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1 Introduction

In a previous paper [2], the author showed that there exists a general mathematical struc-
ture behind the fact [6, Theorem X.46] that the time-zero Hermitian scalar fields of differ-
ent masses as representations of the canonical commutation relations (CCR) over L2 (R?)
(the real Hilbert space of square integrable functions on R?) are mutually inequivalent, an
interesting fact which may allow one to view the boson masses as objects distinguishing
elements in a family of inequivalent representations of the CCR over L%(R3), giving a
representation theoretic meaning to the boson masses. A point in [2] lies in understand-
ing that the family of time-zero Hermitian scalar fields, which is indexed by the mass
parameter, is a special example of a general class of representations of the CCR over an
abstract Hilbert space indexed by a set of (unbounded) self-adjoint operators and the
inequivalence of the time-zero scalar fields of different masses can be derived as a simple
application of a theorem on inequivalence of the representations under consideration in the
abstract framework. Based on this structure, a new class of representations of the CCR
over Lg(R?) with d € N arbitrary, including as a special case the time-zero Hermitian
scalar fields mentioned above, was found [2].

As a next step of research, it is natural to ask if there exist similar structures in the
case of Fermi fields, typically quantum Dirac fields. In this paper, we show that the
answer to the question is in the affirmative.

In Section 2, we introduce a family of irreducible representations of the canonical
anticommutation relations (CAR) over an abstract Hilbert space %, where their rep-
resentation space is taken to be the fermion Fock space over . To the author’s best
knowledge, this family of representations of CAR may be new. We prove a theorem on
inequivalence of these representations. In Section 3, we construct a free quantum Dirac
field in the (1 + d)-dimensional space-time on the fermion Fock space over L*(R*;CY),

the Hilbert space of C’-valued square integrable functions on R?* (the d-dimensional wave



vector space or the d-dimensional momentum space'), where v is defined by (3.1) below.
As an application of the inequivalence theorem in Section 2, we prove that the free quan-
tum Dirac fields of different masses as well as interacting ones are inequivalent. In the
last section, we construct a general class of inequivalent representations of the CAR over

L?(R4*; C¥), which is a generalization of time-zero quantum Dirac fields.

2 A family of irreducible representations of the CAR
over a Hilbert space

The inner product and the norm of a Hilbert space 7 are denoted by (-, ) ,, (antilinear
in the left variable) and || - ||+ respectively. But we sometimes omit the subscript J# in
() and |||
space, we denote its domain by D(A). If A is densely defined, then we denote its adjoint
by A*.

We first recall the concept of representation of CAR:

o if there is no danger of confusion. For a linear operator A on a Hilbert

Definition 2.1 Let § and .7 be complex Hilbert spaces, and

UA) = (), ()| f € A}

be a subset of B(§F), the Banach space of everywhere defined bounded linear operators

on §.

(1) The pair (§,2(s2)) is called a representation of the CAR over J if the following
(a) and (b) hold:

(a) Antilineality: For all f,g € 7 and «, 5 € C, Y(af+5g) = «*(f)+5*(g).
(b) CAR: For all f,g € 52,

{w(f), v}t =0, {¥(f),v(9)}={f9),
where {X, Y} := XY + Y X.

(2) The representation (§,2((.7)) is said to be irreducible if there exist no proper
subspaces of § which remain invariant under the action of all operators ¢ (f) and

P(f) (f € ) n A(A).

'We use the physical unit system where A (the Planck constant divided by 27) and the light speed ¢
are equal to 1.



(3) Let (F, () with () := {¢'(f), V' (f)*|f € #°}) be another representa-
tion of the CAR over . Then the two representations (§', 2 (7)) and (§,2A(7))

are said to be equivalent if there exists a unitary operator U : § — § such that, for

all f e 7, ¢'(f) = Uy(f)U".

Remark 2.2 Taking the adjoint of the first equation in (b) in Definition 2.1-(1), we have
{(f)(g)} =0, f,ge .

As is well known, representations of the CAR over a Hilbert space can be constructed
on fermion Fock spaces (e.g., [1, Chapter 5], [3, §5.2], [4] and [8]). For the reader’s
convenience, we first review elementary aspects of fermion Fock spaces.

Let s be a complex Hilbert space. Then the fermion Fock space §(.7) over 2 is

defined as the infinite direct sum Hilbert space
() =@y N H

of the n-fold antisymmetric tensor product Hilbert space A" of ¢ with convention
N# = C .

For each f € 47, the creation operator Af(f) with test vector f acting in F(7) is
defined by

D(A'(f)) = {‘If = (U}, € F2) | ) nllAl(f @ ¥ )| < 00} :

(ANHW)O =0, (A(HT)™ = VoA, (f o), n>1,0 e DA(f)),

where A, denotes the antisymmetrization operator on the n-fold tensor product Hilbert
space @".3 of . Since D(AT(f)) includes the finite particle subspace

S0 := {¥ € F(A)|3ng such that, for all n > ngy, T =0},
which is dense in (), it follows that D(AT(f)) is dense in F(#). Hence the adjoint
A(f) = (AT(f))”

of AT(f) exists and is called the annihilation operator with test vector f. It follows that
A(f)* = AT(f). We denote by A(f)# either A(f) or A(f)*.
It is proved (e.g., [1, Chapter 5] and [3, §5.2]) that D(A(f)#) = §(H) and A(f)* is

bounded satisfying the following anticommutation relations:

{A(), Alg)y =0, {A(f), Alg)"}y = (f.9), fge . (2.1)
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The correspondence: 5 > f +— A(f) (resp. A(f)*) is complex antilinear (resp. linear).
Thus (§(2),{A(f), A(f)*|f € H}) is a representation of the CAR over J#, which is
called the Fock representation of the CAR over 7. It is well known that it is irreducible
(e.g., [8, Theorem 10.2]).

We now fix an orthogonal decomposition
H = I B I

of A with #, and % being mutually orthogonal nontrivial closed subspaces (77, #
{0}, 5#) and a conjugation C on 4 (C' is an antilinear mapping on # satisfying C? = [
(identity) and ||C'f|| = ||f||, f € 7). We have

(Cf.Cg)=(g.f), f.geHN. (2.2)

We denote by 6. the Banach space of everywhere defined bounded linear operators

from 7 to 7. and introduce a subset of the direct product space B, x B _:
LHA) = {T = (T, T_)|Te € B, T"T  +T-T_ =1},

where
T =CT.C.

It is easy to see that T_ is a bounded linear operator on ./ with operator norm || T_|| =
I71].
Each T' € () defines an element of B(.7) by

Tf:=(T.f, T_f), f€ A (2.3)
For each T' € (), we define an antilinear mapping ¢y : 5 — B(F) by
r(f) = ATy f,0) + AQ,T-Cf)", [feAx. (2.4)

It is obvious that
br(f)" = A(T4 f,0)" + A0, T-Cf).
Let
Ar(A) = {¢r(f), ¥r(NIf € A} (2.5)

Lemma 2.3 For dll f,g € 7, the following anticommutation relations hold:

{Wr(f),vr(9)} = {¥r(f)" r(g9)"} =0, (2.6)
{br(f),¥r(9)"} = (f,9). (2.7)



Proof. By direct computations using (2.1), we have

{Wr(f),dr(g)} = (T f, Thog) + <T—f7 T_g> .

Since T:T, +T_T_ = I, we obtain (2.7). Similarly one can prove (2.6).

Lemma 2.3 shows that (§(.7),r(S€)) is a representation of the CAR over 7.

Remark 2.4 The standard choice of T' = (T, T_) in the literature is given by T, = P
and T_ = C(I — P)C, where P is the orthogonal projection onto J, (see, e.q., [4, pp.22-
23] and [8, §10.1.3]). In this case, the representation is called a quasi-free representation.

Hence the representation (§(F),Ar(H)) gives a generalization of of the quasi-free rep-

resentation.

To find more detailed properties of the representation (F(77),Ar()), we introduce

the following additional conditions (T.1)—(T.3) for T'= (T, T-) € T(H):
(T.1) T, T: =I; (T.2) T_-T* = I; (T.3) T_T, = 0.
We define a subset of T(.7):
T (H) :={T € T(A)|(T.1)-(T.3) hold}.

Lemma 2.5 Let T € ,.(). Then

A(f) = or(TEf4) + o (CTEf) f = (fe, [-), fx € Ko

Proof. By (T.1) and (T.3), we have

¢T(Tif+) = A(f+,0), f—‘r € %f—

Property (T.3) implies that

By this fact and (T.2), we obtain
vr(CTZf-) = A0, f-)",  f- € ..

We have
Thus we obtain (2.9).

(2.8)

(2.9)



Lemma 2.6 For allT € T.(5C), (F(I),Ar(F)) is irreducible.

Proof. Let © be a closed subspace which is invariant under the action of all 7 (f) and
vr(f)* (f € ). Let @ be the orthogonal projection onto ©. Then it follows that, for

all f €, Qur(f)* =vr(f)*Q. Hence, by (2.9), QA(f)* = A(f)*Q for all f € . Tt
is well known (or easy to see) that {A(f), A(f)*|f € -} is irreducible. Hence Q = ol
for some o € C. But, since ) is an orthogonal projection, it follows that « = 0 or oo = 1.
This means that ® = {0} or ® = F(J¢). Thus Ay (A7) is irreducible. |

Lemmas 2.3 and 2.6 immediately yield the following theorem:

Theorem 2.7 For eachT € T.(3C), (F(IC),Ar(F)) is an irreducible representation of
the CAR over J.

Thus we have a family {(F(), A7 () }res. (#) of irreducible representations of the
CAR over J7.

We next consider equivalence or inequivalence of two representations (§(.7¢), (7))
and (F(),As(H)) with S £ T (S,T € T,.(I)).

For each pair (S,7T) € T, () x T.(H), we define linear operators V and W on ¢

as follows:

V= (SyTf, ST f), Wfi=(S{T_f S TLfy), [=(fy,f)esn.
Lemma 2.8 The following equations hold:

V'V +WW =1, (2.10)

VV EWW* =1, (2.11)

VW +W*V =0, (2.12)

VIW* +WV* =0. (2.13)

Proof. The operators V' and W have the following operator matrix representations:

(S T: 0 B 0  S,T_ %
V‘( 0 S_T*)’ W_(S_Ti 0 '

Using these representations and properties of S and T, one can easily prove (2.10)—(2.13)

by direct computations. 1

We define
B(f) =AV )+ AWCf), fe. (2.14)

Then it is easy to see that {B(f), B(f)*|f € '} is a representation of the CAR over ..
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Lemma 2.9 There exists a unitary operator U on §F(I) such that
A(f) =UB(HU",  fe A, (2.15)
if and only of W is Hilbert-Schmadt.

Proof. Since we have (2.10)—(2.13), the lemma follows from the general theory of
Bogoliubov transformations on §(5¢) (see, e.g., [8, §10.3]). ]

Theorem 2.10 Let T and S be in T, () with T # S. Then the two representations
(§(), Up () and (F(), UAs(H)) are equivalent if and only if S, T and S_T: are
Hilbert-Schmadt.

Proof. Suppose that (F(7€), A7 (7)) and (F(H),As(H)) are equivalent. Then there
exists a unitary operator U on §(5¢) such that

Uvs()U" =vr(f), [fe . (2.16)

Then, by (T.1)-(T.3), we have
A(f4,0) =U (A(S4T f4,0) + A0, S_CT f1)*) U, fy € A (2.17)

and
A0, f2)" = U (A(S:CT* f-,0) + A0, S_T* f_)*) U*, f_€ .. (2.18)

Hence, adding the first equation to the second one, we obtain (2.15). Therefore, by
Lemma 2.9, W is Hilbert-Schmidt, which is equivalent to that S, 7 and S,Ti are
Hilbert-Schmidt.

Conversely, suppose that S+T*_ and S_Ti are Hilbert-Schmidt. Then W is Hilbert-
Schmidt. Hence, by Lemma 2.9, there exists a unitary operator U on §(7¢) such that
(2.15) holds. Then (2.17) and (2.18) hold. Using the property that T:T, + T T_ = I,
we obtain (2.16). ]

The contraposition of Theorem 2.10 gives an inequivalence theorem on the two repre-

sentations (§(F), Ar(F)) and (F(I), Ag(F)):

Theorem 2.11 Let T' and S be in () with T # S. Then the two representations
(), () and (F(H),As(H)) are inequivalent if and only if ST or S_T, is
not Hilbert-Schmidt.



3 Inequivalence of quantum Dirac fields of different
masses

In this section, we consider a free quantum Dirac field on the (1 + d)-dimensional space-
time and an interacting one as well. We take the space dimension d € N to be arbitrary,
because we want to see the dependence or independence of properties of the Dirac field
on d. The main purpose of this section is to show by applying Theorem 2.11 that the
time-zero quantum Dirac fields of different masses, which are representations of the CAR
over a Hilbert space, are mutually inequivalent. This implies that the time-f quantum

Dirac fields of different masses (¢t € R) also are mutually inequivalent.

3.1 The d-dimensional free Dirac operator

For each d € N, we define v € N as follows:

(3.1)

V=

2d+1)/2if d is odd
2d if diseven

It is well known that there exist v x v Hermitian matrices {a;}9_ and j satisfying the
following anticommutation relations (a representation of the Clifford algebra associated

with the Euclidean vector space R'*?):

{Oéj,Oék} :25]']{:[1/’ Lk=1,....4d, (32)
{a;,8) =0, j=1,....d, (3.3)
/62 = -[V) (34>

where 0, is the Kronecker delta and I, (n € N) is the n x n identity matrix.
The free Dirac equation with mass m > 0 in the (1 4+ d)-dimensional space-time
R = {(t,x)|t € R,z = (x1,...,74) € R} is of the form:

oY(t,
ot
where 1) : R4 — C” (or a v component distribution on R ), i is the imaginary unit
and
d
H,, = Zajpj +mp
j=1

with p; := —iD; (D; is the generalized partial differential operator in the variable z;).



We use the symbol R*™ = {k = (ki,...,kq)|k; € R,j =1,...,d} for the dual space of
R? (the space of d-dimensional wave vectors) and denote by %, : L?(R%) — L?(R%*) the

d-dimensional Fourier transform:

1

(Faf)(k) := a0 |,

f(x)e **dx,  fe L*(RY), k € R™,
d

i 2 —\d e
in the L*-sense, where kx := 3, kjx;.

In what follows, we treat H,, as an operator acting in
Hp = L(RECY) = {f = (fi)ialfe € PRY),r =1,... v},
the Hilbert space of C”-valued square integrable functions on RY. We set
S = Ty = L2(Rd*; C").
For each k € R%*, we define a v x v Hermitian matrix h,, (k) by
hm (k) := ak +mp,

where ak = Z;l:l ajkj, and denote the multiplication operator by the matrix-valued
function h,,(-) on 74 by H,,:

D(H,) =3 f € 4| / [ (k) f(K) || dle < oo},
R *
Hy f (k) = hm(k)f(k), fe D(H,), aekeR™
By the theory of Fourier transform, we have ﬁdpjﬁd_l =k; (j = 1,...,d), where the
right hand side denotes the multiplication operator by the variable k;. Hence it follows

that
FyH Tt = H,,. (3.6)

Using (3.2), one has
(ak)? = k? ke R™ (3.7)

By this fact, (3.3) and (3.4), one obtains that
1B (B) f(R) |20 = (K2 +m*) | f(R) |2, & € RT.

Hence

D) — {f e ol [ IRk < oo} .

Rd*
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Let
E.(k) = VEk2+m?2, keR™

and
 m+ Ey(k) + Bak o case m
dp (k) = N TR GICEYN0) (th > 0), (3.8)
do(k) :== { \/Li (1 N BT%T) for & 70 (the case m = 0) . (3.9)
1, for k=0

As in the case d = 3 (e.g., [8, §1.4]), one can show that d,,(k) is unitary and
A (k) (k) d (k)™ = Epu(K)B,  k € R, (3.10)
We denote by D,, the multiplication operator by d,,(-). The operator
U, = D,, %,
is a unitary operator from %, to 4. By (3.6) and (3.10), we have
UnH U ' = E,.f. (3.11)

Namely H,, is unitarily equivalent to E,,3. It is obvious that FE,, is self-adjoint. Hence
H,, is self-adjoint. Thus, for each ¢y € D(H,,), the free Dirac equation (3.5) with initial

condition ¥(0, -) = ¢ has the unique solution
Y(t,) = e g, teR.

Relation (3.11) clarifies spectral properties of H,, too. For a linear operator A on a
Hilbert space, we denote by o(A) (resp. 0,(A)) the spectrum (resp. the point spectrum)
of A. By the unitary invariance of spectra, (3.11) implies that

o(Hy) = o0(EnB), op(Hn) = op(Enp).

It follows from (3.4) and § # =+I, that o(8) = o,(8) = {£1}. Hence o(E,,5) =
{En(k)|k € R*YJ{—E,,(k)|k € R*} = (=00, —m|U[m, o) and o, (E,,3) = 0. Therefore

o(Hy,) = (—o0,—m] U [m,00), op(Hpy)=0.
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3.2 Eigenvectors of h,,(k) and some operators

One can easily show that dimker(5 + 1) = /2. Hence, by diagonalization (if necessary),

we can assume without loss of generality that

[ Ly 0
B_( 0 —u/z)'

We denote by {e,}”_, the standard basis of C": e, = (0,)%_,. For all k& € R and

s=1,...,v/2, we define the following vectors in C":
U (k, 8) == din(k)'es € C”, vp(k,s) = dm(k) " esiqy2) € CV. (3.12)
By (3.10), we have
hn(K)um (K, 8) = En(k)um(k,s),  hm(k)om(k,s) = —En(k)on(k, s).

Namely u,,(k, s) (resp. v, (k, s)) is an eigenvector of h,,(k) with positive (resp. negative)
energy E,,(k) (resp. —E,,(k)). Since d,,(k)~! is unitary, it follows that, for each k € R%*,

the set {w,,(k,s), v, (k,s)|s =1,...,v/2} is a complete orthonormal basis of C”. Hence
<um(k73)aum(ka3,)>(j” = 555’7 (313)
<Um(k7 8)7Um<k7$/)>(cv = 535/7 (314)
(U (K, ), 0m(k, ")) =0, 5,8 = 1,...,%. (3.15)
and
v/2
Z (W (K, 8)tngr (K 8)* 4 Vp (B, 8) 0 (B)*) = 8y, 7" = 1,000, (3.16)
s=1

where wy,,(k,s) (resp. vm.(k,s)) is the rth component of the vector w,,(k,s) (resp.
v (k, s)) and, for a complex number z € C, z* denotes the complex conjugate of z.

The Hilbert space 4 has the orthogonal decomposition
Ay = oy ® Iy (3.17)

with
%%i = L2(]Rd*; (C”/2).

We define linear operators T, : %% — %%i by

Toi f = (um (- 8)" )20 € s, (3.18)
T f = (O, 8) ) € S, [ € S, (3.19)
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where, for w = (w,)%_, : R*™* — C¥,

= w, (k) fo(k), f=(f)iy € S, k € R™
r=1
and
w(k) :==w(—k), ke&R™
It follows that T,,+ are bounded with || T+ < /5.

It is easy to see that

v/2
T f4)r Zumr yS) sy fr = (f+s)y/2 € S, (3.20)
V/Z 3
(Th )= e 8) Foss fo= ()D€ do r=1,... v (3.21)

s=1

We denote by C' the complex conjugation on Sy
Cf = (f7)i=
For a linear operator A on %%, we define A by
A:=CAC.

We regard Ay as subspaces of A4 in the natural way so that C acts also on Ay

Remarkable properties of T},+ are summarized in the following lemma:

Lemma 3.1

T Tos + Ty T =1, (3.22)
s T2, =1, (3.23)
Tops Ty, =0, T, T, , =0. (3.24)

Proof. Throughout the proof, we write Ty (resp. wu(k,s),v(k,s)) for T,,+ (resp.
U (K, $),vm(k,s)). Let f,g € #. Then

(T f, Ty g) + <T—f»T—9>

v/2

= » {(ul-,8)") (k) (ul-, $)"g) (k) + (v(, s) f)(R)(v(-, 5)"g) (k) } dk
v v/2

=y 9 FoB) g (B) | D (unlk, 8)upe(k, 8)* + vp(k, s)op (k, 5)") | dk

= 9 fr (k)" g, (k)dk,

13



where we have used (3.16) to obtain the last equality. Hence

(T f, Tyg) +(T-f,T-g) = (f,9) -

This implies (3.22).
We have by (3.20)

1 V/2

<T-tf’ T—‘tg> = Z Z <u7“("3)fs>ur('73/)gs’>

r=1 s,s'=1

- /Rd* (u(k,s), u(k,s")) fs(k)" gy (k)dk
=(f.9),

where we have used (3.13). Hence T',T7% = I. Similarly, using (3.21), one can show that
T_T* = I. One can see that orthogonality (3.15) implies (3.24). ]

Lemma 3.1 immediately yields the following result:

Lemma 3.2 For allm > 0,
T = (T, Trn )

is an element of ‘S*(,%%).
It follows from (3.23) that ||7};.|| = 1 and hence

| Tl = 1. (3.25)

3.3 A free quantum Dirac field

We construct a free quantum Dirac field on the fermion Fock space S(,%%) over ,%%.
Note that we work with momentum representation. We denote by a(f) (f € 4) the
annihilation operator on § (,%%)

For each f € %%, we define

~

Uin(f) = a(Tni £,0) + a0, T f7)",  f € S (3.26)

and set

P = {0 () b ()| f € HY). (3.27)
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Remark 3.3 A free quantum Dirac field on the (1+d) (resp. 4)-dimensional space-time
was considered in [5] (resp. [7]). In these papers (also in [8, §10.1]), the projection
method as mentioned in Remark 2.4 is used. But we find that the projection method is
somewhat inconvenient to discuss a family of quantum Dirac fields indexed by mass m,
since the orthogonal decomposition of 71 in the projection method depends on m. Thus
we take a slightly different approach in which the orthogonal decomposition (3.17) is fized
independently of m.

By Lemma 3.2 and an application of Theorem 2.7, we obtain the following proposition:

Proposition 3.4 For each m > 0, (S(%),ﬁm) is an 1rreducible representation of the
CAR over 3.

Let
Uunlt, f) = (" f), ¢ € R, f € D(Hon),
and
pm(t) = {Un(t, ), ¥u(t, f)|f € D} (3.28)
Since eitHm is unitary for all ¢ € R, Proposition 3.4 yields the following result:

Proposition 3.5 For each m > 0 and t € R, (F(H), pm(t)) is an irreducible represen-
tation of the CAR over 7.

The following proposition shows that v,,(t, f) is a free quantum Dirac field on the

(1 + d)-dimensional space-time and hence ¥,,(f) = 9., (0, f) is the time-zero field of it.

Proposition 3.6 Let m > 0 and f € D(H,,). Then the operator-valued function: t —
Um(t, f) € S(%%) on R is differentiable in the operator norm topology and obeys the free

functional Dirac equation

A (L, f)
Proof. Let e € R\ {0} and
6o o= Ul E SN 2l D)y 1 ).

Then we have

~

¢6 = wm(eitﬁmga)a

15



where

We have for all h € ,%%
[ (W) < (T2l + 1Tl [| < 2|12,

where we have used (3.25). Hence |¢.|| < 2||g||. Since f € D(H,,), it follows that

lim. o ||g:|| = 0. Hence lim._,q ||¢.|| = 0. .
One can show that, for all f € 74,

om(t, ) = ¢Bomyy (fle”Hom ¢ e R, (3.29)

where Hy ,,, := dI'(E,,) is the second quantization of the multiplication operator E,, (e.g.,
3, p.8]). The operator Hy,, is the Hamiltonian of the free quantum Dirac field with mass
m in momentum representation.

We now state and prove one of the main results in this paper:

Theorem 3.7 Let my # my (mi,my > 0). Then (F(IB), pm,) and (F(H), pm,) are

mequivalent.

Proof. By Theorem 2.11, we need only to prove that, if m; % ms, then TmﬁT;r or
Tml,Tjnz + is not Hilbert-Schmidt. It is easy to see that

v/2
(T Ty Dr(k) = S K W)K). f = (R € Aopoir =105, (330)
s=1

where
Kyo(k) = (i, (k1) Uy (B 8))e s kK ER™ s =1, g
By (3.12), we have K, (k) = (e, dpn, (k)dm, (k)*€s4,/2). Using (3.8), (3.9), (3.3), (3.7) and
the orthogonality <er, es+l,/2> =0 (r,s=1,...,v/2), we obtain
K,s(k) = (ma — my) Finy m, (k) <eT, akes+y/2> ., rs=1,..., g,

where

(k) = :
. 2\/Em1 (k)Em2(k)(m1 + Eml (k))(mQ + EmQ(k))

) (” Emlgﬁg;w))‘
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It follows from (2.6) that akesy, /o € ker(8 —1), s =1,...,v/2. Hence

v/2

Z | <6T7ak€5+u/2> |2 = |’Oék€s+y/2l|2 = ]{;27

r=1
where we have used (3.7). Therefore

v/2

D Kps(k)[? = (mg = m1)*Fny gy (k)°E. (3.31)

Let my # ms. Suppose that Tm1+T;2_ were Hilbert-Schmidt. Denote by K, the
multiplication operator by the function K,.(k) on L2(R%*). Then, by (3.30), K, is Hilbert-
Schmidt. Hence L := S22 K* K,, is Hilbert-Schmidt. By (3.31), L is the multiplication
operator by the function (mg —m1)?F,,, m, (k)2k?. This function is continuous on R%* and
positive for all |k| > 0. Hene o(L) includes an open interval in [0, 00). Hence L is not
Hilbert-Schmidt, since the spectrum of a Hilbert-Schmidt operator is purely discrete in
C\ {0}. Therefore we have a contradiction. Thus T}, T, _ is not Hilbert-Schmidt. ®

ma—

3.4 An interacting quantum Dirac field

Let H,, be a self-adjoint operator on S(,%%) which may depend on m. Then the time-t

quantum Dirac field of mass m with Hamiltonian H,, is defined by
Un(t, f) = &y (fe™ ™, f € A, t €R.

This is a general form of interacting quantum Dirac fields whose time-zero field is taken
to be ¥ (f). The time-t free quantum Dirac field Yom(t, f) is given by the case where
H,,, = Ho,, (see (3.29)).
Let
pr(t) = {m(t, f), (L, [)*|f € HD}
Then (F(4), pm(t)) is an irreducible representation of the CAR over %, Since eiHm is

unitary, the following corollary immediately follows from Theorem 3.7:

Corollary 3.8 Let my # my. Then, for all t € R, (F(H), pm, (1)) and (F(H), pmy(t))

are tnequivalent.
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4 A generalization

In this section we briefly describe a generalization of the time-zero quantum Dirac field

() (f € H).

Let % be the set of pairs (u,v) of C’-valued Borel measurable functions u and v
on R™ x {1,...,v/2} such that, for a.e. k& € R*™, {u(k,s),v(k,s)|s =1,...,%} is an
orthonormal basis of C”. For cach (u,v) € %, we define T (u) : S — H, and
T_(v) : Ay — Hp_ as follows (cf. (3.18) and (3.19)):

To(w)f = (ul- )" )2 € Hoy,
1_()f = (o.9)f)"

€M, [eH.
s=1
Then, in the same way as in the proof of Lemma 3.1, one can prove the following relations:

Ty(wTi(u) =1, T-(v)T-(v)*=1
0 0.

Hence (T (u), T_(v)) is an element of T, (#4). Therefore, introducing the operators

Yuo(f) = alTi () f,0) +a(0, T-(0)f7)", | € Ao
and
P, 0) = {Yuu(f), Pun ()| f € ),
we see that (F(H), p(u,v)) is an irreducible representation of the CAR over J%,. Clearly
this class of representations includes (F(74), pm), hence being a generalization of it.

As for the family {(§(4), p(u,v))|(u,v) € %} of representations of the CAR over

Jz%, we have the following inequivalence theorem:

Theorem 4.1 Let (uy,v1) and (uz, v3) be in % . Then the two representations (F(H), pluy,v1))
and (S(ﬁ%),,ﬁ(u%w)) are inequivalent if and only if, for some (r,s), there exists a
non-null Borel set B C R™ such that, for all k € B, (ui(k,r),va(k,s))e. # 0 or

(ug(k, 1), v1(k, 8))cr # 0.

Proof. By Theorem 2.11, the two representations under consideration are inequivalent
if and only if 77 (uy)7T- (02)* or T_ (vl)T+(u2)* is not Hilbert-Schmidt.
In the same way as in the case of (3.30), one can show that

v/2
*

(T () T=(02) (k) = D Gra(WflR),  f€ b r=1,.... 5, aek,
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where

Grs(k) = (ui(k,7), v2(k, 8))cw -

It is easy to see that T' (u)T_(vs) is not Hilbert-Schmidt if and only if, for some (r, s),
the multiplication operator C;’rs by the function G, is not Hilbert-Schmidt. In general,
the multiplication operator on L?(R%*) by a function F' is Hilbert-Schmidt if and only
if F(k) =0 a.e.k € R™. Hence G,, is not Hilbert-Schmidt if and only if there exists a
non-null Borel set B C R%* such that, for all k € B, G,s(k) # 0. Thus T+(u1)m*
is not Hilbert-Schmidt if and only if, for some (r,s), there exists a non-null Borel set
B C R¥ such that, for all k € B, G,4(k) # 0.

Note that T_(v,)Ty (uz) is not Hilbert-Schmidt if and only if T (us)T_(vy) is not
Hilbert-Schmidt. Hence one can apply the preceding result to the case (uq,vs) replaced
by (uz,v1) to conclude that T (v)T} (uz)  is not Hilbert-Schmidt if and only if, for some
(r, s), there exists a non-null Borel set B C R?* such that, (us(k,r),v1(k,s))er #0. N
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