GRADIENT ESTIMATES FOR MEAN CURVATURE FLOW WITH
NEUMANN BOUNDARY CONDITIONS

MASASHI MIZUNO AND KEISUKE TAKASAO

ABSTRACT. We study the mean curvature flow of graphs both with Neumann boundary
conditions and transport terms. We derive boundary gradient estimates for the mean
curvature flow. As an application, the existence of the mean curvature flow of graphs is
presented. A key argument is a boundary monotonicity formula of a Huisken type derived
using reflected backward heat kernels. Furthermore, we provide regularity conditions for
the transport terms.

1. INTRODUCTION

We consider the mean curvature flow of graphs with transport terms and Neumann
boundary conditions:

O di du t fla ) =2 D) €, t>0
—F— = d1v T €, u, T X ) )
(1) V1 -+ |dul? V' 1+ |dul? V 1+ |dul?
. du-y}aQ:O, t >0,
u(z,0) = ug(x), x €€,
where 2 C R” is a bounded domain with a smooth boundary, v is an outer unit normal
vector on 0L, u = u(z,t) : 2% [0,00) — R is an unknown function, du := (9, u, . .., Oy, u)
is the tangential gradient of w, uy = wo(z) : @ — R is given initial data, and f :

QxR x [0,00) = R is a given transport term. For a solution u of (1.1) and ¢ > 0, the
graph of u(z,t), which is

(1.2) Iy = {(z,u(z,t)) : x € Q},

satisfies the mean curvature flow with the transport term, which is subjected to right
angle boundary conditions given by

{V:H+(_f-n)n, on Iy, t >0,

(13) T, LO(QxR), t>0,

1 8tu

where n = m(—du,l) is the unit normal vector of I';, V' := mn is the

normal velocity vector of T'y, and H := div(ﬁ)n is the mean curvature vector of
U

I';. To study the behavior of I';, we need to investigate v := /1 + |du|?, which is the
volume element of [';. Thus, it is important to derive gradient estimates for (1.1). Interior
gradient estimates for (1.1) were studied in [3, 13|, and sharp gradient estimates for (1.1)
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with the assumption f = 0 were obtained in [2] via the maximum principle. For the
mean curvature flow with Neumann boundary conditions and without transport terms,
several up-to-the-boundary regularity results were provided in [1, 4, 5, 8, 11, 12]. Takasao
provided a sufficient condition for the transport terms to obtain interior gradient estimates
for (1.1) in [13], but the condition was not optimal. However, reasonable conditions for the
transport terms for the regularity of weak mean curvature flow were obtained in [7, 14].
In this paper, we obtain an a priori gradient estimate with reasonable conditions for the
transport terms.

Our problem (1.1) imposes Neumann boundary conditions; thus, up-to-the-boundary
gradient estimates are also important. The first author studied weak mean curvature flow
with Neumann boundary conditions via phase field methods in [10]. To study boundary
behavior, it was important to derive an e-diffused boundary monotonicity formula of a
Huisken type via a reflected backward heat kernel (cf. [5], [6]). Thus, it is also important
to derive a boundary monotonicity formula for (1.1) and determine the optimal regularity
condition for the transport terms. In this paper, we derive a boundary monotonicity
formula for (1.1) and as an application, we derive an a priori boundary gradient estimate
and prove the existence of a classical solution of (1.1).

This paper is organized as follows. In section 2, we present basic notation and the main
results. In section 3, we derive a boundary monotonicity formula for (1.1). In section 4,
we derive the boundary gradient estimates for (1.1) and some integral estimates for the
transport terms. In section 5, we prove the existence of the classical solution of (1.1).

2. PRELIMINARIES AND MAIN RESULTS

2.1. Notation. Let v be an outer unit normal vector on (2 x R); v = (v,0). For
n-dimensional symmetric matrices A and B, define the inner product A: Bas A: B =
tr(AB). Set Qr :=Q x (0,T) and Q5 := Q2 x (,T) for 0 < e < T. Let d and D be the
gradients of {2 and Q x R, respectively. Let Dr, and Ar, be the gradient and Laplacian

of I'y, respectively. For a solution u of (1.1), let h := —div (ﬁ), v = /14 |dul?.

Then, equation (1.1) becomes

(2.1) Oiu = —vh + (f - n)v.

2.2. Main results. Let T, > 0 be fixed. We impose a regularity assumption on the
transport term such that

To ’ ‘ n 2
22 flgses = [ ([ 1rxorae) @) <o 22t pgz
0 Iy

Remark 2.1. Using the Meyer-Ziemer inequality (cf. [15, p. 266, Theorem 5.12.4)),

i | FX )P ™ <O\ FC )@y

hence, our assumption (2.2) is fulfilled if f € LI([0, Ty] : WP(Q x R)).

First we derive an a priori gradient estimate for (1.1).
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Theorem 2.2 (A priori estimate for the gradient). Let u be a classical solution of (1.1)
on Q x (0,Ty). Assume Q is convex, ug € WH>(Q), and the transport term f satisfies
(2.2). Then there exist T > 0 and Cy > 0 such that

(2.3) sup /14 |du(z,t)]? < Ci(1+ ||du0|]go)

0<t<T,z€Q

The regularity assumption (2.2) is reasonable. Moreover, using the scale transform

1
=Ny, t=M\s, w(ys)= Xu(:c,t),

we obtain
Osw _ dw (—dw, 1)
— = div | ——— | + \f(\y, \w, \%s)  —,
NGERTTE («/1+|dw|2> oy N T
dw = du.
Then

_n_2
INF Ay, Aw, A2s) gy = A7 7 || Fllpars

and [|Af(Ay, \w, \*s)||pap — 0 as A — 0 if (2.2) is fulfilled; that is, the transport is
a small perturbation for blow-up arguments. Note that the regularity assumption (2.2)
is the same as the assumption for the parabolic Allard’s regularity theory developed by
Kasai-Tonegawa [7, 14]. Furthermore, our results include results from the study by the
second author [13] because our argument also applies to interior gradient estimates.
From the regularity estimate (2.3), the graph T'; subjected to (1.2) is C'-Riemannian
manifold up to the boundary. Furthermore, the graph I'; is perpendicular to 02 x
R, which is the boundary of a cylinder €2 x R. In terms of partial differential equa-
tions, Theorem 2.2 can be regarded as an up-to-the-boundary parabolic smoothing ef-

— 2 ;3 du E o . .
fect for Oyu — /1 + |dul d1V< m) The non-divergence elliptic differential operator

—+/ 1+ |du|? div( V%) is degenerate; however, using the gradient estimates, we may
U

consider the elliptic operator to be uniformly elliptic. Theorem 2.2 also can be regarded
as a parabolic smoothing effect for the mean curvature operator. To summarize, (2.3)
determines how we obtain regularity of the mean curvature flow.

To prove Theorem 2.2, we derive a boundary monotonicity formula of a Huisken type
for (1.1). We introduce reflected backward heat kernels to compute the boundary integrals
and derive integral estimates for the transport terms under assumption (2.2). Theorem 2.2
is obtained using upper Gaussian density bounds for the volume element /1 + |du|? dz.
Note that our argument does not rely on the maximum principle for (1.1).

Next, we demonstrate the existence of a classical solution of (1.1). We assume parabolic
Holder continuity for f; that is, there is « € (0, 1] such that

X.t)— f(Y
B ]
(X,0),(Y,8)e(QxR)x (0,Tp) | X — Y[ + [t — 5]

Theorem 2.3 (Existence of a classical solution). Assume Q is convex, ug € Wh>()
with dug - v = 0 on 02 and the transport term f satisfies (2.4) with some o € (0,1].

Then, there exist a constant T > 0 and a unique solution u € C(Qr) N C*>*(Q%5) (for all
3



€ (0,7)) of (1.1) with u(0) = ug. Furthermore, for any € > 0 there exists Cy > 0 such
that

(2.5) [ullc2.o(gg) < Co

Theorem 2.3 provides a sufficient condition for studying the relationship between the
boundary of the mean curvature flow and transport terms in the C? sense. Brakke flow
without transport was constructed by the first author and Tonegawa [10]. According to
the results of Theorems 2.2 and 2.3, we can demonstrate the existence and regularity of
Brakke flow with Neumann boundary conditions and transport terms with assumption
(2.3) or (2.4).

Theorem 2.3 is deduced from the Schauder fixed point theorem for the linearized prob-
lem of (1.1). Theorem 2.2 is employed as an a priori gradient estimate for the Schauder
fixed point theorem. As a result of the gradient bounds, the mean curvature operator can
be computed in the same class as the uniformly elliptic operator; hence, we can derive
the Schauder estimates for (1.1) and apply the Schauder fixed point theorem.

3. MONOTONICITY OF THE METRIC

Our first task is to establish an up-to-the-boundary monotonicity formula of a Huisken
type.

Lemma 3.1.

2|DFtU|2

du )at“ du-d(f-n),

(3.1) O — Ar,v — <— cdv ) — = —|AJPv —
v

(%

where Ay is the second fundamental form of T';.

Proof. According to Ecker-Huisken [3],

2| Dr,v|?
—Ar,v + | APv + |+tv| —v*(Dp,h - ep1) =0
where e, = (0,...,0,1). Because
v*(Dr,h - epy1) = v (Dh- e, — (Dh-n)(n- e, 1))
=dh - du

- (3_> Cdu+d(fon)-du (2 (11))
= —dw + (Ci—u-dv) %de(f'") - du,

we obtain (3.1). O

Let
1

. |principal curvature of 9| e (a0)

Because 0f2 is smooth and compact, 0 < R < oco. For r < R, let N, denote the interior
tubular neighborhood of 0€2;

N, :={z € Q : dist(z,00) < r}.
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For x € N,, there uniquely exists ((x) € 0 such that dist(z,0Q) = |z — {(x)|. Thus,
we define the reflection point x with respect to 092 as & = 2((x) — . We fix a radially
symmetric cut-off function n = n(|X|) € C*(R"*!) such that

In

0<n<1, —<
>n=1 o =

0, SptT] C BR/Q, n = 1 on BR/4.

For0 <t <sand X = (x,2,41), Y = (y,Yns1) € Ng X R, we define the n-dimensional
backward heat kernel p(y,) (X, ) and reflected backward heat kernel py,)(X,t) as

(e
) = e ()

_ B 1 X -y
o 0= s —aE ( EeE ) ’

where X = (#,2,.1). For fixed 0 < t < s and X,Y € Ng x R, we define a truncated
version of p and p as

(3.2)

B

(3.3) pr=puXo) = 0(X =Y ) (X, 1),
| P2 = po(X,1) 1= (X = V)i (X, ).

To derive Huisken’s monotonicity formula,

(w - Dp)?

(3.4) ;

+ (I —w®w): D*p)+dp=0

is the crucial identity, where p = p(y,s)(X,t) and w € R""! is any unit vector. In [10], a
similar identity for the reflected backward heat kernel p(y,s) was obtained.

Lemma 3.2 ([10]). For w = (w;) € R™™ with |w| =1 and p = py,s)(X, 1),

(w - PW n

(3.5) ;

(I —w@w): D*p) + 0pp

= ((%‘ — wyw;) Dx;, (vive) (X, — Yk)) 5

L~ s—t
1,5,k=1

for0<t<sand X,Y € Ng xR, where v = (v;) = (v;(¢((X))) is the unit outer-pointing
normal to 02 x R and (6;;) = 1.

Proof. In the following, we prove for self-containedness. Because D¢ (X)=I—-v®v and
X =2(X) - X,

DX -YP=2l-vev)(X-Y),
(3.6) Ox,0x, |X = V]2 = 265 — 43 O, (i) (X, — V).

k
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Using (3.6), we obtain

(0 X-YP.
@p_<2@—w"qs—@ﬂﬁ’

. DIX-Y]_
) P i
p T
3.7 ~ -
(3.7) ,. (DX -Y]?® DX - Y| |
Dp = _
16(s —t)? 2(s —1t)
Ox, (viv) (X — V2) .
S(pree) )
27‘7
Using (3.7) and noting that |[D|X — Y22 = 4|X — Y|*, we obtain (3.5). O

We next prove a local boundary monotonicity inequality.

Lemma 3.3. Let ¢ € C1([0,00) : C*(Q)) be a non-negative function and 0 < o < L.

2
Then there exist positive numbers Cs, Cy and Cs5 > 0 such that

d mn
i . (p1 + po) dH

< / (o1 + p2) (atas —Ang— (d¢ - d—“) @) A
Iy v v

+7 [ oot p)(F - mp e
Iy

(3.8)
+ C%,%”"(FQ + 04(8 — t)a/ gb(pl + p2) d7tm
Iy
+C5/ X —Y|pdra"
T'tNspt p2

+/0me&mWM%“9
ol
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Proof. 1. For1=1,2

G | onaren= 5 [ ot o). on 1) e
_ /Q D, pis(es ulee, ), o (e, ) dr
* /Q G2, 1) Or, oy pi(x, u(, 1), ) Dpu(, to(z, t) du
(3.9) + /Q o, )i, u(as 1), o, 1) da
+ /Q oz, )i (i, ), )00 (e, 1) da
-/ O+ 90+ 001, p O A

+ /Q o, t)pi(z, u(z, 1), 1) du(x,t)v.é(%u(x,t)) o

2. We consider the last term of equation (3.9). Using integration by parts, we obtain
du(x,t) - d(Opu(z,t))
t)pilx, ,1),1 d
| ot 0oty TSR g

= — iv x,t)pi(z, u(x dufz,?) u(x x
=~ [ aiv (ot o), 0 5 Y oty
= —/Qd<b(:r;,t) : d;égx”t? pi(z,u(x, t),t) a;zé:(f;;)v(x,t) dx

- [ e t)(dpi(o. 0,1

il ), ) - S DD

R T
du Oyu

== [ (a0 ) o — [ (i) ) O e

I
Iy v

v(x,t)dx

v(x,t)dx

We note that

|du|? du ( |du|?
U —

du
aﬂcn+1piv - axn+1pi v - dpl ' 7 = awn+1pi ) - dpl ' 7

1 du
7 wiaPi = dpi-—= = (Dp-n)



Hence, we obtain

D gparem = [ vopanr+ | ovpdrem+ ezs(Dpi-n)%d%"

dt I Iy Iy Iy
d
—/ (dgzﬁ-—u)pi% e+ [ oph 2 ann.
Ty (% v T: (%

3. Using (1.1) or (2.1),

0y
(¢(Dp; - m) + ¢p;ih) Tu

= (¢(Dp; - m) + ¢p;h) (=h + f -n)
— o(Dpi- #) — oplHP +op, (2L - H) -n) (7-m)

(2

D p|* |Dp?
= —op =20 PPl pey )
Pi Pi
D p;
o (2L m) ) (s m
Dtpil? 1
< ¢—| ) C_ ¢(Dpi - H) + TR n)?,
where H = —hn and D1 p; = (Dp; - n)n are used. Therefore,
d d 0,
— | bpidA" < | Oupp;d™ — / (d¢ : —u>pz-i‘ 4"
dt It T s v v

)

DJ_ i2
+/ ¢<8tpi+| il —(DJ‘pi'H)) dzc"
Iy

1
4

According to the divergence theorem on I',

+ opi(f -m)* dA".
Iy

— | ¢(Drp; - H)d#™"
Iy

=— | ¢(Dp;- H)d#™"

ry

— / dive, (6Dp) d" — | &(Dp; - v) dot
Iy

oT'y

= | Dr¢-Dpid#"+ | (I —n@n): D2p;)dA"

Ft 1—‘t

- ¢(Dp; -v)dA"
or,

__ / piArdd " + | (I —n@n): D’p;) dA™
Iy

I

+ [ (oD -v) = (D)) dn
ol .



Using (3.4) and (3.5), we obtain

DJ_ 2
(3.10) | p,O1| + (I —m®@mn): D?p)+ dip1 < Cs
1
and
DJ_ 2
D0ol (1= n@n) : D) + B
(311) n+1 ( >
0ij — ning) D, (vivi) (X — Ya) ) CﬂX Y|
< J J j O et e | C
_ijzk;( s 1 p+Cs < 3 p2 + Cs

for some constants Cg, C7, Cg > 0.

To compute the integration of (3.11), we decompose the integration as
Cr|X — Y
I —t

C-|X —Y
rn{X-v|<(s—niy S
C-|X —-Y
+/ ) ¢—7’ |p2 A
Tin{| XY |>(s—1)1 } s—1
= Il + .[2.

I, is estimated as

w

3.12 L <Co(s—t) 3 Gpad A" < Co(s — )75 | ppydit™.
1
Ftﬁ{‘X Y|<(S t)z;} Iy
I5 is estimated by
(S_C'ﬁe‘l‘/it ¢‘X — Y| A" < 09/ QS’X — Y| A"

I'+Nspt p2 T'tNspt p2

(3.13) I, <

for some constant Cy > 0.
Using (3.12), (3.13), and D(p; + po) - V|aQ = 0, we compute

it ¢(,01 + po) A"

< / (o on) (10 Ao = (a0-5) 22 )

#1 ot mots - mp e
+ (CG—FCS)% (Ft) +C7 S—t j/ ¢p2d%n

Gy / X Y da + / (1 + o) (D - ) dA™.
T'tNspt p2 ol

For C3 = €4 € = (4, and C5 = Cy, we obtain (3.8).

We use the following lemma to handle the boundary integral.
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Lemma 3.4. If Q is convezx, then
(3.14) (Dr,v-v)|gaxr) <0
for all t > 0.
Proof. Because
Dr,v =Dv— (Dv-n)n
— (dv,0) + %(dv - du)(—du, 1),

using the boundary condition of u

(Dr,v - v)|saxr) = ((dv V) + %(dv ~du)(—du - 1/))

o
1

= —dldul? -
50 |dul” - Va0

1
= ;At(du, dU) |8Qa
where A; is the second fundamental form of T';. Because € is convex, A;(du,du) < 0. O
Using (3.1), (3.8), and (3.14), monotonicity of the metric is obtained as follows:

Proposition 3.5. For 0 < a < %,

v(p1 + p2) dF"

il
2|D 2
< [ oo (1aPo s 228 s my) e
Iy
1
(3.15) + 71/ o(pr + po)(f - )2 A"
Iy

+ Cy (1)) + Ca(s — 1)~ / o(py + pa) AT

It

+C5/ |X—Y|Ud%n
T'tNspt p2

4. GRADIENT ESTIMATES

We deduce the integral estimates for the transport terms.

Lemma 4.1. Let f € LEL}(T';) with 1 — 5 % > 0. Then there is a constant Cyg > 0
depending only on n, p, and q such that

s 1 s
0 Ft 0 Ft

s D 2
0 Iy

v

+ HvﬂgonHLﬁLg(rt)(l + | fllzLan)-



Proof. 1. For simplicity, set p := p; + pa. Then

[ o+ po)au- it -myaser
- / A(du - d(f - n))da
Q
=— /Q(pAuv + (du - d(p(z,u,t)))v+ p(du - dv))(f - n) dx

__ /F (pAu + (du- d(p(z, u, 1)) + p(dv—“ - dv)) (f -n) dAm,

Here

d 1 1
h = —div <_u) = ——Au+ —(du - dv);
v

v (%

hence,

/pdu-d(f-n)dff":/pvh(f-n)dff”
Iy

Iy

—2/P p(d—u-dv>(f-n)d%”

v

- [ (u- dtpta s -m) e
=0+ L+ 1.

2. [, is estimated as

1
|]1|§—/ ﬁhzvdc%”"—i-ﬁ/ pu(f - m)>d"
2n Jr, 2 Jr,

(4.2)

1
g—/ ﬁ]AtIQUd%””—l—E/ ﬁv(f-n)zd%”"
2 r, 2 r,

because h? < n|A;|%.
3. Note that Dr,vo = Dv — (Dv - n)n,

| Dr,v|* = [Dvf* — (Dv - n)?
1
= |dv|* — ﬁ(du dv)? (. Dv = dv)

1
> ]dv\2 — —]du]Q\va
)

_ |dv]? (1 - %(U‘Z - 1))

1
= §|d?)|2

11



Therefore,

du - dv)?
| 1| S/ P%d«%m”r/ po*(f -m)?dA"
Ft Ft

dul?|dv|?
g/ pwd%n—i-/ pUS(f - m)? dAm
Ft Ft

5
(4.3) 1” 1
= [o(5- ) wr s [ pots e
I v v I
2
§/ p@d%ﬂ"%—/ oo (f -m)2dm.
Ft Ft

4. In the following, we derive the integral estimates for the transport terms. Using the

Holder inequality,
/ dt/ p(f-n)*®da™
0 I

< o]l / dt(/p ﬁp'dﬁf”) 1122 200

where % + :z% =1 and %—l— & — 1. Using the convexity of Q, | X — Y| > |X — Y; hence,

! n 2 p/|X B Y|2> n
R — 2T g
/rt 4 T (n(s—1)F /r o ( A(s —1)

< Ci(s— t)f%Jr%?

where C}; > 0 is some constant. Therefore,

, 1
q q’

/ dt( i d%ﬂ“) < o0
0 It

if = + 35 > —1, which provides 1 — 2 — % > 0. Using (4.2) and (4.3), we obtain

S 1 s ~ s 7|DF'U’2
I +|I dtg—/ dt/ A%d%w/ dt/ A LA IR
" /0(’ dinhar< g [ar [ gl [ [

+ Cool [0S F 122 o

for a positive constant Cio > 0.
5. Because

bS]

|du - d(p(x,u,1))| = |du - dp + |dul*ps,.,| < 0*|Dpl,
we obtain

L] < / 2| Dpl|f - n|don,
Iy

Then using the Holder inequality,

sy [ | [Cae ([ 10or )| iz,
0 0 I

12
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where i + [% =1 and % + 5 = 1. Using the convexity of €2,
|Dp| < Cis
(
where C'3 > 0 is some constant. Therefore,
/ D" doA™ < Cra(s — 1)~ 225
Iy

hence,

1

/dt( |Dp|”’dff”)” < oo
0 Iy

if —%/ — "7‘1/ + ;‘—g,/ > —1, which provides 1 — 2 — % > (. Therefore, using (4.5) we obtain

(4.6) / L) dt < CoallolPo ) Fll oz
0

for some constant C14 > 0. Combining (4.4) and (4.6), we obtain (4.1). O

Proposition 4.2. Let u be a classical solution of (1.1) on Q x (0,1y). Assume ug €
W1e(Q) and the transport term f satisfies (2.2). Then, for Q' € Q, there exist T > 0
and Cis5 > 0 such that

sup 1+ |du(x, )2 < Ci5(1 + ||dul|%,)-

0<t<T, zeV

Proposition 4.2 is deduced by a similar argument to that presented in [13]. Using
Lemma 4.1, we may treat the transport terms and the regularity assumption can be
relaxed as (2.2).

Proof of Theorem 2.2. Fix Y € Q@ x Rand T € (0,1). For s < T and 0 < ¥ < s, using
(4.1) and 2"(T;) < ||v]loo|€|

t’ 21D 2
[ [t m (-1ake- 2200 4 i om) e
0 Iy

+ 411 / v(pL+ p2)(f - m)? dA™ + Cy ™ (Ty)
I

+C5/ X —Y|vdsndt
T'+Nspt p2

tl
<Cis [ ot0l dt
‘ 13



where Cg > 0 is a positive constant. Let My = supy.,or ||v(+,?)]|oo. Using (3.15) and the
Gronwall inequality, for 0 <t < sand 0 < a < %,

exp <—c4 /Ot(s e dT> /F o(pr(X, 1) + pol(X, 1)) do™

< [ ol 0)(pn(X,0) + pa(X,0))

t C
o [ exp( (s — )i —s”>) o I dr
< 2ol )| + Croit.

For t — s,
v(y,s) < Crr([lv(-, 0)|1% + sM7),

where (7 is a positive constant.
Now, select (y, s) such that My = v(y,s) and Y = (y,u(y, s)). Then,

(4.7) Ci7TM3 — My + Ciq|Ju(-, 0)[1%, > 0.
Suppose that there exists C' > 1 + (7 such that

Mz > Cllv(-, 0)||2
for all T € (0,1). Then (4.7) implies that

T My
Crrm—ee M3 > ———— — 17> C — Oy > 1,
[o( 0% ol 0)]1%
which is contradiction as taking 7' | 0. 0

5. EXISTENCE OF CLASSICAL SOLUTIONS
Finally, we prove Theorem 2.3. To use the Schauder estimates, we provide the following:

Lemma 5.1. Let T > 0 and u € C*'(Qr) be a solution of (1.1). Then

(5.1) sup|u| < sup |f|T + sup |uol.
Qr QxRx[0,1] Q

Proof. We set w(z,t) = supgygyx 1) |f|t + supg [uo|. We note that

) dw
atw > \V 1+ |dw|2d1V (W) + f(x,w,t) . (—dw, 1)

Using the maximum principle, we determine that

w > u, (x,t) € Qr.
Similarly to the above argument,

u > —w, (x,t) € Qr.

Hence, we obtain (5.1). O
14



Proof of Theorem 2.3. Fix a € (0,1). We assume that ug € C**(Q) and let T € (0,1),
which is given by Theorem 2.2. Let 3 € (0,a] and we set X := C*#(Qr). We consider
the following linear parabolic type equation:

Oyu = Z aij(dw)aiju + f(g,’?w?t) . <_du7 1)7 in Qr,
i,j=1
(5.2) s V‘ o,
o0
U = U, on €,
. t=0
where w € X and a;(r) = (5z‘j BEENNE 27%2) for r = (r1,...,r,). Because

(5.3) |asj(dw)||cos(gry < llaij(dw)]lcsgq)
< laillcr@mlldwllcsgry < llaijller @y llwllx

for any w € X, (5.2) is uniformly parabolic in Q7. Note that ||a;;||c1@ny < co. Using
(2.4), we obtain

(5:4) 1w, )lleesor) < Kllwllesr < Kllwlix

for any w € X. Hence, for any w € X there exists a unique solution u,, € C>**(Qr) C X
of (5.2) such that

(55) HuwH02,a[3(QT) S 0187

where C'1g > 0 depends only on n, a, 3, ||[w||x, ||uo||c2e) and K (see [9, Theorem 4.5.3]).
We define A: X — X as Aw = u,,. Note that A is continuous and compact. We show
that
S:={u|u=0cAuin X, for some o € [0,1]}

is bounded in X. If u € S, then

atu = Z aij(du)ﬁxixju + f(g;7 u, t) . <_du’ 0-)7 in QT,
ij=1

(56) du - 1/‘ =0

o0 ’

u = OUy, on ).
\ t=0

According to Theorem 2.2,
(5.7) sup |du| < Chg,

T

where Cig = Cig(supg |duol, || f|lco@xrxo,m)) > 0. Because du - v = 0 on €2, we can use
similar arguments to the interior Schauder estimates (cf. [9, Theorem 6.2.1]); hence,

(5.8) |dullcs(gry < Coo,
where Cy = Cao(n, supg,. [ul, supg,. [dul, |dugl|ce (), SuPoxgrx 0.1 [ £], ) > 0.
Using the same argument as (5.5),

(5.9) lullx < llullczes r) < Car.
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where Cy1 = Cor(n, @, ||ug||c2e(a), C20, K) > 0 (see [9]). According to (5.7), (5.8), and
(5.9), Ca1 depends only on n,a, [[ug||c2.e @), supq |dug| and K. Thus, S is bounded in
X. According to Schauder’s fixed point theorem, there exists a solution u € C**(Q7) of

(1.1).

We return to the assumption that wug is a Lipschitz function with Lipschitz constant

L > 0. Set e > 0. We choose smooth functions uf converging uniformly to uy on . We

note that according to Theorem 2.2,

sup |duf| < Cy(1 + L?)
Qr

for all k > 1. Using an argument similar to (5.8), (5.9) and the interior Schauder estimates,
there exists C7; = Cr(n,«, L,e, K) > 0 such that

Slip HU’CHCM(QET) < Cr,

where u* is the solution of (1.1) with u*(x,0) = uf(z) in Q. Note that ¢ = dist(Q%, Q7).

Hence, for any ¢ > 0, passing to a subsequence if necessary, {u*}2°, converges to
a classical solution u in Q%7 and we obtain (2.5). Therefore, by diagonal arguments, we
obtain the solution u € C(Q7)NC?!(Q%). The maximum principle implies the uniqueness
of u. Thus, we have proved Theorem 2.3. 0
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