
STABLE AND UNSTABLE MANIFOLD
ON A FREE BOUNDARY PROBLEM OF

THE CURVATURE FLOW WITH DRIVING FORCE

MASAHIKO SHIMOJO AND KAGAYA TAKASHI

Abstract. We study a free boundary problem for the curvature flow with driving force for
a family of planar curves with two fixed contact angles on the x-axis. Our aim of this paper
is to analyze the dimension of stable and unstable manifolds of traveling wave solution.

1. Introduction

In this paper, we deals with the motion by curvature with driving force of planar curves

having two moving end points on the x-axis with fixed interior contact angles to this axis.

The problem is formulated as follows. For any curve γ lying on the upper half-plane having

two end points, we shall denote the left and right interior angles by Ang−(γ) and Ang+(γ).

For any given such curve Γ(0), our problem is to look for a family of curves {Γ(t)}t≥0 having

two end points on the x-axis with the same (fixed) contact angles as above evolve by the

curvature flow equation with a constant driving force c, namely,

(1.1) V = k + c, Ang±(Γ(t)) = Ang±(Γ(0)),

where V is the normal velocity and k is the (signed) curvature of Γ(t).

In this paper, we shall always assume that Γ(0) is a graph given by y = u0(x), x ∈ [l0−, l
0
+].

Then it can be expected that Γ(t) can be represented as y = u(x, t), x ∈ [l−(t), l+(t)], for

t > 0 such that (u, l±) satisfies the following free boundary problem (P):

ut =
uxx

1 + u2x
+ c
√
1 + u2x, x ∈ (l−(t), l+(t)), t > 0,(1.2)

u(l±(t), t) = 0, t > 0,(1.3)

ux(l±(t), t) = ∓ tanψ±, t > 0,(1.4)

u(x, 0) = u0(x), l±(0) = l0±, x ∈ (l0−, l
0
+)(1.5)

where we assume that ψ± ∈ (0, π/2), c > 0 and −∞ < l0− < l0+ < ∞. We also assume that

u0 is a C2 strict concave function and concentrate the solution that exists globally in time

and is uniformly bounded. In fact, this concave assumption is not so essential, since it has

already proved in [12] that all bounded solutions become concave eventually. Moreover, any
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concave solution preserve concavity as long as it exists. Here the sign of the curvature is

defined so that (1.2) is derived from (1.1). Also, we always assume that

(1.6) u0 > 0 on (l0−, l
0
+) , u

0(l0±) = 0, u0x(l
0
±) = ∓ tanψ±, u

0 ∈ C2([l0−, l
0
+]), (u

0)xx < 0.

For the local existence and uniqueness, including the continuous dependence of the solution

to the problem (P), see [3] and [12].

The equation (1.1) comes from various fields. For example, it describes the motion of

a superconducting vortex [5]. Also, it appears in the study of the traveling curved fronts

(V-shaped waves) [17], the Belousov-Zhabotinsky reaction [2], and the Allen-Cahn model

in Chemistry. For the free boundary problem with ψ+ = ψ−, we refer the work of Ei and

Yanagida [7, 8], Ei, Sato and Yanagida [6], and Giga and Yamauchi [10]. They analyze the

stability of stationary hypersurfaces or curve for more general curvature flow.

The problem (P) with c = 0 appears in the study of evolution of grain domain in polycrys-

tals, see, e.g., [13, 15]. For the mathematical study of the problem (P) with c = 0, we refer

to the work [4] and the references cited therein. If c = 0, the curve Γ(t) shrinks to a point

in finite time in an asymptotically self-similar manner. On the other hand, the problem (P)

with c > 0 exhibits much more rich phenomena than that of c = 0. The asymptotic behavior

of the solution depends on the relation between the curvature and the driving force. More

precisely, the curvature can dominate the driving force eventually so that the evolution of

the curve Γ(t) is just like the case c = 0 such that it shrinks to a point in finite time. On

the other hand, the curvature may be dominated by the driving force eventually so that the

curve will be expanding for all time. It can also happen that the curvature is balanced with

the driving force. In this case, the solution converges either to a stationary solution or to

a traveling wave solution of (1.2). The authors in [12] consider the problem (1.1) on a half

plane. They proved that all the solutions are classified into three categories:

(A) (Expanding case) T = ∞, and both L(t) and A(t) tend to ∞ as t→ ∞.

(B) (Bounded case) T = ∞, and both L(t) and A(t) remain bounded from above and

below by two positive constants as t→ ∞.

(C) (Shrinking case) T <∞, and both L(t) and A(t) tend to 0 as t→ T .

Here A(t) denote the area of the domain enclosed by Γ(t) and x-axis, and L(t) denote the

length of Γ(t), i.e.,

(1.7) A(t) :=

∫ l+(t)

l−(t)

u(x, t)dx, L(t) :=

∫ l+(t)

l−(t)

√
1 + u2x(x, t)dx,

and [0, Tmax) is the maximal existence time interval of a classical solution u to the problem

(P) for T = Tmax ∈ (0,∞]. Then they provide some concavity properties of the solutions such

as eventual concavity for the case (B)-(C) and characterize completely the time asymptotic
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behaviors of all solutions. We roughly explain the asymptotic behavior of the solution for

each cases. In the case (A), as time passes, the effect of curvature becomes smaller and

smaller comparing with the constant forcing term, so it can be expected that the asymptotic

behavior of Γ(t) is described by a curve C(t) satisfying

(1.8) V = c on C(t) and Ang±(C(t)) = ψ±.

This problem has a self-similar structure. For any solution C(t), the similarity transformed

curves λC(t/λ) are also solutions of the problem (1.8), where we choose the center of trans-

formation at the origin. Hence a self-similar solution of (1.8) is the form CS(t) = t · CS(1) ,
which can be seen by substiturting λ = t. Next, for the shrinking type (C), the curve Γ(t)

shrinks to a point in a self-similar manner as t→ T by using a blow-up technique. If we may

assume that x = x0 is the shrinking point, a solution of (P) must converge to the unique

self-similar solution of (P ) with c = 0 as t→ Tmax.

u(x, t) ≈
√
2(T − t)φ

(
x− x0√
2(T − t)

)
where φ is the the profile of the self-similar solutioin to (P0). The existence and uniqueness

of the self-similar solution was proved in [4]. Roughly speaking, the solution behaves like

the solution of V = k with the same boundary conditions as t → T . This means that the

curvature effect is dominant for the shrinking solutions. Finally, we explain the type (B),

which is the most interesting part. For this case, If ψ+ = ψ−, u converges to a stationary

solution as t → ∞ uniformly on R. If ψ+ ̸= ψ−, then u converges to a traveling wave

U(x− νt− a) with some a ∈ R as t→ ∞, where U(ξ) satisfies

(1.9)


U ′′

1 + U ′2 + νU ′ + c
√

1 + U ′2 = 0

U ′(a±) = ∓ tanψ±

for some a± ∈ R.

Furthermore, the sign of the speed ν coincide with the sign of ψ− − ψ+.

The first main theorem of this paper, which is a different approach of the proof of Theorem

1.6 of [12]. Note that here we also obtain the rate of convergence.

Theorem 1.1 (Asymptotic shape). Let (u, l±) be a solution of (P) with (1.6) and satisfy

(B). Then there exists a constant a ∈ R such that l±(t) − νt → a ± b as t → +∞ and

u(ξ + νt + a, t) → U(ξ) uniformly on R, where U, ν, b are as in (1.9). Here we regard that

u ≡ 0 outside the interval [l−(t), l+(t)] and U ≡ 0 outside the interval [−b, b]. Furthermore,

the Hausdorff distance of the solution curve between the traveling wave converges to zero

exponentially fast.

To prove this theorem, we use a Lyapunov functional borrowed from [9] to prove the

convergence of the curvature of Γ(t) to that of a traveling wave. However, we can not conclude
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the convergence of the endpoints of the solution only by this argument. The convergence

of endpoints and also the convergence rate of the curvature as t → ∞ is analyzed. The

argument is based on the spectral analysis of the curvature equation.

The second result of this paper is the following:

Theorem 1.2 (Invariant manifold). The dimension of unstable manifold of traveling wave

is one and the dimension of the center manifold is one. In particular, the codimension of

stable manifold of a traveling wave solution is two.

We shall explain the geometric meaning of Theorem 1.2. Note that the center manifold of

the traveling wave solution corresponds the perturbation from traveling wave by a horizontal

translation. The unstable manifold must related to the perturbation of the scaling but the

center of the dilation is unknown. Other invariants manifolds are all stable. Hence we can

find a lot of initial data whose solution converges to one of a traveling wave. In Theorem

5.1 of [12], they construct initial data of the solution that enjoys type (B) behavior by using

a one parameter family ordered solutions. On the other hand, from our theorem, if we put

the initial data on the stable manifold near the traveling wave, the solution converges to one

of a shifted traveling wave, which is on the center manifold. Thus we can find another way

of finding initial data whose solution converges to a traveling wave. Moreover, The result of

stable and unstable manifold gives us deeper result than that of [12]. In fact, our theorem is

that we are able to obtain the convergence rate of the solution, that is essentially impossible

to know by intersection number arguments. The main tool used in the proof is zero number

theory dealing with the Sturm nodal properties of the solutions and the spectral comparison

argument.

The rest of this paper is organized as follows. In Section 2, we provide the curvature

equation for a concave solution. In Section 3, we study the asymptotic behaviors of near a

traveling wave solution and consider the dimension of invariant manifolds.

2. Review of the equation for the curvature

We convert the equation (1.2) into an equation for the curvature k := uxx/(1 + u2x)
3/2.

The independent variables for this equation are θ, t, where θ is defined by

θ(x, t) = arctan ux(x, t).

Note that θ varies in the interval [−ψ+, ψ−], if u is concave. In what follows we assume

that u is strictly concave. This assumption is not essential, since it is proved in [12] that

the solution u(x, t) becomes concave for sufficiently large t > 0 for the case (B)-(C). Hence

the correspondence x → θ(x, t) is one-to-one for each fixed t. As is shown in [12], the time
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evolution problem for the curvature is the following:

(2.1)


kt = k2(kθθ + k + c), −ψ+ < θ < ψ+, t > 0,

k(θ, 0) = k0(θ), −ψ+ < θ < ψ+,

kθ = cot θ (k + c), θ = ∓ψ±, t > 0,

where the initla data k0 satisfies

(2.2)

∫ ψ−

−ψ+

sin θ

k0(θ)
dθ = 0.

This condition means that u(l±(t), t) = 0, and we can easily prove that

(2.3)

∫ ψ−

−ψ+

sin θ

k(θ, t)
dθ = 0 for all t ≥ 0

for any solution of (2.1) provided that (2.2) holds. The stationary solution of (2.1) is

−ν sin θ − c for any constant ν ∈ R. If ν = 0, the corresponding the stationary solu-

tion is k = −c. Now a natural question arises. What is the meaning of the parameter ν

when it is positive ? For the case when ψ− ̸= ψ+, let us consider a traveling wave solution,

namely, u(x, t) = U(y), y := x− νt− a, where a ∈ R is any constant and ν ̸= 0 is the wave

speed. More precisely, the limiting solution is a triple (U, ν, β) that satisfies

(2.4)

 0 =
U ′′

1 + U ′2 + c
√
1 + U ′2 + νU ′, U > 0, 0 < y < β,

U(0) = U(β) = 0, U ′(0) = tanψ−, U
′(β) = − tanψ+.

Introducing the angle function θ as θ := arcsin
( U ′√

1 + U ′2

)
, then the first equation in (2.4)

becomes k + c + ν sin θ = 0, where k is the curvature function. This is exactly the solution

obtained above.

One of the typical question about the traveling wave is whether there is the uniqueness

(up to translations). The following proposition in [12] gives us the answer to this question.

Proposition 2.1. For any given ψ±. The problem (2.4) has a unique solution. Also

ν

 >
=
<

 0 if and only if ψ−

 >
=
<

ψ+.

Proof. The restriction (2.3) again gives us the following necessary condition:∫ ψ−

−ψ+

sin θ

c+ ν sin θ
dθ = 0 =⇒

∫ ψ−

0

sin θ

c+ ν sin θ
dθ =

∫ ψ+

0

sin θ

c− ν sin θ
dθ.

This implies that ν > 0 if and only if ψ− > ψ+. Let us define

F (ν) :=

∫ ψ−

0

sin θ

c+ ν sin θ
dθ, G(ν) :=

∫ ψ+

0

sin θ

c− ν sin θ
dθ
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for any fixed ψ±. Without loss of generality, we can assume ψ− > ψ+, thus ν > 0. We can

easily check that F (ν) is monotone decreasing and G(ν) is monotone increasing for ν > 0.

Also F (0) > G(0) by the assumption ψ− > ψ+. By the intermediate theorem, we conclude

that there exists a unique α for the pair (ψ−, ψ+). Thus we conclude the uniqueness of the

profile of the traveling wave. □

3. Asymptotic behaviors and invariant manifold

We shall start to prove Theorem 1.1. Here we use the Lyapunov function of the curvature

equation and spectral analysis instead of intersection argument. One of the advantage of this

argument is that we are able to know also the convergence rate to the traveling wave, which

is impossible to obtain by the intersection number principle in [12]. Furthremore, since we

analyze the spectral of linearized operator around the traveling wave more precise dynamics

of is obtained.

In this section, we explain about Lyapunov functional of the curvature equation (2.1). We

first associate the problem (2.1) with the following energy functional:

(3.1) J [h] =

∫ ψ−

−ψ+

(1
2
h2θ−

1

2
h2− ch

)
dθ− cotψ−

(
ch+

1

2
h2
)∣∣∣

θ=ψ−
− cotψ+

(
ch+

1

2
h2
)∣∣∣

θ=−ψ+

defined on {h ∈ H2([−ψ+, ψ−]) |hθ = cot θ(h+ c) for θ = ∓ψ±}. By differentiating J [k(·, t)]
by t, we have

d

dt
J [k(·, t)] = kθkt

∣∣
θ=ψ−

− kθkt
∣∣
θ=−ψ+

−
∫ ψ−

−ψ+

kt(kθθ + k + c) dθ

− cotψ−kt(k + c)
∣∣
θ=ψ−

− cotψ+kt(k + c)
∣∣
θ=−ψ+

= −
∫ ψ−

−ψ+

k2t (θ, t)

k2(θ, t)
dθ.

Hence, for any solution of (2.1), we have

(3.2)
d

dt
J [k(·, t)] = −

∫ ψ−

−ψ+

k2t
k2
dθ ≤ 0.

Thus we obtain ∫ ∞

0

∫ ψ−

−ψ+

k2t
k2
dθdt <∞.(3.3)

if k is a global solution. By the standard omega limiting argument as below, once we have the

boundedness of −ε0 < k < −ε−1
0 for some small ε0 > 0, we can show that k(θ, t) approaches

a set of stationary solution as t→ ∞. This gives us accurate interpretation of the asymptotic

behavior of the global solution. Let k(θ, t) be a solution of (2.1).

Proposition 3.1. Let the case (B) hold. The function k(θ, t) converges in the C∞-topology

to the stationary solution of the problem (2.1) as t→ ∞.
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Remark 3.1. This proposition only implies that the shape of the solution Γ(t) converges

to that of traveling wave. This does not mean that the endpoints of Γ(t) also converge to

those of a traveling wave.

Proof. By the assumption, the solution is global and its all derivatives of the curvature

k(θ, t) are uniformly bounded by positive constants from above ([3, 12]). We also have

−ε0 < k(θ, t) < −ε−1
0 for some ε0 > 0, because of∣∣∣ log{k(θ2, t)

k(θ1, t)

}∣∣∣ = ∣∣∣ ∫ θ2

θ1

kθ(θ, t)

k(θ, t)
dθ
∣∣∣ ≤ max

θ∈[−ψ+,ψ−]
|kθ| L(t) ≤ C max

θ∈[−ψ+,ψ−]
|kθ|.

Therefore, J(k(·, t)) remain uniformly bounded and

(3.4)

∫ ∞

0

∫ ψ−

−ψ+

(kt
k

)2
dθdt ≤ ∞.

Let {tj} be any sequence such that limj→∞ tj = ∞ and we prove that there exists a subse-

quence still denoted by {tj} such that k(tj) → k∗ in C∞([−ψ+, ψ−]), where k
∗ is the station-

ary solution of (2.1). To prove this, we define kj(θ, t) = k(θ, t+tj) on [−ψ+, ψ−]×[0, 1]. Then

{kj} is bounded in C2.1([−ψ+, ψ−]× [0, 1]) from the above derivative bounds. Then there ex-

ists a subsequence {tj} (still denoted by the same notation) and ζ ∈ C2.1([−ψ+, ψ−]× [0, 1])

such that kj → ζ in C2.1([−ψ+, ψ−]× [0, 1]) satisfying

(3.5)

{
ζt = ζ2(ζθθ + ζ + c), −ψ+ < θ < ψ+, 0 ≤ t ≤ 1,

ζθ = cot θ (ζ + c), θ = ∓ψ±, 0 ≤ t ≤ 1,

Combining this, (3.4) and the above lower bound of curvature, we conclude

lim
j→∞

∫ 1

0

∫ ψ−

−ψ+

(∂tkj)
2 dθdt ≤ lim

j→∞

∫ ∞

tj

∫ ψ−

−ψ+

k2t dθdt = 0.

By Fatou’s lemma, we conclude ζt ≡ 0 on [−ψ+, ψ−] × [0, 1]. Hence the function ζ must

satisfy {
0 = ζ2(ζθθ + ζ + c), −ψ+ < θ < ψ+, 0 ≤ t ≤ 1,

ζθ = cot θ (ζ + c), θ = ∓ψ±, 0 ≤ t ≤ 1,

Since the stationary solution k∗ of (2.1) is unique except for k ≡ 0, we conclude that ζ ≡ k∗

from the classification theorem. Furthermore, k(·, t) itself must converge to the corresponding

stationary solution k∗ as t → ∞, since J is a strict Lyapunov function (see also Theorem

53.5 of [18]). The derivative bounds then guarantee that k(·, t) → k∗ in C∞([−ψ+, ψ−]). □

Our second aim of this section is to prove the exponential stability with shift to a traveling

wave solution for the problem (P). By only Proposition 3.1, we can not conclude that any

(concave) solution Γ(t) converges to one of the traveling wave as t→ ∞. In order to prove the

convergence of two endpoints, we analyze the convergence rate of the curvature. This leads
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us to consider the spectral analysis of the linearized operator around k∗ for the curvature

equation (2.1). We first introduce the weighted L2 space:

L2
∗ := {v ∈ L2([−ψ+, ψ−]) | ∥v∥∗ <∞}

equipped with the inner product

(f, g)∗ =

∫ ψ−

−ψ+

fg
dθ

(k∗)2
.

By a simple calculation the linearized operator of (2.1) at k = k∗ becomes the following:

L(v) := (k∗)2(vθθ + v).

The domain of the operator is

D(L) :=
{
v ∈ H2

∗ ([−ψ+, ψ−]) | vθ = cot θ v at θ = ∓ψ±

}
,

where H∗([−ψ+, ψ−]) is the associated Sobolev space equipped with the same weighted L2

norm.

We shall mention that the operator L is self-adjoint and its eigenvalues are simple.

Lemma 3.2. L is self-adjoint with respect to the inner product (·, ·)∗ in L2
∗([−ψ+, ψ−]).

From the standard Strum-Liouville theory, we have the following lemma.

Lemma 3.3. All eigenvalues of the operator L are simple.

It is easy to check that k∗ + c = −c sin θ belongs to D(L). By a simple calculation, we

have the following:

Lemma 3.4. 0 is an eigenvalue of L and the kernel of L is spanned by k∗ + c = sin θ.

Proposition 3.5. A set of eigenvalues of the operator L consists of one positive number, 0

and countable infinite negative real numbers.

Proof. We are able to apply the standard Sturm-Liouville theorem and to get its spectral

property. From Lemma 3.4, L has a simple eigenvalue 0, where the corresponding eigen-

function sin θ has only one zero point on [−ψ+, ψ−]. By the standard Sturm theory, 0 is the

second largest eigenvalue of the operator L (see Theorem 4.1 of [14]). Therefore, L has only

one positive eigenvalue and its eigenfunction is positive on [−ψ+, ψ−]. □

Now, from Lemma 3.3 and Lemma 3.4 hold, we can decompose L2
∗([−ψ+, ψ−]) into the

direct sum L2
∗([−ψ+, ψ−]) = X0 ⊕X±, where

X0 := {µ sin θ ∈ L2
∗([−ψ+, ψ−]) |µ ∈ R}, X± := X⊥

0 = {v ∈ L2
∗([−ψ+, ψ−]) | (v, sin θ)∗ = 0}.
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By using Lemma 3.2, we can also decompose the operator L with respect to L2
∗([−ψ+, ψ−]) =

X0 ⊕X±, i.e. we set{
L0 : D(L0) := D(L) ∩X0 → X0, L0(v) := L(v) = 0 (v ∈ D(L0))

L± : D(L±) := D(L) ∩X± → X±, L±(v) := L(v) (v ∈ D(L±)).

We also decompose X± = X⊥
0 into the direct sum X± = X+⊕X− and the operator L± with

respect to X⊥
0 = X+ ⊕X−, where

X+ := {µv1 ∈ X± | µ ∈ R}, X− := {v ∈ X± | (v, v1)∗ = 0},

where v1 is the first eigenfunction of L and its eigenvalue is positive. Then, the above

decomposition and Proposition 3.5 imply the following lemma:

Lemma 3.6. L± and L− are self-adjoint with respect to the inner product (·, ·)∗ in X±

and X−, respectively. Furthermore, all eigenvalues of the operator L± and L− are simple,

respectively. A set of eigenvalues of the operator L± consists of one positive number and

countable infinite negative real numbers, and a set of eigenvalues of the operator L− consists

of only countable infinite negative real numbers.

Remark 3.2. Now we consider the geometric meaning of the above decomposition. For any

solution (u, l−, l+), we define the curvature of the solution as κ(θ, t). Under the conditions

(2.3), all possible perturbation v ∈ D(L) at k∗ must satisfy

(v(·), sin(·))∗ =
∫ ψ−

−ψ+

v(θ) sin θ
dθ

(k∗)2
= 0.

Thus we need to analyze the spectral properties for the operator L± instead of L for the

problem (P) to know the stability of k∗.

By using these properties, we have the following theorem:

Theorem 3.1. Assume the case (B) holds. Let the curvature k(θ, 0) sufficiently close to

the curvature k∗(θ) in uniformly on [−ψ+, ψ−], then k(θ, t) converges to k
∗ exponentially on

[−ψ+, ψ−] uniformly as t→ ∞.

Proof. From Theorems 7.1-7.2 of [12], we have also obtained the well-posedness property

for the problem (2.1). Here we measure the distance of two functions in C([0, 1]) for the

problem (2.1). Furthermore, if k(θ, t) and k∗(θ) are uniformly close on [−ψ+, ψ−],then they

become close in C∞ for a sufficiently small t0 > 0. Now we regard k(θ, t0) as the initial

value and apply the general theory of [16]. From Lemma 3.6, the set of eigenvalues of the

operator L± consists of one positive number and real negative numbers, thus L± is sectorial

operator and we can apply the instability theory for the equation (2.1) (see Section 9.1.1 of

[16]). By the assumption (B) and Theorem 9.1.8 of [16], k(θ, t)−k∗(θ) must be on the stable
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manifold of the stationary solution k∗, whose existence is approved by Lemma 3.6. Under

this restriction, we have the exponential convergence of the curvature in H2-topology, which

comes from Theorem 9.1.2 of [16] and the statement for L− in Lemma 3.6. By the Sobolev

inequality, we have the exponential convergence also in C1 topology. This, in particular gives

us the desired result. □

Proof of Theorem 1.1. By differentiating (1.3) with respect to t, and then using (1.2) and

(1.4), we get

l′±(t)− ν =
±1

sinψ±
(k(θ, t)− k∗(θ))

Theorem 3.1 implies that k converges to k∗ exponentially fast. Thus |l′±(t) − ν| = O(e−λt)

for some λ > 0 as t → ∞. By integrating |l′±(t) − ν| = O(e−λt), we obtain the convergence

of l±(t)− l±(0)− νt as t→ ∞. Hence, we can define µ± := limt→∞(l±(t)− νt) ∈ R. Let us
reconstruct the solution curve Γ(t) from the curvature k(θ, t) by the relation:

x(θ, t) = l−(t) +

∫ ψ−

θ

cos θ

−k(θ, t)
dθ, y(θ, t) = u(x(θ, t), t) =

∫ θ

−ψ+

sin θ

k(θ, t)
dθ.

By a similar way, we again construct the curve for the graph of u∗ from the curvature k∗,

whose shape represents a traveling wave solution:

x∗(θ, t) = µ− + νt+

∫ ψ−

θ

cos θ

−k∗(θ)
dθ, y∗(θ, t) = u∗(x∗(θ, t), t) =

∫ θ

−ψ+

sin θ

k∗(θ)
dθ.

Therefore, as t→ ∞, we conclude

x(θ, t)− x∗(θ, t) = l−(t)− (µ− + νt) +

∫ ψ−

θ

( cos θ

−k(θ, t)
− cos θ

−k∗(θ)

)
dθ → 0(3.6)

y(θ, t)− y∗(θ, t) =

∫ θ

−ψ+

( sin θ

k(θ, t)
− sin θ

k∗(θ)

)
dθ → 0.(3.7)

uniformly for θ ∈ [−ψ+, ψ−]. Thus, boundedness of u
∗
x and the mean value theorem imply

|u(x(θ, t), t)−u∗(x(θ, t), t)| ≤ |u(x(θ, t), t)−u∗(x∗(θ, t), t)|+|u∗(x∗(θ, t), t)−u∗(x(θ, t), t)| → 0

as t → ∞ as long as x(θ, t) ∈ [l−(t), l+(t)] ∩ [µ− + νt, µ+ + νt]. This and (3.6)-(3.7) give us

pointwise convergence u(x, t) → u∗(x, t) on R as t→ ∞, where we consider zero extension as

in the statement. Combining these with space derivative bounds, we conclude the uniform

convergence. □

Next we shall prove Theorem 1.2. We first need to introduce another linearized operator,

which can be deduced by linearizing (1.1) around a traveling wave and compare spectral

of the operator L that was discussed above. In order to explain the second operator, we
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quickly sketch the formal derivation of the linear operator deduced from (1.1). This operator

is similar to that of [6], but it is deduced by linearizing around a traveling wave.

Let W(t) = {(x, U(x− νt+ ā)) |x− νt+ ā ∈ (0, β)} for ā ∈ R be a traveling wave solution

(or stationary solution) and let

Γϵ(t) = {Y⃗ (s, t) = W⃗ (s, t) + ϵΦ(s, t)n⃗(W⃗ (s, t)) | W⃗ (s, t) ∈ W(t) +O(ε2)}

be a perturbation of W(t), where n⃗ is the outward unit normal vector of W(t) on the

transformations of coordinates in Section 6 of [6]. Here the variable s represents a arclength

parameter of W(t) from the left endpoints, which is not the arclength parameter of Γϵ(t). In

fact, W⃗ and Φ depends on also ϵ, but we omit it to make the notation simpler (see Section

6 of [6] for the detail). By n⃗t(W (s, t)) = 0, we have

V (Y⃗ (s, t)) = V (W⃗ (s, t)) + ε Φt(W⃗ (s, t)) +O(ϵ2),

k(Y⃗ (s, t)) = k(W⃗ (s, t)) + ε
{
Φss(W⃗ (s, t)) + k2Φ(W⃗ (s, t))

}
+O(ϵ2),(3.8)

n⃗(Y⃗ (s, t)) = n⃗(W⃗ (s, t))− ε∇wΦ +O(ε2),

where ∇w is the gradient on W(t). By substituting these into (1.1), we obtain

Φt = Φss + (k∗)2Φ +O(ϵ).

Motivated from this calculation, we introduce the following linear operator A : D(A) ⊂
L2([0, L∗]) → L2([0, L∗]):

Aϕ(s) := ϕss(s) + (k∗(s))2ϕ(s),

where k∗ is the corresponding curvature and L∗ is the length of the traveling wave solution.

The domain of the operator is

D(A) := {ϕ ∈ H2([0, L∗]) |ϕs(0) = cotψ−k
∗(0)ϕ(0), ϕs(L

∗) = − cotψ+k
∗(L∗)ϕ(L∗)}.

Hereafter, we write the standard inner product in L2([0, L∗]) as (·, ·)L2 . This operator is

considered, for more generalized curvature flows, by Ei and Yanagida [7, 8], Ei, Sato and

Yanagida [6], and Giga and Yamauchi [10]. They analyze the stability of stationary hyper-

surfaces, but for the stability of traveling waves.

Our aim of this section is to prove the exponential stability with shift to a traveling wave

solution for the problem (P). In order to prove this, we prove the exponential convergence

of the corresponding curvature to that of traveling wave, which gives us the convergence of

Γ(t) to one of the traveling wave for all solutions of type (B). We will discuss it at the end

of this section.

As in the first operator L, the operator A is self-adjoint with respect to the inner product

(·, ·)L2 in L2([0, L∗]) and its eigenvalues are simple. In particular, all eigenvalues are real

number. Furthermore, 0 is a simple eigenvalue of A and the kernel of A is spanned by k∗+c.
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It is easy to check but we write the proof for the reader’s convenience. First, k∗+c = −ν sin θ
belongs to D(A). By the boundary condition of (2.1), we have

k∗s = ∓ cotψ±k
∗(k∗ + c), θ = ∓ψ±.

This is the desired boundary conditions. Next, by a simple calculation, we have

A(ν sinΘ∗) =(ν sinΘ∗)ss + (k∗(s))2ν sinΘ∗

=ν(k∗(s))2((sin θ)θθ + sin θ) = 0.

The zero eigenvalue of the operator A corresponds to the group of translations parallel

to the horizontal line. Thus, we may neglect this one dimensional subspace of the kernel

corresponding to translations. By neglecting translation, the eigenvalue problem Aϕ =

λϕ and the Sturm-Liouville like problem for L± have both the same number of negative

eigenvalues and the same multiplicity. In order to see this, we introduce another operator

P : D(A) ∋ ϕ 7→ v ∈ D(L±) as

(3.9) v(θ) = P(ϕ) := ϕss(s) + (k∗(s))2ϕ(s), where θ = ψ− +

∫ s

0

k∗ ds

We first check that this operator is well-defined. Since the operator A is self-adjoint and its

eigenvalues are simple, for any ϕ ∈ D(A), there exists a sequence {an}∞n=1 ⊂ R such that

ϕ =
∞∑
n=1

anϕn,

where ϕn is the eigenfunction of A corresponding to the n-th eigenvalue λn, which means

A(ϕn) = λnϕn. Then, we can see

P(ϕ) =
∑

anP(ϕn) =
∑

anA(ϕn) =
∑

anλnϕn.

ϕn satisfy the Robin boundary condition of D(A), thus

(ϕn)θ(θ) = (κ∗(s))−1(ϕn)s(s) = cot θϕ(θ),

where (θ, s) = (−ψ+, 0) and (ψ−, L
∗), hence P(ϕ) satisfies the Robin boundary condition of

D(L±). The Robin boundary condition in D(A) also follows from

(P(ϕ)(·), sin(·))∗ =
∫ ψ−

−ψ+

(κ∗)2(ϕθθ + ϕ) sin θ
dθ

(κ∗)2
= {ϕθ sin θ − ϕ cos θ}|ψ−

−ψ+
= 0.

Thus, P(ϕ) ∈ D(L±) for ϕ ∈ D(A).

The transformation (3.9) gives us the correspondence of the eigenvalues and eigenfunctions

between two operators L± and A. More precisely, the following proposition holds:

Proposition 3.7. Let σ(L±) and σ(A) be spectral sets of each operator. Then σ(A)\{0} =

σ(L±).
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Proof. We investigate the kernel of the operator P . If

P(ϕ) = (ϕ)ss + (k∗)2ϕ = (k∗)2(ϕθθ + ϕ) = 0,

then

ϕθθ + ϕ = 0.

Here we used k∗ ̸= 0. Moreover, by ϕ ∈ D(A), ϕ(s) = µ sinΘ(s) for any µ ∈ R and

Ker(P) = {µ sinΘ(s) |µ ∈ R}. It is easy to check that the operator P∗ : D(L±) → D(A)

is given by P∗v = vθθ + v and Ker(P∗) = {µ sin θ | µ ∈ R} ∩ D(L±) = {0}. By the

Fredholm alternative theorem P(D(A)) = (Ker(P∗))⊥ = D(L±). Thus (Ker(P))⊥ = D(A).

Therefore, we can define the inverse of the operator P0 := P|(Ker(P))⊥ : (Ker(P))⊥ → D(L±)

by P−1
0 : D(L±) → (Ker(P))⊥ ⊂ D(A).

In order to prove σ(A) \ {0} ⊂ σ(L±), we prove P(A(ϕ)) = L±(P(ϕ)) for any ϕ ∈ D(A).

The operator A is self-adjoint and all eigenvalues are simple. Therefore, A : D(A) → D(A)

and P(A(ϕ)) is well-defined. By using this equation, we have

P(A(ϕ)) = P{(∂ss + (k∗)2I)ϕ} = (∂ss + (k∗)2I)(∂ss + (k∗)2I)ϕ

= ((k∗)2∂θθ + (k∗)2I)P(ϕ) = L(P(ϕ)),

where ∂ss, ∂θθ are second derivatives for s and θ and I is identity mapping in L2. Thus

PA = L±P has proved.

Let us substitute ϕ for eigenfunction ϕn ∈ D(A) whose eigenvalue is λn and define vn =

P(ϕn). Then, we obtain

L±(vn) = L±(P(ϕn)) = P(A(ϕn)) = P(λϕn) = λP(ϕn) = λvn.

Ker(P) is one of the eigenspace of A whose basis is sinΘ and hence σ(A) \ {0} ⊂ σ(L±)

holds.

To prove σ(A) \ {0} ⊃ σ(L±), we prove P−1
0 (L±(v)) = A(P−1

0 (v)) for any v ∈ D(L±).

Now, we note that A((Ker(P))⊥) = (Ker(P))⊥. By using P−1
0 (v) ∈ (Ker(P))⊥, we have

P−1
0 (L±(v)) = P−1

0 [L±{P(P−1
0 (v))}]

= P−1
0 [P{A(P−1

0 (v))}]

= A(P−1
0 (v)).

We substitute v for eigenfunction ṽn ∈ D(L±) whose eigenvalue is λ̃n and define ϕ̃n =

P−1
0 (ṽn). By a similar argument as above, we obtain A(ϕ̃n) = λ̃nϕ̃n and σ(A) \ {0} ⊃

σ(L±). □

Remark 3.3. Since A : D(A) ⊂ L2([0, L∗]) → L2([0, L∗]) is the standard Strum Liouville

operator, all the information of the eigenvalues and eigenfunctions can be obtained as in

the argument of the operator L. Here we would like to know the correspondence of each
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eigenvalue and eigenfunctions to know what each eigenfunctions means more clearly, and

construct the operator P.

By using this correspondence of the eigenvalues with respect to A and L±, the linear

operator A has one positive eigenvalue, zero and all other eigenvalues are negative and

Theorem 1.2 has proved as in the proof of Theorem 3.1.

Acknowledgements

The first author would like to thank Satoshi Tanaka (Okayama University of Science) for

discussion. The second author have had the support and encouragement from Yoshihiro

Tonegawa. This work is supported by JSPS KAKENHI Grant Number 23740128.

References

[1] S. Angenent, The zero set of a solution of a parabolic equation, J. Reine Angew. Math. 380 (1988),
79–96.

[2] P. K. Brazhnik, Exact solutions for the kinematic model of autowaves in two-dimensional excitable
media, Physica D, 94 (1996), 205–220.

[3] Y.-L. Chang, J.-S. Guo, Y. Kohsaka, On a two-point free boundary problem for a quasilinear parabolic
equation, Asymptotic Analysis 34 (2003), 333–358.

[4] X. Chen and J.-S. Guo, Motion by curvature of planar curves with end points moving freely on a line,
Math. Ann. 350 (2011), 277–311.

[5] K. Deckelnick, C. M. Elliott, G. Richardson, Long time asymptotics for forced curvature flow with
applications to the motion of a superconducting vortex, Nonlinearity 10 (1997), 655–678.

[6] S.-I. Ei, M. Sato and E. Yanagida, Stability of stationary interfaces with contact angle in a generalized
mean curvature flow, American J. Math., 118 (1996), 653-687.

[7] S.-I. Ei and E. Yanagida, Stability of stationary interfaces in a generalized mean curvature flow, J. Fac.
Sci. Univ. Tokyo Sect. IA, 40 (1994), 651-661.

[8] S.-I. Ei and E. Yanagida, Instability of stationary solutions for equations of curvature-driven motion of
curves. J. Dynamics Differential Equations, 7 (1995), 423-435

[9] M. Gage, R. S. Hamilton, The heat equation shrinking convex plane curves, J. Diff. Geom. 23 (1986),
69–96.

[10] Y. Giga and K. Yamauchi, On instability of evolving hypersurfaces. Differential Integral Equations, 7
(1994), 863-872.

[11] M. A. Grayson, The heat equation shrinks embedded plane curves to round points, J. Diff. Geom. 26
(1987), 285–314.

[12] J.-S. Guo, H. Matano, M. Shimojo and C.-H. Wu On a free boundary problem for the curvature flow
with driving force, Preprint.

[13] M. Gurtin, Thermomechanics of evolving phase boundaries in the plane, Oxford Science Publication,
London (1993).

[14] P. Hartman, Ordinary Differential Equations, Birkhaäuser, 1982.
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