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Abstract. We study the motion of the so-called bent rectangles by the singular weighted mean
curvature. We are interested in the curves which can be rendered as graphs over a smooth one-
dimensional reference manifold. We establish a sufficient condition for that. Once we deal with
graphs we can have the tools of the viscosity theory available, like the Comparison Principle. With
its help we establish uniqueness of variational solutions constructed by the authors [18]. In addition,
we establish a criterion for the mobility coefficient guaranteeing vertex preservation.

1 Introduction

An important part of a model of a single crystal growing in the atmosphere or from a solution
is the Gibbs-Thomson law on a crystal surface, see [23], [24], [31], [32],

BV =k, +o. (L.D)

This equation relates the velocity of the advancing surface V' to its weighted mean curvature x
and the amount of matter o, where 3 > 0 denotes the mobility depending on the orientation of
the surface. The interpretation of o depends upon the particular phenomenon we discuss. The
meaning of symbols used in (1.1) is explained in Section 2.1 We shall see then, that from the
point of view of differential equations (1.1) is the weighted mean curvature flow with forcing.
In the full model the Gibbs-Thomson relation, (1.1), is coupled to the diffusion equation
for supersaturation o (temperature, pressure etc). The literature is abundant since this topic
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has been studied for a long time, a biased sample is: [1], [10] [12], [27], [28], [29], [30] and
references therein. Any realistic modeling attempt should take into account, see [3]:

1) lack of smoothness of the growing surface;

2) lack of smoothness of the surface energy function appearing in the definition of the wmc x,.
If we, in addition, expect a qualitative analysis of solutions, then there is probably no theory
available.

We studied, in [18] (see also references therein), the evolution of bent rectangle by (1.1).
Deformed rectangles are approximate cross sections of columnar ice crystals found in Nature, as
this is seen from Nakaya diagram, see [26]. We established, in [18], the existence of variational
solutions to (1.1) for bent rectangles (see the definition in Section 2 below), when ¢ is a given
function conforming to the so-called Berg effect, see [9], [19], [25]. In the next section, we
provide more details.

Our existence result treats the situation at the onset of facet breaking or right after it, in other
words, the initial data are not general. In the simplest case we have three facets on each side of
the bent rectangle. We recall that by a facet we understand a flat part of I' whose normal vector
is a singular direction of ~.

The variational solutions are ‘semi-explicit’ and this makes them easy to analyze. This
also becomes a drawback in more complicated situations. This is exactly the reason why we
consider, in [18], only a limited class of initial conditions. The difficulty is related to a variable
character of the endpoints of the facets. This may be explained as follows. Once we write (1.1)
in a local coordinate system, then we obtain a Hamilton-Jacobi equation with a free boundary
— the facet endpoints. The free boundary is either a ‘shock wave’ or a ‘rarefaction wave’,
depending upon the data. We have a strong feeling that growing complexity of cases, we study,
calls for a new, more general tool.

Moreover, the uniqueness result in [18] is limited to a special configuration of the data. Here,
we want to lift it, but only for bent rectangles, which are graphs of a piecewise C'! functions over
a smooth reference manifold. We present a geometric condition on the data which guarantees
that such a manifold exists. This is done in Theorem 3.1 in Section 3. Once we reach that goal,
we concentrate on showing that the variational solutions are indeed viscosity solutions in the
sense of [16], developed for equations like

w = a(ug)(Wy(ug))e +0) (x,t) € 2 x(0,7) (1.2)

augmented with periodic boundary conditions as well as initial data. In this equation W is a
convex, continuous and piece-wise C? function.

However, we can only show that a profile function u (see Definition 4.3 for a rigorous state-
ment) of a family {I'(¢) },c[0,7) of bent rectangles satisfies equation like (1.2), but the coefficient
a depends not only on u, but also on u and x in a non-trivial way, as well as W depends on z,

up = a(ug, u, 2)(Wy(ug, ). +0) (z,t) € Q2x(0,T), (1.3)

see Theorem 3.2. This is not an obstacle for introducing the notion of viscosity solutions like in
[16], but we have to check if the Comparison Principle, [16, Theorem 7] is still valid.

We show that the variational solutions to (1.1) constructed in [18] are viscosity solutions.
This is done in Section 4. An easy part of this proof is done in [16, Section 5]. Here, we con-
centrate on the behavior of the vertex. In [18], we assumed that the verteces of I'(¢) are defined
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as intersection of facets. Here, we look more closely at this issue pointing to the behavior of the
kinetic coefficient, which is crucial to solve this issue. We formulate a condition on 5 which
is necessary and sufficient for the profile function to be a viscosity solution to an equation like
(1.2), see (4.16) in Theorem 4.2. We notice that a similar problem was studied in [15], it is not
surprising that the condition on the mobility coefficient 1/, see [15, eq. (4.5)] looks similar to
(4.16). The main difference is that we consider here a non-constant o, 1 depends on z, I'(t) is
from a restricted class of curves and we have a slightly different equation (??).

As we mentioned, we have to deal with (1.3). Thus, we have to establish a Comparison
Principle for viscosity solutions of (1.3). This is done by re-working the proof presented in
[16]. The basic idea is the doubling variables. The Comparison Principle is proved in Section
5. It implies uniqueness of viscosity solutions, hence variational ones.

So far, we presented the content of this paper without drawing a bigger picture. Let us
mention that despite efforts of many researchers, see references mentioned earlier, there is no
complete study of the (two-phase or one-phase) modified Stefan problem with Gibbs-Thomson
relation (1.1), when the interface is not smooth and the interfacial energy function + is singular.
On the other hand, we have a successful attempt by [3] to solve the complete Stefan problem
with Gibbs-Thomson law numerically. Their simulations are capable to capture quite different
qualitative behavior corresponding to different physical parameters. However, their work is
based on careful regularization of the surface energy density .

It is a challenge to justify theoretically the pictures obtained in [3]. A way to cope with this
problem is to study (1.1) for non-smooth y, also when ¢ is given. We concentrate on an aspect
of this task in the present paper.

2 Preliminaries

2.1 The setting of variational solutions

In general, solving (1.1) is challenging. In our earlier papers we restricted our attention to bent
rectangles. Their definition is recalled below. The reason for considering such curves is the
following. The Wulff shape, W, of the energy density function +y given by (2.3), i.e. the curve
minimizing the energy functional E(I") = fr v(n) dH* under the area constraint, is a rectangle.
A bent rectangle is a kind of a small perturbation (in the C°-topology) of a scaled W.,, resulting
from overgrowing W., in a diffusion field o.

We explain the basic notions used in this paper. In equation (1.1) V' denotes the normal
velocity of curve I', 5 = [(n) is the kinetic coefficient. The driving term o = (1, x9,t) in
our setting is given, it may be interpreted as supersaturation, temperature etc. We assume that
o satisfies the so-called Bergs effect, see [9] for the experimental evidence. Analytically, this

may be written as
0o

fﬁia—%(@"l?ﬂ?z) >0 (2.1)
for x; # 0. We consider only I'(¢) which are bent rectangles, introduced in [21]. For the sake
of self-consistency, we recall the definition below.

Formally, we define ., as
ty = —div (Vey(§) [e=n) , (2.2)

3



where
Y(P1,D2) = YalD1| + Vr|D2|- (2.3)

Then, indeed the normals to the facets of I'(¢) are singular directions of ~. The variational
definition of x, will be recalled in subsection 2.3

2.2 Bent rectangles

We shall call a Lipschitz closed curve I" a bent rectangle (see [22, §2]) if the following condi-
tions are satisfied:

There exist even, Lipschitz continuous functions d’, d* : R — R_, which are non-
decreasing for positive arguments and there are positive numbers L, R; such that

dM(Ly) = Ry, d®(Ry) = L.

In addition, d” is constant in a neighborhood of zero and L, (respectively, d¥ is constant
in a neighborhood of zero and R;). Furthermore,

(BR) D =0{(z1,22) : |21] < d*(a2) ,|aa] < d(21)}.

We shall call d%, d* a pair of admissible functions.
We shall call the points (£ R, +L;) verteces of I'. Thus, after we set

S/:{: = {([I)l,l'g) el: Ty = j:dA(ZL‘Q), Ty € [_LlaLl]},
Sk ={(z1,25) €2 @y = +d"(21), 21 € [~ Ry, R},

we notice that the graphs of £ dA‘[le L +d"|;_g, r,) make up the whole I'(t), i.e.
[=S,US;US UST.

We will call S% and S5 the sides of T'(t). Verteces of I are the intersections SE N Si.
Since S} (resp. Sj) is the symmetric image of Sy (resp. S},), we will subsequently drop
the superscript, while considering only S (resp. S}).

2.3 Singular curvature ~. and the notion of a variational solution

The curvature, «., appearing in (1.1) is defined by (2.2). In this formula n is the outer normal
to I' and ~ is a surface energy function (2.3). Here, the fundamental problem is apparent:
V~(n) is not defined on bent rectangles on sets of positive #!-measure. We resolved this issue
by replacing Vv by 0v, which is always well-defined, because of the convexity of 7. The
subdifferential coincides with {V~(z¢)} when ~ is differentiable at x.

Since in general, 07 is not a singleton, this leaves us with a necessity to select the proper
Cahn-Hoffman vector field {(x) € 0v(n(z)). We note that this task is not obvious, where 0 is
not a singleton. This is why we use a variational principle as in [21], [22]. A similar approach
was first introduced by [13] for graph-like solutions and was developed in several ways by the
authors of [2] and [6]-[8], [4], [5].



We impose quite natural constraints on &, see [21],
div ¢¢ € L*(S;), i=R,A.

This implies that £ - v has a trace, where v € T,.S; is a normal vector to S;, 7 = R, A. If we
combine it with

9y(ng) N 9y(ny) = {p},
where ng = (0,1), ny = (1,0), then we see that ¢ satisfies a boundary condition

é.’verteac =P

The necessity of selecting & implies that in order to define a solution to (1.1), we need to specify
not only a curve I'(¢) but also £(¢, -). After [21], we recall the notion of solution. Namely, by a
solution to (1.1) we call a family of couples (I'(¢),&(t)), t € [0,T), such that for some 7" > 0,
the following conditions are satisfied:

(a) Foreach t € [0, T) the curve I'(t) is a bent rectangle and d*, d* are continuous functions
of its arguments, for each z, d’ (-, z), j = A, R are Lipschitz continuous and for each t € [0,7),
functions d’(t, -), j = A, R are admissible;

®) € s Upepn{th x L) — R? is at each time instant a Cahn-Hoffman vector. If M :=
SUPyejo ) max{ L1 (t), Ri(t)} + 1, and if for j = A, R, we set

i {(=v(ma),y(nR))} z € [-M, R ()],
fR(ta {L’) € {f(t, (l’, dR(tv J])))} YIS [_R1<t>’ Rl(t)]v
{(v(mp),v(mR))}  x € [Ru(t), M];

N {(=7(na), —y(ng))} @€ [-M, Ll(t)L
Nt € 4 (et (@ (La),a)) v e [~Lu(t), Lt
{(=7(na),7(nR))} @ € [Ly(t), M];
then we assume that ¢ — &/ (t,-) € L>(0,T; L*(—M, M)), j = A, R;
(c) Equation (1.1) is satisfied in the L? sense for a.e. t > 0 after interpreting K~ as —div g&.
In principle, the Cahn-Hoffman vector depends upon time ¢ and x = (x1, z5) € ['(t). How-
ever, we shall frequently suppress ¢ and write £(x), when the meaning of the spacial argument
is clear from the context, e.g. on the sides. We also distinguished variational solutions based on
a specific way to select £. For this purpose, we introduce functionals,

1 ) .
Ej(f) = 5/5 |0’ — d1V5§|2H1, ] = R,A (24)

Their natural domains are the sets of Cahn-Hoffman vectors, satisfying all the above constraints,

Dy ={£ € L>®(Sy) : &(z) € Oy(n(x)), divsE € L*(Sy), (2.6) holds},

Dp = {¢ € L=(Sp) : &(x) € Ov(n(x)), div st € L2(Sk), (2.6) holds}, )
where
E(£Ry, £L1) € 0v(E£nyp) N Oy(E£ng). (2.6)
We recall (see also [22] for a discussion of this notion) that {(I'(¢),£(¢))}, t € [0,T), a
solution to (1.1), is called a variational solution if for each t € [0,T') &g, (t) € 2( ;) is a
solution to
&) =min{&;(¢): ¢€D;}, j=RA 2.7)



2.4 Facets

Let us consider an open line segment / in the plane, i.e. [ = (a,b) = {x =at +b(1 —1t), t €
(0,1)}, where a,b € R?. We shall say that I C T, having a normal equal to n, or np, is a
faceted region of I, also called a facet, if it is maximal (with respect to inclusion) and it satisfies

(o0 —divg)|r = const., (2.8)

where £ is a solution to (2.7).
We keep in mind that, Si(¢) and Sz(t) are graphs, e.g. S} is the image of segment
[—R(t), R(t)] under the function

x> (x,d%(t, x)) = d(t, x).

Frequently, it is more convenient to work with the inverse image of a faceted region /, i.e.
(ar, 8) = d~'(I). We stress that this definition permits Sf(t), j = R, A being a line segment
which has more than one faceted region.

Let us make a few comments on the definition of solutions. As it is stated, the variational
solutions has its limitations. First of all, it does not permit handling the curved parts, when the
data are not of C'*-class. We know that the methods of viscosity solutions for Hamilton-Jacobi
equations are appropriate tools, see [11]. Secondly, the position of the verteces are defined
as intersections of facets, while the vertex preservation property should be deduced from the
equations.

We solve these issues with the help of viscosity solutions introduces in Section 4. However,
there is a price: we have to restrict slightly the class of admissible initial data to such that satisfy
the geometric condition (3.3).

2.5 Existence of variational solutions

Here, we recall the main existence result, see [18]. We restrict our attention to such variational
solutions (I', ) of (1.1) that each facet S; has exactly three faceted regions, whose pre-images
are:

(—Ll,—l1)7 (—lo,lo), (ll,Ll), (—Rl,—Tl), (_TO,TO), (Tl,Rl).

We need to recall some notations and definitions. Initial conditions for interfaces will be denoted
as follows

lo(0) =loo, 11(0) =11, 70(0) =700, 71(0) =710,
Ro(0) = Roo, R1(0) = Ry, Lo(0) = Loo, L1(0) = Lyo.

Definition 2.1. We shall say that assumptions (S) are satisfied if

(S;) (conditions on o) The forcing term o is of class C? and it satisfies the symmetry
relation

o(t,x1,x9) = o(t, —xy1,x2), 0o(t,x1,29) = o(t, 21, —x2) forall z; € R, i =1,2.

and Berg’s effect (2.1)



(S2)  (conditions on [3) Let us denote by m*(p) = —VB}(;I))Q the mobility coefficient. The

mobility coefficients are Lipschitz continuous, convex for |p| < 1, C*-class on
R\ {0} and

mi(0) < mi(p), mi(p) = mi(=p), mi(p) <CA+pl), i=AR

(S3) (conditions on the initial curve) d, d¥ is an admissible pair of functions, which
are of class C? on the closure of the complement of the preimages of the facets.

Let us recall that the tangency condition is satisfied at () if 8‘% (ro(t)) = 0. Moreover, we

the statement of the Theorem below needs the following two quantities, Y% introduced in [18,
formula (2.22)]

T0
i = ][Ut(()?yaLOO)dy_0t<OaROO>ZOO)
0

00
+<7(07 To, Loo) (][ UzQ(O,?% Loo) dy — Ux2(07 To, Loo)) )
0

and Y1 from [18, Proposition 2.3 (b)],

Rio
E? = ][ Ut<07y7L10) dy_at(07T107L10>

T10

Rio
+0(0, 710, L1o) (][ 02,(0,y, L1o) dy — 04,(0, 710, Llo))

T10
Ri(0) :
————(o(t, Ri0, L1(0)) — L1(0)).
+(R10—7"10)(0< 10, L1(0)) — L1(0))
These two quantities determine the evolution of the facets parallel to the x;-axis. We should
define the corresponding objects, ¥, ¥4 for the facets parallel to the xo-axis, but for the sake
of making the presentation concise we will not do so, but rather refer the reader to [18].
We are now ready to recall the main existence theorem.

Theorem 2.1. Let us suppose that, the standard set of assumptions (S) holds, in particular the
initial curve I is a regular bent rectangle, log < l1o and oo < 119. We assume that the initial
data fulfill conditions (a) and (b) below:
(a) One of the following conditions holds at the interface r:

(i) do (ro0) = 0, X = S (0, 790, Loo) < 0, the tangency condition holds at oy and

1
260, roo, Loo) + 5%1(0, 700, Loo) (0,700, Loo) < 0. (2.9)
(ii) LO(O) — (0, roo, Loo)m(dajx(roo)) = 0, the tangency condition is violated at ry, and
d&x(roo) > 0.

Moreover, a respective version of (i) and (ii) holds for ly.
(b) One of the following conditions hold at intertface ryy:



(iif) do . (710) = 0, Ef > (), the tangency condition holds at 1y as well as a condition
corresponding to (2.9) for ryg;
(iv) L1(0) — (0, r1p, Lio)m(dy . (r10)) # 0, the tangency condition is violated at 1y and
dy . (l10) > 0.
Moreover, a respective version of (iii) and (iv) holds for ly.
Then, there exists a variational solution to the following system (see [18, (2.17), (2.18)]),
which is the localized version of (1.1) for bent rectangles,

. T,O
BrLo = ][ o(t,s, Lo)ds + —fy(HA) on [0,7o],
0 To

dﬁ = U(taxbdR)mR(df) on [7'0,7”1],

. ’ 2
Briy = ][ o(t,s, L) ds — 2B o Ry, (2.10)
r Rl — T

1

. lo
BaRy = ][a(t, Ry, s)ds + 7(?}%) on [0,1],
0 0

dd = o(t,d* x)m™(d>)  on [l 1],

. L 2
6AR1 = ][O'(t, R1,5> ds — V(HR) on [ll,Ll],
I Ll - ll

augmented with the following initial conditions,

lQ(O) = lUOa ll (O) = l107 TO(O) =Too, T1 (O) = T10,
Ry(0) = Roo, R1(0) = Rio,  Lo(0) = Loo,  L1(0) = Lao, (2.11)
d?(0,21) = df(zy), d0,25) = d)(z3).

3 Graphs over a smooth manifold

Our first task is to show that there is a class of bent rectangles, which may be written as graphs
over a smooth manifold. This will permit us to apply the theory developed in [16]. We want that
our reference manifold M have two pairs of sides parallel to the axes. We show that actually
we can construct such M for a class of bent rectangles.

Let M be a convex curve obtained by rounding off vertices of an octagon with two pairs of
sides perpendicular to the coordinate axes. For our convenience we assume that M is negatively
oriented and symmetric with respect to the axes. We assume that ® : T' = R/(2rLZ) — R?
is a smooth, 27 L-periodic, arclength parametrization of this manifold. Thus, in particular,
4 (s) =: 7(s) is the unit tangent and we denote the outer normal to M at ®(s) by v(s).

For such a manifold M, we know that there exists an open set i/ C T! x R such that

U (s,0) = (s) +v(s)v:=V(s,v) € R?
is a diffeomorphism onto an open subset of R2. Moreover, convexity of M implies that

T! x (0,00) C U. (3.1)



It is obvious, that when I is a convex curve in the image of U/ under W, then there is a 27 L-
periodic function v such that

I'=A{(z,y) = V(s,v(s)) := D(s) + v(s)v(s)}. (3.2)

This follows from the definition of W. Of course, v enjoys the same class of smoothness as I'.

It is rather obvious that not for every bent rectangle we can find a reference manifold M so
that [' may be written as in (3.2). For example, in our papers, [20], [17], [18], [22] we imposed
the following restriction on the data, |d{,|, |d,| < 1. The variational solutions to (1.1) also
satisfy this bound for ¢ < 7. On the segments of M parallel to the lines y = £x the above
condition is equivalent to |vs| < +o00. Thus, it will not be easy to lift it.

Now, we will give our rough answer to the question which bent rectangles may be rep-
resented as (3.2). It is important to have facets representable as graphs of (piecewise) linear
functions over sides of M. The reason will be explained in Theorem 3.2.

We will say that, a bent rectangle is gently bent, if it has representation (3.2), over manifold
M which is diffeomorphic to S! and convex.

Theorem 3.1. (a) Let us suppose that ' is a bent rectangle, symmetric with respect to both
coordinate axes, and such that |d'| < 1, where i = A, R. If condition (3.3), stated below,
holds, then 1 is gently bent. That is, there is a smooth reference manifold M and a function
v: M — R such that U is a graph of v over M.

(b) Let us suppose that {I'(t) }scjo.1) is a family of bent rectangles, with admissible functions
d(-,t), dB(-,t) defining them, such that: (i) T'(0) is gently bent, i.e. (3.3) holds; (ii) T'(0) is
symmetric with respect to both coordinate axes, d*,d" € C([0,T],C(R)) and r;,1; € C[0,T),
i = 0,1. Then, there is € > 0 such that all T'(t), are gently bent for t € [0,¢€) with the same
reference manifold M.

Remarks. 1) The proof will be constructive, but by no means exhausting all possible cases. Let
us also stress that in part (b) we claim existence of the reference manifold, which is good for a
family of bent rectangles while only I'(0) is assumed to be symmetric with respect to the axes.
2) We may explain the geometric meaning of (3.3) as follows. There are two facet adjacent to
fixed vertex. We may restrict our attention to the first quadrant. Each of the curved parts of I’
intersecting the two facets may be put into parallelograms with one pair of sides parallel to the
axis the other pair parallel to {y = =} and the arc endpoints are verteces of the parallelograms.
Now, (3.3) means that there are lines parallel to {y = —x} intersecting the two parallelograms,
see Fig. 1.

Proof of Theorem 3.1. Part (a). Let us consider the following families of horizontal, h,,
vertical, vy, diagonal, d,., and transversal, ., lines in the plane,

he ={(x1,a) : x1 € R}, v, ={(b,x2): x2 € R},
de ={(z1,21+¢): 21 € R},  t.={(xr1,e—x1): x1 € R},
where the parameters a, b, ¢, e are real numbers. If F; is a horizontal facet (respectively, ver-
tical), then we may find a corresponding a;, (respectively, b;), such that [ is contained in h,,
(respectively, in vy, ).
If F; is a central facet then we can find d., and ., so that F}’s endpoints lie on these lines.
In other words,

OF; = (d., Ute,) N hyg, or OF; = (d., Ute,) N wy,.



Actually, we can find two pairs of lines d.,, t., and dc;., ter satisfying this condition. We choose
de;, te, s0 that their intersection d., N ., is closer to the origin than d., Nt...

The following construction can be carried out for each vertex independently. For the sake
of clarity we fix our attention on vertex in the first quadrant.

Let us also suppose that facets are numbered counter clockwise and £ is the central facet
lying in the half-plane {z5 > 0}. We notice that intersections of lines h,,, hq,,, d., and d.,,
determine a parallelogram, which we will call P;. Actually, by P, we mean an open bounded
set. Similarly, the intersections of lines v,,,, Va,,, de,, and d..,, determine a parallelogram, which
we will call Ps. By the same token, we construct parallelograms P, to P;. Since |d.| < 1, the
curved part of I" joining F; and Fis is in P and the curved part of I' joining Fyy and F7q is in
Ps. We may now state our crucial condition, see Fig. 1,

Cr={eeR:t.NP,#Pandt. NPy #0} #0 and C;=intC. (3.3)

We notice that for any e € (' there is an open set U, C (ay, aja) X (bio, b11) such that for any
a,bel,
h,Nt. € Ppand v, Nt, € Fks. (3.4)

Let us suppose that e € (] is given, then we will select a and b. We will present a procedure
for picking a while the method of choosing b is essentially the same.

For any e € (] line t. intersects P;. Curve I'N P intersects ¢, and the intersection consists of
exactly one point A = (x4, d®(x4)). If we had more points in d*N P, Nt,, then this would mean
that, contrary to our assumption, d”* is not monotone. Let us suppose { B} = t. N d,,,. We take
E := 1(A+B). Now, we define a to be the z coordinate of E, thus, { E} = {(z, a)} = t.Nh,.
We set,

f1 = %(3314 + .’L'E)

Now, we draw a circle S)(Q) tangent to h, at (f1,a) =: G and also tangent to t.. We write

S;(Q) Nte ={K} ={(zg,e —xx)}.

Of course, K € P;. We call by T the convex curve formed by h, N {z; < fi},t. N {zy >
2 } and the arc of S}(Q) from G to K. We see that, T is a graph of a C"" but not a C* function
over the x;-axis. We may modify it to get a C'™° function. In order to avoid the creation of a
redundant notation, we may assume that points G and K are joined by smooth, convex curve
meeting the lines h, and ¢, smoothly, i.e. all derivatives agree. Let us call the curve we have
just constructed by 1.

A similar argument will provide us with b and such that v, Nt. € P and a smooth curve T,
whose part with non-zero curvature is contained in Ps. We may assume that Y1 Ny = [K, K],
where K’ = (xx/, e — xx) and [K, K'] denotes a line segment with endpoints K, K’. We take
anew curve T3 consisting of Ty N {0 < zy < zg}, [K, K']and To N {0 < 29 < e — xgs}. Of
course, Y3 is smooth.

We denote by R; the reflection with respect to x;-axis, ¢ = 1,2. We finally, define M as
follows,

M= Tg U Rng U R2T3 U RIRQTg.

Let us suppose that ® is an arclength parametrization of M, such that ®(0) = (0,a), ®(FL) =
(b,0) and M has negative orientation.

10



At this point, it is a good idea to give names to special points on M. Besides 0 < f;, defined
as the x-coordinate of GG, the common endpoint of the segment [— f1, fi] x {a} and smooth

arc GK, we introduce points f}, f, f3 € [0,2L). We set f4 to be such that ®(f}) = K. The

—~

arc GK meets [—f1, f1] x {a} tangentially at G, while K is the point, where GK tangentially
intersects [K, K'] at K. Parameter f5 is such that ®(5 L — f3) and ®(5 L + f3] are endpoints of
the maximal segment in M contained in the half plane {x; > 0}, parallel to the vertical axis.
Moreover, f5 is such that ®(f;) and ®(5L — f3) are the endpoints of a smooth arc meeting
tangentially the line segments of M. By symmetry, we may divide the rest of M in a similar
way.

Fig. 1
By construction, M is smooth. It remains to check that we can find v, such that (3.2)
holds. We assume that s € T" is the arclength parameter of M and we consider this curve with
the reversed orientation. Let us recall that contrary to this choice of the orientation of M the
parallelograms F;, 7 = 1, ..., 8 are numbered in the counter clockwise manner.
Our attention will be focused on I' N P;. Let us recall that

I'np = {(ffl,dR(J71)) tx € (TOarl)}7

where (7, Lg) is one endpoint of the central facet while (r1, L;) the endpoint in P, of the facet
adjacent to the vertex. Since x; is an arclength parameter of M on lines parallel to the x;-axis,
then

v(s) :=d(s)+ (a — Ly) s €0, fi].

Let us see that for parameters s > fi, corresponding to (Y1 N {0 < zy < zx}) U [K, K], the
set R, v(s) N T is a singleton. Thus, we can define v as follows

v(s) =dist M NR,v(s), I "R v(s)).

By virtue of the Implicit Function Theorem, we see that the smoothness of v is inherited from
d.
Finally, we can perform a similar analysis on the remaining parameters.

11



Part (b). We note that if I'(¢) is a family of bent rectangles, whose facet endpoints evolve
continuously in time, then all the points on the plane we constructed in part (a) depend con-
tinuously on time. Moreover, since we can study each vertex independently, I'(¢) need not be
symmetric for ¢ > 0. Thus, for sufficiently small time ¢ € [0, €) all I'(¢) are bent rectangles.

We notice that if I'(0) were not symmetric with respect to the axis, then ability to perform
analysis like that in part (a) need not result in a construction of a reference manifold for geo-
metric reasons. We would need a condition like (3.3) for each vertex of I'(0). ]

dec, - dc

1.7 12

Fig. 2

We notice that the facets of I', near each vertex of I', are represented with the help of
piecewise linear v. This fact is very important for our analysis.

Theorem 3.2. Let us suppose that I'(t)cjo.r) is a family of gently bent rectangles, which are
graphs of functions v(-, t) over a common reference manifold M (with the arc length parameter
set (0,27 L)) i.e. each I'(t) satisfies (3.3) fort € [0,T). Then,

(a) for each t € [0,T), the operator

1
BM@+U) (3.5)

on I'(t) takes the following form in variables (s,t), at points where the normal to I'(t) is well-
defined,

a(vs, v, s)
V(1 + k)2 + 02

Here, \(p, s) is given in (3.25) while a is defined by (3.31). Coefficient a is a positive, bounded
Lipschitz continuous function, which is separated from zero.

(A(vs, 8)s +0) . (3.6)

12



(b) Let us set
Wi(p,s) = pr(s)alpl + @2(s)(alp — 1] +7&lp + 11) + @s(s)vrlpl, (3.7)
where p;(s) : [0,2nL) — [0,1], i = 1,2,3, are chosen so that >"_, ¢; = 1 and

p1=1 forse|0,sy], ©1 =0 fors e [sy, L],
P2 =1 fors € [sy, s3], @2=0 forsel0,s]U][sq,FL] (3.8)
w3 =1 fors € [sy,5L), p3=0 forsecl0,ss]

and sy, So are given by (3.28) and (3.29), respectively. Points, s3 and s, are defined in analogy
to (3.28) and (3.29). Furthermore, this definition is extended by symmetry to [0,2mL).

Let us suppose that w is the representation (3.2) of {I'(t) }+cjo.1). If we assume that the facet
endpoints vary continuously in time, then (3.5) becomes

a(vs, v, s) (2
\/(1 + kv)? 4 0?2 Js

Wy (vs, 8) + (v, s,t)) (3.9)

where & is defined by (3.32). If {I"'(t) }scjo,1) is another family of gently bent rectangles over
M varying continuously with t in the C° topology with T'(0) = I7(0), then (3.5) takes the form
(3.9).

(c) If V is the velocity of I in the normal direction, then

v (1 + ko)

3.10
\/v2 (1 + ko) ( )

where k is the Euclidean curvature of M.

Remarks. (1) An immediate consequence of this Theorem is that equation (1.1) takes the
following form
v = a(vs,v,5) (W (vs, 8)s + 6 (v, 5, 1)), (3.11)

where IV (respectively, a) depends on s (respectively, s and v), while originally in [16] there is
no such dependence. Thus, we may not directly apply the comparison principle of [16].

(2) If (I',€) is a variational solution to (1.1), where I'(0) is a gently bent rectangle, with
the corresponding v(-,t) appearing in (3.2), then we shall show that v satisfies (3.11) in the
viscosity sense. Obviously, not all solutions to (3.11) will yield bent rectangles by (3.2).

Before we engage in proving our statement we will present a time dependent partition of
the arclength parameter set [0, 27 L) of M corresponding to positions of facet endpoints. If we
restrict first our attention to [0, 7 L), then these points are:

0< ki) < fi < fL< kL(t) < kU(t) < Kb (1) < f < gL — ky (D),

where ky (t) € (0, f3). Since they are to correspond to facet endpoints, then by definition,

U(ha(t), o(ka(t), 1)) = (ro(t), Lo(t)). (R (1), v(ka(1), 1) = (r1 (1), Ly (2)).
U(ky(0), (k1) 1)) = (Ru(8), Li(1)), (kg (0), v(ka(0), 1) = (Ru(), (1)),
U(ZL — kv (1), 0(5L — kv (1), £)) = (Ro(t), lo(1)):

(3.12)



This partition can be extended to the whole [0, 27 ). For this purpose, we also introduce,

( fl;fl) 0_(f17fé)7 U]%:(fé,fgr)a (3 13)
(fQ’QL fS) U\(/)':(%L_f37%[/+f3) '

Thus, we created a partition of M in the first quarter. Furthermore, we define
U =0 +nL, UL=U)+nrL. (3.14)

In order to describe other sets we need to introduce three mappings,

Q;: 0, gL) — [sz, (i + 1)gL), i=1,2,3,

by formulas
Qi(s)=nL — s, Qs(s) =nL + s, Qs(s) =2nL — s.

Then, we set,
U = Q:(UY), i=1,2,3, k=LNN (3.15)

and ’
Ue=JUl,  k=L...,V. (3.16)

Proof of Theorem 3.2. We have to determine n, the outer normal to I' at time ¢. Since s is
the arc-length parameter on M, then due to (3.2) and Frenet formulas, we have

L) = = J@(s) + vls)ols, 1) = 7(s) + 1 (s)u(s, 1) + vls)os(s. 1)

= 7(8)(1 4 rv(s,t)) + v(s)vs(s, t).

This formula is valid because in our setting (M is negatively oriented) we have vy = k7, where
r is the Euclidean curvature of M. We also keep in mind that this tangent vector is negatively

oriented. Hence,

he —v,T + (1 4 Kv)v (3.17)

\/v2 + (1 + Kv)?

is the outer normal to I'(¢). Furthermore,

7(s)(1 + ku(s,t)) + u( )vs(s,t)

t=— (3.18)
Vo2 + (1 + kv)?
is the unit tangent to I'(¢) corresponding to the positive orientation of M.
We recall that if £ is a vector field on S, then by definition,
o€
di =t- 3.19
v s = It (3.19)

In order to find the form of (1.1) in the local coordinates, we apply the following procedure:
(1) calculate V~;

14



(2) calculate %V’y, where t is the unit normal corresponding to the positive orientation of I';
(3) calculate t - %V%

In fact we will use s — (s, v(s,t),t) to parametrize I'(¢), but we have to be aware that it
is not any arclength parameter s, on I'(¢). We notice that,

9 de  ogds  9E 1

= === : 3.20
ot ds, O0Osds, 0s |%| ( )
Let us notice that, if s € (—k(t), ki(t), then v; = 0 and due to (3.19)
: 1 06
d = —— 3.21

The minus corresponds to the fact that s sets the negative orientation. For s € (—k;(t), ki (t)) it
is true that | V| = 1 and the normal n to I'(¢) is (0, 1). Thus, -y takes the form, in a neighborhood
of n,

Y(P1,D2) = YalP1| + YrDo-
Hence,
0v(p1, P2) = Ya0|p1ler + Yres,

where e; and e, are the unit vectors of the axes.
Taking this into account, (3.21) and the definition of x. at least formally we arrive at

0
Ky = ’YA%(Sgn Us)v s € (_kl(t)v kl(t)) (3.22)

In other words,
AP, s) = yasgnp fors € (—ki(t), k(1))

Of course, we will take advantage of the fact that sgn (p) is a multivalued function.
Exactly the same argument applies for (5L — kv (t), 5L + kv ()), however there

Y(P1,D2) = YaD1 + Yr|P2|,
and as a result
0v(P1,D2) = ya€1 + YrO|P2es.

Hence,

A(p,s) = vrsen (p) for s € (gL — ky(t), gL + kv (1)), (3.23)

Now we consider the interval [ki(t), f1] of the parametrization of I'(¢). The normal vector is
different from (0, 1), hence v(p1, p2) = —yaP1 + YrP2. We conclude that

V’Y(ﬁbﬁQ) = (_/YAa ’YR)

The result does not depend upon p, hence we take A(p, s) = const. For the sake of consistency
with (3.23) we set

)‘(pv S) = TA-

15



Let us consider intervals s € (ki(t), k() U (kg(¢), 5L — kv (t)). In this case the normal to
I'(t) at U(s, v(s),t) is different from (0, 1) and (1,0), hence y(p1, p2) = —yaD1 + YrP2. Thus,

1
v’y(ﬁbﬁQ) = (_7/\7 ’YR)

In other words, £ = (—7a, Ygr), SO % = 0, hence k., = 0. Performing calculation similar to that

above, we conclude that for s € (ki(t), ki (¢)) U (k(t), 5L — kv (t)) function A(p, s) depends
only on s. Its exact value is given in (3.25).

Let us consider interval (kb (t), k(). For s € (kb(t), kb (t)), the normal vector to T'() at
U(s,uv(s,t))is (0,1), while for s € (kjj(t), k(¢)) the normal vector is (1,0).

Taking into account the form of the normal vector at W (s, v(s,t)) for s € (kL (t), k&(t)), we
have to compute

VA(D1,P2) = V(yalpr| + VrP2)- (3.24)
We observe that |W,| = /2 for s € (kk(t), kj(¢)). The normal to the graph of v for s €
(ky(t), ku(t)) is '
n=———_—1,v;).
v2+1

In order to proceed, we have to express the variables (jp, p2) used to compute V+ in the local
coordinate system, (py, po) related to M. We notice that

. P11+ Dpe . P2— D1

y4i \/5 ) P2 =

Hence, after taking into account that |¥,| = /2 for s € (kk(t), k& (t)), we obtain

&

Ap, s) = %fmsgn (p—1).

We stress that kb (t), the point separating (kk(t), kj()) into two pieces, where v, = +1 depends
upon time.
A similar calculation for s € (kj(t), kj(t)) lead us to the conclusion that

Ap,s) = %%sgn (p+1).

The argument presented above shows that in the local coordinates which we use here, the
singular directions are,

p=+1 on (ky(t),ky(t)) and p = =1 on (ky(t), ky(t))-
What is left is region Uy, there the calculation are as for region Uy.

The results obtained so far may be summarized in the following way,

( yaSgnp s € (=kr(t), ki(t)),
VB,
B %%sgnp—l s € (ky(t), ky(t)),
M) =Y sen(14p) s € ((0), k(). -2
TR/ s € (ky(t), 3L — kv (1)),
[ Ygsgnp s€ (5L —ky(t), 5L+ ky(t)),



where we made a choice of A(p, s) when ambiguity arose.

Of course, we can extend it by symmetry to the whole [0, 27L).

This provides the main result of part (a). At this moment it is convenient to go straight to
the form of W in part (b).

It is also clear from the structure of the equations involving W that W is determined up to
an affine function. We also see that kjj () looks like a free boundary. In fact it is not, because it
is the projection of the intersection of the lines containing the facets meeting at the vertex. That
1s, it is sufficient to know these lines.

At this point, it is evident from (3.25) that even if we succeed in writing (3.5) as

0
%Wp(vs) +0), (3.26)

’Ut:a.(

then W = W (p, s), i.e., W will explicitly depend upon s.
We first take care of the apparent free boundary kj(t). We notice that if we choose W as
follows,

W(p,s) =valp — 1| + v&|1 + p|

for s € (kf(t), ki (t)), then the equation we study takes the desired form (3.26) and point & (¢)
is no longer explicitly mentioned. Moreover,

o (oW 0
5 (8—]9('03,5)) = E)\(US’S)' (3.27)

Indeed, this is so, because at py = 1 we have

8_W_2< lp — 1| + vr|1 + p|) = yasgnpo +
8p—8p%p TR Pl) = 7AS€NPo = VR
so (3.27) follows.

It is also obvious from the form of A(p, s), see (3.25), that we may write

_ S lpl, s € (=ki(t), ki(?)),
Wip.s) = { valpl, s € (EL—kv(t), L+ ky(t)).

We would rather expect that W is sufficiently regular, as well as a and 0. The present
formula for IV requires a smooth transition between the different forms. We will suggest a new
one so that we will not introduce spurious singular directions at a given solution. This remark
matters, because interval [f,, kk(t)) corresponding to the curved part of I" contains a set, where
v,(0,5) > 1. This is obvious, since for s close to k4(0), we have v,(0,s) > 1. Due to the
continuity of v,, there are t; and s; € [f, k4 (0)) such that we have

vs(t,s) >1 fors > sy, t€(0,t). (3.28)
We take again kf defined in (3.12) and we set s, by

/{Zl
5y = SIJFTM (3.29)
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The same analysis applies to (kj(t), f5] yielding s3, s, € (kj(t), f5] and the same ¢;, where
vs(t,s) < —1.
Thus, we set

Yalp| for s € [0, s1),
W(p,s) =4 mlplei(s) + Z5(valp = L +yrlp + 1)1 = ¢i(s)) fors € (s1,50),
Yalp — 1] +rlp + 1| for s € (s2, kfp),

where ¢ € C§°(R), such that ¢ € [0,1], ¢ = 0 for s < s; and ¢ = 1 for s > s,.

We can perform a similar type of analysis for the endpoint (R, ;). Summing up, we arrive
at formulae (3.7), (3.8).

This definition of W requires a change in o, because for s € (s1,$2) we have (similar
situation occurs on (3, 1)),

B B) 1
@Wp(% s) = @(wolsgnvs + E(%Sgn (vs — 1) + yrsgn (v + 1)) (1 — 1))

= (%\ (1 - %) - 7R%> ©1,5(5).

Thus, we will have to adjust the definition of .
Now, we turn our attention to a = 1/5(n). After recalling the formula (3.17) for n(s), valid
for all s € T!, we come to the conclusion that

B (1+ k(s)v(s,t))v(s) — vs(s, t)7(s,t))
pla(s) _”B< VT m5)0( 0 + 2(s 1) ) 30
Hence, we set
B SR (1+ kv)v — pr
a(p,v,s) = /(1 + kv)2 + p2/p <\/<1 o +p2> : (3.31)

We note that this definition of @ includes the factor appearing in the denominator of formula
(3.10), where v, is replaced by p (3.18).

We notice that, function p — a(p, v, s) is Lipschitz once we assume such a condition on /.
In addition, /3 is one-homogeneous, vanishing at zero. Since it is evaluated at a normal vector,
then in all regions from U; to Uy we will have

ag < a<aj.
Equation (3.5) contains also the term 0 = o (1, 22, t). Since for a given ¢t > 0, we have that
(xh xQ) = \II(S’ U(‘S? t))

In other words,

7(v,s,t) = o(v(s)v+d(s))+ (732 _2\/5 - %\%) ©3.5(5)— (%2 _2\/5 - '7R%> ©1,5(5).
(3.32)
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The properties of o will be discussed below.
(c) Let us notice that

d d
E(.Il,xg) = E(‘I)(S) +v(s)v(s,t)) = v(s)v(s,t).

Since V' = %(:cl, x9) - n, where n is the outer normal to I', then taking into account (3.17)
yields the desired formula (3.10). ]

We will see that ¢ inherits properties of o implied by Berg’s effect. The most important for
us is its dependence on v.

Lemma 3.1. Let us suppose that o satisfies Bergs’ effect. If o is defined by (3.32), then the map
v — (v, s,t) is monotone.

Proof. Let us write v(s) = (v1(s), v2(s)). Then

0 . 0 n 0
—0 =1V —0 + Vy—0.
v L 9e, 2 ey
Due to (2.1), we have 14 6%10 and 1/28%20 are positive, hence %6’ > 0. ]

4 When variational solutions are viscosity solutions?

We want to show that the variational solutions we constructed in [18] are indeed viscosity
solutions in the sense of [16]. For this purpose, we recall the definition of viscosity sub-
/supersolution with a simplifying continuity assumption. We note our equation (3.11) differs
from the topic of the study in [16]. Potentially, this is a very serious problem, but in our case
we circumvent the difficulties.

It should be stressed that in our construction of variational solutions in [18], we assumed
that the verteces (£ Ry, +L;) move as intersections of the lines containing the outer facets. In
general, this need not be the case. So we establish here a sufficient condition for this property
to hold.

4.1 Viscosity solutions

In [16], we developed a framework of viscosity solutions to problems of the form

(S a(vx)(%wp(vm) +o(z,1)),

with periodic boundary conditions, where W is merely a convex, but not a C! function. One of
the problems there was to give meaning to %Wp(vz). This is done by solving a minimization
problem on an interval. Here, functions a and I/ depend on additional variables, however, when
restricted to facets of I' this additional dependence disappears. This permits us to use the defi-
nition of the viscosity solutions developed in [16]. In order to avoid unnecessary technicalities,
we shall present the definitions for continuous super-/subsolutions.
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We would like to define viscosity solutions for problem (3.11), i.e.,
v = avg, v, 2) (W) (g, )z + (v, 2,1)) 4.1)

with periodic boundary conditions. We assume that p — W (p, x) is convex, but not necessarily
C'. For each z € T*, we have a finite set

of points of nondifferentiability of W (-, z). We shall also assume that
x+— W{(p,x) isasmooth function,

a is Lipschitz continuous, o € C1(R? x R, ) and there is M > 0 such that

0 _
%(aa) < M. 4.2)
In [16, §2], we gave a variational characterization of the quantity Af;,, which is formally

defined by
Ajy (u) () = (W' (uz))e + o(). (4.3)

Here, we have to extend it to include the dependence of ¢ upon uw and we have to explain how
to proceed, when W depends on x. However, the last question is easiest, because W restricted
to faceted regions of u is independent of x.

For the purpose of the definition, we assume that Z is a real-valued C?-function, defined in
a bounded interval I, where I = (a,b) C T'. For a given A > 0, we define K fm to be the set
of all ¢ € H'(I), satisfying

Z(x) — A/2 < () < Z(x) + A/2 for x € I (the obstacle condition) (4.4)

and
£(a) = Z(a) — xuA/2, £(b) = Z(b) + x»A/2 (boundary conditions). (4.5)

Here, x; and Y, take values +1 and they will be defined in (4.8), (4.9).
Let JZ_ be the functional on L*(I), defined by

XiXr
7 (e) = {f; ¢(@) de, €€ KZ,,
0,9)

Xixr , otherwise.

For £ € H'(I), we define the coincidence set D, (£) by
Dy =Dy(§) ={z €T|&(x) = Z(z) £ A/2}.
We say that D, is the upper coincidence set while D_ is the lower coincidence set.

Definition 4.1. We say that § € K, satisfies the concave-convex condition if § is concave
on each connected component of the complement of the upper coincidence set D and convex
on each connected component of the complement of the lower coincidence set D_, i.e., " < 0
outside D and £" > 0 outside D_. In particular, " = 0 outside D_ U D,.
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Proposition 4.1. ([16, A characterization of the minimizer, Proposition 1]) Function &,,,, €
K., is the minimizer of J,,, if and only if &, fulfills the concave-convex condition. In
particular, &, is Ctin I = (a,b) and

sup |§;le ()] <sup|Z”(x)]. (4.6)
xel xel
We set g (@)
/ - €T
Ay, 1) = =X, (4.7)

Of course, &, depends also on interval /, but we suppress this in the notation.
If W depends only on p and we fix py € P, I = (a,b), 0 = o(z,1t), then it is easy to observe
that AZ’ agrees with 0 + o, when Z is a primitive of ¢ and ° minimizes

XiXr
/ ins + of?
I

(e H'(0) < nla) € W (po), mla) = x5 1(b) = xo'5)

It is sufficient to take £ = n + Z. The reason we write Z’ instead of Z is that the derivative of
fl +. depends on Z only through its derivative. Once we fix Z, we suppress Z' in (4.7). We
shall write A_ etc. instead of writing Ay_1} r41}-

We recall an important result needed further in this paper.

over

Theorem 4.1. ([16, Comparison principle, Theorem 1]) Assume that I, and I, are bounded
open intervals.

(i) IfI; C I, then

A,,(QI,IQ) S Aii(dl,fl) S A++(:z:,12)f0r:c € IQ.

(ii) Ifa<c<b<dforl, = (a,b), Iy = (c,d), then forz € (c,b)
A (2, 1) < Aja(z, L), As(w, Lp) < Apy(z, L) U

We recall a notion of a faceted function. Let €2 be an open interval. A function f € C(2)
is called faceted at x¢ with slope p on 2 (or p-faceted at x,) if there is a closed nontrivial finite
interval I(C 2), containing x such that f agrees with an affine function

lp(z) = p(x — xo) + f(mo) in [

and f(x) # {,(x) for all z € J\I with a neighborhood J(C 2) of I. Interval [ is called the
faceted region of f containing z, and is denoted by R(f, o). The set of continuous p-faceted
functions on €2 and with p € P will be called Cp(12).

Since our set P = P(x) depends upon the space variable, we have to modify the original
definition of the P-faceted function. We will use the fact that for all z € U; we have P(z) = P,
where

PI:PV:{O}v PI]I:{_1>1}7 P]I:PN:{_lvovl}'
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However, the solutions will avoid the singular slopes for x € Py U Fy.

We will say that f, a continuous function on  C T! or a function from Cper(0,27L), is
P;-faceted function at xy € U PyU Py, if f restricted to a component U ,@ of this set containing
xo 1s p-faceted with p in P.

We introduce the left transition number x; = xi(f, o) and the right transition number
Xr = Xr(fa Jj0) by

+1if f >4, in {x€Jlx <},
Xl = . . (4.8)
—1if f <4, in {z€Jlz <},
R it f >4, in {reJz>a}, (4.9)
"l -1iff <, in {ze Jlz>m}, '

if f is p;-faceted at x.

Definition 4.2. (see [16, Definition 2]) We assume that S is a real-valued Lipschitz function
on an open interval Q) = (a,b) and Z is its primitive. Moreover, W is given by (3.7) and §)
is contained in one of the connected components of U U Uy U Uy. We assume that f € C(Q)
pi-faceted at xo € L with p; € P(x¢). Then, we define the nonlocal curvature A3, by

Ay (f) (wo) = AT, (o, 1);

the right hand side is defined by (4.7) with A = W'(p; + 0,z0) — W'(p; — 0,2¢) and I is
the faceted region R(f,xo). If f is twice differentiable at x¢ and f'(x¢) ¢ P(xo), we set, as
expected,

Ay (f) (o) = W (f'(0)) " (x0) + o (o).

However, we have to address the situation, when ¢ in (4.1) depends on u and possibly on
u,. For this purpose, we adjust Definition 4.2. Let us suppose that S : R?® — R is Lipschitz
continuous, f € C3() is p-faceted at 7y € Q, p € P(x9) and QN (Uy U Uy) = 0, g € C(Q).
We define A3, (f, g) by the following formula,

Ay (f.9)(x0) = AL, (20, 1),

where I = R(f,x) is the faceted region of f and we set

Z(x)=C+ /Ox S(f'(s),q(s),s)ds.

As before, we set A = W,(p + 0,29) — W,(p — 0,0). If f is twice differentiable at o and
f’([[‘o) ¢ P(Zﬁo), then

A (f, 9) (o) 1= Wipp(f'(0)) f" (w0) + S(f (z0), g(z0), xo)-

We would like to state a simple observation, which will be very useful later. But first we state a
useful definition.

Since we consider facets only over parts of the reference manifold, M we introduce a new
notion reflecting that.
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Definition 4.3. We say that a continuous, real valued function h defined on T' is a profile
function of a gently bent rectangle at time t if:

(i) h is faceted in UY (respectively, in UY) with the slope equal to zero and it is monotone
outside of the facet. Its transition numbers are +1, so that near the facet h is convex.

(ii) h is strictly increasing in Uy (respectively, decreasing in Uy)).

(iii) h is faceted in U with slope +1 and —1 which touches each other. Outside the facets h
is monotone. The transition numbers of both facets are —1.

(iv) All upper and lower derivatives of h outside facets are away from zero.

(v) In UY, the absolute values of upper and lower derivatives of h outside facets are bigger
than one.

(vi) In Uy (respectively, in U},) upper and lower derivatives of h are away from the singularity

of W(p, ).
(vii) The symmetric properties hold for the other components of Uy (respectively, Uy, Uy ).

(viii) On the facets of h, the quantity A° (f, f) is constant (so that the facets do not break). This
concept, however, depends on time.

Lemma 4.1. Let us suppose that S : R* — R is Lipschitz continuous and for all p,x the
function g — S(p,g,x) is decreasing. We assume that f € C?% is p-faceted at xy and gy, go
are Lipschitz continuous profile functions and such that g, < go. If additionally A5, (f, g1) is
constant over R(f, ), then

A5y (f, 91) > A5y (f, g2)-
Proof. We set

Zi(x) = C; + /Ow S(f'(s), gi(s),s)ds, i=1,2.

and we assume that R(f,xo) = (a,b). We also select C,C5 so that Z;(a) = Zy(a). The
solutions to the obstacle problem have to satisfy the boundary conditions

We assumed that A, (f, g1) is constant over (a,b). Clearly, &;(a) = &(a) and & (b) > & (b),

e 6 - &) _ 0) -~ &)
/ 1\0) —q1la 2(0) — qa2la /
& b—a - b—a &
The last equality needs justification. For this purpose, let us assume the contrary, i.e. D™ (&) or
D~ (&) is not empty. But such an event contradicts monotonicity of = — S(f'(xo), g2(x), ).
]
Now, we recall a natural class of test function. Let us set () = (0,7") x €, where (2 is an
open interval and 7' > 0. Let Ap(Q) be the set of all admissible functions 1) on () in the sense
of [14] i.e., ¢ is of the form

U@, t) = fz) +g(t), f€CHQ)=Cr(Q)NCHQ), g € CH(0,T).
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Definition 4.4. A continuous real-valued function u on Q) is a (viscosity) subsolution of
v = a(vg, v, ) (W)(0g, 2)s + S(vg,v,2,1)) (4.10)

with periodic boundary conditions in ), when S is Lipschitz continuous, if
Ul @) = a(a(i,2), ui, 2), 1,8) (A5 (D), u(d), 7)) <0, @.11)
whenever (@/}, (t, 50)) € Ap(Q) x Q fulfills
max(u — 1) = (u =¥ (t,2). (4.12)

Here, 1)(1) is a function on Q defined by (t) = 1(t,-). Function 1, satisfying (4.12) is called
a test function of u at (t, ).

A (viscosity) supersolution is defined by replacing max with min in (4.12) and the inequality
(4.11) with the opposite one. If u is both a sub- and supersolution, it is called a viscosity solution
or a generalized solution. Hereafter, we avoid using the word viscosity.

By Comparison Theorem, see [16, Theorem 2.12], it is easy to see that ¢ € Ap(Q) is a
subsolution in () if (and only if) v/ satisfies

Uiltsw) = a(Wa(t,2), (k) o) (AROU0 ) ) <0

forall (t,z) € Q.

4.2 Variational solutions are viscosity solutions, when the vertex is pre-
served

We will assume in this section that I'(¢) is a family of gently bent rectangles, which is a varia-
tional solution to (1.1) and w is the corresponding profile function. We want to show that: (a) u
is a subsolution to (3.11); (b) u is a supersolution to (3.11). We shall see that this is not always
possible, because a restriction appears. This is explained below.

Theorem 4.2. Let us suppose that (I'(t),£(t)) is a family of gently bent rectangles which is a
variational solution to (1.1) and u is the corresponding profile function. Then, u is a viscosity
solution in the sense of Definition 4.4 if and only if (4.16) holds.

Condition (4.16) is equivalent to the preservation of verteces of I'(¢). Its disadvantage is
that it depends of I' itself. At the end of this section, we will present in Lemma 4.6 a simple
sufficient condition for (4.16) to hold independently of I".

We start with the above task (a), i.e. we will show that profile function u is a viscosity
subsolution to eq. (3.11). Thus, without the loss of generality, we may restrict our attention
to U U Up U Uy, because Uy, (resp. UY) may be treated like Up (resp. UY). For a given test
function 1, we have to investigate various possibilities of (i, %) € argmax (u — 1):

(1) (2,1) € [—hi(D), ha(D));
@) (2,) € (kn(6), Kb (8)):
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(3) (1) € [kn(f), kn(D]\ {Fa(D)};
4) T = kj(t).
The remaining cases are dealt with as those above.

We will investigate situations described in (1)—(4), one by one.

Lemma 4.2. Let us suppose that 1) is a test function satisfying maxq(u — ¢) = (u — 1) (£, )
and (2,1) € [—ky(t), k;(1)], then inequality (4.11) holds.

Proof. This case was in fact considered in the proof of Theorem 12 in [16, §5]. It will not
be repeated here since we will present a similar technique below anyway. [

Lemma 4.3. Let us suppose that 1) is a test function satisfying maxq(u — 1) = (u — 1) (£, %)
and (7,t) € (ki(t), kb (t)), then inequality (4.11) holds.

Proof. On interval (ki(t), kf (%)), the profile function u avoids the singular slopes due to the
special construction of W. As a result, this case is classical and left to the interested reader. [

Lemma 4.4. Let us suppose that v is a test function, satisfying maxq(u — ) = (u — 1) (¢, &)
and @ € [kb (1), kp(D)]\ {ky(£)}, then inequality (4.11) holds.

Proof, Step 1. We have two possibilities for Z, which we will consider separately:
@3 € (o(), k() \ {h(D)},
(b) & = kf(t) or & = ki ().
Case (b) has its subcases:
(@) & is such that [, (f) = W(&, u(&, 1)) is a tangency point,
() & is such that [ () = U(&,u(&, 1)) is a matching point.
In each of those cases we have a number of possibilities how ¢ (x,t) = f(x) + g(t) touches
u at (#,1). Regardless of the position of &, we have the following options for A%, (f):
() A (R(f,2)), (D) Ay (R(f, 2)), (i) Ay—(R(f, 2)). (v) A—(R(f, 2))-
In addition, the behavior of ¢/(¢) will depend on the position of Z, i.e. case (a) differs from (b).
The geometry of the problem is such that for # € [kf, k3(t)), for profile function u, we

have
Ay (u, u, ) = A ([ky(D), kg(D)])-

However, we have to compare A__ ([k4 (%), ki (£)] with the definition of the variational solution.
We see that if & € (kb (), ki (%)), then

Z(x) = / o(U(s,s))ds = / o(—=, Ly(F)) ds.
Ky (i) B V2
On the other hand, for & € (kj(f), kji (%)), we have
Zy(x) = / o(U(s,—s))ds = / o(Ry, Ly — i) ds.
o0 10 V2
We notice that the minimization problem underlying the definition of the variational solution,
see (2.4) and (2.7),

Ry
min{/ ‘O.(tv S7L1)_€x‘2d3 : 5 S Hl((rlle))a’S € [_’YAa’VA]aE(rl) = =, €<R1> = 7A}7
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for & € (ki, kg (t)), (respectively,

Ly

wing [ Jo(t, Ry ) =€ ds € € (4 L)€ € [=m 7 €h) = = €(Ln) = e}

for z € (kj(t), ev)) coincides with the minimization leading to A,,([ L(t), kb (1)]) (respec-
tively, A__([kgi(1), k5 (£)])). This statement is clear for & € (kj(# ) n(t )) while an additional
change of variables in the integral above is necessary for & € (kb (%), ki (1)).

Step 2. We start with case (a). We immediately notice that under these circumstances u;(Z, f)
exists, hence ¢/(f) = u,(&, t). Furthermore, we only know that # € (kk(£), ki (£)) N R(f,2). B
Theorem 4.1, we deduce that

A ([kn(t), ka(D)]) < A (R(S. 7)), As([kn (D), ka(D)]) < Ay (R(S, 2)),
A ([Ra(®), kg (D)) < A (R(f, 2)):
Hence, these inequalities imply,
Vol 8) — AR (0(2,1)) = (@, ) — A (u(@, 1)) + Afp (w(@, 1) — Ay (R(S, 2)) < 0

where Z equals Z; or Z, defined above, depending upon the position of 7. The case AZ,(f) =
__(R(f,)) is possible if and only if [k (), k& (f)] C R(f, ). If this happens, then Theorem
4.1 (ii) implies that
il E) = A ((2,1) <0

holds.
Step 3. We first consider case («)). This means the interfacial point Tl(t) oves to the left,
i1(f) < 0and B(ng) %L, (t) = o(ri(t), L1(t),t). This implies that d; (r1(£),£) = 4L, (t) and

dy (r1(f), 1) = d; (r (¢ ) t) = o(ri(t), Li(t),t)/B(ng). Asaresult () = o(r(t), L ( ):t)/B(ng)
and a reasoning as in Step 2 applies leading to the conclusion that (4.11) holds.
We have to consider case (). According to formula (2.25) in [18],

sgni1(f) = sgn (Ly — o(t,r1(t), Li(f)). (4.13)

In any case, A7, (u) = A__([k4 (1), ka(1)]).
We notice that if 7 ( ) < 0, then

uf (2,8) = o(t.ri(f), Lu(E)/B(ag) < Li(f)/B(ng) = u; (2,1).

gl(f) € [o(t, T1(£)7 Ll@/ﬁ@}%% Ll(f)/ﬁ(nR)‘

Ui(@,1) = AR (9)(@,8) < Li()/B(ng) — Ay (u)(@, 1) + Ay

(u)(@,£) — Ay (¥) (3. 9)
= 0+ A ([ka(D), ka (D)) — A (¥)(@, 1) <

) <0.

The last inequality is a consequence of Theorem 4.1, because A#, (1)) may be one of the follow-
ing quantities,

A (R(F, ), Ay (R(f,2)), A (R(S,2),  A—(R(f,2)).
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If we deal with the last quantity, then R(f,2) C [kk(1), ki (1)].
We observe that if 7, (£) > 0, then there are no test functions. ]
We come to the study of the vertex of I in the first quadrant of the plane. It is done separately
from other cases. Here, we need additional information on the kinetic coefficient 5.

Lemma 4.5. Let us suppose that 1 is a test function satisfying maxq(u — ) = (u — 1) (£, %)
and @ = ki (t). Then, inequality (4.11) holds if and only if (4.16) is satisfied.

Proof. We are going to show that a variational solution is a viscosity subsolution. Let us
take a test function ¢(x,t) = f(z) + g(t) such that

max(u — ) = (u— ) (ky(t),t) = 0. (4.14)

For the sake of consistency, we shall write (&, ) in place of (kyi(t), ).
The profile function v takes the following form in a neighborhood of (i, £)

u(z,t) =y(t) — |z — z(t)|, (4.15)

where & = x(f) and u(#, %) = y(t). The vertex of I'(t) is determined as the intersection point
of two lines,

y=ua+ A(t),
y=—x+ B(t).

Thus, we can see that the intersection point has the coordinates

(x,y) = %(B — A, B+ A).

Here, A'(t) is the vertical velocity of the facet with the slope p = 1, and B’(¢) is the vertical
velocity of the facet with the slope p = —1. That is, we can relate them to the normal velocities
of the facets,

w0~ 22 (s~ 2290Y = L2 (fa 0 2000)

We also have to determine the restrictions on the test function resulting from (4.14) and (4.15).
We notice that for x > 2 we have,

u(a, t) = (e, t) = y(t) + () — g(t) = f(z) —2 <0

and for z < Z we have,

u(z, t) = ¢(z,t) = y(t) — x(t) — g(t) — f(z) + 2 <0.
Thus, we infer that f'() € [~1,1] and ¢/(f) is in the interval with endpoints

g(t) +a(t) = B'(t), (b)) —a(t) = A'(D).
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Keeping this in mind we consider f, which is not faceted at z, i.e. |f’(2)] < 1. We have to
check that

e — alx, b, 9, $a)o(t, Ra(t), La(t)) < 0
holds. Since ¢'(f) = 0A'() + (1 — 0) B'(f) for 0 € [0, 1], this inequality is equivalent to

2 (fenson- 28) 00 (fln e 2
o(t, Ra(t), L (1)) 1

< , (4.16)
B(n)
where 6 € [0, 1] and n is between ng and n,.
If f is faceted, then this case reduces to the situation considered Lemma 4.4. O]

We may sum up the the above results as follows.

Corollary 4.1. If I'(t) is a family of gently bent rectangles which is a variational solution to

(1.1) and u is the corresponding profile function. Then, u is a viscosity subsolution if and only
if (4.16) holds.

Proof. Combining Lemmata from 4.2 to 4.5 shows that « is a subsolution. [

After these preparations we will embark on the proof of Theorem 4.2. It remains to check
that u is a supersolution. It is easier, than showing that u is a subsolution, because for any test
function v due to the form of the profile function u, see (4.15), the minimum of u — 1) may not
occur at k¥ (, ). Thus we have the following possibilities for (&, %) € argmin (u — v):

(D) (&,1) € [~k(t), ka(?)];
@) (2,1) € (Ra(t), k n(t); A
(3) (&,1) € [kn(f), k(D) \ {kq(D)}-

Case (1) is the content of [16, Theorem 12]. Case (2) is easy and left to the reader. We
will consider (3). We first notice that due to the geometry of the graph of w there is no
test function ¢ such that min(u — ¢) = (u — )(k(%),%)). Thus, we consider (£, t) €
(ki (6), k(1)) \ {kji(¢)}. Immediate conclusions are that A (u) = A__([ky(f), kj(t])), (or
Agp(w) = A ([kg(D), ka (D). ¢/(B) = Li(d) and AZ(f) = A__(R(f.)). Voo . by
Theorem 4.1 (i) A__([kg(#), ki (t]) < A__(R(f,2)). As a result (4.11) holds. The proof is
complete. [

(¢
t

We have seen that inequality (4.16) is necessary and sufficient for variational solutions to be
viscosity solutions, but we would like to discover a simpler sufficient condition. Here one such
a result.

Lemma 4.6. Let us suppose that

1 ﬂ(ﬁ(e 1-6

Bl ~ np) B

Bm) = 2 ) forall 6 € [0,1]
or

max{ Ry — r1, L1 — Iy} is sufficiently small,

then condition (4.16) is satisfied.
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Proof. By monotonicity of o we obtain

V2 (o 29(ma)\ V2 ([ 2y(ng)
m (frlO'(t,S,Ll)dS — Rl _ 7“1> + 4BA (7{10'<t, Rl,S) ds — ﬂ)

< a(t,Rl(t),Ll(t))g (5 (iR) + B(jm) _ g ( ng(riA;«l + Zl(r}l)l)

o(t, Ri(t), L1(1))
B(n)
We say that Ry — ry and L; — [; are sufficiently small if A’ < 0and B’ < 0. O

<

S A comparison principle

Since equation (3.11) does not fit the framework of [16], we may not apply directly the com-
parison principle to problem (3.11). Such a comparison principle would be of an independent
interest. However, here a simpler result would do the job of proving the uniqueness of varia-
tional solutions to equations (1.1).

5.1 An adjustment of the known result

In this section, we shall establish a comparison principle for our singular diffusion equation
ur = alx, u,ug) (Wy(ug, ), + 6 (u, z,t)), (5.1)

which we derived in previous sections. A new aspect of the problem is that @ and ¢ depend on
u explicitly. This makes the problem more involved. Instead of discussing a general situation
we rather establish a comparison principle for a special function called a profile function of a
gently bent rectangle.

We recall several important properties of (5.1) which are obviously fulfilled for our singular
diffusion equations by replacing the arclength parameter s by x and v by u; 7 is replaced by o.
Let 27 L be the length of the reference manifold. We consider (5.1) with a periodic boundary
condition with period 27 L. The domain of definition is divided into Uy, Uy, Uy, Uy, Uy, see
(3.13)—(3.16). While ¢ may always depend on u and x, we note that in Uy, Uy, Uy a is a positive
function depending only on u, and that W 1s of the form

W(p,z) = 7alp| in U
W(p,z) =valp =1+ rlp+1] in Uy
W(p,x) = vr|p in Uy.

In particular, in these regions, the equation is the same as we have studied in [16] except
that o depends on u explicitly. Our a is always smooth (and globally Lipschitz in u, and x)
and by construction da/du is bounded independently of x, u, u,. For & we assume that it is C'!
and 0& /Ou is bounded from below independent of u, x, ¢ to avoid unnecessary complexity. We
further impose a vertex preserving condition for the mobility which reflects the condition for
a. (This is the condition that the function —|z — x| in Uy keeps its vertex when it evolves by

up = a(ug).)
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We rather consider a special class of functions when we consider a solution of (5.1). We start
with one connected component of Uy, say U} and list connected components of Uy, . . . , Uy next
to each other clockwise and name them Uy, ..., UJ. We name connected components further
clockwise like Uy, U, ..., Ut U, ..., U2, Uy, ..., U, UD.

Theorem 5.1 (Comparison principle). Let u and v be profile functions of a gently bent rectangle
ateacht € [0,T] and u,v € C(T x [0,T]). Assume that u and v are respectively a sub- and
supersolution of (5.1) in T x (0,T). Assume that one of v and v is C' in time on facets and
facet ends move continuously in time. Then u < v in T x [0, T, provided that w < v att = 0.

Proof. We take a conventional strategy to attack the problem when the Hamiltonian itself de-
pends on the unknown. Let M be a number greater than 1 such that, see (4.2),

%(acr) <(M—-1) forall (z,t,u,p)eTx(0,7] xR xR. (5.2)

We may find such M because v and v are bounded on T x (0, T") and by assumption o € C.
We consider U = e~ ?Mty, V = ¢ 2Mty. Assume that the conclusion were false, in other

words

m = 'H‘I>I<1[%,}Z(“] {U(z,t) = V(z,t)} > 0.

Since u < v at t = 0, the maximum is only attained for ¢ > 0. We set
t =sup {tmax | m%X(U — V) tmax) = m} € (0,77.

We may assume that there is no t.,, other than ¢ by multiplying e** with U/ and V. We still
denote eM*U and eM*V by U and V respectively, i.e. U = e My, V = e=Mty. Then U solves

U+ MU = e Ma(z, MU, MU,) {Wp (eMtUw, %’)x +o (eMtU, X, t)} (5.3)
since u solves (5.1) in a formal level. We may assume not only that

m= max (U—-V)>0
Tx[0,T]

but also
(U—=V)(z,t)<m for zeT,t<t

m = m%X(U V), b).
‘We shall divide the situation into two cases.

Case I. m is attained at interior points of faceted regions of both functions U (-, %) and V (-, 7).

Case II. m is attained only outside of the interior of faceted regions of both functions U(-, ) and
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Another seemingly existing case can not happen because of the geometry of profile functions.

We begin with Case I. Since we have assumed that motion of the facets in time in C'! and
the facet ends move continuously in time for one of U and V, the argument is very simple.
To fix attention we assume that U is this function. (The case that V' is such a function can be
treated in the same way.) Assume that the maximum is attained in an interior point Z of facets.
Then it is either in Uy, Uy, Uy because of the geometry of profile functions. All cases can be
treated similarly so we only consider the case that such facets are in U. Then the function a is
independent of u and x. We rearrange (5.3) in Uy to get

U, = e Ma(eMU,) {Wp(eMtUx)}x + e Ma(MU,) 6 (MU, z,t) — MU.

By the choice of M the term e M'ao — MU + U is nonincreasing in U.

We want to regard U as a test function of a supersolution V. We notice that min(V — U) =
—max(U — V) = —m < 0. But U lacks the structure and regularity of functions in Ap((2).
Strictly speaking, we have to find ¢ € Ap. We set,

fla)=U(x,1),  g(t) =Ulit),

Of course, f+g9=UonR(U,z) x {t}. Since U, exists on R(U, &), we notice that min(V —
(f + g)) is attained at ¢ = ¢. But now, f lacks the necessary smoothness. However, it is easy

to see that regardless of the configuration of the endpoints of R(U, ) and R(V, Z) then we can
mollify f to get f so that, R(f,2) = R(f,2) and

AT (f) = A (f) = AR (0).
Thus, keeping this in mind we have the following inequality at
V4 U, > e Ma(u,)AS (U, V, 1)

at x,
/ ~ (M 9
S(f',g,x,t)=a6(e""g,x,t) — (M Ua(f’(x))'
Due to a (5.2) function S is decreasing with respect to g.
Here, we invoke the assumption that the facet does not break on the profile function U, i.e.
A§,(U, U, x,t) is constant over R(U, ).
Since U is a subsolution and V' is a supersolution, we also have

V+U < e_MtAa(um)Agv(U, U, x,t)

at 2. These two inequalities imply that

0>V —U2>eMa(uy(2,1) (A (U, V,z,t) — Aj (U, U, 2,1)) .

Now, we recall the monotonicity property of .S, stated above and Lemma 4.1, implying that the
RHS is positive, which leads to a contradiction.

It remains to prove Case II. We may assume that a maximum is attained in U, Uy and Uy.
Let y,(s) be the right end of the faceted region of V (-, s) in U and let ,(t) be the left end of
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the faceted region of U (-, t) in Ug. The function U (-, t) is strictly increasing from the right end
of the faceted region of U (-, ) to x,, and a similar monotonicity holds for V' (-, s). We set

w(z,y,t,s) =Ul(z,t) — V(y,s).

We are interested in maximizers of w in |z — y| < 4, |t — s| < 0 for sufficiently small 6 > 0.
We may assume that there are no maximizers in the interior of faceted regions since otherwise
it can be reduced to Case I by shifting U(x + h,t + k) slightly. By the monotone property of
U(-,t),V (-, s) we may easily conclude that,

argmaxw C {y <z} N{z <z, ()} N {y > y.(s)}
n (T x [0,T])* for |z — y| <6, |t — s| < 6. This observation shows that,
argmax® C {y <z}n{z <z, ()} N{y > y.(s)}

for ® = w — a|z — y|* — B|t — s|? provided that « and j3 is taken sufficiently large. Since we
have assumed (iv) and (vi) in Definition 4.3 about the profile functions, one can argue in the
same way as above that we need to discuss the following equation

Ui+ MU = e Ma(z, MU, MU, o (MU, ,t)

to get a contradiction.
Indeed let (243, Yass Sap, Fap) be @ maximizer of @, i.e.

U(ZL‘, t)—V(y, S)—Oé|$—y|2—5|t—8|2 < U($aﬁa toaﬁ)_v(yoaﬁa Saﬁ)_alxaﬁ_yaﬁ|2_6|Saﬁ_toz,3|2'

By setting ¥y = ¥a5,5 = Sas, We immediately see that |z — y.5|* + S|t — sas|? is the test
function of U at (2,4, tss) touching it from above. We thus observe that

2B(tap — Sap) + MU (g, tap) < H (Tap, tag, UlZag: tap), 20(Tag — Yap))
with H(x,t,7,p) = e Mta(z,eMir eMip)o(eMir, x,t). Similarly, for V' we have

QB(toc,B - 504,3) + Mv(yoz,é’a Sa,@) Z H (yoz,b’v SafB, V(yoc,é’a Soc,B)a 2a($a6 - yaﬂ)) .

Subtracting the second one from the first in equality yields

M (U(zap: tag) — V(yaL?aSaﬁ)) < H (Tap, tap, U(Taps tap), 20(Tap — Yas))
H (%ap,tas, V (Yas, Sap), 20(Tag — Yas))
H (zap,tas, V(Yas, Sap), 20(Tap — Yas))
H (Yap, 508,V (Yo, Sas), 20(Tas — Yas)) -

By the choice of M this implies
U(xag:tag) =V (Yas, Sap) < H (Tap: tas, V (Yass Sas), 20(Tap — Yap))
— H (Yap, Sap V (Yass Sap), 20(Tap — Yap)) -

After sending @« — oo, 8 — (3 and using the continuity of H with respect to x and ¢ we get a
contradiction with m < 0. This is so, because

|H(z,t,7,p) — H(y,s,m,p)] < C(|v —y|[+[t —s])(1+|p])

and since |z, — Yap| — 0 which follows by a standard argument.
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5.2 Uniqueness of solutions to (1.1)

Here, we address the question of uniqueness of variational solutions to (1.1).

Theorem 5.1. Let us suppose that {(I'(t),£(t)) }ico,r) is a variational solution to (1.1) with
I'(0) = Lo. If Ty satisfies the geometric condition (3.3), then {I'(t) }1cjo.1,) is a family of gently
bent rectangles. If the kinetic coefficient 3(-) satisfies (4.16), then {I'(t)}icpo,r) is a unique
solution to (1.1). That is the profile function u of the family I'(t) is the unique viscosity solution
to (3.11) with a, W and ¢ defined in (3.31), (3.7) and (3.32).

Uniqueness means that if we are given {(I'(t), &1 (t)) }+cjo,r), another variational solution to
(1.1) with T';(0) = Ty, with continuously varying facet endpoints and whose profile function
uq is a viscosity solution to (3.11), then u = w; and £ = &. We stress that Lemma 4.6 gives a
universal sufficient condition for w4, a profile function to be a viscosity solution to (3.11).

Proof. The assumption that ' satisfies (3.3) implies existence of the reference manifold M
and the possibility of writing I'(¢) as a graph of a profile function w.

The construction of I'(¢), performed in [18], guarantees that the facet endpoints move con-
tinuously and their speed is finite. Since we assumed (4.16), then the profile function is not only
a viscosity solution to (4.1), but also the verteces are preserved. We notice that we may apply
the Comparison Principle 5.1. Thus, « is a unique solution to (4.1). Once we established that
['(t) = I'y(¢) for all times, we have to check that £(¢) = &;, but this is an easy task, we proceed
as in [22, §4]. ]
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