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MODIFICATION OF THE VECTOR-FIELD METHOD
RELATED TO QUADARTICALLY PERTURBED WAVE
EQUATIONS IN TWO SPACE DIMENSIONS

HIDEO KUBO

ABSTRACT. The purpose of this paper is to shed light on the fact that
the global solvability for the quadratically perturbed wave equation with
small initial data in two space dimension can be shown by using only a
restricted set of vector fields associated with the space-time translation
and spatial rotations. As a by-product, we establish almost best possible
decay estimates related to the above vector fields, as well as the tangential
derivatives to the forward light cones.

Dedicated to Professor Nakao Hayashi on the occasion of his 60th birthday

1. INTRODUCTION

In this paper we consider precise decay property of solutions to the initial
value problem for quasilinear wave equations:

(1.1) Oyt = —g* (0u)dadsu =0, (t,z) € (0,00) x R",

0 1

where t = 2°, x = (2',...,2"), and 9, (o = 0,1,...,n) denotes the partial
derivative with respect to . Throughout this paper we will use the geomet-
ric conventions of raising and lowering indices with respect to the Minkowski
metric m = (mg,g) = diag(—1,1,...,1). In addition, here and in the following,
we use the summation convention of repeated upper and lower indices. We
denoted by g®#(du) the perturbation of the Minkowski metric m of the type

(1.2) g°?(0u) = m* + e* 9, u.

Then, denoting F(du) := e*"0,u - 8,05u, we can rewrite (1.1) as
(1.3) —(0? — A)u= F(0u), (t,x) € (0,00) x R™.

We prescribe the initial condition by

(1.4) u(0,2) = ep(x), (Owu)(0,2) =ep(x), x€R",

where ¢ and v are supposed to be compactly supported smooth functions (or
the rapidly decreasing functions), and ¢ is supposed to be a small positive
parameter.
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In the three space dimensional case, Klainerman [7] introduced the null
condition on the nonlineraity:

(1.5) e Qapy, =0 for all (&g, o1, 09, 03) € {—1} x 52,

in order to solve the problem (1.3)-(1.4). Actually, Christodoulou [2] and
Klainerman [7] independently proved the global existence result, although the
quadratic nonlinearity is on the critical level for the global solvability. We
remark that the null condition (1.5) enables us to rewrite any bilinear form
satisfying (1.5) in terms of the null forms:

(1.6) Q(u,v) = G- 0v — Vyu- Vo,
(1.7) Qop(u,v) = Opu-0gv —0gu-0yv (a,5=0,1,....,n),

where V, denotes the spatial gradient, and that the vector-field method due
to [7] works well to deal with the null forms.

For the two space dimensional case, it would be more difficult to show the
global existence result for the quadratically perturbed wave equations, because

n—1

the decaying rate for the solution to the linear wave equation is O <t_T>.

Nevertheless, it was shown in Alinhac [1] that (1.1)-(1.4) admits a global
smooth solution, provided that the null condition

(1.8) e Oaip0, =0 for all (&g, o1,@9) € {—1} x S*

holds. New ingredient to treat the sub-critical nonlinearity is an improved en-
ergy estimate, which was derived in the framework of the vector-field method.
In the vector-field method, the following vector fields are essentially used:

(1.9) t0; +x;0, (j=1,2,..,n), to+x-V,,

which are closely related to the invariance of the homogeneous wave equation.
However, if one wishes to handle the system of nonlinear wave equations with
multiple propagation speeds, or the exterior problem for the nonlinear wave
equations, then the above vector fields are unfavorable. Hence one needs to
modify the vector-field method, that is, the full vector fields should be re-
stricted to

O, Vi, ;0 —x:0; (1<j<k<n).

In [5] one can find a review around this issue, and an alternative proof for the
global existence result in three space dimensional case was given, by modifying
the vector-field method. More concretely, it was explored that the lack of the
vector fields (1.9) can be compensated by establishing a better decay estimate
for tangential derivatives to the forward light cones:

(1.10) Tyu(t, z) = Ojult, z) + %@u(t, 2) (j=1,..,n).
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In fact, one can associate the null forms with the tangential derivatives as
follows:

(1.11) Qu,0)[ + Y |Qap(u,v)| < C (ITul|dv] + [dul[T]).

Of,,G:O

The aim of this paper is to give an alternative proof for the work of [1] in the
same spirit as in [5]. To realize this, we derive an improved energy estimate
(3.4) without using the vector fields (1.9). Moreover, we establish pointwise
decay estimates (1.12), by employing an “exchange argument between regular-
ity and decay”. Actually, because the nonlinearity is on the sub-critical level,
we have to start with very rough estimates, and then to improve them until we
arrive at the desired decay estimate (1.12) (see step 2 through the final step
in Section 5 for the details),

The precise statement of our global existence theorem is as follows.

Theorem 1.1. Let n = 2. Suppose that F(Ou) = e*?10,u - 0,05u satisfies
(1.8). Then for any ¢,v € Cg°(R?), there exists a positive constant g such
that the initial value problem (1.1)-(1.4) admits a unique global solution u €
C* ([0,00) x R?) for any € € (0,g0]. Moreover, for a positive integer s > 14
and p € (0,1/2) there ezists a positive constant M such that

(1.12) L+t+m)2@+r—t) > [Zu(t )]
[T|<s+1

+H(L+ ) (L [r =)D |2 0u(t, @)

[]<s

L+r+)A+|r—t)” Y |TZu(t, )| < Me

|7]<s—1

D=

+(1+7)

holds for e € (0, gg].

As is mentioned above, the existence part of the theorem has been shown
in [1]. But, the pointwise decay estimate such as (1.12) was not derived. We
underline that the decaying orders are almost best possible, because even for
the solution to the homogeneous wave equation, one can only show (1.12) with
p = 1/2. Moreover, since our proof is free from the vector fields (1.9), we
can extend this result to systems of nonlinear wave equations with multiple
speeds, without any essential difficulty, if the pointwise decay estimates given
by Propositions 4.1 and 4.2 in [3] are adopted. It is also straightforward to
put a semilinear term é*’d,u - dpu on the right hand side of (1.1), if it satisfies
the null condition

EP0als =0 for (Do, 1,dn) € {—1} x S*.

Concerning the exterior problem, some extra work is necessary and a corre-
sponding result to Theorem 1.1 will be published elsewhere.



4 HIDEO KUBO

This paper is organized as follows: In Section 2, we introduce notation and
basic lemmas. An improved energy estimate shall be derived in Section 3.
In Section 4, we introduce known pointwise estimates and establish a better
decay estimate for the tangential derivatives in Proposition 4.3. Section 5 is
devoted to the proof of Theorem 1.1.

2. PRELIMINARIES

Let us start with some standard notation.

e We put (y) :=+/1+ |y|? for y € R.

e Let A= A(z) and B = B(z) be two positive functions of some variable
z, such as z = (t,z) or z = z, on suitable domains. We write A < B if
there exists a positive constant C' such that A(z) < CB(z) for all z in
the intersection of the domains of A and B.

e We denote by the Lebegue norm on R? by || - [|z» (1 < p < 00) as usual.

e For a time-space depending function u satisfying u(¢,-) € X for0 <t < T
with a Banach space X, we put ||u|zsx 1= supg<,;r [Ju(t,-)||x. For the
brevity of the description, we sometimes use the expression ||h(s, y)|| Lo~
with dummy variables (s,y) for a function h on [0,¢) x R, which means

SUPg<o<t [[7(s, )| Lo
Next we introduce the vector fields:
ZO = (9t, Zl = 61, ZQ = (92, Z3 =0 := .217162 — 33'2(91.

As is well known, we have

(2.1) (Zw, Z5) = anﬁvz (a,=0,1,2,3)

(2.2) 0, Z3) = Zdaﬁva (0=0,1,2;6=0,1,2,3)

with suitable constants co‘m, d*®7 . and
(2.3) (260,07 — Al =0 (a=0,1,2,3).

Here we denoted [A, B| = AB — BA. We put 0 = (0o, 01, 0a), Vi = (01, 09),
7 = (Zy, Zv, Za, Z3), and Z = (Zy, Zs, Z3). The standard multi-index notation
will be used for these sets of vector fields, such as 0% = 95°0{"05* with o =
(v, 1, 0) and Z% = Z§° - - - Z5% with a = (o, . . ., a3).

Next we introduce the following Sobolev-type inequality due to Klainerman
[6].
Lemma 2.1. Forv e COO(RQ), we have
(2.4) sup (r)"? o(z)| S D 11290 e

2
R jal<2
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Next we derive useful estimates for the nonlinearity F(du) = 70, u-0,05u,
provided that it satisfies the null condition (1.8).

Lemma 2.2. Let N be a positive integer and let |I| < N. If F(Ou) satisfies
(1.8), then we have

(2.5) | Z"F(0u) — e*05u - 9,052 u)
< > (T Z7u)|0Z%u| + 027 u||T Z%u)).
[TI<[FF ]+ K <N
In particular,
(2.6) | Z"F(0u)|
< > (T Z7u||0Z5 u| + |02 u||T Z5u)).
|TI<[252E]+1, K |<N+1

Proof. As is well-known (see e.g. [7]), (1.8) implies that the bilinear form
e u - 0,05v can be expressed as a linear combination of the null forms:

(2.7) 0 u - 0,050 = a®Qpy (1, Ouv) + b*Q(u, Iuv),

where a®?" and b* are suitable constants. Note that for any smooth functions
u=u(t,x) and w = w(t, z), one can show

(2.8) ZQ(u,w) = Q(Zu,w)+ Qu, Zw),
(2'9> aQﬁ’y(u> w) = Qﬁ’y(au’ w) + Qﬁ’y(u> 8w):
(2.10) QQpy(u,w) = Qpy(Qu, w) + Qpy (u, Qw)

—ma1 Qya (U, W) + M (u, w)
+my1 Qp2(u, w) — My Qpn (u, w).
Therefore, for |I| < N, we get from (2.7) with u = v
(2.11) | Z'F(0u) — (a*Qpy (v, Z'00u) + 0°Q (u, Z'0qu))]

< Z (i Qs (Z7u, Z"u)| + |Q (Z7u, ZKu)}) .

[JI<[FFH ]+ KISV \A=0

Since sy (u, Zlf)au) — Qs (u, 8aZIu) and @) (u, Zlf)au) - Q (u, 8aZIu) are
evaluated by the right hand side of (2.11), we find (2.5) with the help of (2.7)
with v = Z1u.

It is easy to see that (2.6) follows from (2.5). This completes the proof. O

3. ENERGY ESTIMATES

In this section we derive an improved energy estimate (3.4). For p > 0 we
set a(r) = [7__ ('Y dr" and A(r,t) = expla(r — t)] for t, r > 0. Note that
there exists a constant C' such that 1 < A(r,t) < C for all ¢, r > 0.
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Proposition 3.1. For any smooth functions u = u(t,z), v = v(t,x), we have
(3.1) Dg(au)v - O - A(T, t) =0, X4 +div¥y+ 24+ R4 in (0, OO) X RQ,

where we have set

X, - _% (9™ () - (D)2 — g™*(Du) - v - Ov) Ar 1),

Vi = —(¢%(0u) - (0w)* + ¢’*(0u) - O - Opv) A(r,t), j=1,2,

Zy = _%gaﬁ(au)-aav-aﬁv.atA(r,tH g°?(0u) - Ov - Opv - DgA(r, 1),
Ry = — (%atgaﬁ(au) O - Dy — Dug® - Dy - aﬁv) Al 8).

The identity (3.1) follows from a direct calculation and yields the following
energy estimate (3.4). Notice that in the course of its proof, the favorable
decay estimates (3.2), (3.3) play an essential role for avoiding the vector fields
(1.9).

Corollary 3.2. Let p > 0. Assume that

(3.2) > oot u(t,x)] S n () -1,
[7|<1

(3.3) S T ut, ) S n(+)7
[7]<1

hold for (t,x) € [0,T] x R2. If the null condition (1.8) is satisfied, then there
exists n > 0 such that for 0 < n < ng, we have

t
(3.4) / ]6@(t,x)]2dx+// (r — 7Y | To(r, z)| dedr
R2 0o JR2
t
< / ]8@(0,x)]2d$+/ / n(l+7)" lﬁv(T,x)IdedT
R2 0o JR2

t
+// 77_1(1+T)’Dg(au)v(t,x)}dedT
0o JR2

fort e 0,T].

Proof. Since g*?(Ou) = m*? + e*70,u with m = diag(—1,1, 1), we get

Zy = = (%maﬂ 00 - gv - B A(r,t) — m®? - By - Qv - D A(r, t)>

— (%eaﬁ”’&yu 000 - Dgv - Ot A(r, ) — P10 u - pv - v - 8ﬁA)

=. ]1 + _[2.
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Since 0,A(r,t) = A(r,t)-d/(r—t)-(—1) and 0;A(r,t) = A(r,t)-d'(r—t)-w; (j =
1,2), one can show
2

(3.5) L= % S (Ty0)? - Al ) - dl(r —1).

j=1
On the other hand, thanks to the null condition (1.8), one can rewrite I, as
1
I, = ieam (T - 0pv - Ogv — w0 - (T - Tav — WO v
— wTpvow)) A(r,t) - a'(r —t) - (—1)
—e" (T - Opv - Opv — @0, 05w - Tov - O0) A(r, t)d (1 — t) .

Note that (7)™ (r —)7"% < (1 +¢)"Y2. Indeed, if 0 < t < 2r and r > 1,
then (r) is equivalent to (1 4 ¢). While, if ¢ > 2r or 0 < r < 1, then (r —t) is
equivalent to (1 +t). Thus, using the assumptions (3.2) and (3.3), we have

(3.6) 12| < n(1+8) 7 ov* +ulTv*d (r — 1)
+n(1 +t)"V2|00||Tv|d (r — t)
S 0L+ )70 + | Tof* (r =)~ "
Similarly, we have

1
Ra-(A(r,t))™ = éeaﬁvnatu - OV - Ogv

—%eo‘mdjvﬁfu Ty - Tav — Wa 0w - Tpv — WaTHv - Opv)
—eaﬁ”’aaavu O - Tgo
+e* 1 03(TonOyu — G0y Tou) (),
so that
(3.7) [Ral S n(1+6)7Hovf +n{r — )77 |Tof
+n(1+8)72 (r = 1) 72 0] T
S 0L+ 67O 4 (r =) Tl
Therefore, integrating (3.1) over [0,¢] x R? and using (3.6) and (3.7), we get

XA(t x)dr — Xa(0, d:l:—l—/ / I(7, x)dzdr
R2 R?2
/ / (14+7)"Hou(r, z) 2 +n(r—t)~ 1_p|TU(T,I)|2) dxdTt
R2
+/ / |0y au) (7, 2)||0pv(T, x)|dxdT.
0o JR2

Since (3.2) yields —¢%(du) > 1/2 and ¢/*(9u) > 1/2 (j,k = 1,2) for suffi-
ciently small 7, we obtain (3.4), in view of (3.5). This completes the proof. [
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4. POINTWISE ESTIMATES

In this section we recall known decay estimates for solutions of the linear
wave equations:

(0?2 — A)v = h, (t,z) € (0,T) x R?,
0(0,) = vo(a),  (B0)(0,2) = vy(a), @ € R2.
We denote by Ko[vg, v1](t,z) and Lg[h](t, z) the solutions of (4.1) with h =0

and vy = v; = 0, respectively. Then one can show the following estimates from
Proposition 2.1 in [9] and Lemma 2.4 in [3].

(4.1)

Lemma 4.1. Let s be a nonnegative integer. For any (vy,v;) € C(R?) x
Cs°(R?), it holds that for any p > 0 we have

(¢ + )2 = |2 Y 127 Kolvg, va] (8, 2)| S Asps[vo, i,

(4.2) =s
(t+ )20t — |2])>2 ) |2 0Ko[ve, vi](t, )] S Asppasa[vo, 01,

l1]<s
for (t,z) € [0,T) x R?, where we put
Apslvo,vn] == Y 1P Z 0l + Y 1) Z 01 .
|I|<s+1 17|<s

As for the solution to the inhomogeneous wave equation, we have the follow-
ing estimates which can be deduced from [8] and Proposition 4.2 in [3], with
the help of (2.3).

Lemma 4.2. Let s be a nonnegative integer. Then for 0 < p < 1/2 and pp > 0,
we have

¢+ )2 (= |a)* Y |12 Lolh)(t, 2)]

[I|<s

(4.3) < Z H<y>1/2W1+p,1+u(Say)ZIh(Say)HL;’OLOOa

(2 e =ty | ZT0L[R) ()|

|7]<s—1

(4.4) S Z H<y>1/2W1+P+u,l(3a y)ZIh(S, y)HLgOLoo

1|<s
for (t,x) € [0,T) x R%. Here for v, k > 0 we put
Wiw(t,w) = (¢ + [a])” (min{(z), {t = |=[)})" .

Next we evaluate the tangential derivative Tju (j = 1,2).
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Proposition 4.3. Let N be a positive integer and let |I| < N — 1. If u is the
solution to (1.1), then we have

(45)  |TZ%(t,0)| S+ )7 @22 ) (0, (r + t)w)]

) / S 1Z"u(r, (r+ (t = 7)) ldr

[I|<N+1

/ S 12T P@u(r, (r + (t — 7)w))dr

[I|<N-1
(t+r)"" ) 120t o)
[I|<N

for 0 <t <2r andr > 1. Here we put J;, = 0y + 0, with 0, = (z/|x|) -V

Proof. Let |[I| < N —1 and let 0 <t¢ < 2r and r > 1 in the following. Then r
is equivalent to (t + 7). Therefore, in view of the identities:

Ty = w0 — gQ, Ty = we0p, + EQ,
T r
we see that (4.5) follows from the fact that |(0; + 0,) ZTu(t, z)| is estimated by
the right hand side of (4.5). Observe that we have
(4.6) 202 — Ay = 9,0, (rY %) — r3 2 (v /4 + Q%)

for any smooth function v = v(t,x), where we put 9, = J; — 0,. Taking
v = Z'u in (4.6) with u being the solution to (1.1), i.e., (1.3), we get from
(2.3)

(4.7) OL0L(r'?v) = r32(Z /4 + Q2 ZMu) 4+ 2 ZT F (Ou).

Therefore, we get

(4.8) |0poL(r' o) S 4+ Y ZMul+ ¢+ 1) Y | ZTF(0u).

[I|<N+1 [I|[<N—1

Now, if we fix (to,z9) = (to,rowp) so that 0 < ty < 2rg and 79 > 1, and
integrate (4.8) along a ray {(7, (10 + (to — 7))wo) | 7 € [0, %o}, then we find

(4.9) |(OL(r"?v))(to, 20)|
SI(@(r'20))(0, (ro + to)wo)|
+ (to + 7o) 3/2/ > 1Z%u(r, (ro + (to — 7))wo)|dr

0 |11<N+1

+<t0+7"0 / Z ‘ZI 8u( (7“0+(t0—7))w0))]d7
0 |r<N-1

Since 9y (r'/?v(t, x)) = /20, Z u(t, x) + (1/2)r~Y2Z u(t, z), we have
0, Z u(t, )| < (47 2oL ot )| + (E+ r) 7 Zu(t, 2)).
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Thus we obtain the needed estimate. This completes the proof. O

5. PROOF OF THEOREM 1.1

Since the local existence for the initial value problem (1.1) can be proved
by a standard argument, we have only to deduce a suitable aprior: estimate.
Let u be a smooth solution to (1.1) on [0,7) x R? and let p € (1/2,1). In the
following, we always assume (¢,z) € [0,7) x R

For a nonnegative integer s > 14, we set

es[u](t,x) = Z t+r2 =t | Z u(t, z))|

[1|<s+1
= Z ot o)+ Y )P+ 1) (= 1) | TZ u(t, ).
[I)1<s [I1<s—1
Assume that
(5.1) les[ulllLgere < Me

holds for some large M (> 1) and small (> 0) such that Me is sufficiently
small. Our aim is to show that we can replace M by M/2 in (5.1), provided
that the null condition (1.8) is satisfied. Once such an estimate is derived, we
find from the so-called bootstrap argument that |les[u]||rer~ stays bounded
as far as the solution exists.

Step 1. We evaluate 3,/ <y, 5 |0Zu(t)| 2. Since (5.1) implies

(5.2) > Z0ult, x)| < Me ()P =),
[]<s—1

(5.3) S TZM(t,x)] S Me(1+1)7!
[]<s-1

with s > 15, we can apply (3.4) as n = Me and v = Z'u with |I| < 2s — 3.
Note that by (2.3) and (1.1) we have

Oyouy 2 u= Z"F(9u) — e*"0,u - 0,052 u,
so that for |I| < 2s — 3, (2.5), (5.2), and (5.3) yield

Oyon 2"l SMe(L+0)7 3" [02"u(t, )]
|T|<2s—3
+ Me(L+4)72 (r— )" W70 N 2t 7).

|1|<2s—3
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Thus, choosing Me is suitably small, we get

> ozut+ [ [ w-n7 S rzutof dur

|1|<2s—3 [7]<2s—3

t
< €2+/ Me(1+7)7* Z 102 u(T)||72dT.
0

|T|<2s—3
Now, the Gronwall inequality leads to
> l0Z"u(t)|7z S & exp(CMelog(1 +t))
T|<2s—3

where C, is a positive constant, independent of M and e. Putting 6 = C,Me
which is assumed to be sufficiently small, we obtain

(5.4) > N0Z%u(t)| 2 S Me(1+1)".

[I]<2s—3

Step 2. We evaluate > ;. oy, ¢ |Z u(t,2)] and 37, <o, 7 [Z70u(t, 2)|. For |I] <
N — 1, by the Leibniz rule, we have
(5.5) 1Z'Fout, )| S Y |Z70u(t,x)| Y |Z50u(t, ).
|JI<[N/2] |K|<N
Therefore, for |I| < 2s — 6, we see from (5.1), (2.4), and (5.4) that
|2 F(Ou(t, x))|
SMe ()2 (t+n) " P (=07 )70 30 125 0u) e
|K|<2s—3
SMPE ()T ()T (e = )T ()T ) ()
because we may assume § < p. Then we get from (4.3) and (4.4) with p =
p=70,
¢+ )2 (=) Y 12" Lo[F(Ou)](t, )]
|1]<25—6
S Y ) P Wissaas(s,9) 2" F(0u(s, )| pore
|1]<25—6
< M2 (t+ 7")(1/2)”5

and

(N2 =6) Y |ZTOL[F(9u)](t, )|

I|<25—7
SO )P Wasasa(s,9) Z F(Ou(s, y)) || 1o
11]<25—6

< M?e? (t + 7")(1/2)+35 )
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Combining these estimates with (4.2), we get

(5.6) > 2%t )| S Me(t+1)
|1|<25—6
and if 0 <t <2r and r > 1, then
(5.7) > | Z0ult, x)| S Me(t+1)* (r =),
|[11<2s—7

while, if t > 2r or 0 < r <1, then
(5.8) > 1 Z%0u(t,x)| S Me (t 4 )" WD ()2

|[11<2s—7
Step 3. We evaluate >y, ¢ |TZ"u(t,z)|. Let |I]| < 2s —8. From (5.5) with
N =2s—17,(5.1), and (5.7) we get
| Z'F(0u(t, 2))| S M2e? (t + )~ V/2H0 (p — ) 727070
for 0 <t < 2r and r > 1. Since we assumed that the initial data ¢, ¢ are
compactly supported (or rapidly decreasing), we see that (97 (r'/2Z1u))(0, (r +
t))w) can be estimated by Ce (t 4+ r)~*2 Therefore, using (4.5) with N =
2s — 7 and (5.6), we get
t

ITZu(t, z)| <e (t+r)"2 + Me <t+r>2/ t+7r)%dr
0

¢
+ / M?e* (t + r>7(1/2)+3é (r+t— 27>727’HS dr
0

4 Me (t + r>71+25,
which yields
(5.9) Tz u(t, )| S Me (t+r)”PF
|1]<25—8
for 0 <t <2rand r > 1.

Step 4. We shall improve the estimate in the previous step, by using the null
structure. Let |I| < 2s —9. From (2.6), (5.1), (5.7), (5.9), we get

|Z F(Qu(t, x))| S M2 (t+r) ¥ (r — )70
for 0 <t < 2r and r > 1. Repeating the argument for getting (5.9), we obtain
(5.10) > ITZ%(t,x)| S Me (t+7)"
7]<25—9
for 0 <t <2rand r > 1.

Step 5. We shall improve the estimates (5.6) through (5.8), by using the null
structure. Let |I| < 2s — 10. From (2.6), (5.1), (5.7), (5.10), we get

| ZTF (Ou(t, 2))| < M2e? (t + r) @30 (. _y=17°
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for 0 < ¢t < 2r and r > 1. On the other hand, it follows from (5.5) with
N =2s5—-9, (5.1), and (5.8) that

| Z F(Qu(t, )| S M2 ()™ 7F (t 4 ) /2T
fort > 2r or 0 <r < 1. Then we get

Y 12T Fu(t,x)| S M) T ) T (= )T ()T,

7]<25—10
Therefore, applying (4.3) and (4.4) with p = u = J, we obtain
(t+ )2t —Jz)° Y 12 Lo[F(u)](t, )| S M2 (t + )",
|1|<2s—10
and
(2=t > | ZTOL[F(0u)](t, x)| S M2 (t+ 1)
T|<2s—11

Combining these estimates with (4.2), we get

(5.11) S 12t @) S Me (t+r)" P
|I1<25—10
and if 0 <t < 2r and r > 1, then
(5.12) > 1Z%0ut )| £ Me (t+r)" WP (p— )70
|1]<2s5—11
while, if t > 2r or 0 < r <1, then
(5.13) > | Z%0u(t, )] S Me (t+7) " (r) 2
|I]<25—11

Step 6. We shall further improve the estimate (5.10). Let |I| < 25 —12. From
(2.6), (5.1), (5.12), and (5.10), we get

| ZTF (Ou(t, 2))| < M2e% (t + r) " GDF50 (p _y=19
for 0 <t <2r and r > 1. Using (4.5), (5.11), we obtain
(5.14) > TZu(t,x)| S Me (t +r)” 2

|1]<25—12
for 0 <t <2r and r > 1.
Step 7. We shall further improve the estimates (5.11) through (5.13). Let
|I| <2s—13. From (2.6), (5.1), (5.12), and (5.14), we get
21 (Ou(t, )| S M2 (¢ + 1) (= )71
for 0 < ¢t < 2r and r > 1. On the other hand, it follows from (5.5) with
N =25 —12, (5.1), and (5.13) that

| 2! F(Du(t, 2))] S M3 (r) ™' (¢ 40) 75
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fort > 2r or 0 <r < 1. Then we get
> ZTF0u(t,2))| S M2 ()2t + )T ((r — )T ()T,
|I|<2s—13
Using (4.3) and (4.4) with p = (1/2) — 64, = 9, we get
()2 (= 2PN 2 Lo [F(0u)](t )| S MPe?,
7]<25—13
and
()2 e = )P0 N Z1OL[F(0u)](t, x)| S MPe.

|I]<2s—14

Now we fix 0 so small that (1/2) — 60 > p. Then, combining these estimates
with (4.2), we get

(5.15) t+m) =0 > |2t )| S e + M7
|T1<25—13
and
(5.16) (M=t > | Z0u(t2)| S & + M2
|T|<2s—14

for all (t,z) € [0,T) x R
Final step. We shall finalize the improvement on the estimate (5.14). Let
|I| < 2s—15. From (2.6), (5.1), (5.16), and (5.14), we get

| Z'F(Qu(t,x))| S Me* (t+ 1) (r — )71
for 0 <t <2r and r > 1. Using (4.5), (5.15), we obtain

t
I TZ%u(t, z)| e (t +r) 2+ Me <t+r>_(5/2)/ (r+t—27)"dr
0

t
+ M2 (t 4 )2 / (r+t—27)""dr
0

+ Me (t+7)" 8 (r —g)7F
Se(t+r)"+ Me (t + 7“>7(3/2)7p + M2 (t 4 r) 2T
+ Me (t+r)y B2 ¢ —gy=r
for 0 <t < 2rand r > 1. Since p < (1/2) — 50, we thus get
t+r)P -1 Y |TZMu(tx)| S e+ M2

[I|<2s—15
for 0 <t < 2r and r > 1. Combing this with (5.16), we get
(5.17) Py =1 Y | TZN(t )| S e + M

|1|<2s—15
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for all (¢,x) € [0,T) x R% Now, from (5.15), (5.16), and (5.17), we find
eslu)(t, z) < C(e + M?e?)

for all (¢t,z) € [0,T) x R?, because s > 14. Here C' is a positive constant,
independent M and e. Finally, if we fix M large enough to satisfy C' < M /4
and choose ¢ to be sufficiently small so that CM?e < 1/4, then the desired
estimate follows. This completes the proof of Theorem 1.1.
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