
   

January 2014 

NASA/TM–2014-218155 
 

 
 

A Well-Clear Volume Based on Time 
to Entry Point  
 
 
Anthony J. Narkawicz, César A. Muñoz, Jason M. Upchurch, James P. Chamberlain, 
and María C. Consiglio 
Langley Research Center, Hampton, Virginia 
 
 
 

 

 

 
 
 

 

 
 
 

https://ntrs.nasa.gov/search.jsp?R=20150002740 2019-08-31T13:50:50+00:00Z
brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by NASA Technical Reports Server

https://core.ac.uk/display/42718701?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


 

NASA STI Program . . . in Profile 
 

Since its founding, NASA has been dedicated to the 
advancement of aeronautics and space science. The 
NASA scientific and technical information (STI) 
program plays a key part in helping NASA maintain 
this important role. 

 
The NASA STI program operates under the 
auspices of the Agency Chief Information Officer. 
It collects, organizes, provides for archiving, and 
disseminates NASA’s STI. The NASA STI 
program provides access to the NASA Aeronautics 
and Space Database and its public interface, the 
NASA Technical Report Server, thus providing one 
of the largest collections of aeronautical and space 
science STI in the world. Results are published in 
both non-NASA channels and by NASA in the 
NASA STI Report Series, which includes the 
following report types: 
 

 
 TECHNICAL PUBLICATION. Reports of 

completed research or a major significant phase 
of research that present the results of NASA 
Programs and include extensive data or 
theoretical analysis. Includes compilations of 
significant scientific and technical data and 
information deemed to be of continuing 
reference value. NASA counterpart of peer-
reviewed formal professional papers, but 
having less stringent limitations on manuscript 
length and extent of graphic presentations. 

 
 TECHNICAL MEMORANDUM. Scientific 

and technical findings that are preliminary or of 
specialized interest, e.g., quick release reports, 
working papers, and bibliographies that contain 
minimal annotation. Does not contain extensive 
analysis. 

 
 CONTRACTOR REPORT. Scientific and 

technical findings by NASA-sponsored 
contractors and grantees. 

 
 

 
 CONFERENCE PUBLICATION.  

Collected papers from scientific and 
technical conferences, symposia, seminars, 
or other meetings sponsored or co-
sponsored by NASA. 

 
 SPECIAL PUBLICATION. Scientific, 

technical, or historical information from 
NASA programs, projects, and missions, 
often concerned with subjects having 
substantial public interest. 

 
 TECHNICAL TRANSLATION.  

English-language translations of foreign 
scientific and technical material pertinent to 
NASA’s mission. 

 
Specialized services also include organizing  
and publishing research results, distributing 
specialized research announcements and feeds, 
providing information desk and personal search 
support, and enabling data exchange services. 
 
For more information about the NASA STI 
program, see the following: 
 
 Access the NASA STI program home page 

at http://www.sti.nasa.gov 
 
 E-mail your question to help@sti.nasa.gov 

 
 Fax your question to the NASA STI 

Information  Desk at 443-757-5803 
 
 Phone the NASA STI Information Desk at  

443-757-5802 
 
 Write to: 

           STI Information Desk 
           NASA Center for AeroSpace Information 
           7115 Standard Drive 
           Hanover, MD 21076-1320



 

National Aeronautics and  
Space Administration 
 
Langley Research Center   
Hampton, Virginia 23681-2199  

   

January 2014 
 

NASA/TM–2014-218155 
 

 
 

A Well-Clear Volume Based on Time 
to Entry Point 

 

 

Anthony J. Narkawicz, César A. Muñoz, Jason M. Upchurch, James P. Chamberlain, 
and María C. Consiglio 
Langley Research Center, Hampton, Virginia 
 
 
 

 

 

 

 



 

Available from: 
 

NASA Center for AeroSpace Information 
7115 Standard Drive 

Hanover, MD 21076-1320 
443-757-5802 

 

 

 

 

 

 

 

 

 

 

The use of trademarks or names of manufacturers in this report is for accurate reporting and does not constitute an 
official endorsement, either expressed or implied, of such products or manufacturers by the National Aeronautics 
and Space Administration.  

 

 

 

 



Abstract

A well-clear volume is a key component of NASA’s Separation Assurance concept for
the integration of UAS in the NAS. This paper proposes a mathematical definition of
the well-clear volume that uses, in addition to distance thresholds, a time threshold
based on time to entry point (TEP). The mathematical model that results from
this definition is more conservative than other candidate definitions of the well-
clear volume that are based on range over closure rate and time to closest point of
approach.

iii



1 Introduction

The Traffic Alerting and Collision Avoidance System (TCAS) is a family of airborne
devices that are designed to reduce the risk of mid-air collisions between aircraft with
operating transponders [4]. TCAS II, the current generation of TCAS devices, pro-
vides resolution advisories (RAs) that direct pilots to maintain or increase vertical
separation when aircraft distance and time parameters cross designed system thresh-
olds. TCAS II RAs are based on a mathematically-derived time tau denoted τ . The
time τ is an approximation to the time of closest point of approach (TCPA, denoted
tcpa) between two aircraft, and an important element of the resolution advisory logic
in TCAS II is to check whether τ falls below a certain threshold value. A formal
definition of a well-clear volume based on the alerting logic of TCAS was presented
in [2].

The present paper further refines the definition of the well-clear volume, which
is a key component of NASA’s Separation Assurance concept for the UAS in the
NAS project [1]. The refinement presented in this paper uses distance and time
thresholds as in [2]. However, it addresses some drawbacks of using τ or the related
quantity modified τ (τmod), which appeared in later versions of TCAS. For instance,
it is well known that for certain scenarios, τ diverges as the aircraft converge upon
the closest point of approach [2]. Thus, in general τ approximates TCPA only for
sufficiently large values.

Instead of τ , τmod, or TCPA, the definition of the well-clear volume presented in
this paper relies on the time to violation of the horizontal threshold. This time is
called time to entry point (TEP, denoted tep). Figure 1 shows a comparison of τ ,
modified τ , TCPA, and TEP for a 90o encounter, where the aircraft separation at the
closest point of approach is zero nautical miles. In this particular encounter scenario,
τ is perfectly coincident with tcpa. It can also be noted that tep ≤ τmod ≤ tcpa. Indeed,
this inequality holds for every scenario. Hence, a well-clear concept based on TEP
is more conservative than a similar concept based on τ , τmod, or tcpa.

2 Preliminaries

Throughout this paper, letters in bold-face denote two-dimensional (2-D) vectors.
Vector operations such as addition, subtraction, scalar multiplication, dot product,
i.e., s · v ≡ sxvx + syvy, and the norm of a vector, i.e., ‖s‖ ≡ √

s · s, are defined in a
2-D Euclidean geometry. By convention, vectors s and v denote relative positions
and velocities, respectively. Furthermore, the function root, defined by Formula (1),
computes the roots of the quadratic equation ax2 + bx + c = 0. For completeness,
it is defined such that it returns the value 0 when the roots are undefined. In this
paper, the values returned by root are only used in a context where a �= 0 and
b2 − 4ac ≥ 0.

root(a, b, c, ε) ≡
{−b+ε

√
b2−4ac

2a if a �= 0 and b2 − 4ac ≥ 0,

0 otherwise.
(1)

Assuming constant velocities, the horizontal positions of the ownship and in-
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Figure 1. Time comparison for 90◦ encounter

truder aircraft at a time t ≥ 0, are given by

so(t) ≡ so + tvo,

si(t) ≡ si + tvi,
(2)

respectively. As it simplifies the mathematical development, some definitions in this
paper use a relative coordinate system where the intruder is static at the center of
the system. In this relative system, the ownship is located at s = so − si and moves
at relative velocity v = vo − vi. Therefore, the relative horizontal position of the
ownship with respect to the traffic aircraft at any time t can be defined as follows.

s(t) ≡ s+ tv. (3)

Given the relative position s and velocity v, the time of horizontal closest point of
approach, denoted tcpa, is the time t that satisfies ˙‖s(t)‖ = 0. By convention, tcpa is
defined as 0 when the velocities of the ownship and intruder aircraft are identical,
i.e., when ‖v‖2 = 0. Hence,

tcpa(s,v) ≡
{
− s·v

‖v‖2 if ‖v‖2 �= 0,

0 otherwise.
(4)

The dot product s · v characterizes whether the aircraft are horizontally diverging,
i.e., s · v > 0, or horizontally converging, i.e., s · v < 0. It can be seen from
Formula (4) that when the aircraft are converging, tcpa is always positive.

The time to co-altitude tcoa is the time when the relative altitude and vertical
speed of the aircraft satisfies sz + tcoavz = 0, where sz ≡ soz − siz and vz ≡ voz − viz.
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Similar to the horizontal case, the product szvz characterizes whether the aircraft
are vertically diverging, i.e., szvz > 0, or vertically converging, i.e., ssvz < 0. In this
paper, time to co-altitude is only relevant when the aircraft are vertically converging.
By convention, when the aircraft are not vertically converging, time to co-altitude
is defined as -1. Formally, time to co-altitude is defined as follows.

tcoa(sz, vz) ≡
{
− sz

vz
if szvz < 0,

−1 otherwise.
(5)

The following functions are used to compute the times when the linear relative
trajectory of the ownship with respect to the intruder will intersect a circular area
of radius D around the intruder.

Δ(s,v, D) ≡ D2‖v‖2 − (s · v⊥)2, (6)

Θ(s,v, D, ε) ≡ root(‖v‖2, 2(s · v), ‖s‖2 −D2, ε). (7)

When Δ(s,v, D) ≥ 0, the function Θ computes the times when the aircraft will lose
separation, if ε = −1, or regain separation, if ε = 1, with respect to D. In this paper,
time to entry point is only relevant when the aircraft are horizontally converging,
i.e., when s·v < 0. By convention, when the aircraft are not horizontally converging,
time to entry point is defined as -1. Therefore, given a distance D, TEP is formally
defined as follows.

tep(s,v, D) ≡
{
Θ(s,v, D,−1) if s · v < 0,

−1 otherwise.
(8)

3 Well-Clear Volume Based on Time to Entry Point

The definition of the well-clear volume presented in this paper uses a horizontal dis-
tance threshold (D THR), a vertical distance threshold (Z THR), and a time threshold
(T THR). Formula (11) provides the formal definition of the well-clear volume, given
absolute state information, in vector form, for the ownship and intruder aircraft.
The volume consists of horizontal and vertical components, whose definitions are
provided by Formula (9) and Formula (10), respectively.

horizontal WCV tep(s,v) ≡ ‖s‖ ≤ D THR or

(‖s+ tcpa(s,v)v‖ ≤ D THR and

0 ≤ tep(s,v, D THR) ≤ T THR).

(9)

vertical WCV(sz, vz) ≡ |sz| ≤ Z THR or (0 ≤ tcoa(sz, vz) ≤ T THR), (10)

WCV tep(so, soz,vo, voz, si, siz,vi, viz) ≡
let s = so − si,v = vo − vi, sz = soz − siz, vz = voz − viz in

horizontal WCV tep(s,v) and vertical WCV(sz, vz).

(11)
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Figure 2. Two-dimensional projection of conflict volume for 90◦ encounter

It should be noted that the conflict volume defined by Formula (11) is symmetric
from the point of view of the ownship and traffic aircraft. In fact, the following
proposition can be formally proven.

Proposition 1. For all two-dimensional vectors so, vo, si, vi and real numbers soz,
voz, siz, viz,

WCV tep(so, soz,vo, voz, si, siz,vi, viz) = WCV tep(si, siz,vi, viz, so, soz,vo, voz).

Figure 2 shows the two-dimensional projection of the conflict volume for the
encounter geometry associated with Figure 1. The conflict volume was determined
with D THR = 2037.2 m, Z THR = 213.36 m, and Z THR = 35 s.

4 Conclusion

This paper presents a well-clear definition based on time to entry point (TEP) which
exploits the RA logic in TCAS II. Relevant intermediate definitions and concepts
are developed, and a mathematical definition of this well-clear concept is provided.
The TEP approach has been shown to always provide earlier alerting times than
similar approaches based on τ , τmod, or tcpa. Thus, TEP is a more conservative
approach in terms of alerting time and providing a larger well-clear boundary.

The mathematical development presented in this paper has been mechanically
verified in the Prototype Verification System (PVS) [3]. This level of rigor is justified
by the safety-critical nature of the well-clear volume in the concept of integration
of Unmanned Aerial Vehicles in the National Aerospace System.
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