°C (1796°F). Heat transfer and stress analyses revealed that

maximum stress gradients across the tube wall nearest the incoming air would be the most likely source of failure.

At the University of Florida College of Dentistry, probahilistic design techniques are being applied to dental

ceramic crowns, as illustrated in Fig 14. Frequent failure of some ceramic crowns (e.g. 35% failure of molar crowns

aRer three years), which occurs because of residual and functional stresses, necessitates design modifications and

improvement of these restorations. The University of Florida is investigating thermal tempering treatment as a means

of introducing compressive stresses on the surface of dental ceramics to improve the resistance to failure (Ref 93).

Evaluation of the risk of material failure must be considered not only for the service environment but also from the

tempering process.
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Table I Alumina Fracture Stress Data Utilized in Nonlinear Regression Estimation

Specimen Stress Specimen Stress

1 307 MPa 347 MPa

2

3

308 MPa

322 MPa

13

14

15

350 MPa

2O

9 335MPa 21

10 337MPa 22 '

352MPa

Specimen Stress

.... • i

25 376 MPa

26 376 MPa

27 381 MPa

4 328 MPa 16 353 MPa 28 385 MPa

5 328 MPa 17 355 MPa 29 388 MPa

6 329 MPa 18 356 MPa 30 395 MPa

7 331 MPa 19 357 MPa 31 402 MPa

8 332 MPa

23

24

11 343MPa

12

364MPa 32 411MPa

371MPa 33 413MPa

373MPa 34 415MPa

374MPa

375MPa345 MPa

35 456MPa
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Fig 2 Specimen gage volume plotted as a function of failure stress
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Fig 4 Alumina failure data (see Table 1) and probability of failure curves based on estimated parameters for the two-

and three-parameter Weibuli distributions.
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Fig 5 Ceramic automotive turbochargerwheel.

(Pictureprovided courtesyofAlliedSignalTurbocharging and Truck Brake Systems.)
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Fig 6 Automotive valves and engine components.

(Picture provided courtesy of TRW Automotive valve Division.)
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Fig 7 The largest known ZnSe window manufactured for a cryogenic vacuum chamber.

(Picture provided courtesy of Hughes Danbury Optical Systems.)
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Fig 8 Gas turbine engine and components.

(Pictures provided courtesy of Allison Engine Company.)
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Fig 9 Fracture mechanism map for hot-pressed siliconnitride flexure bats. Fracture mechanism maps help illustrate
the relative contribution of various failure modes as a function of temperature and stress. Source: Ref49
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Fig 10 Schematic illustrating three different regimes of crock growth.
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Fig 11 Stress contour plot of first-stage silicon nitride turbine rotor blade for a natural-gas-fired
industrial turbine engine for cogenerafion. The blade is rotating at 14,950 rpm.

(Picture provided courtesy of Solar Turbines Incorporated.)
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Fig 12 CLef0 Ceramic turbine wheel and nozzle for advanced auxiliary power unit.

(Right) Ceramic components for small expendable turbojet

(Pictures provided courtesy of Sundswand Aerospace Corporation.)
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Fig 13 Stl-ess plot of an evacuated 68--cm- (27-in.)-diagonal cathode ray tube (CRT).
The probability of failure calculated with CARES/L/_ was less than 5.0x10 "s.

(Picture provided courtesy of Philips Display Components Company.)
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Fig 14 Stress contour plot of ceramic dental crown, resulting fi'om a 600 N biting force.

(Picture provided courtesy of University of Florida College of Dentistry.)
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