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ANALYTICAL METHOD OF APPROXIMATING THE MOTION OF A SPINNING
VEHICLE WITH VARIABLE MASS AND INERTIA PROPERTIES ACTED
UPON BY SEVERAL DISTURBING PARAMETERS

By James J.

Bucria, Georce R. Youneg, Jesse D.

Timvoxns, and HELeEN S. BRINKWORTH

SUMMARY

An analytical method is presented which approxi-
mates the flight-path deviation of a wvariable-mass,
variable-inertia, spin-stabilized wvehicle under the
influence of (a) initial pitching motions, (b) thrust
misalinements, and (¢) principal-aris misalinement,
or dynamic unbalance. This method includes a
Sirst-order analysis of the effect of jet damping on
the resulting flight path.

An extensive analysis was carried out on an 1BM
704 electronic data processing machine, by integrat-
ing numerically the siz-degree-of-freedom equations
of motion of a thrusting body with variable mass and
This computer analysis was intended to act
as a check on the method developed herein, and also
to present other investigators with exact numerical
answers with which to compare their own results.
The results from the analytical solution are com-
pared with the results from the numerical integration,
and the results are found to agree well in all cases
where no large change in inertia ratio was involved.

The results are presented in terms of the angular
deviation in space of the wvelocity vector from its
undisturbed orientation, as a function of spin rate,
for each of the disturbing parameters. 1t is believed
that this velocity-vector deviation as a function of
spin rate is a much more intwitive indication of the
dispersion than the body attitude in space, which is
the most frequently used parameter in spin-stabiliza-
tion discussions.

inertia.

INTRODUCTION
With the fairly recent advent of very-high-
altitude rocket vehicles, the engineer has become
faced with the difficult problem of adequately

stabilizing his wvehicle in the region where the
atmosphere is so thin that conventional aerody-
namic controls are rendered useless. One possible
means of stabilization is the use of reaction con-
trols in place of the aerodynamic controls. How-
ever, in view of the diminutive size of some of the
present-day probes and satellite injection stages,
a control system of this type would impose a
severe weight penalty on this final stage. Hence,
some other means of pitch and yaw attitude
stabilization must be considered.

Ballisticians have long known that a spinning
shell deviates from a predetermined flight path
much less than a nonspinning shell. It thus
seems natural to attempt to attitude stabilize a
rocket vehicle by spinning it and, indeed, this
method has been successfully used already in the
Vanguard, Explorer, and Pioneer vehicles, and on
Scout and other vehicles currentiy being designed.
Spin, however, is not a cure-all: spinning a vehicle
gives it a constant attitude in inertial space, but
not stability along the constantly changing tan-
gent to the flight path. Hence, if a large change
in flight-path angle is involved, the method of
spin stabilization may not be applicable. Spin
stabilization is very effective, however, in the case
of a satellite launcher where the last stage, the
injection stage, is fired at nearly horizontal flight-
path and attitude angles and it is desired to burn
out this stage in such a manner that the final
velocity vector will be nearly horizontal.

Some investigators in this field (for example,
refs. 1 and 2) have chosen as a criterion for spin
stabilization the attitude of the body, defined by
the two Euler angles in pitch and yaw. It is felt,
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however, that a knowledge of the vehicle attitude
alone is not the best criterion for determining the
effects of various extraneous forces, because the
attitude alone does not indicate the final orien-
tation of the velocity vector at stage burnout.
This velocity-vector orientation is believed to be
a better indication of the dispersion effects sought.
Consequently, the data presented herein are given
as deviation of the velocity vector from its undis-
turbed orientation as a function of spin rate for
several external disturbing forces.

The two methods in most general use for deter-
mining dispersion of a spinning vehicle, with the
body attitude as a criterion, are the methods of
Nicolaides (ref. 1) and Jarmolow (ref. 2). Nico-
laides determines the dispersion in terms of angle
of attack « and angle_of sideslip g—his parameter
is essentially ya2--g82. He also includes aeredy-
namic effects, which are neglected here. However,
he considers the vehicle mass and moments of
inertia, as well as the applied moment and forward
velocity, to be constants. His results, therefore,
cannot be used to study the dispersion of a spin-
ning rocket during its thrusting phase.

Jarmolow, on the other hand, considers the case
of variable mass, moments of inertia, and applied
moment ; but he discusses only the body attitude.
Also, analytical results are given only for the pitch
and vaw rates in a body-axis system. Numerical
integration must still be used to find the pitch and
vaw Euler angles.

The method presented herein utilizes exponen-
tial approximations for the variation of the ratio
of the applied moment to the pitch moment of
inertia, and for the ratio of thrust to linear mo-
mentum, which appears as a parameter in the
translation equations.  These approximations
make possible: analytical solutions for pitch and
vaw Euler angles, and also expressions defining the
angular deviations of the velocity vector. These
expressions include linear damping in pitch and
vaw. The following additional assumptions are
made: the ratio of roll inertia to pitch inertia is
constant; the vehicle is rigid and has rotational
svmmetry; there is no roll moment; only small
angles are considered; the motion takes place in a
vacuum. This study was initiated to determine
the effect of various disturbing parameters on the
flight path of a solid-propellant rocket motor
similar to the final stage of the Scout.
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SYMBOLS
constants
pitch and yaw damping coefficient,
ft-Ib-sec

constants

angular-momentum vector of ve-
hicle with respect to center of
gravity in  ,¥,z, coordinate
system, slug-ft?/sec

angular-momentum vector of ve-
hicle with respect to center of
gravity in z,,7,,z, coordinate syvs-
tem, slug-ft*/sec

angular-momentum vector of ve-
hicle and jet with respect to
center of gravity in z,y.,z. coor-
dinate system, slug-ft?/sec

unit vectors along the X,-, 17-,
and Z,-axis, respectively

unit vectors along the X, Y-,
and Z-axis, respectively

vehicle moments of inertia about
X,-, Y-, and Z,-axis, respec-
tively, slug-ft?

Iy or I, (where Iy=1,), slug-ft?

vehicle products of inertia about
X, Y-, and Z,-axis, respec-
tively, slug-ft*

constants

length from vehicle center of grav-
ity to nozzle exit plane, ft

disturbing-moment vector, Mi,
+Myj.+ Mk, ft-1b

magnitude of disturbing moment,
ft-1b

mass of vehicle, slugs

element of mass, slugs

M,== at t=0, 1/sec?

!

Iz -
”:7]'“' radians/sec

])7’]?1.

¥,

angular-velocity components of
vehicle about X,-, Y,-, and Z,-
axis, respectively, radians/sec
unless otherwise indicated
distance from center of gravity to
jet exit, 7, xi.+7, yjot+7. k., 1t
magnitude of r,, ft
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¢ time, sec

7k thrust, 1b

v vehicle velocity vector, ft/sec

1’4 magnitude of V, ft/sec

V. jet exhaust velocity, V, yi.+

Te,}'jr+ T'r, ka ft x’lse('
V. magnitude of V,, ft/sec

LY y%0 coordinates measured along body
Xy, Y, and Z,-axis, respec-
tively

X, Yop; Lo body-fixed system of orthogonal
axes, origin at body center of
gravity

L5620 coordinates measured along N -,

Y-, and Zaxis, respectively

svstem of orthogonal axes which
pitches and yvaws with vehicle
but does not roll, origin at body
center of gravity

X,,Y.,Z.

LU coordinates of element of mass
causing dynamic unbalance

P angle of attack, radians

8 angle of sideslip, radians

Y orientation of velocity vector in
vertical plane, radians

b thrust misalinement angle, radians
(except as noted)

€ principal-axis misalinement angle,
radians (except as noted)

A orientation of velocity vector in
horizontal plane, radians

T total orientation of velocity vector,
radians (except as noted)

6 pitch Euler angle, radians (except
as noted)

Y vaw Euler angle, radians (except

as noted)

@, angular velocity of nonrolling sys-
tem in inertial space,
wy kK., radians/sec

components of w, along Y- and
Z~axis, respectively, radians/sec

@WyeJeT
Gy, @Wze

Subseripts:

0 denotes quantity at zero time

X, Y% components parallel to X,-, Y-,
and Z,-axis, respectively

Xe,Ye,Ze components parallel to X.- V.-,
and Z-axis, respectively

A dot over a quantity denotes differentiation
with respect to time.

ANALYSIS

The mathematical analysis of a spinning rocket
differs in several respects from that of a spinning
projectile. In the first place, the rocket has mass
and inertia properties which vary with time,
whereas those of a spinning projectile are constant.
Secondly, the rocket can have a moment due to a
thrust misalinement. This moment, which is
fixed to the spinning vehicle, gives rise to motions
not found in the analysis of projectile motion.
The motions due to an initial pitech or vaw rate
and a dynamic unbalance are common to both
types of bodies, but the analysis becomes more
involved when a variable-property vehicle is dealt
with.

The equations of motion programed on the
IBM 704 electronic data processing machine for
comparison purposes in this study are the standard
six-degree-of-freedom equations found in most
aeronautical textbooks (for example, ref. 3).
The equations programed, along with the various
transformations that were used, are presented for
reference in the appendix.

An approximate analytical method of predicting
the deviation of the velocity vector due to the
effects of thrust misalinement, initial pitch rate,
and principal-axis misalinement will be developed
in this section. Two coordinate systems will be
used in this analysis. The first (24,152, is a
body-fixed coordinate svstem with axes fixed at
the center of gravity of the vehicle and the
coordinate r, extending along the body longitudinal
axis. The second coordinate system (z..,z.), In
which the equations of motion will be derived, is
referred to a body-fixed system of axes which can
pitch and yaw with the vehicle but does not roll

with it. The two sets of coordinate axes are alined
at t=0. (See fig. 1.) The pitch Euler angle 6

and the vaw Euler angle ¢ are assumed to be small
so that the order of the Euler rotation is immate-
rial.  This assumption of small angles simplifies
the integration for v and X\, the flight-path angles
in the vertical and horizontal planes, respectively,
and also permits these flight-path angles to
combine vectorially to give o, the angle between
the velocity vector and some fixed reference line,
taken here as the longitudinal axis of the vehicle
at zero time.

The angular-momentum vector of the vehicle
in the z,,,2, syvstem instantaneously fixed in
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Fixed reference axis
(Xp-oxisat £=0) -----.

Frcvre 1.—Coordinate system and definition of symbols used in analytical development.

inertial space can be written Now, in the nonrolling system (z,.,2.), which
e e . has angular velocity in inertial space,
Hr‘: (_[_\']’_I_y)'q—[_\'Z/"l/;- ([}'(/_ ])‘ZI"—I_\')'[) ]Jh
w.=(0,0yq0z) =wyJ+ wzK, (2)
+Ugr—Ixzp—Iyzq)k, (1) . y ?
'he equation of motion about the vehicle center




VACUUM MOTION OF SPINNING VEHICLE WITH VARIABLE MASS AND INERTIA PROPERTIES 5

of gravity is
{}HT
dt

=M (3)

The rate of change of angular momentum with
respect to the vehicle center of gravity including
jet effect is

([II[{’TZ(—I;?—'J,—(»[ XH,+mr, < (w. Xr,—V,) (4)

where «.<H, takes into account the rotation
of the coordinate system.

[t is usually conventional in missile work to
choose the body axes as principal axes and to
assume a svmmetrical vehicle, so that

[)':IZZI
(5)
[.\')':I}'z:I_\'z:0 3}

With these assumptions, equation (1) may be
written in the nonrolling system as

H=Ipi.+Toyj.+ Tk, (6)

[f the further assumptions are made that the
jet is located on the N.-axis and the jet exit
velocity relative to the nozzle exit is directed
along the negative X, -axis, then

IVL Xor— 1 vt \}’

‘vt, Ye— ‘v{_Zc:O J

and
3\

Pexc=Te

Pe,ye="eze=0

Expansion of equation (3), with the aid of sub-
stitutions from equations (2), (4), and (6), vields

(Ixp+I1xp)i+ Tyt Tyt Ixpozet mrioy,)i.
+ (Tozet+ Twze— Ixpwy+mriw) k=M (9)

If damping in roll is neglected (that is, if 7x=0),
equation (9) becomes, in component form,

[‘\'[’I:.‘Ix (10&1)
Iy +Ixpows+c’ ey =My (10b)
]l;‘Zr—I_\']l(.l)}'(‘clo.‘zc:“[z (10(‘)

where
' = mr+1

The quantity ¢’/I(=¢) will be considered constant
for this analysis.

If the assumptions are made that the disturbing
moment lies in the vertical plane at zero time
and that there is no moment about the roll axis,
then

“{_\':0
My=M cos pt (11)
M ,=M sin pt

and equations (10) become

Ip=0 (122)
Iy, +Ixpowzc+c'wy.=M cos pt ~ (12b)
Twy.—Ixpoy.+¢'wze=M sin pt (12¢)
Equation (12a) immediately shows that
p=~Constant=p,

Let
% Po=n (13)

and
lI[:.'\[,,n & (14)

It is assumed that the ratio /y// is constant; 3,
and k& are also constants, found by fitting an
exponential to the function M/I as shown in
equation (14). Then equations (12b) and (12¢)
become

@yt Nnwz.+cwy. =M, cos p,t (15a)

@ze— Ny~ Cwz=M ¢ sin p,t

(15b)

These equations can be integrated simply, and
with the initial conditions wy.(0) =wy,.4 @z.(0)=0
give

wye=(wye o— Cs)e~" cos nt—Ce=° sin nt

+ (" cos pit+Ciet sin pt  (16a)
wze=(wyc o,— (e~ sin nt+ Cie=°* cos nt
+ (k! sin p,t—Ché* cos p,t (16b)
where
M,(p,—n) =
: 78 (17a)

1= e1k)+ (p—n)?




6 TECHNICAL REPORT R—110—NATIONAL

M, (c+k)

(i"’: 2 2
= etk (o —n)?

(17h)

Now, by virtue of the original assumption that
the pitch and yaw motions are small, and as a
consequence of the coordinate system used, the
following expressions can be written:

0= S wydt (18a)
V=S wzdt (1Sh)

Substitution of equations (16a) and (16b) into
these integrals with the initial conditions
6(0)=y(0)=0 gives

6=A (" cos pt—1)-+ Be sin p,t

—D(e " cos nt—1)+FEe " sin nt  (19a)
Y=Ae" sin p,t— B cos pt—1)
—De=¢" sin nt—E(e=°" cos nt—1) (19b)
where
A=GE=Cipe (20a)
k*+4-p3 ]
pttttak (20b)
/(‘»]1; :
e o— o) —nC; L
p=8@res—Cy)—nC, (20¢)
et+n?
n(wy. ,— () +el; :
E:/l‘(—uyh,,q (_) clL (2‘)(])
c2-+n?

These equations give time histories of the body
attitude angles in an inertial coordinate system
taken to be coincident with the body coordinate
system at zero time. These angles 6§ and ¢ are
the angles commonly used to discuss the effects of
spin on the stability or dispersion of a vehicle.
However, body attitude alone does not adequately
describe the complete motion in space. The actual
dispersion of the vehicle, defined herein as the
angle between the velocity vector at zero time and
the velocity vector at burnout, is a much more
meaningful parameter because it depends on the
translation of the vehicle, and hence on the quan-
tities which define its translation history, as well
as on the rotational parameters. The preceding
argument can be substantiated from physical

AERONAUTICS AND SPACE ADMINISTRATION

considerations. The equations defining the rota-
tional motion of the vehicle are completely inde-
pendent of the translational motion. (See, for
example, eqs. (Al) to (A6).) Hence, for given
inertia characteristics, spin rate, and disturbance,
the rotational motion of the vehicle is completely
defined. Now, in order to get the actual transla-
tion in space, the body attitude parameters must
be combined with the translation parameters;
for example, equations relating quantities such as
thrust and mass ratio are integrated to give the
translational motion. As an illustration, it is
certainly possible to have a spinning vehicle point-
ing vertically upward and moving horizontally at
ignition. Then as the motor fires the velocity
vector climbs above the horizontal. Thus, the
final direction of the velocity vector has changed—
the dispersion as defined here is reduced—but the
body attitude has remained constant. An effect
such as this one is not evident when only the rota-
tional motion is defined.

In order to determine v, the orientation of the
velocity vector in the vertical plane, reference is
made to the normal equation of motion of figure
2(a). Since a=#f#—vy, if only small angles are
taken into account this equation becomes

b, T T, T

y=—=0+—= 6 cos p,t 2
dt "' mV " 17:{'0T172"0(0' P @)

In a similar manner a differential equation for X\,

7 sin 8 cos p,t

¥ |
A &
Horizontal reference

mVy =T sin 3 cos g/ cos a +7 cos 8 sin a
78 cos p,? + T(6-7)
(a) Vertical plane.

Ficrre 2.—Equations of motion.
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the orientation of the velocity vector in the hori-
zontal plane, can be obtained from figure 2(b):
iy Ay ¥y S (2D

Since only the changes in v due to external dis-
turbances rather than the natural change in flight
path due to gravity are of interest, the effect of
gravity is omitted.

Now, in order to integrate equations (21) and
(22), the quantity 7/mV must be put into a form
that is easily integrated. It can be shown that a
plot of 7"/mV" as a function of time can be approxi-
mated to a sufficient degree of accuracy by an
exponential function. Thus, define

T

ml

':klﬂk;ﬂ (23}
and

Pk
1\'2
In the process of integrating equations (21) and

B o 5 To k2l . o
(22), the quantity e¢®'¢*™ appears in several in-

stances.  Therefore, to further simplify the inte-
gration, it was assumed that

. Tekat T O oA
(/L_.!’,LP ~( 1(,( 5t (24)

and the initial conditions ¥(0)=X(0)=0, yields

agazt(_v._

I,A (' [ 1€‘°2+k”((—‘34—5‘)—1)0]3(“'_"1?
(Co+k)*+p3

4V Vol

Reference line--._/

A 7 cos &
y

7 sin 8 sin p,/

\

\yh

(b)

mVi=Tsind sinp,7cos B+7 cos 3 sin B
mV\=T8sinp,t +TB

(b) Horizontal plane.

Fraure 2.—Concluded.
If equation (23) is substituted into equations
(21) and (22) along with the expressions for § and

¢ from equations (19), integration of the resulting
linear differential equations, utilizing equation (24)

A m »(Cat+B)E C 0t (T LI
20 0 con o AR Be k)
D3+0s

(Cot-k)*+p3

Cat T (Cy—0)t (Cy—ert ) @t _Fo@-0t (0, —¢ :
+= Ll :I sinp ,,f——l:D(C c)e_ _+E7)€ :I cos nt—l:nD'2 — Ee‘ (€, c)] sin nt
C3+p? (Cy—c)2+n? —c)?+n?
i Aeaﬂ_peaﬂ]_ A(Cy+k)—Bp, D(Co—c)+En_ A, D 80, (5)

r'z Fz (F-z“!fk)z‘f'l)i (Fe_c)z‘i'"z '. ('H‘ ]

{I:__]) 4€(CZ+LH B(( )+A)€(C>+Ml poaec"‘gz :, ; [‘A1p162+k)[((—E)+I(.)_])[‘Bflz'2+k,rl
A= — — cos pt+| — = ——
(Ca+k)2+p3 Ci+p3 (Cot+-k)*+pi

F) ,Cat . ) Ca—rt_ Tvq_ N\ F, ©a—0)t
4 o€ ] snnp,,t—{—["ll— 2= — (Cy—c)Ee

Ci+pt (Cr—c)*+n?

PA=BOtk) __psd

De©-9t((,—¢) ) +nke! C-ent ALl
cOos nt— f——(—) sin nt
2—C -n?

)= (( s—¢C)

Hel e

621963—62

(Cot-k)24p2

} (26)

C-p2 (( y»—c)*+n?
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Then, because of the assumption of small angles,
v and X can be combined vectorially to give o, the
angle between the fixed reference line and the
velocity vector:

SN (27)

A disturbing parameter consisting of a princi-
pal-axis misalinement can be h(m(llo(l in the fol-
lowing manner. Assume that the mass element
causing the dynamic unbalance can be placed off
the center line of the vehicle a distance y, from
the center of rotation, and that it has a mass
My, as in sketch 1. The moment about the center

)
~— XUH’I
Yu
Xp - = €9 -

Sketch 1.

of gravity due to this mass element is
M= piz,y.,m, (28)
Now, the product of inertia due to this mass is
[xy=a,3,m, (29)

Hence, the moment can be written in terms of the
product of inertia:

M=p2lyy (30)

It may be desirable to express the product of
inertia in terms of the principal-axis misaline-
ment angle e.  From the properties of moments
of inertia it is known that the angle ¢ between
the principal axis and the axis about which the
moments and products of inertia are computed
is given by

2 vy

tan 25:/;[1)[ (31)
If, as will be the usual case, the product-of-inertia
term is due to construction technique or placing
of instrumentation, the product of inertia will be
constant, the small change due to the center-of-
gravity shift during burning being neglected. In
this case, e will be a function of time. The time
history of e can be computed from equation (31)

since Iy and [ are known at any time. Then

AERONAUTICS AND SPACE ADMINISTRATION

with the assumption e< <1, substitution of equa-
tion (31) into equation (30) gives

M
== SN, o K (32)
7 o€ (1‘ 1 > 32)

If this expression is used in equation (14), and M,
and £ are found by a curve fit, solution of equa-
tions (25) and (26) will yield histories of v and A
due to a principal-axis misalinement e.

It should be noted that, to the degree of approxi-
mation used herein, the effects of the various
disturbing parameters can be combined linearly
to yield the total dispersion. For example, equa-
tions (25) and (26) may be written as a linear
combination of terms each of which is a funetion
of wy., 4, M,, or 6 but not of any two of the variables.

It should be further noted that, again to the
degree of approximation assumed here, the angles
v and A, and consequently the total dispersion o,
M,, if taken sepa-
necessary o make a

vary linearly with wy,, and
rately, so that it is not
separate calculation for each value of moment or
pitch rate desired. This linearity is supported
by the calculations performed on the IBN 704
computer, as illustrated in several of the figures.

RESULTS AND DISCUSSION

A comparison of the results of the numerical
integration (on the IBNM 704 computer) of the
exact equations of motion given in the appendix
with the results of the analytical solutions de-
veloped herein is made in figures 3 to 16. The
quantities 6, ¢, v, \, and ¢ were calculated from
equations (19a), (19b), (25), (26), and (27),
respectively. The constants used are given in
tables I and II. Figures 7 to 16 are plotted for
=30 seconds (burnout). These figures serve a
double purpose. Since not everyvone has access
to an IBM 704 or to a computer of sufficient
capability and storage capacity to permit the
programing of a problem as complex as a six-
degree-of-freedom rigid-body analysis, many in-
vestigators have probably developed analytical
results without being able to check the accuracy of
their methods.  Thus, the figures presented can
serve to check these methods and indicate regions
of validity and applicability. At the same time,
the figures serve to illustrate the accuracy of the

analytical method developed herein.  As can be
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TABLE I—PHYSICAL AND PERFORMANCE
CHARACTERISTICS OF ROCKET MOTOR
USED IN CALCULATIONS
Roll moment of inertia, slug-ft2 .- 5.25-0.13¢
Pitch (yvaw) moment of inertia, slug-ft2__ 34.15-0.88¢
Mass, slugs__ - 18.95-0.481
Applied moment, ft-lb (5 in radians) 10,7106 -+ 1506t
Thrust, Ib_ _ S S — 3.000
Burning time, sec__________ ! . " 30
Initial velocity, ft/sec 10,000
Final velocity, ft/sec e __ 19,816

Computed constants (for 0.10° llmM misalinement):

e S N E S e el » - 0.01583
ks S ~ g et i et e 040 260
o = NN S S 5 0.608
/TSI L T WONESN N el M- SR e B |,
| 5 R SR Sy I 0.050
O TR AN wmie s i im mE ms fE Se SE e e St 0.001745
Wye o, Tadians/sec_ __________________________ 0
e (e el S S S 0.164
M, 1/sec_ - - 0.5470
R ey o s e e T e e S S 0.0592

TABLE AND PERFORMANCE
CHARACTERISTICS OF SPHERICAL ROCKET

MOTOR
Roll moment of inertia, slug-ft2______ ——-- 333.6—10.0¢

403.6—10.0¢
,,,,,,,,,,, 16.33—0.51¢

Piteh (vaw) moment of inertia, slug-ft2_ __
Mass, slugs

[ 2os AR N

Thrust, Ib . s e it (B AD0)
Burning time, See.. . 30
Moment, ft-b__ e o s - 5+0.01¢
Initial veloeity, ftfsec- - oo __—__..__. 10,000
Final veloecity; ft/see. oo oo oo - 29,950

Computed constants:

R N SOOI v SR - S s SN 0.02125
) S ST SUY |« VIR AL I, S 1 0.0790
AR e T O e e N e 0.269

B T e TR T Ly SRR 1.236
- T P RS R S g~ PG . £ LI Y, 0.167
Oy rRdIanS. - e e e 0
p5 5y TOOTANSREC . oo an 0
§ £ 3 1 e SO Y L S SRR o Toor St R 0.68
M meet o sl b AT S B e 0.0124
e S I L o 0.042

seen from a general perusal of figures 3 to 15, the
accuracy obtained is quite good in the range
investigated.

Figure 3 shows the pitch Euler angle 6 plotted
against the yvaw Euler angle ¢, for the last few
seconds of burning of the rocket motor, under the
action of a moment produced by a thrust misaline-
ment & of 0.10°. This figure shows, essentially,
the attitude of the body in space during this time.
It can be seen that, although the analytical method
predicts frequencies of nutation and precession
which are slightly high, the amplitudes of both

8,deg

1

HEEL

1 === Anlyticol 4+ *-30 seconds |

t Exact [30seconds | [ | |

Frcuvre 3.—Undamped body attitude. p,=80 rpm;
5=0.10°.

motions, which are the parameters of primary

interest, are predicted rather well. This curve
does not include the effect of jet damping.

Figure 4 shows time histories of the deviation
of the velocity vector ¢. The analytical method
prediets results which are slightly conservative.

In figures 5 and 6 are plotted time histories of
the pitch Euler angle 6 and the yaw Euler angle ¢,

respectively. Here it will be noted that, while
1 3
1.4 — o
| | J [ ] J( ‘ | [ ]
i i o G /v‘
12} . 1 |
HEE | A
g' T 1 : , T
©
T P i
¥ ‘ | A /
3] | |
2 8**‘*—%; ﬂuié_,l//\/ L3
i ‘
'§ | | ‘ /t,/
s || | 74 |
s ‘ / [ |
.f_‘_;" | _ﬂ \ J [
S a4 4 S ! R
g | /) el —— Analytical
i ;/ | 1 | —Exact
] T T i T
| | | | | { |
o} 4 8 12 16 20 24 28
Time, sec

Ficure 4.—Deviation of velocity vector as a function of
time, for a thrust misalinement angle 8 of 0.10°. Un-
damped body; p,=80 rpm.
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Frcure 6.—Yaw Euler angle as a function of time.
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the agreement is only fair (again the frequency is
in error), the amplitude of {#24y¢? is in good
agreement as seen from figure 3.

Figures 7 to 15 show the effect of spin rate on
the deviation of the velocity vector o for several
values of thrust misalinement, principal-axis mis-
alinement, and initial pitch rate. These figures
are all plotted for =30 seconds (burnout), and
figures 8, 11, and 14 include the effect of damping
in pitch and vaw. Again the analytical results
are compared with the machine-integrated results
and the agreement is seen to be good in all cases.

The linearity of o with the magnitude of the dis-
turbing parameters, as predicted by the analytical
results, is shown in figures 9, 12, and 15.  For the
range of the disturbing parameters chosen, this
linearity is substantiated by the machine-inte-
grated results.  Figures 7 to 15 show that spin is
very effective in reducing the effects of thrust
misalinement or initial pitch rate, but is com-
pletely ineffective in reducing the effects of
principal-axis misalinement. The reason for this
ineffectiveness is that the higher the spin rate, the
greater the disturbing moment due to the dynamic

Analytical
Exact

Deviation of velocity vector, o, deg

1 T
|
|
8, deg
-0.20
=101
- 05 l
- .02 |
~
o]
\ |
N - s
1 |
= =~
e
b Eemngs
e | ol i)
| __ P
0 40 80 120 160 200 240 280 320
Spin rate, rpm
Fiaure 7.—Effect of spin rate on the deviation of the velocity vector due to a thrust misalinement angle 8. Undamped

body; =30 seconds (burnout).
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<
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$53
<
=
'_8 B8 j——
g
S
S 1 N
5
&
6 B [ E—
4 —
2 — - —
T T ™1 1 - = —= =
o) | S | | | | J
0] 40 80 120 160 200 240 280 320

Spin rate, rpm

Ficure 8.—Effect of spin rate on the deviation of the velocity vector due to a thrust misalinement angle 6 of 0.10°.
Damped body; =30 seconds (burnout).
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Ficure 9 Linear effect of thrust misalinement on the
deviation of the velocity vector for several spin rates.
Undamped body; ¢=30 seconds (burnout).

Deviation of velocity vector, o, deq

Fraure

10.

Effect of spin rate on the deviation of the velocity veetor due to a principal-axis misalinement
angle e of 0.10°. Undamped body; (=30 seconds (burnout).
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Frcure 11.—Effect of spin rate on the deviation of the velocity vector due to a principal-axis misalinement angle e of
) 1

0.10°.  Damped body; {=30 seconds (burnout).
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Ficure 12.

inement angle, deg

Linear effect of principal-axis misalinement

on the deviation of the velocity vector for several spin

rates.  Undamped body; i

30 seconds (burnout).
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.70

80

— Exoct

50 SISESEE S| SRS EE- IR S—

N
O

o
]

Deviation of velocity vector, o, deg

.20

o] 40 80 120 160 200 240 280 320
Spin rate, rpm

Ficrre 13.—Effect of spin rate on the deviation of the velocity vector due to an initial pitch rate ¢,. Undamped

body; =30 seconds (burnout).

unbalance. (Sce eq. (28).) Since the disturbing  spherical rocket motor with characteristics as
moment is proportional to p, and since the restor- ~ given in table II.  This plot does not include the
effect of jet damping. In this motor the ratio
Ix/I varies from 0.82 to 0.32.

The figure indicates that caution should be used
when the variation in inertia ratio is large. How-
Figure 16 is provided to show the deviation of  ever, even in this extreme case order-of-magnitude

ing moment is essentially proportional to 1/p;,
the spin rate does not appear in the parameter
determining the magnitude of the disturbance.

the velocity vector as a function of spin rate for a ~ numbers can be obtained.
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Frcure 14.—Effect of spin rate on the deviation of the velocity vector due to an initial piteh rate g, of 0.50 deg/sec.
Damped body; =30 seconds (burnout).
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Ficure 15.—Linear effect of initial pitch rate on the devia-
tion of the velocity vector for several spin rates.  Un-
damped body; t=30 seconds (burnout).
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Ficure 16.—Lffect of spin rate on the deviation of the velocity vector due to an applied moment for a 25-inch spher-

ical rocket motor.
CONCLUDING REMARKS

The effects of spin stabilization on the flight-
path angular deviation caused by initial pitching
rate, thrust misalinement, and principal-axis mis-
alinement have been evaluated by an approximate
analytical solution which yields the flight-path
angular deviation as a function of spin rate for a
vehicle whose mass and inertia properties are
varving with time. Agreement with a numerical
integration of the six-degree-of-freedom equations

Undamped body; {=30 seconds (burnout).

of motion was found to be good in all cases in
which the inertia ratio was essentially constant.
Spin stabilization was found to be very effective
in averaging out the errors caused by initial pitch
rates and thrust misalinements, but was com-
pletely ineffective in controlling the errors in flight-
path angle due to principal-axis misalinement.

LaxcgLEy REsEaARCH CENTER,
NATIONAL AERONAUTICS AND SPACE ADMINISTRATION,
LaxgLEY AIr ForcE Basg, Va., April 21, 1961.




APPENDIX

EQUATIONS OF MOTION IN BODY-FIXED AXIS SYSTEM

The symbols used in this appendix are defined

as follows:
Fy Fy,Fy

]_\'.]y.]z

Iz
/

[3’.777‘,',]?7‘

My, My, M,

m

P.q.r

.

(T[T T3]

U

18

components of external force along
the body X-, Y- and Z-axis,
respectively, 1b

moments of inertia about body
X-, Y-, and Z-axis, respectively,
slug-ft?

product of inertia, slug-ft’

Iy or I, (where [y=1,), slug-ft*

direction cosines between inertial
axes and body-fixed axes, i=1,
2,0r 3

external moments about body X-
Y-, and Z-axis, respectively,
ft-1b

mass of vehicle, slugs

angular-velocity components of
vehicle about body N-, Y-, and
Z-axis, respectively, radians/sec

longitudinal distance from vehicle
center of gravity to jet exit, ft

{ransformation matrices

velocity components of vehicle
along X-, Y-, and Z-axis, respec-
tively, ft/sec

vehicle velocity vector, ft/sec

orthogonal body-axis system

coordinates of center of gravity of
vehicle along X-, Y-, and Z-axis,
respectively, ft

fixed orthogonal axis system, coin-
cident with body-axis system at
zero time

orientation of velocity vector in
vertical plane, radians

pitch Euler angle, radians (except
as noted)

orientation of velocity vector in
horizontal plane, radians

total orientation of velocity vector,
radians (except as noted)

o) roll Euler angle, radians (except as
noted)
v vaw Euler angle, radians (except

as noted)

A dot over a quantity denotes differentiation
with respect to time.

The rigid-body equations of motion as pro-
gramed on the IBM 704 electronic computer are
the standard six-degree-of-freedom equations of
motion found in most aecronautical textbooks on
dynamic stability (for example, ref. 3, eqs. (10-11)),
with damping in pitch and yvaw added to the
second and third moment equations, respectively.
These equations are repeated here for reference.
The three force equations are

m(i—rr-+wq)=>Fx (A1)
m(@—wp+ur)=>Fy (A2)
m(b—uqg-t+op)=>F, (A3)

and the moment equations including jet damping
are

]A\'I}_[‘\'Zi‘—(jza‘]y.) l[l'_]_\'zjlll';ZA‘[A\' (A\‘}\)

])"j i I_\——[Z)/-I);_ [.\'Z(.]'g—‘l"l)
*j)"lf”.“'?..\"/: > My (A5)

Ly —Ixzp+Uy—Ix) pg+Ixzqr
—“12)"'7/‘{/';"‘”\'/':2.‘[2 (‘\LC))

The quantities used here are referred to a set of
axes fixed to and rolling with the body, whereas
the analysis in the body of this paper is referred
to a set of nonrolling axes.

The quantities %, », w and p, ¢, » are found by
integration of these equations by the Runge-
Kutta method, and are then transformed to a set
of inertial axes. The following assumptions are
made to simplify the integration:

Moments and products of inertia
linearly with time

vary
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Mass varies linearly with time
Damping coefficients (rr? ¢+ 1) are constant
The inertial quantities are found by means of
the following transformation equations (ref. 4):

0t
¥ =T (T)(T5) | 0 (A7)
> w

where the transformation matrices [7], [7%], and
[7] are given by

[cos ¢ —siny 0]
[T)]=]siny cosy O (AS)

0 0 1]

[ cosf 0 sin (ﬂ
[T,]= 0 1 0 (A9)

| —sin 6 0 cos 6|

10 0 ]
[T5]=] 0 cos ¢ —sin ¢ (A10)

L0 sin¢ cos¢ |

Multiplying the matrices gives equation (A7) as

Ly my my || w

YyI=l L me ne || (A11)
z Il; mgy me|lw
where

[,=cos ¢ cos 8 T

[,=sin ¥ cos

l;=—sin 6

MM, ==Ccos ¥ sin # sin ¢—sin ¢ cos ¢

my==sin ¥ sin 6 sin ¢-+cos ¢ cos ¢ (A12)

ms=Cos f sin ¢

7,=C0s ¥ sin  cos ¢-+sin ¢ sin ¢

T,=sin ¥ sin 6 cos ¢—cos ¢ sin ¢

i;=cos 6 cos ¢

The angular rates p, ¢, » about the body axes
are transformed to angular rates ¢, 8, ¥ about the
space axes by means of the following transforma-
tions (ref. 4):

p=p-+tan 6(g sin ¢-+r cos ¢)

6=q cos ¢—r sin ¢ (A13)

{1,:(_(35 5 (g sin ¢-+r cos ¢)

Application of these transformations to the body-
axis quantities u, », w and p, ¢, r vields time
histories of Z, 7, = and ¢, 6, . Then, from sketch
2, v, \, and ¢ can be found:

X
DY -
| 7|
I // I
o \ / l
X \ y |
| V37 |
} > ¥
i |
_____ - = ey
/ | //
/ l /
7
7 |/
Y, |/
v 1 A0 B R B P S Y
Z
Sketch 2.
Thus,
= 3
y=tan™'———
vV 1Y
0]
A=tan™! = > (A14)
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