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PREFACE

This volume is intended as the proceedings of Sapporo Symposium on Partial
Differential Equations, held on August 25 through August 27 in 2014 at Faculty of
Science, Hokkaido University.

Sapporo Symposium on PDE has been held annually to present the latest devel-
opments on PDE with a broad spectrum of interests not limited to the methods of
a particular school. Professor Taira Shirota started the symposium more than 35
years ago. Professor Ko6ji Kubota and late Professor Rentaro Agemi made a large
contribution to its organization for many years.

We always thank their significant contribution to the progress of the Sapporo
Symposium on PDE.

S. Ei, Y. Giga, S. Jimbo, H. Kubo, T. Ozawa, T. Sakajo
H. Takaoka, Y. Tonegawa, and K. Tsutaya
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STABILITY AND MINIMALITY FOR A NONLOCAL ISOPERIMETRIC
PROBLEM

N.FUSCO

1. THE MODEL. PROPERTIES OF LOCAL MINIMIZERS

Diblock copolymers are extensively studied materials, used to engineer nanostructures thanks
to their peculiar properties and rich pattern formation. The resulting patterns depend on the
chemical bounds between the two different polymers, say A and B, and on the relative lengths
of each block. Some of the most commonly observed structures are schematized in Figure 1 and
it has been observed, see e.g. [24], that they closely approximate periodic surfaces with constant
mean curvature. A well established theory used in the modeling of microphase separation for A/B

FIGURE 1. From left to right spherical spots, cylinders, gyroids and lamellae.

diblock copolymer melts is based on the energy first proposed by Ohta-Kawasaki, see [16]:

E:(u) :zae/ﬂ|Vu|2dx—|—§/ﬂ(u2—1)2 d:r—l—’yo/Q/QG(x,y)(u(x) —m)(u(y) —m)dzdy, (1.1)

where u is an H!(Q) phase parameter describing the density distribution of the components
(u = —1 stands for phase A, u = +1 for phase B), m = JCQu is the difference of the phases’
volume fractions and G is the Green’s function for —A. The parameter vy > 0 is characteristic of
the material. Note that the first two terms in (1.1) correspond to the so called Modica-Mortola
functional and approximate the perimeter of the interface as € tends to 0. These terms clearly
drive the system toward a raw partition in few sets of pure phases with minimal interface area,
whereas the Green’s term favors a finely intertwined distribution of the materials.

Since ¢ is a small parameter, from the point of view of mathematical analysis it is more
convenient to consider the variational limit of the energy (1.1), which is given by

&= 5100 @)+ [ [ Glg)u(w) = m) (u(s) ~ m) drdy.

where now w is a function of bounded variation in Q with values +1, |Du|(£2) is the total variation
of uin Q, and v = 370/16 > 0. Writing

E={reQ:u(z)=1},

so that u = xg — X\ &, this energy may be rewritten in a useful geometric fashion as

J(E) = Po(E) + ’y/Q /Q G(z,y) (u(x) — m) (u(y) - m) dz dy , (1.2)
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where Po(FE) is the perimeter of E in .

A challenging mathematical problem is to prove that global minimizers of (1.2) are periodic:
this is known to be true in one dimension, see e.g. [15], but still open in higher dimensions,
where only partial results are known, see e.g. [2, 22]. A more reasonable task is to exhibit a
class of periodic solutions which are local minimizers of the approximating and limit energies (1.1)
and (1.2), rather than investigating general properties of global minimizers: this is the direction
taken, among others, by Ren and Wei and by Choksi and Sternberg. The first authors in a series
of papers [17, 18, 19, 20, 21] construct several examples of lamellar, spherical and cylindrical
critical configurations and find conditions under which they are stable, i.e., their second variation
is positive definite. The main contribution in [3] is the computation of the second variation for
general critical configurations of (1.2). However, all these papers leave open the basic question
whether the positivity of the second variation implies local minimality.

In order to discuss this question we start by considering the periodic case, where Q = TV is
the N-dimensional flat torus of unit volume. In this case G(z,y) is the solution of

~A,G(2,y) =0, —1 in TV, G(z,y)dy =0,
TN
where d, denotes the Dirac measure supported at x. Set ugp = Xr — Xxqo\£, and denote by m =
fon up € (—1,1) the fixed volume fraction of the two phases and by vg the unique solution to

—Avg =up —m inTV / vpdr =0. (1.3)
'JI‘N
Note that
/ |V'UE|2dx=—/ UEA'Udez/ 'UE(uE—m)d$=/ vpug dx (1.4)
TN TN N TN

= / G(z,y)ug(x)ug(y) dedy = / G(z,y) (up(z) —m) (up(y) —m) dzdy .
TN JTN T~ JTN

Therefore we may further rewrite the functional in (1.2) as
J(E) :PTN(E)+'Y/ |Vvg|? de. (1.5)
TN

A C? minimizer of J(E) under a volume constraint satisfies the Euler-Lagrange equation
Hop(z) + 4yvg(z) = A for all x € OF, (1.6)

where Hpg(x) denotes the sum of the principal curvatures of OF at x and the number ) is a
constant Lagrange multiplier associated to the volume constraint fTN ug dr =m.
In the following, a C? solution E of equation (1.6) will be called a regular critical point. Note
that when v = 0 any periodic constant mean curvature smooth set F is a regular critical point.
In order to present the main result proved in [1] we need to introduce a suitable notion of local
minimality. Since our energy functional is invariant under translations, it is convenient to define
the distance between two subsets of T modulo translations in the following way:

d(E,F) ;= min |EA(z + F)|. (1.7)
Accordingly, we may give the following

Definition 1.1. We say that a set £ C TV of finite perimeter is a local minimizer for the functional
(1.5) if there esists § > 0 such that

J(F) = J(E)
for all F C TV with |E| = |F| and d(E, F) < 6.
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Note that given any set £ C TV by standard elliptic regularity vy € W2?(TY) for all p > 1.
Moreover it is easily checked that there exists C = C(N) > 0 such that if £, F ¢ TV are

measurable, then
’/ |Vog|? dx —/ |Vop|? de
™~ T~

where vg and vp are defined as in (1.3).

< C|EAF], (1.8)

An important tool to get the regularity of local minimizers is the following result that is
essentially proved in [6] (see also [1, Proposition 2.7]).

Proposition 1.2. Let E be a local minimizer for the functional (1.5) and let § > 0 be as in
Definition 1.1. There exists X > 0 such that E solves the following penalized minimization problem:

min{J(F) FA|F| - |E||: FC TV, d(E,F) < g}

As a consequence of this result and of inequality (1.8) it is then easy to show that if E is a
local minimizer of J according to Definition 1.1, then E is almost minimizer of the perimeter, i.e.,
there exist w,ry > 0 such that

Py~ (E) < Pr(F) + wr”

for all FF C TV such that EAF CC B,.(x) for some 29 € TV and 0 < r < rg. At this point, using
the regularity theory for (almost) minimizers of the perimeter it is not too hard to show that the
following result holds (see [12, Proposition 2.2.]).

Theorem 1.3. Let E be a local minimizer for (1.5). There exists a closed set ¥ C OE such
that OF \ ¥ is a C* manifold. Moreover, the Hausdorff dimension of the singular set satisfies
dimy (X) < N —8.

2. SECOND VARIATION AND LOCAL MINIMALITY

We are now going to present the main result of [1] which states that any regular critical point
of J with positive second variation is a local minimizer. To this aim, given a set £ C TV of
class C? and a C?-vector field X : TV — TV a C?-vector field, we consider the associated flow

o
®: TN x (—1,1) — TV defined by %—t = X(®), ®(z,0) = x. We define the second variation of J
at E with respect to the flow ® to be the value

2

ﬁ'](E’s) |t:0 ’

where E; := ®(-,¢)(F). Throughout the section, when no confusion is possible, we shall omit
the indication of F, writing v instead of vz and v instead of vF, the exterior unit normal to the
boundary of E. Before stating the representation formula for the second variation, we fix some
notation. Given a vector X, its tangential part on OF is defined as X, := X — (X - v)v. In
particular, we will denote by D, the tangential gradient operator given by D, := (D¢),. We also
recall that the second fundamental form Byg of OF is given by D,v and that the square |Byg|?
of its Euclidean norm coincides with the the sum of the squares of the principal curvatures of OF.
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Theorem 2.1. If E, X, and ® are as above, we have

2
By = [ (I ) = |BopP (X ) a¥

+ 87/ / G($,y)((X . V)(l‘)) ((X . V)(y))d’HN_l(m) dHN_l(y)
s (2.1)

+ 4y (X -v)2dHN L — / (4yv + Hop) div. (X, (X - v)) dHN 1
OE OFE

—|—/ (4yv + Hpp)(div X)(X - v)dHN L.
OFE

In the case of a critical set E the computation of the second variation was carried out in [3].
The novelty here is that the above result, proved in [1, Theorem 3.1], deals with a general regular
set. This explains the presence of the last two terms in the formula.

Remark 2.2. Notice that if E is also critical, from (1.6) it follows that
/ (4yv + Hop) div, (X, (X -v)) dHN "' =0.
OF

Moreover, if in addition

(-, t)(E)| = |E| for all t € [0,1], (2.2)
then it can be shown (see [3, (2.30)]) that
d2

iv -V N-L
0 /8E(d X)X -v)dH

= & P =

Hence, again from (1.6), we have
2

az” )= = /8 E(IDT(X )2 = |Bo (X - v)?) am !

+ 87/ G, y) (X - v)(@) (X - v)(y))dHY ! (2) dHY 7 (y)
OE JOE

+ 4y Dv(X -v)2dHN .
OE

Note that this formula coincides exactly with the one given in [3, (2.20)], where it was obtained
using a particular family of asymptotically volume preserving diffeomorphisms.

The previous remark motivates the following definition. Given a C? open set E C TV we
denote by H'(OF) the set of all functions ¢ € H'(OE) such that [, odH"~! =0, endowed with
the norm || V|| z2(9m). To E we then associate the quadratic form §2J(E) : H'(9E) — R defined
as

P I(B)g] = /8 (Dol = Bosfe?) aH
(2.3)

- 87/ G(z,y)p(@)e(y)dHN " (2) dHN " y) + 4y | Ovp® dHN L.
OF JOFE oF

If E is a regular critical set and the flow ® satisfies (2.2), then

AEL - _ [ x yanv1=o
dt lt=0 OF ’

Hence, 9?J(E)[X - V] coincides with the second variation of J at E with respect to .
Notice that, setting u := @HN~1|0F, the nonlocal term

/ G, ) (@) p(y) dHY () dHY 7 (3)
OFE JOFE
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can be rewritten as
[ [ 6 = [ 1vsPa, (24)
TN JTN ™
where z € H'(T%) is a weak solution to the equation
—Az=p in TV .

Thus the nonlocal term (2.4) is equivalent to the square of the H~'-norm of the measure y.
The following corollary is a simple consequence of the definition of local minimality.

Corollary 2.3. Let E be a regular local minimizer of J according to Definition 1.1.Then
PI(E)[e] >0 for all ¢ € HY(JE).

Before stating our main result, a further important remark is in order. If £ C TV is of class
C? and ®(x,t) = x + tne; for some n € R and some element e; of the canonical basis in RY, we
clearly have J(®(-,t)(E)) = J(E), by the translation invariance of J. Hence,

;ZJ(Et)|t_O = 9*J(E)nv] = 0.
In view of this it is convenient to introduce the subspace T(0F) C H L(OE) generated by the
functions v;, i = 1,..., N. Note that we can then write
HY(OE) = T+(0E) ® T(9E), (2.5)
where

T+ (9E) = {(p € H'(9E) : /

oE
is the orthogonal set, in the L2?-sense, to the space of infinitesimal translations T'(OF).
In view of this remark it is then natural to give the following definition.

cpuidHN_le,izl,...,N}

Definition 2.4. In the following we say that the functional J has positive second variation at the
critical set E if

D*J(E)[p] >0  forall p € H'(OF)\ T(0F)
or, equivalently, for all ¢ € T+(9F) \ {0}.

The first step in proving that a regular critical point with positive second variation is a local
minimizer is to consider the simpler situation when the boundary of the competing set F' can be
written as a graph of a W2P function over the boundary of E with a sufficiently small norm. The
precise statement is given by the next theorem.

Theorem 2.5. Let p > max{2, N —1} and let E be a regular critical set for J with positive second
variation. There exist 6 > 0, Cy > 0 such that

J(F) 2 J(E) + Co(d(B, F))*,
whenever F C TV satisifes |F| = |E| and OF = {z+(x)v(z) : € OE} for some ||¢|| w20y < 6.

We now briefly describe the strategy of the proof of this theorem. The idea is to construct
suitable volume-preserving flows connecting the critical set E to a given close competitor F' and
to analyze carefully the continuity properties of the quadratic form 92J along the flow (see The-
orem 2.6). A technical difficulty in this analysis comes from the translation invariance, since we
have to avoid the degenerate directions at all times. This issue is dealt with in Lemma 2.7, where
it is shown that given any set F sufficiently W?P-close to E, one can always find a translation of
F such that the function describing the boundary of the new set has small component in T+ (9F).
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Theorem 2.6. Let E C TV be a set of class C® and let p > N — 1. For all ¢ > 0 there exist
a tubular neighborhood N(OF) and two positive constants §, C with the following properties. If
Y € C?(OE) and ||[¢||w2ror) < 0 then there exists a field X € C? with div X =0 in N(9E) such
that

X —9Yvlr20r) < ell¥lli2 o) -

Moreover, the associated flow

O(z,0) =2, %—csz((I))

satisfies OF, = {x + ¢ (z)v : € OFE}, and for every t € [0,1]
[2(-,2) — Id[lw2w(om) < CllYllwarom) .

where Id denotes the identity map. If in addition E; has the same volume as E, then for every t
we have |E| = |E| and
X - vPrauht =0.
OE;

Next lemma says that when considering a sufficiently close competitor F' we may assume that
its translational component is as small as we wish. This property is crucial to ensure that the
flow connecting E to F provided by Theorem 2.6 has the additional property that E; has a small
translational component for all ¢ € (0,1).

Lemma 2.7. Let E C TV be of class C® and let p > N — 1. For any 6 > 0 there exist 1,
C > 0 such that if F C TV satisfies OF = {z + ¢ (z)v(z) : * € OE} for some ¢ € C*(IE) with
)l w2rom) < no, then there exist o € RN and ¢ € WP (JE) with the properties that

lo| < CllYllwzrom), lellw2roe) < ClYllwr o)

and
OF —o ={x+¢(x)v(x): z € OF}, ’/ evdHN T < dellzzom) -
OF

With Theorem 2.5 at hands the next step is to show that any W?P-local minimizer is in fact
an L!-local minimizer. This is done by a contradiction argument: we assume that there exists a
sequence Fj, of sets such that |Ej| = |E|, and E;, — E in L, but inequality (2.6) fails along the
sequence. Then, following an idea used in [9] for a two dimensional problem related to epitaxial
growth, we replace the sequence E} with a new sequence F} of minimizers of suitable penalized
problems, tailored in such a way that (2.6) still fails. Using regularity techniques we then show
that in fact the sets F}, have uniformly bounded curvatures and converge to E strongly in WP,
thus contradicting the W?2P-local minimality of E. A penalization approach via regularity has
been recently used also in [4] to prove the quantitative isoperimetric inequality in the Euclidean
case. However, our method is quite different and seems more suited to deal with local minimizers.
Note also that in the proof of the result below, the positivity of the second variation is only needed
to say that E is a W2P-local minimizer and no use of second variation whatsoever is made in the
proof. The local minimality result proved in [1] then reads as follows.

Theorem 2.8. Let E C TV be a regular critical set of J such that
0?J(E)[¢] >0 for all p € TH(OE) \ {0}.
Then, there exist §, C > 0 such that
J(F) > J(E)+C(d(E, F))? (2.6)
for all F C TV, with |F| = |E| and o(E, F) < 4.
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It is important to remark that Theorem 2.8, besides proving strict local minimality, contains
a quantitative estimate of the deviation from minimality for sets close to E in L!. This can be
viewed as a quantitative isoperimetric inequality for the nonlocal perimeter (1.2), in the spirit of
the recent results proved in [8], see also [7, 4]. Indeed, since our result holds also when v = 0, we
cover the important case of local minimizers of the area functional under periodicity conditions.

Corollary 2.9. Let E C TV be a regular set whose boundary has constant mean curvature and
such that
(|D-¢* = |Bop?¢®) dHN 1 >0 for all p € TH(OFE) \ {0}.
OF
Then, there exist §, C > 0 such that

Pyv(F) > Py (B) + Cla(E, F))?
for all F C TV, with |F| = |E| and o(E, F) < 6.

Previous related investigations were carried out by B. White [25], who proved that the strict
positivity of the second variation implies local minimality with respect to small L°°-perturbations.
His result was recently extended by F. Morgan and A. Ros in [13], where they show that strictly
stable constant mean curvature hypersurfaces are area minimizing with respect to small L'-
perturbations, up to dimension N = 7. Our corollary removes the restriction N < 7 and improves
their result in a quantitative fashion.

Note that Corollary 2.9 applied to the unit ball £ and with TV replaced by ¢T¥ for ¢ > 0
sufficiently large, yields the quantitative isoperimetric inequality in the standard Euclidean case
for bounded open sets F with small asymmetry index d(F, F'). This fact, in view of Lemma 5.1
in [8], implies the quantitative isoperimetric inequality for all sets, thus leading to an alternative
proof based on the second variation.

3. APPLICATIONS OF THE LOCAL MINIMALITY CRITERION AND FURTHER DEVELOPMENTS

A first application of Theorem 2.8 deals with lamellar configurations. To this aim, for a given
volume fraction m € (—1,1) we denote by uy, the one-strip lamellar configuration corresponding
to the set L :=TN=! x [0, 28] and by L, the collection of all sets which may be obtained from
L by translations and relabeling of coordinates.

Theorem 3.1. Assume that L is the unique, up to translations and relabeling of coordinates,
global minimizer of the periodic isoperimetric problem. Then the same set is also the unique global
minimizer of the non local functional (1.5), provided v is sufficiently small.

In the two-dimensional case it has been proved in [11] that if |m| < 1 — 2, then the lamellar
sets of £,,, are the unique global minimizers of the periodic isoperimetric problem in T?. Therefore,
from the above theorem one immediately gets the following result, first proved in [23].

Corollary 3.2. Let N = 2. Fiz any m such that |m| < 1—% . Then for small v > 0, any solution

of
1
min{quz(E) +~y/ |Vog[*dr: E CT? |E| = m;’}
T2

belongs to L, that is, it is lamellar.

The corollary above holds only for N = 2, where the minimality range of lamellar sets is
completely determined. For N = 3, to the best of our knowledge the global (with uniqueness)
minimality of £,, is known only in the case m = 0 (see [10]). In the following result we show the
result still holds for m sufficiently close to O.
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Theorem 3.3. There exists € > 0 such that if m € (—¢,€) the lamellar sets in L, are the unique
solutions to the corresponding periodic isoperimetric problem in T3.

As before we have the following corollary.

Corollary 3.4. Let N = 3. There exists mg > 0 and o such that for |m| < mg such that any
solution of

1
min{PTs(E) +7/ \Vog|?dz: E C T®, |E| = m;}
T3
belongs to L,,, provided that v < 7.

We also mention as a consequence of Theorem 2.8 that in any dimension and for any v > 0
lamellar configurations are local minimizers, provided that the number of strips is sufficiently large.
To this aim, given m € (—1,1) and an integer k > 1, we set Ly, := TN~! x Uk [I1 51 4 mad]
and denote by L,, ;. the collection of all sets which may be obtained from L; by translations and
relabeling of coordinates.

Proposition 3.5. Fizm € (—1,1) and vy > 0. Then there exists an integer ko such that for k > kg
all sets in Ly, are isolated local minimizers of (1.5), according to Definition 1.1.

We now state a result that links Theorem 2.8 with the existence of local minimizers for the
Ohta-Kawasaki energy (1.1). Fix m € (—1,1). We say that a function u € HY(TY) is an isolated
local minimizer for the functional £ with prescribed volume m, if fTN u dr = m and there exists
6 > 0 such that

E(u) < & (w) for all w € HY(TY) with /

wdr =m, 0<minllu—w(+7)|piry) <6,
TN 4

Since it is well-known that the functionals & only I'-converge in L' to the sharp interface energy
J, the L'-local minimality result proved in Theorem 2.8 allows to show:

Theorem 3.6. Let E be a reqular critical set for the functional J with positive second variation
and u = xg — xTv\g- Then there exist e9 > 0 and a family {uctece, of isolated local minimizers
of & with prescribed volume m = fTN wdx such that ue — u in L*(TN) as e — 0.

Note that it can be also shown that the radius ¢ in the local minimality condition is uniform
throughout the family {uc}.<., and depends only on the local minimality radius of the set E
appearing in Definition 1.1.

A variant of our result, which is important in the applications, is the Neumann problem. As
before we consider the functional

In(E) = Po(E) —|—'y/ Vs do (3.1)
Q
and the function
UE = XE — XQ\E > m:][ude,
Q
but the condition on vg is now

—Avg =ug—m in €

3.2
/vde:O, e _ o on . (3:2)
Q 8U

As in (1.4) we have
/ Vop|? dz = / / G, y)up (@)u(y) dedy
Q QJQ
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where G is the solution of

—A,G(z,y) =05 — \fll_| in Q

/G(x7y)dy:07 V,Gla.y) v(y) =0, ifyedn.
Q

As in the periodic case, if E is a sufficiently smooth (local) minimizer of the functional (3.1),
then it satisfies the Euler-Lagrange equation

Hop(z) + 4yvp(x) = A for all z € OENQ,

and moreover OE must meet 9 ortoghonally (if at all), see [3, Remark 2.8].

Note that, unlike in the periodic case, the functional Jy is not translation invariant, therefore
we don’t need to consider the distance d defined in (1.7). Provided that 0F does not meet 02,
the formula (2.1) for the second variation and the regularity result stated in Theorem 1.3 for the
periodic case still holds in the Neumann case, without any change in the proof (see [1, Section 6]).

If OFE N 9Q # (), the situation is more delicate. First, one has to ensure that the flow ®
associated to the vector field X : © — Q does not leave Q, secondly the formula for the second
variation is more complicate since it contains an extra integral on 0E N 0€2. On the other hand,
since the problem is not translation invariant, the spaces T(OE), T+(0E), and the decomposition
(2.5) are no longer needed. Therefore, we say that Jy has positive second variation at the critical
set E if

PIN(E)g] >0  forall p € HY(IE)\ {0},

where §%Jy is given in [12, Proposition 4.1]. The following result is contained in [12, Theorem 1.1].

Theorem 3.7. Let E C Q be a regular critical set with positive second variation. Then there exist
C, 6 > 0 such that

JIN(F) > JN(E)-i-C|EAF|27
for all F C Q, with |F| = |E| and |EAF| <.

We conclude by mentioning two interesting global minimality results. The first one is proved
in [14], and deals with thin rectangles Q. = (0,¢) x (0,1). Fix the mass constraint m = 0 and an
integer k and denote by Ej C . the lamellar configuration corresponding to k horizontal stripes
of equal length (see the precise definition given in [14, (3.5) and (3.6)]. Then, if

12k%(k — 1)2 12k%(k +1)2
k-1 S T 2k+1
for all sufficiently large integer j the lamellar configuration E} is the unique global minimizer of
Jy in Q;, with e; = 1/3.
The second result is proved in [5] where the authors consider the minimum problem

min{P(E) —l—’y/Q |Vug|?dr: ECQ,|E|= |Br|}7 (3.3)

where Q is a bounded open set in RY of class C?, vg is defined as in (3.2) and r > 0 is fixed.
Roughly speaking, they show that if the fixed mass is sufficiently small then the unique minimizer
of (3.3) is an almost spherical single droplet. Here we state some of the results proved therein.

Theorem 3.8. Let Q be a bounded open set with C? boundary. There exist dg,m9 > 0 such that
the following holds. Assume r < rg and

yr3llogr| < 8o if N=2 or ~yr® <8y if N>3.

Then, every minimizer E, of the problem (3.3) satisfies the following properties:
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(i) B, is a convex set and there exists z,, € Q and ¢, : SN =1 — R such that |¢||cr < VT3 and
OB, = {z, + (r+¢(y)y : ye SN}

(1i) E, is an ezxact ball if and only if the domain  is itself a ball, i.e., up to translations Q = Bgr
for some R > 0, in which case E, = B, is the unique minimizer.
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A coupled surface-bulk convection-diffusion
equations with an application to drop dynamics
with soluble surfactant

Kuan-Yu Chen* Ming-Chih Laif

1 Introduction

Many problems in biological, physical and material sciences involve solving
partial differential equations in complex domains or deformable interfaces.
In particular, the underlying material quantities in the bulk domain may
couple with the one in the interface through adsorption and desorption pro-
cesses. Meanwhile, the concentration of surface quantities might change
the physical behavior of the interface through the modifications of inter-
facial forces. For instance, surfactant molecules typically consisting of a
hydrophilic head and a hydrophobic tail may adsorb and desorb between
bulk fluids and the interface so that the interfacial tension can be reduced.
Meanwhile, this non-uniform distribution of surfactant molecules produce
extra force (Marangoni force) along the tangential direction to affect the
dynamics. In practice, the surfactant may be soluble only to some portion
of bulk domain enclosed by the interface where the interface and the soluble
region are evolving simultaneously. In order to simulate this problem, we
have to introduce two surfactant concentrations in the system; namely, the
surface concentration along the interface, and the volume concentration in
the bulk region. Thus, one need to solve a coupled system of surface-bulk
convection-diffusion equations [7, 12, 10].

Another example comes from cell biology applications where proteins
inside the cell can diffuse and bind to the membrane whereas membrane-
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bound proteins can dissociate and diffuse to the inner cytoplasm [8]. To
simulate this problem, one need to solve a coupled system of surface-volume
reaction-diffusion equations. Many other examples in physical and biolog-
ical systems that have the similar adsorption or desorption mechanisms in
the dynamics can be found in the reference [10]. In [4], we have successfully
developed a mass conservative scheme for convection-diffusion equation on
moving interface and applied to simulate the interfacial flows with insoluble
surfactant [4, 5, 6]. A recent work of Khatri and Tornberg [3] used segment
projection method to represent the interface and solve the surfactant equa-
tion. More up-to-dated numerical methods for solving Navier-Stokes flows
with insoluble surfactant can be found in [3] as well.

In this paper, we summarize our previous work to soluble surfactant case
published in [1]. However, as a very first step, we need to develop a numer-
ical scheme for solving coupled surface-bulk convection-diffusion equations.
There are at least three major numerical issues from our point of view. (1)
How to handle the adsorption and desorption between the interface and the
bulk accurately? (2) How to maintain the total surfactant mass conserved
during the evolution? (3) Since the surfactant might be soluble to only one
of buck fluid, how to avoid the surfactant being present in other bulk regions
via either convection or diffusion mechanism? Here, we formulate the cou-
pled surface-bulk convection-diffusion equations in the immersed boundary
framework so that the adsorption and desorption processes can be termed
as a singular source in the bulk equation. Moreover, by using the indica-
tor function, we can embed the bulk equation into the whole computational
domain so that regular Fulerian finite difference scheme can be applied with-
out handling the complicated moving irregular domain. We develop a new
conservative scheme for solving the coupled bulk-surface concentration equa-
tions which the total surfactant mass can be conserved exactly in discrete
sense. By introducing the indicator function and solving the bulk equation in
the regular computational domain, one can avoid evaluating the surfactant
flux across the interface due to adsorption and desorption processes.

2 A coupled surface-bulk concentration model

As in [10], we consider the same coupled bulk-surface material (or surfactant)
concentration model in which the adsorption and desorption can be occurred
on the moving deformable interface. Consider a domain €2 in R? and there
is an interface X, which is a simple closed curve immersed in 2. The interior
of the interface is €0y, and the exterior is €21 so that 2 = Qg U €1, see the



illustration of these domains in Figure 1. The interface is represented by a
Lagrangian form X (a,t),0 < o < L, where « is the Lagrangian material
coordinate attached to the interface which is not necessarily to be the arc-
length parameter. The unit tangent vector of the interface can be written
as T = % / %’; thus, the unit outward normal vector m pointing into
Q1 can be defined accordingly. In addition, the interface ¥ is moving with
a given velocity field w = (u,v) in ; that is,

0X (a,t

# =U(a,t) = / u(x,t)o(x — X(a,t)) dx, (1)

Q

where 6(x) = 0(x)d(y) is the two-dimensional Dirac delta function. We
use the above usual delta function formulation in the immersed boundary
method [9] to represent the interpolation of the velocity field into the in-
terface. Here we assume the velocity field is incompressible (V - w = 0) in
2 and no flow boundary condition (u -1 = 0) is imposed on 92 = 0.
Notice that, in later section, the velocity field can be obtained by solving
the Navier-Stokes equations.

Ql

Figure 1: Hlustration of domains.

It is assumed that the surfactant exists on the interface as a monolayer
and is adsorbed from or desorbed into the bulk fluid in ; that is, the
surfactant is soluble in the exterior bulk €); but not in the interior one



Qo. Therefore, we have to introduce two surfactant concentrations in the
system; namely, the surface concentration I'(«a, t) along the interface ¥, and
the bulk concentration C'(x,y,t) in the region ;. By taking the adsorption
and desorption of bulk surfactant into account, the dimensionless surface
concentration equation can be modified as

or 1
§+(V5-u)r_ Pes

V2T + (Sa/N)Cs(1 —T) — Syl (2)

where Vi = (I —n ®n)V and V2 = V, - V, are the surface gradient and
surface Laplacian operators, respectively. The dimensionless number Peg
is the surface Peclet number, S, and S; are the absorption and desorption
Stanton number, respectively, and A is the dimensionless adsorption depth.
Those parameters are defined as

Pey = UsR/Ds, Sq =ka/Uso, Sa=kaR/Us, X=To/(CooR)

where R,Uy, s, Cs are the reference values for the length, flow veloc-
ity, the surface and bulk concentration, and k., k4 are the absorption and
desorption coefficients. Cj is the bulk surfactant concentration adjacent to
the interface which can be defined later. The above non-dimensionalization
process can be found in [12, 7, 4]. Notice that, as in [4], the interface is
tracked in Lagrangian manner and the surface concentration is defined at
the material point, so the time derivative in Eq. (2) has the meaning of the
material derivative naturally.

The dimensionless bulk concentration in the exterior region ; [7, 10,
11, 12] can be written as

oC _ 1
- tu VO =5-VC (3)
1 dC oc
Pegn s = (Sa/N0:(1=T) =Sl Z~laa, =0, (4)

where Pe is the Peclet number, n is the unit normal vector on ¥ pointing
into €27 and m; is the unit outward normal to the boundary 021 = 9f).

Egs. (2)-(4) describe the present coupled surface-bulk concentration equa-
tions. Since the fluid is incompressible and no flow velocity boundary con-
dition is imposed on 9€)y, one can conclude that the total surfactant mass
(the surfactant mass on the interface ¥ and the mass in the bulk region
1) must be conserved. The conservation property can be proved easily as
follows.



3 Navier-Stokes flow with soluble surfactant

Consider an incompressible flow problem consisting of two-phase fluids in
a fixed two-dimensional square domain €2 = Qg U 1 where an interface X
separates {2y from §2; as illustrated in Figure 1. As in previous section, it
is assumed that the surfactant exists on the interface as a monolayer and is
adsorbed from or desorbed to the bulk fluid in €2;; that is, the surfactant
is soluble in the exterior bulk but not in the interior one. The interface is
contaminated by the surfactant so that the distribution of the surfactant
changes the surface tension accordingly. In order to formulate the problem
using the immersed boundary approach, we simply treat the interface as
an immersed boundary that exerts force to the fluids and moves with local
fluid velocity. For simplicity, we assume equal viscosity and density for both
fluids, and neglect the gravity. Certainly, the present Navier-Stokes solver
can be replaced by the one with different density and viscosity ratios.

As in [4], the non-dimensional Navier-Stokes flow in the usual immersed
boundary formulation can be written as

ou I f
o T VutVp = o Viud 5 o
V-u =

0,
Fla,t) = /EF(a,t) 5z — X (a, 1)) da, (1)

% —Ulat) = /Qu(w,t) 5z — X (o, t))dz, (8)
F(a,t) = %(J(a,t)‘r(a,t)), (9)

where u is the fluid velocity and p is the pressure. The dimensionless num-
bers are the Reynolds number (Re = pUxR/u) describing the ratio be-
tween the inertial force and the viscous force, and the Capillary number
(Ca = pUs/0s0) describing the strength of the surface tension. The pres-
ence of surfactant will reduce the surface tension of the interface by the
Langmuir equation of state

oc=1+FEln(1-T), (10)

where o is the surface tension, and El is the elasticity number measuring
the sensitivity of the surface tension to the surfactant concentration. Since
the surfactant is soluble in €2;, we need to solve the coupled surface-bulk
concentration equations (2)-(4) to close the system.



4 Numerical method

In the following, we describe how to march one time step for the solutions.
At the beginning of each time step, the interface position, the fluid velocity,
the surface and bulk concentrations must be given. The numerical algorithm
is as follows.

1. Compute the surface tension and unit tangent on the interface.

2. Distribute the interfacial force from the Lagrangian markers into the
fluid.

3. Solve the Navier-Stokes equations by the projection method.

4. Interpolate the new velocity on the fluid lattice points onto the marker
points and move the marker points to new positions.

5. Compute the indicator function.
6. Compute the surface surfactant concentration using the scheme in [4].
7. Compute the bulk surfactant concentration using the scheme in [1].

Note that, the detailed numerical implementation of first four steps is quite
standard in immersed boundary method and can be found in any related
literature. Here, we just use the same solver as in our previous work [4].
The last four steps are exactly the same four steps shown in [1].

5 Numerical result: A drop under shear flow

Figure 2 shows the evolutionary interface positions of clean (denoted by
dash-dotted line) and soluble surfactant (denoted by solid line) cases for a
drop under shear flow based on the results of grid number N = 256. The
clean drop bears no surfactant along the interface throughout the evolution
so no bulk and surface surfactant equations are needed to be solved and the
surface tension remains to be a constant ¢ = 1. (Note that, we use the clean
drop as a comparison simply because of zero initial surface concentration is
chosen in present setting.) Due to shear stresses, both drops will be elon-
gated and gradually aligned with the flow directions. For the soluble case,
the interface will start to absorb the bulk surfactant so the bulk concentra-
tion decreases while the surface concentration increases in the beginning, see
Figure 3 in detail. Later, both absorption and desorption processes become



more balanced so the bulk and surface concentrations become quite steady.
As expected, the largest surface concentration appears to occur at the drop
tips after the drop aligned with the flow. The drop with soluble surfactant
has smaller surface tension than the clean drop so the deformation tends to
be larger. One can see from Figure 2 that the clean drop approaches to a
steady state shape after T" = 9.0 while the soluble surfactant drop continues
to deform slightly afterwards. Our numerical results are physically reason-
able and qualitatively consistent with those obtained in other literature such
as in [11].
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Figure 2: The interface positions of clean (denoted by ”-.”) and soluble
(denoted by ”-") interfacial flows for a drop under shear flow.
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Figure 3: Left column: The evolutionary bulk concentration along y = 0
for soluble case. Right column: The evolutionary surface concentration for
soluble (denoted by ”-") case. The surface concentrations along the interface
are plotted in counter-clockwise direction starting from the point marked by
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On the 2 phase problem including the phase transition

Yoshihiro Shibata *

Main topic of my talk is a local well-posedness of the compressible and incompressible phase transition
problem with nearly flat interface in the maximal L,-L, framework. The plan of my talk is the following.
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1 Modeling

Following the J. Pruess idea in [5], we discuss the modeling of two phase problem. Let © be a domain
in the N dimensional Euclidean space RY (N > 2) with boundary I'g. Let Q_ be a subdomain of
with boundary I'.  We assume that I' = 9Q_ C Q and that To N T = (. Set O = Q —Q_. Let
v =& t) = (p1(&,t),...,on(&,t)) be a function defined on the closure of Q for each time variable
te (0,7), &= (&,...,€N) being the reference coordinate system. We assume that the map £ — ¢(&,t)
is one to one for each t € (0,T) T. Set (9,)(&,t) = v(z,t) with 2 = ¢(£,1). Set

Qe(t) ={z =) [£€ s}, TO)={z=9E1) T}, Tolt)={z=9e¢1)|{clo}

and Q(t) = Q_(t) UQ(t). Let nr(; be the unit outer normal to I'(¢) pointed from Q_(t) to () and
let np, () the unit outer normal to 'g(t). Set

[[v]] = v— — vy (the jump of v accross I'(t))

for any v defined on Q(t) Here and hereafter, we write v+ = v|g, (+). Moreover, given v+ defined on
Q4 (t), we define v by v(z) = v4(z) for x € QL (¢t). Let Hr = —divrnr be the mean curvature of T'(¢).

Remark 1. Let ¥ be a hypersurface in R defined by x = 1(#) with § € © c RN~!. The Laplace
Beltrami operator Ay, on X is defined by

1 ..
Asf = —0; 70,
sf \/g (\/.59 jf)
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Ohkubo 3-4-1 Shinjuku-ku, Tokyo 169-8555, Japan.
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Since this chapter is concerned with the modeling, we do not care the regularity of boundary and the map ¢. Moreover,
we do not mention any integrability of functions regorously. These are formulated mathematically in sections 2 and 3.



Here, f is a function defined on ¥ and 0;f = 0;(f o). Moreover, 7; = 0;%, g;5 = 7 - 75, G = (gsj),
g=detG, and G~! = (¢g¥). Let ny be the unit outer normal to ¥. We know that

\jgai(\/ggijq) = Hgng, (11)

Agiﬁ = HEIIE. (12)

In our modeling, the following well-known formula plays a fundamental role.

Reynolds transport theorem

d
— | fdr= | 6tfdx+/ [[f]lv - npy da+/ v -np ) do,
dt Jo at) r(t) To(t)

where do means the surface elements not only of I'(¢) but also of I'y(¢).
In fact, let J(&,t) be the Jacobian of the transformation: z = ¢(&,t). We have 9,J(&,t) =
(div zv)J(&,t), so that

d d .
fin =5 [ FQEDNIEOE = [ (OF +v- Vaf + (v v )I(E D) dE
dt Ja_ @ dt Jo_ a_
:/ {atf—l—divx(vf)}dx:/ O f dx + f(v-npy)do.
Q_(t) Q_(t) ()
Analogously,
d d .
at Jo,w T dt 24
:/ {6tf+divx(vf)}d:c:/ 6tfdx—/ f(v~np(t))da—|—/ f(v-np ) do.
Q4 (1) Q4 (1) I'(t) Lo (t)
Combining these formulas, we have the Reynolds transport theorem. O

In this orientation, we have

i|1“(t)| = — HFV~Ilde' (13)
dt F(t)

In fact,
d; det G = (det G)tr(GG™1) = 2(det G)g"7;7; = 2(det G)g" D).

Thus, recalling (1.1), we have
1 o
—— 0, det G do —/ ——2(det G)g*” 0,91 do
dt dt/ Vg do / t N ( ) J

/ 0.(/39" 7)1 db = / 0.(Vag"7;)b/gdo =~ | Hrv-nrdo.

T()
In the following, we use the following notation:
e p:Q(t) = Ry = [0,00) is the mass field,
Q(t) — RN the velocity field,
o m:Q(t) = R the pressure field,
2t) = {A € GLy(R) | TA = A} the stress tensor field,
e D= %(TVU +Vu): Q(t) = {A € GLy(R) | TA = A} the strain tensor field,



e 0:Q(t) — R, the thermal field,

e ¢:Q(t) = Ry the internal energy,

e q:Q(t) » RY the heat flux,
f

o f:Q(t) = RY the external force,
e 7 : Q) — R the heat supply.

For our modeling, we use the following Navier-Stokes-Fourier system of equations: for x € Q(t)

Orp + div (pu) =0 conservation of mass; (1.4)
Ot (pu) + div (pu ® u) — div T = pf conservation of momentum;
(1.5)

at(g|u|2 + pe) + div ((g|u|2 + pe)u) —div(Tu—q) = pf -u+ pr conservation of energy. (1.6)

Here, for any u = (u1,...,un), u® u is the N x N matrix whose (4, j) component is u;u;, and for any
w = (wi,...,wy) and N x N matrix valued function S = (5;;) their divergence divw and divS are
defined by
N N N
divw = Zajwj, divS = (Z 6j51j, ey ZajSNj).
j=1 j=1 j=1

From now on, we are concerend with the jump condition on I'(t) and boundary condition on T'g().
In the following we assume that v # u on I'(¢), but v = u on Ty(¢).
First, we consider the mass conservation:

: /
— pdx =0. 1.7

By (1.4) and the Reynolds transport theorem, we have

d
7 /. pdr= [  Opdr+ / [[pl]V - np(y) do + / pu - np ) do
Q(t) Q(t) INQ) To(t)

= —/ div (pu) dx‘f‘/ [[pl]v - nr() d0+/ pu-nr, ) do
Q(t) I'(t) To(t)

== [, o=l e o
Thus, to obtain (1.7), it is sufficient to assume that
[p(u—v)]] nrgy =0 onT(t). (1)
In this case, pa(uz — v) - np) = p1(wy — v) - np) on I'(¢), so that the phase flux j is defined by
J=p2(uz — V) -npy) = p1(u; —v) - npg). (1.9)
e When j =0, uy - np = u; - nr, namely [[u]] - nr = 0. This case is called without phase transition.
e When j # 0, [[p]] #0, i = Uy - 0pg) — V- 0y, i =uj - 0pg) — V- 0pg), so that

([u]] - np(y)

VD]

e When j # 0 and [[p]] = 0, j can not be decided by the velocity field u.

(1.10)



The case j # 0 is called with phase transition.
Next, we consider the conservation of momentum:

d

— pudr = / pf dx. (1.11)
dt Jo )

By (1.5) and the Reynolds transport theorem, we have

— pudr = Ot(pu) d;c—i—/
dt Jew ) r(t)

= / pof do — / div (pu ® u) dx + / div T dx + / [[pu]]v - npg) do + / (pu)u - np ) do
(t) a(t) Q) r(t) To(t)

[[pu]]v - ) do + / (pu)u - np ) do
To(t)

:/ pfd:vf/ (lpu® (u—v) — [T)nre da+/ Tnp, do.
a) r(e) To(t)

Thus, in order that % fQ(t) pudzx = 0 holds, it is sufficient to assume that

[[ru® (u—v)—T]npy =divrTr on I'(t), (1.12)
Tl’lpo(t) =0 on Fo(t) '

Here, Tr and T, are stress tensor fields on I'(¢) and T'g(t), respectively. We assume that divp,Tr, =0
on I'yg(t) and that divrTr = —oHrnp(, where o is a non-negative constant describing the coefficient
of surface tension.

We represent the interface condition (1.12) with the help of the phase flux as follows:

llou(u = v)lIne) = prus(ar = v) - npg) — pota(uz = v) - gy = 3[full
Moreover, by (1.4) we rewrite (1.5) as follows:

O(pu) + div (pu @ u) = u(dp + div (pu)) + p(dru+ u - Vu) = p(dyu + u - Vu).
Finally, we have

p(du+u-Vu) —divT = pf in Q(¢),

J[[u]] = [[Tnry)]] = —oHrnpyy  on I'(t), (1.13)
Tnr,;) =0 on Io(t).
Here and in the following, for any N-vector valued functions w = (wy,...,wy), z = (21,...,2n) and

scalor function f, we set w-V f = Zjvzl w;0; f and w-Vz is the NV vector function whose ¢ th component
isw-Vz;.

Next, we consider the balance of energy. We look for a sufficient condition to obtain the conservation
of energy:

i Bu2 e)dr + o = -u r) dx
dt(/ﬁ(t)(Q >+ pe) dz + o|T(t)]) /Q(t)(pf + pr) dz. (1.14)

By (1.6) and the Reynolds transport theorem, we have

d/ P2
— =|u|* + pe) dx
ity (G104

= / 5t(8|u|2 + pe) dx +/ [[B|u|2 + pel]v - nr do +/ (£|u|2 + pe)u - nr, ;) do
a2 re 2 To(t) 2

:/ (pf -u+ pr) dxf/ div(B|u|2 + pe)u) der/ div (Tu — q) dz
o) O 2 Q(1)

s [+ pellv mrgydo + [ (Sl 4 pe)umn, o
I'(t) To(t)

= -u+ pr)de — Plup? e)(u—v)— — -nr do —q) - np, ) do.
= o [ (Gl pe)u )~ (Tu )] nrgdot [ (Tu )y



On the other hand, by (1.3) we have

d
*(/ (B|U|2+p6)dx+a|F(t)|)—/ (pf -u+ pr)de
at"Jow) 2 Q)

=— / ([[(glul2 + pe)(u—v) — (Tu—q)]] - nry) + Hrv -npy ) do + / (Tu — q) - np, () do.
r(t) To(t)

Thus, in order to obtain (1.14), it is sufficient to assume that

[ uf? + pe)(a = v) = (Tu — )] nr + oHrv-nry =0 on I(1), (1.15)
(Tu—q) -npyr) =0 onLo(?).

Since Tnr, ) = 0 on I'y(t), we assume that q - np ) = 0 on I'g(t). Using (1.9) and (1.13), we have
5P = V)] nr) = S P = v) o) = 5 (w2 = v) - nrg)
= %|u1 B %(|u1 v 42wy v — [us — v - 2us V)
J J
= 5l = VPl = 2[[u]] - v) = S{lla = v + 5[] - v
[[lu= v+ [Tory])] - v — cHpv - npg

N~ DN

Since [[pe(u — v)]] - np(;) = j[[e]], the first equation of (1.15) becomes:

—oHrv nrg = S [[u = v+ [[TV]] - nr) — oHev - nrg) +le]] = [[Ta)] - npe) + [la]] - nrg)

D | —

Thus, we have

J5[“11 = VIl +lle]] = [[T(u = v)]] - nre) + [lal] - nre = 0.
Moreover, using (1.4) and (1.5), we rewrite (1.6) as follows:
Or(E 1l + pe) + div (5 [ul? + pe)u) — div (Tu — q)

1 1
= (§|u|2 +e)0p+ p(u-dpu+ Oe) + (§|u|2 + e)div (pu) + pu- (u- Vu+ Ve)
—(divT)-u—T:Vu+divg

= (%|u|2 +e)(Op 4+ div (pu)) +u- (p(Oru+u-Vu) —divT) + p(dte + u- Vu) — T : Vu + divq.

Here, we have set T : Vu = Zf\fj:l T;;0;u;. Thus, we have
p(Oe +u-Ve)+divg—T : Vu=pr.

Summing up, we have obtained

p(de+u-Ve)+divg—T:Vu=pr inQ(t),
lju = v[2]] +3{(e]] — [T(u — v)]] - nry + [[al] - nry =0 on T(), (1.16)

D | —

q-np,4) =0 on Io(t).

The interface condition is still not enough. To find one more condition, we consider the entropy. For
this purpose, we introduce

Constitutive Laws in the Phases




e Newton’s law: The stress tensor T is given by
T = 2u(p,0)D(u) + (A(p, 0) — p(p,0))divul — 71

Here, I is the N x N identity matrix, ;4 and A are in general C'* functions with respect to
(p,0) € (0,00) x (0,00) and we assume that

N-2
p>0, A= (1.17)

But, to prove local well-posedness, it suffices to assume that p > 0 and A > 0.
e Fourier’s law: The heat flux q is given by
q=—d(p,0)Ve. (1.18)
Here, d(p,0) is a positive C* function with respect to (p,8) € (0,00) x (0, 00).
e the first law of thermodynamics: For the internal energy e and the entropy 7 for the unit mass,

de = Odn + p%dp (1.19)

o If we define the free energy ¢ for the unit mass by

Y =e—0n, (1.20)

then, we have
dip = de — 6dn — nd§ = —ndd + —dp.
0

Thus,
oY T O
=% £, (1.21)
e specific heat: k, = g—z is obtained by
_de D o on 0%

We assume that e = e(p, ) and n(p, ) are C* functions with respect to (p,6) € (0,00) x (0, 00)
and that &, is a positive C*° function with respect to (p,6) € (0, 00) x (0, 00).

Next, we consider the law of entropy increase:

dd
>

— 1.2
dt =0 (1.23)

with entropy: & = fQ(t) pndz. By the first law of thermodynamics (1.19) and (1.4), we have

Oe de
677(8”7 +u-Vn)+ 67)(8#)4‘ u-Vp)

=60(0m+u-Vn) — %pdivu =6(0m+u-Vn) — %divu

Oie +u-Ve =

In addition, since
T : Vu = 2uD(u)* + (A — p)(divu)? — 7divu

by the first equation of (1.16) we have

p0 (9 +u - Vn) — div (dV80) — 2u/D(u)]* + (A — p)(divu)?) = pr.



On the other hand, we have
9(pn) + div (pnu) = n(0ep + div (pu)) + p(On +u - V) = p(Oim +u - Vn).

In the following, we assume that 6 > 0. Combining these two equations, we have
1
Or(pm) + div (pnu) = 2 {div (dV6) + 2uD(u)* + (A — p)(divu)? + pr}. (1.24)

When r = 0, we look for a sufficient condition to obtain (1.23). By the Reynolds transport theorem,
(1.24) and the divergence theorem of Gauss, we have

d d
— &= f/, pndx:/ 9 (pn) dw+/ [[on]lv - nrg, da+/ pna - np, ) do
dtdt Jog Q) r()

To(t)

= 7/ div (pnu) dx + / 1div (dV0) dx + / 2uDW)* + (A — p)(divu)?) dz
Q(t) o) 0 Q(t)

+/ [[on]]v - np@) d0+/ pnu - nr ) do
I'(t) To(t)

d
- /F(t)[[(pn)(u =)l - nrq do + /F(t)[[ove]] “np(y do + / %(dve “npy () do

To(t)

d VG 2
/ {(AVOF L au Dl + (- p(divw)?} d,
at
Thus, to obtain (1.23), first we have the following sufficient conditions:

[(pm) (o —v) ~ §96]) - mry =0 on T(0)

dve - npo(t) =0 on Fo (t)

(1.25)

Moreover,

N 2 N N N
(divu)? = (Z Biui)) = 3 (@) @5u;) < NS (9yu;)* = Ny Dyj(w) < ND(u)>.  (1.26)
=1 j=1 i=1

ij=1
Since A — 22241 > 0 as follows from (1.17), we have

2D + (A~ p)(divu)? > (2p A= p)fdiv)® = (A~ 2 p)diva)? > 0,

which is the reason why we need to assume that A > 224 in (1.17).
Next, assuming that [[#]] = 0 and using (1.9), we rewrlte the first condition of (1.25). We observe
that

0= [l(pm)(u—v) ~ 590 ‘mrg
(d1V01 — dgveg) . l’lp(t)

= (p1m)(u1 — v) - npg@) — (p2n2)(u2 — v) - ) — 7
= Ll (AT T 00 = Sl - [490] - o)
Thus, we have
(1] =0, [[on)] —[[dV]] - nru) =0 onI'(?) (1.27)

the second formula of which is called the Stefan law. In partlcular7 when j = 0, this is the usual jump
condition [[dV0]] - npy = 0 on I'(t).



Finally, assuming that j # 0 and [[p]] # 0, and using (1.27), we rewrite (1.16). Let 7; (i = 1,...,N—1)
be the tangent vectors of I'(t), and therefore we write u—v = ((u—v) -npg))npe) —l-zi]\;l((u—v) T Ti-

Using the orthogonality of {71,...,7n_1,np(;}, we have
N-1
u— v = (= v) nrl+ 3 - v) -l
i=1

We assume that

fa- 7)) = [[(a=v)-m]] = 0. (1:28)
Then, by (1.9) we have
[ ha = VP = 500 = v) mr ) = (0 = v) - npf? = [ = v) - nrg )
1.7\ J\2y J2 1
= 57 = () = Sl
which implies that .
Sl vl =2l

Since e = ¢ + 0n, we have [[e]] = [[¢]] + [[#n]]. Thus, using the Stefan law (1.27), we rewrite the jump
condition in (1.16) as follows:

= ¥l 511~ [ = )T+l +2{00]) 1]
=J3H§n — [[( = v)Tape]) + (]

Moreover, the second term is rewritten as follows:

N-1
[[(w = v)Tor)]] = [[(u=v) - nrg))nee Torg)]] + Z - 1) 7 Tap )]
i=1
= ((u1 = v) - np))nreg Tinpe) — (w2 — v) - np) )npe Tonpg)
N-1
+ Z (a1 —v)- Ti)TiTlnI‘(t) — ((u2 = v) - )7 Tanp)
i=1

By (1.9) we have

npp)Tinpyy — npe Tanpg)
P1 P2

)

((wy = v) -npy)nppTinpgy — (2 — V) - npgy )npg Tonpgy = )(
1
= J[[;Hr(t)THr(t)]].

On the other hand, by (1.13) and (1.28), we have

(w1 = v) - 7)7Tinpe) — (w2 — v) - 7)1 Tonpe) = (w1 —v) - 7)1 - [[Topg, ]
= (w —v) - 7)(7 - [[u]] — o Hr (7 - np))) = 0.
Here, we have used the formula [[u]] = [[u- np)]|]nre) which follows from (1.28).
Summing up, we have obtained
1

0=l + (i35

1
1= [[;nF(t)TnF(t)]])'



Since j # 0, finally we arrive at the condition:

(1)) + 21 5]] - [[%nm)an(t)H ~0 onT(). (1.20)

22
This is called the generalized Gibbs-Thomson law. _
Next, we calculate Vi := v - np(). By (1.9) we have v - np) = up - npgy — i. When j = 0, we have
[[u]] =0, so that v -npy) =u-n.

When j # 0 and [[p]] # 0 by (1.10) we have j = lere) o that

([1/p]]
VR =W g © o
=u;-n _ lw-npg —ux-npg =u;-n _P2(U1'nr(t)_u2'nr(t))
IR 1/p1—1/p2 e p2 — p1
_ p2u1 - Op) — P1Ul - Np) — P2U1 - Np(y) + P22 - Np(y)
P2 — pP1
_ [lpu]l - nrgry
[[o]]

Summing up, we have obtained
Vri=v-nprg =u-nrg  (=0),

[[pul] s Np() an
o () # 0 and [[p]] # 0).

Next, we consider the case where j # 0 and [[p]] = 0. In this case, [[u]] - np) = 0, which combined
with (1.28) furnishes that [[u]] = 0, so that (1.13) is written as follows:

(1.30)
VF =VoeNpg) =

[[Tnp(t)]] = O'le’lp(t) on F(t)

To derive (1.29), we assume that [[p]] # 0, so that we reconsider the second condition of (1.16). By
[[u]] =0, [[Ju —v[*]] = 0. By the Stefan law (1.27), we have j[e]] + [[q]] - np@) = j[[%]]. By (1.13) we

have [[Tnr)]] = o Hrop), so that
[[(u — V)Tnp(t)]] = (u1 — V) . Tlnp(t) - (UQ - V) . Tlnp(t) = (u1 - V) . [[Tnp(t)]] = (U1 - V) 'O'Hl'*nr(t)
(2
= l]fHF.
P1

Dividing the above formula by j # 0 and using (1.16), we have

g
[[¥]] — EHF =0. on I['(¢). (1.31)
Finally, using the facts % = Ky and Op + u - Vp = —pdiv u we rewrite (1.6) as follows:

pr+ 2uD))? + (A — p)(divu)?) — mdivu + div (dV6) = p(dse +u - Ve)

Oe Oe Oe Oe
= pr(0:0 +u- Vo) — ng;div u.

Thus, we have
PR (0:0 4+ 1 - VO) — div (dVO) — (2u|D(u)|? + (A — p)(divu)?) + (7 — pQg—Z)divu = pr. (1.32)

Summing up, we have the following Model equations:



Equations in Q(t)

Orp + div (pu) = 0,

p(Opu+u-Vu) —divT = pf, (1.33)
Py (010 +u - V) — div (dV0) — (2u/D(u)]* + (A — p)(divu)?) + (7 — p2g—;)divu = pr.
Boudary condition on I'y(t)
Tnpo(t) = 0, dve - npn(t) =0 on Fo(t). (134)

Interface condition on I'(¢).
e When j =0,
[[u]] =0, [[Tope]] =ocHropq,
[0]] =0, [[dVO-nry)] =0, (1.35)
VF =V np(t) =u- np(t).
e When j # 0 and [[p]] # 0,
1 1

Tare ([u]l =0, y[[u]] = [[Tnr]] = —oHrnrg),  [[¢] +J2[[272]] - H;nr(t)an(t)H =0,
[0]] =0, y[[6n]] —[[dVO - nr)]] =0,
. 1.36
Vo im v nrg = [[pu]] B (1.36)
[[p]]
L)y
[[1/p]]
Here, Tnp(,, W = W — (W np(y))nr() for any N vector w = (wy, ..., wy) (the tangential component
of w along np).
e When j # 0 and p = p; = p2 (constants),
[[u]] =0, [[Tnr]] = oHrnr),
[6]] =0, 5[[n)] —[[dV6 - nry]] =0, p[[¥]] - cHr =0, (1.37)
Vb=V nrg =u-nrg — j/p.
Remark 2. Assuming that Q_ = Q and Q, = ), we have the one phase problem. In this case, as

boundary conditions on I'g(t), we have

Tnpo(t) =oHr, nr), dve - nr,p) =0 on To(t).

2 Problem

In this talk, we consider the compressible-incompressible phase transition problem in RY with nearly
flat interface. Let ho(2’) be a function with respect to 2’ = (x1,...,2nx_1) and we set

Qr ={2=(21,...,an) €RY | £an > ho(z') for 2’ € RN 71},
I={zcRY |ay =h(z)) forz’ e RV}

In this case, 2 = RY and 'y = (). Let h(2’,t) be a unknown function and the time evolution of domains
Q. and the surface I' is given by

Qr(t) ={x = (21,...,25) ERN | £(zy — h(2/,t)) >0 for 2’ € RN "1}

2.1
I(t)={z eRY |2y = h(z',t) foraz’ e RN} 21)



In this case, npy) = (=V'h,1)/\/1 +|V'h[2.
We consider the following problem:

p+(Ouy +uy - Vuy) —DivTy =0, Opy +div(pyuy) =0 in Q. (2),
p+l<;+((9t9+ + U.+ . V9+) — le (d+V9+) — T+ . Vqu — pQ%diV U.+ = O in Q+(t), (2 2)
ps_(Opu_+u_-Vu_ )—DivT_ =0, divu_ =0 in Q_(t), '
Pu—bi— (00— +u_ -VO_) —div(d_VO_)—T_ :Vu_ =0 in Q_(t),
subject to the jump conditions: for z € I'(t) and ¢ > 0,
1
[[;]]Jznr — [[Tnr]] = —oHpnr, Tar @[] =0,
o0
o] = lldg 11 =0, (6] = 0,
Ly i g = _ llpv)l- (V' 1) 23)
[[¥)] + [[2p2]h [;or-Tnrl]]=0,  9:h= 0l :
, = lpullnr
12—

and the initial conditions:
Pili=0 = puy +por in Qp, (us,04)|i=0 = (o, 04 +0ox) in i, hli—o =ho on RV"1. (2.4)

Here, p.+ are positive constants describing the reference mass densities of Q0, 6, is a positive constant,
o is a positive constant describing the coefficient of the surface tension, T4 = S — w1 with

St =8Si(uy,pp,04)) = peD(uy) + (A — py)divul, S =8_(uf_)=p_D(u.),

and py = py(py,04), Ar = Ap(p+,0+) and p— = p_(0_) are viscosity coefficient. Several quantities
are derived from the specific free energy ¥+ = 14 (p,6) and ¥_ = ¥_(0) as follows:

e ¢ =14 + On4 the internal energy,

0
® 7L = —% the entropy,
62
o ki =—0 GZ; the heat capacity.

Here, 14 (0, p) is a real valued C* function with respect to (p,0) € (0,00) x (0,00) and ¥_(6) a real
valued C*° function with respect to 6 € (0,00). We assume that

k+(p,0) > 0 for any (p,0) € (0,00) x (0,00), K_(0) >0 for any 6 € (0, 00).
We also assume that 7 is given by my = Pi(p,0), where P, is some C* function with respect to

P.
(p,0) € (0,00) x (0,00) such that 38—+ > 0 for any (p,0) € (0,00) x (0,00). Finally, dy = di(p,0),

g = p1(p,0), Ay = Ai(p,0) are positive C* functions with respect to (p,8) € (0,00) x (0,00), and
d_ =d_(0) and p_ = p_(0) are positive C*° functions with respect to 6 € (0, 00).

I will talk about the local wellposedness of problem problem (2.2), (2.3) and (2.4). To state our main
result, we transform I'(¢) to the flat interface. Set

RY = {2z = (z1,...,2n) €RY | £2x >0}, RY ={zcRY |zy =0}.

We transfer the problem given in domains Q. () to that in RN = RYURY with interface RY. Let h(z',t)
be a function appearing in the definition of I'(¢) in (2.1). Let H(x,t) be a solution to the equations:



(1-A)H = 0in RY with H|,,—o = h(2',t), where AH = ZJ L 97H. To prove the local well-posedness,
we assume that hg is small enough, so that we may assume that
0 1 N
1+ —H(x,t) > = forany z € R" and ¢t € (0,7). (2.5)
81']\7 2
If we consider the transformation:
yn =zn + H(z,t), y;j=2; (j=1,...,N—1), (2.6)

then by (2.5) Q4 (¢) and T'(t) are transformed to RY
. Let uy, p4, m_ and 64 satisfy problem (2.2), (2.3) and (2.4).

ry =0 and g 8y” —1—|—(dH)(x t) >

and R, respectively, because yy = h(y',t) when

Set
ﬁi( ) - llj:(.’L‘/ TN +H(.’E t) )’ ﬁJr(mvt) = p+($/axN + H(l‘,t),t) = Px+
Fo(x,t) =m_(2',an + H(z,t),8) —ma, Os(2,t) = 0.(2',xn + H(z,t),1) — 0,
ot = P (Prts 0), Au = Ap (Pt 04), pram = p—(64),
Ryt = R (p*-i-a )a Ryx— = K- (9 )7 d*+ = d+(p*+79*)a d*— = d—(e*)7
fiy = pp(Pg + pass O +0.) = pg(pag, 02), fim = p_(O— +0.) — p—(0.),
A = Ap(py + pag, g +0.) — >\+(P*+7 x)s
H+ = Ky (Py + poss 04 +0) — Ky (puy, 0.), i =K (0- +0.,) — k_(0.),
Ay (py + pugs 05 +0.) — du(puy0), d=d_(0_ +0.) — d_(0.).
Setting Hy =0,H, H; =0;H (j =1,...,N), we have
(8tf)(.’17/,$1\[ + H(xat)7t) = 8tf<x7t) - 1 + 8Nf<:1j t)
(2.7)
A H .
(8jf)($/,xN+H($,t)7t):6]f(l',t)—1+ aNf(J) t) (]:lyaN)
In the following, we set
H; )
Kj:1+HN (jZO,]., .,N), I(Z(.Kvl,...,[(vj\[)7 KOZ(K(),K).
By (2.7) we have
10 0 K O 7r—
—QVﬁ'_ = : ’
0 0 1 Ky
0 0 /) \OnF-
and Q™! is given by
10 0 —-H 0 0 -H
Q= 1 : =I+Q; with @, = 5 5
00 1 —Hy_1 0 0 —Hy_
0 0 0 1+Hy 0 0 Hy
By (2.7) we have
divuy = divay + Ve (ﬁi, H)
S {divay — f_(4y, H)} = {divay — divf_(as, H)} 28)
11 Hy + — J- (4, 11 Hy + — (U4,



with

N N-1
Va (g, H) = =Y K;Oniis;,  f- (0, H) =Y (Hy0jis; — HiOntis;),
j=1 j=1
N-1
f (s, H) = —(Hytigs,. .., Hyiizy_1,— > Hjilg;).
=1

For any N x N matrix of functions G = (g1,...,8n), by (2.8) we have
DivG = DivG + Vpy, (G, H) (2.9)
with Vpiy (G, H) = (Vaiy (&1, H), . .., Vaiy (&, H)). Moreover, we set
Djj(ut) = Djj(0a+) 4+ Vp,, (ig, H), D(us) =D(41) + Vp(ay, H), (2.10)

where Vp, (G4, H) = —(K;Ont+;+K;0nt+;) and D(ty, H) is the N x N matrix whose (4, j) component
is VDU (ﬁi, H)

Under these preparations, we see easily that problem (2.2), (2.3) and (2.4) is transformed to the
following problem:

Op+ + Vi - Vpy + py(divay + Vaiw (0, H)) =0

prrOpiy —DivS, () =F, in RY x (0,7),
pasbisi Ol —di Ay = Fy

ps—Opi_ —DivS,_(0_)+ Va_ =F_

diva_ = f_ =divf_ in RY x (0,7),
p*,ﬁ*,até, — d*,Aé, = Fy_

pr=Din(0-)|- = py Din(04)|4 =G (i=1,...,N—1)
(Ha-DNN(G-) = 7)== (et D (04) + (Mt — pai)divag )|y — cA'H = Gy
(ps—Dnn(0-) =7 )= pay D (04) + (Mg — pay)divag )[4

=Gny1
. . P ) Pt on R x (0,7),
u,i|,—u+i|+:Ki (Z:].,...,N—l)
O_|_ —04]y =0, duyOnO_|_ —duiOnO). = Gy
,0*— A~ ,0*+ ~
ot~ (—P— i~ i)~ G
' Pae — Pat pae —pag T
pilimo = pro I RY,  (8s,04)|0 = (Gos,00+) mRY, Hlmo=H, onR) (2.11)
with
N
vy = (U4, A4 N-1,Uyn — Ko — ZKjﬁ+j)7
=t (2.12)

Sut(u) = py D(1) + (At — pug)divul, S, (u) = p,-D(u),
por (@) = por (2, wn + Ho(w)), Qo(x) = wos (@, wn + Ho()), Gox(x) = box(z', xn + Ho()).

Here, f|i(zg) = lim «—=o f(z) for o € R)". Moreover, the right-hand sides in (2.11) are defined by

z€Q4 (1)
the following formulas:

Fi =Fi(p4, 0y, H)
= —p+{00y — KoOnty + 0y - VO, — (0 - K)Onty }
+ P {KoOnty — 0y - Vg + (G4 - K)Oyty }



+Div {jiy (D(y) + Vp(y, H)) + (Ay — fiy)(div iy + Vi (a4, H))T}
+ Viy (A4 + 1) (D(84) + Vo (84, H)) + (A + Mg — (i + pay))(div ity + Vay (g, H))T)
+ 1y DIV VD (g, H) + (Mg — 1) VVaiy (0, H)} = QV Py (py + pay, 04 +6.),
Fyy = Foy (py, 0y, 01, H)
= —((p+ + Pt ) (R + Fat) = paghinq ) (0104 — KoOnOy + 10y - VO, — (04 - K)On04)
N
+ pu by (KoOnO1 — 0y - VO, + (04 - K)ONOy) + > 0;(dy (0,04 — K;0x04))
j=1
N R N R R R
—dur YO (K;0n01) + Y KON ((dy + det ) (9,04 — K;OND-))
j=1 j=1
+2(jig 4 1) (D) + Vi (a, )+ (A 4 Mg — (i + jay))(div iy + Vi (0, H))?
de
275+

Bp (P + pat, 01 +60.)) (div iy + Vayy (0, H)),

+ (P (pg + ot Oy +0.) = (g + pay)
F_—F_(a_,H)

e Qu(Bt — p DivD(a_)) — (I + Q1) ((Kodnt —ti_ - Vi + (i - K)dyi_)

+ (I + Q){Div (4-(D(4-) + Vp(a-, H)) + Vpiv ((fi- + p—)(DivD(a-) + Vp(a-, H)))},

N—-1
f=f-(0_,H) =) {Hn0ji_; — Hjoni_),
j=1
N—-1
f.=f (a_, H)=—(Hyi_1,..., Hyi_n_1,— Z Hji_j),
j=1

Fy_ =Fy_(a_,0_, H)
= —pu k(0,0 — KodnO_ +u0_-VO_ — (a_-K)dn0_)

N
+ p*_n*_(KOBNé_ —0_ - Vé_ + (ﬁ_ : K)@Né_) + Zaj(62+(8jé_ — KjaNé_))
N N =
—du_ Y 0;(K;ON0-) + > K;On((d- + du_)(9;0- — K;0n0-))
j=1 j=1
£ 2%+ pe)|(D(E) + Vip(a, D)2,
Gi= Gi(ﬁ-l—vﬁivH)
= —{i-(Din(0-) + Vp, (0, H))|- — fip (Din (04) + Vp, (0g, H)) |1}
- (M**VDiN(ﬁ*ﬂH”* - N*+VDiN(ﬁ+7H)|+)
N-1
+ > O H){(A + pe- ) (Dig(a-) + Vo, (6, H)) = = (g + e )(Dig (04) + Vi, (0, H)) |1 }

<.
=

=

ap (0;:H) (0 H){(fi— + po—)(Dij(0-) + Vi, (0-)) = = (g + past ) (Di(04) + Vi, (04))[ 4},
Gn = GnN(p4, 04, H)
= —{a-(Dnn(0-) + Vpyy(a-, H))|- = i+ (Dyn(04) + VD (04, H))|+}

- (/“’L*—VDNN (ﬁ—)|— - /’L*+VDNN(ﬁ+7H)‘+) - (5‘+ - /l-l-)(diVﬁ-‘r + Viiv (ﬁ-ﬁ-)H))‘-i-

+ (et = ) Vaie (g, H) |y = (Py(ps + pat, 04 + 04 — Py (per, 02)) |+



2

-1

+ ST O H) (e + ) Dy (00) + Vo, (0, H))|- = (i + 1 )(Diy (03) + Vi, (e, H)) 4

j=1

= 9,HoH

( 1+\V’H|2 )A/H_UZ (1 + |V'H[2)3/2

+
Q

1 1 -1
+( — ) (u_n|]- —usn|)?Q+ |VHP),
- p+\++p*+>( -~ wenl)?(1+ [V'HP?)
Gyi1=Gny1(py,0x,04, H)

1 1
= p 7(/1' DNN( )+VDNN( H))'— p+M*—VDNN(u—7H)‘

1 N N R . N N
b (D) + Vo (i, H)) + (A — i) (div it + Vi (e, H)))l ¢
P4t Pt
1

P+ + Pevt

1 1
+(A7— )u* Dyn(03) + My — pay )diva
o o e DN () (s = v )

1 . N 1
- (mp+(p+ + put, 04 +64) — P P+(P*+79*)>|+

N—-1
— > (@:H)( aH)(p (- + e ) (Dig(82) + Vip,, (i, H) )| - + |V HP (5 +7.)

1,7=1

(Pt VD (G H) 4 (Mg — pag)div g )[4

N-1

1 . . N
+ ”21 (0:H)(0; H)(m{(/hr + tat)(Dij (04) + Vi, (G, H)) |+

+ \VIH| {0+ A = (g A+ ) (v 8y + Vi (0, H)) 3 = P(py + par, 04 +0.)| 1}
+ Z (0:H) [

2 R . N
~ s U e )(Din () + Vo (0 )L

+ (-0 +0.) = (0.))] = = (V4 (P + pag, 04 +02) — ¥y (par, 0.)) |4
HIVHP (- (0= +0.)|- — ¥y (g + pas, 04 +0.)|1)
1,1 1 1 1 -1
F A VHP S ) (in] — )
(I VHPPS (= b o) (S s) el )
Ki = Ki(ts, H) = —(0:;H)(t-n |- — tyn|4),
Go = Go(py,0t, 01, H)
1 1 -1

=1+ |V'H (a_n|- —1 —_— X

(14 9 HP) (ol - = i) (- p+|++p*+)

((0— +0)n-(0— + 0.)|— — (04 + 004 (P+ + pst, 04 +0.)|4)

—(d_ (V- =Ky )| —d (VO —Knby)|y) - (-V'H,1)

+ (A V'O |- = dy V'04]4) - V'H + (de-OnO- |- — duy OnOy | )K - (=V'H, 1),
Gh = Gn(py,0x, H)

1 * ~ o4+ + * *

=p ( N s )quL—( P+ T Pt N s

TPyl ek — pee P — Py Pyt Pt = Pae Pt — Pre
N-1 N—-1

ﬁ+ +P*+ p*— ~
_ PP S 0 H )l + - (0, H)i_|_.
Pt Pat = Prt ; ! Ptl+ + pat — pac ; ! !

)(Din (0-) + Vi, (0, H))|-

>ﬁ+N\+




The phase flux j is eliminated by using the formula:

1 1
Ps—  Ptl+ + pst

—1
) VI+[VHE onRY x (0,7).

)= (ol = dsnl)(

Moreover, we use the formula:
Hrnpgy = {div'(vliH)}(—V’H D)/V1+VHE onRY x (0,7)
T F(f) 1 + |V/H|2 9 0 )
where V'H = (01 H,...,0ny_1H) and div'v’' = ZJ 1 Lo, jv; for v/ = (v1,...,un_1).
The following theorem is my main result concerning the local well-posedness of problem (2.11).

Theorem 1. Let 1 < p,q < oo with 2/p+ N/q < 1. Assume that p.+ and 0, satisfy the condition (77).
Then, given any positive time T, there exists an € > 0 such that problem (2.11) admits unique solutions

py, Ux and éi with
pr € Wy((0,7), Lg(RY)) N Lp((0, T), Wy (RY)),
(i, 01) € W, ((0,7), Lo(RE)) N Ly ((0,T), Wi (RE)),
H € W, ((0,T), Wg(RY)) N L,((0,T), W (R™))
provided that the smallness condition:
||ﬁ+||qu(R$) + ;t ||(ﬁ[7éf)”3§f;_l/p>(]l§év) + HHOHBS;”"(RN) <e€

and compatibility condition:

diva_g = f_(t_o, Hy) = divf_(a_o, Hy) inRY,
prx—=Din (8_0)| = = pag-Din (0p0) |4 = Gi(Pog, o, Ho) (i=1,...,N—1) onRy,
il —tGpily = Ki(ag, Hy) (i=1,...,N—1) onR},
éo ‘—_90+|+ 0 OnR(I)V7
Aoy OnOo— |- — durOnboy|s = GG(P0+»u0i, 90i,Ho) on RY,
1 1 . A
( - )(u*+DNN(uo+) + (Mg = pap)divioy )|+ = Grgr — Loy - 7 A'Hy onRY.
Px—  Pxt Px— Px—

Remark 3. (1) The mathematical study of the compressible and incompressible two phase problem
is quite few as far as the author knows. First Denisova [2] studied the evolution of the compressible
and incompressible two phase flow with sharp interface without phase transition under some restriction
on the viscosity coefficients. Recently, Kubo, Shibata and Soga [4] studied the same problem as in [2]
without any restriction on viscosity coefficients in case of without surface tension and without phase
transition. This abstract is the first manuscript to treat the compressible and incompressible two phase
problem with phase transition. The incompressible and incompressible two phase problem with phase
transition was studied by J. Pruess, Y. Shibata, S. Shimizu and G. Simonett [5, 6].

3 Maximal L,-L, regularity

In the following, we assume that N < ¢ < oo in view of the Sobolev imbedding theorem: |[v[|1_ (o) <
Cllvllwa o) with @ = RY and Q = RM. To solve problem (2.11), we use the maximal L,-L, regualrity
for the parabolic equations. From this point of view, we represent p; by the integration along the
characteristic curve generated by v, .

fTani [12] represented the mass density with the help of the velocity field to prove the local well-posedness of the
Navier-Stokes equations describing the compressible viscous fluid flow (cf. also [11, 13]). It was also suggested by J. Priiss
to the author to represnt o4 by Gy and H with the help of the equation of balance of mass when the author visited Halle
university in the early of April, 2014.



Let W, = (Wy1,...,Wy ) be the Lions extension to RY defined by

. ay(z,t) for zy > 0,
Wiz, t)=3 7 o (3.1)

3ay (2, —xn,t) — 204 (2, —2xN,1) for zy <0,
and in view of (2.12) we define v by v = (W041,...,04Nn-1,W+n — Ko —Z;V:l Kjwyj). Note that v =v

on Rf . We assume that
T
[ 1930l de < e (32)
0

with some small positive constant €; > 0. We use the usual fixed point argument to solve the nonlinear
problem and in this argument we keep the situation where Gy and H satisfy (3.2).
Let £ be the solution to the Cauchy problem:

S0 = V1.0, €0 =n € RY,

According to Strémer [10], we choose €; > 0 so small that the map: 7 — ¢ is bijective on RY for any
t € [0,T]. We denote its inverse map by 7 = 7(£,t). Setting J(n,t) = det(g—f]), we have 0,J(n,t) =

(divv)(&(n,t),t)J(n,t). We look for p satisfying the equation:
Oups +v - Vpy + py(diviwy + Vi (Wy, H)) =0 in RY x (0, 7).

Since

%(ﬁ+ (5(777 t)7 t)J(Th t)) = (8tﬁ+ + div (/3+‘A’))(§C(77a t)? t)J(na t) = 9(5(77’ t)> t)er (5(777 t)a t>J(n7 t)v
with g = divv — divwy — Vgiy (W4, H), we define p4(§,t) by

P (E,t) = (pay + Por ()T (1, 8) Vo 9(Em).s) ds (3.3)

with n = 7(&,t), where poy(n) is the same Lions extension of po;(€) to RY as in (3.1). Moreover, since

J satisfies the equation: 9;J(n,t) = (divv)(§(n,t),t)J(n,t) with J(n,0) = 1, we have
J(n,t) = eJo v VI(Em.s).s)ds
which is inserted into the formula of p in (3.3) furnishes finally that
p(6:t) = (P + oy () Ja AtV s DSl )0 (3.4)
with 7 = (€, 1).

Inserting the formula of 54 given in (3.4) into the right-hand sides: ¥y = F  (p4, 0+, H), Fyp =

F9+(ﬁ+7 ﬁﬂ:v é-i-?H)? G] = Gj(ﬁ-‘ra Uy, H) (] = ]-7 s 7N + 1) and Gy = Ge(ﬁ-‘rv ﬁﬂ:v 9:‘:7 H) in (2]‘1)7 we
have the interface problem for the parabolic equations. As the linearized problem, we have the decoupled
two systems. One is the Stokes equation with interface condition:

p*+8tu+ — Div S*+(u+) = f+ in Rf X (O7T)
pe_Opu_ —DivS, (u )+ Vr_ =f_, divu_ = fg, =divfy, inRY x(0,7) (3.5)

subject to the interface condition: for z € RY and ¢ € (0,7)

pe—Din(u-)|= = pug Din(uy)ly =g; (i=1,....N 1),
(He—Dnn(u-) = 7)== (s Dnn(uy) + (Mg — pug )divug )| — oA'H = gy,

1 .
(e—Dnn(u-) —m)|- = — (s Dnnv(ug) + (Mg — pag)divug )|+ = g1, (3.6)
Px— P+ .
u7i|*_u+i|+:hi (i:]-?"'aN_]-)a
O, H — <p*7_u_N _ ’)*7+U+N> —d
Px— = Pt Px— = Pt



and the initial condition:
ll:t‘t:() = Up+ n Rg, H|t:0 = HO in RN.
Another is the heat equations with interface condition:

p*+n*+8t9+ — d*+A9+ = f+ in R{\! X (07T>
Pe—bin_00_ —d,_AO_ = f_ inRY x (0,7)

subject to the interface condition: for x € R Ny and ¢ € (0, 7))
0-|- —0:]4+ =0, duiOnb_|- —diyOnOi|4 =7

and the initial condition:
Oti—o = 0o+ on RY.

Note that the interface condition (3.6) is equivalent to the following interface condition:

N**DiN(u*”* - M*JrDiN(qu)lJr = Gi (Z =1,....,N— 1),

(oD (us) = mo)| - = —F (G AH + gy = pusgnsn),
Px— = P+
. P
(et DN (ug) + (A — pag )divug )[4 = ﬁ(UAIH +gN — Px—gN+1),
x— — Mx4

U,i|,—U+i|+:hi (iZl,...,N—l),
0.H — (LQLN _ LUH\') —

Px— = Px+ Px— = Px+

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

We have the following theorem about the maximal L,-L, regularity for problem (3.5), (3.6), (3.7).

Theorem 2. Let1 <p,g< oo and 0 < T < co. Assume that p._ # p«t. Then, given right-hand sides

of (3.5) and (3.6)

fr € L,((0,7), Ly(RY)),  faw € Lp((0,T), WHRY)), fary € Wr((0,T), Lo(RY))
9i € Lp((0,T), W (RM) nW((0,T), W, "(RY)) (i=1,...,N+1),

hj € Lp((0,7), WZ2(RN) n W, ((0,T), Ly(RY)) (j=1,...,N—1), deL,((0,T),W;(R")),

and initial data up+ € ng_l/p) (RY) and Hy € BS,;UP(RN) satisfying the compatibility conditions:

divug_ = f_|t=0 = div faiy [t=0 in RY,
pe-Din (0o )|~ = pri Dine (o )|+ = gili=o  (i=1,...,N—=1) onRy,
(st DN N (To1) 4 (Mg — paq )div oy )| 4

Px+

= ﬁ(UA'Ho + gnli=0 — Ps—gN+1li=0) on RY,
x— = Mx+

uo_i\_—u0+i|+:hi\t:o (iZI,...,N—l) OTLR(I)V.

then, problem (3.5), (3.6), (3.7) admits unique solutions uy and H with

us € L, ((0,T), WZ(RY)) N W, ((0,T), Ly(RY)),
H € L,((0,T), W RN)) n W, ((0,T), W2 (RY))

possessing the estimates:

D el o, w2y + 100uell L, 0.0, Ly@} + 10cH L, 0.0,z + 1 H L, 0,0,w vy

l=%



< C’yt{Z(||110€HB§§p}fl/p>(RéV) el 2, 0,0, 2, @Y))) + 1 aiv |z, 0,0, w2 mY)

==+
N+1
v Uz 0.1 Loy + D (196l 0,0,wa vy + 10e9il 1 0,00, 1 zovy)
i=1

N—-1

+ > (Il 0. w2@vy) + 106511 Ly 009 Lo @) + Il 0.0y, w2 @) }
=1

<.

for any t € (0,T) with some positive constants C and 7y independent of t and T

And also, we have the following theorem about the maximal L,-L, regularity for problem (3.8), (3.9),
(3.10).

Theorem 3. Let 1 < p,q < 00 and 0 < T < co. Then, given right-hand sides of (3.8) and (3.9):
Fo € Ly((0, 1), L(RY)), g€ Ly((0,7), WLRN) N W(0,T), Wy (RY)
and initial data 01 for (3.8) satisfying the compatibility condition:
[60]] =0, d._Onbo-|- —diOnbor|y = dli=o on Ry,
problem (3.8) and (3.9) admits unique solutions 01 with
01 € Lp((0,T), WG (RY)) N W, ((0,T), Ly(RY))

satisfying the estimate:

> Al6el 1, 0.0, w2y + 1068el L, 0,00, 20}
=+

< Cvt{z(|\904||B§§;fl/p>(w) + ||JF€||L,,((o,t),Lq(R;V))) + 1912, (0,0,w2 @™y + 194l 1, (0,0, w2 wv))) }
—

for any t € (0,T) with some positive constants C and ~ independent of t and T.

Remark 4. The proof of Theorem 3 is found in [3], but we can prove it by using the same argument as
in the proof of Theorem 2.

4 ‘R-bounded solution operators

To prove Theorem 2, we consider the following generalized resolvent problem:
p*+)\u+ — Div S*+(u+) = f+ n Rif
ps_du_ —DivS, (u)+Vr_=f_, divu_ = fg, =divfy, inRY (4.1)
subject to the interface condition: for z € R}
pe—Din(u-)|= = pug Din(uy)ly =g; (i=1,....N—1),
(He—Dnn(u) = 7)== (s Dnn(uy) + (Mg — pug )divug )| — oA'H = gy,

L (g Dan(u) 7)) — —

(s D (uy) + (Mg — pap)divug )[4 = g,

P o (4.2)
u7i|*_u+i|+:hi (i:17~'~7N_1)7
\H — (LU_N _ '0*7‘*‘U+N> =d,

Pr— = Px+ Pr— = Px+t

which is corresponding to the time dependent problem (3.5), (3.6), (3.7).
Before stating the main result of this section, we first introduce the definition of R-boundedness and
the operator valued Fourier multiplier theorem due to Weis [14].



Definition 4.1. A family of operators 7 C L(X,Y) is called R-bounded on L£(X,Y), if there exist
constants C' > 0 and p € [1,00) such that for any n € N, {T;}7_, C T, {f;}}-; C X and sequences
{rj(u)}7_; of independent, symmetric, {1, 1}-valued random variables on [0, 1] there holds the inequal-

ity:
{ / 1Bl du)” < of [ Y )
Jj=1 j=1

The smallest such C'is called R-bound of 7, which is denoted by R, (x,y(7). Here and in the following,
L(X,Y) denotes the set of all bounded linear operators from X into Y.

Let D(R, X) and S(R, X) be the set of all X valued C* functions having compact supports and the
Schwartz space of rapidly decreasing X valued functions, respectively, while S'(R, X) = L(S(R, C), X).
Given M € Ly 10c(R\ {0}, X), we define the operator Ty : F~'D(R, X) — S'(R,Y) by

Tan¢=F ' [MFlg]l, (Fl¢] € D(R, X)), (4.3)
The following theorem is obtained by Weis [14].

Theorem 4. Let X and Y be two UMD Banach spaces and 1 < p < oo. Let M be a function in
CY(R\ {0}, L(X,Y)) such that

d

) M(r) | T eR\{0}) Sk <oo (£=0,1)

Rexy)y{(r

with some constant k. Then, the operator Tyy defined in (4.3) is extended to a bounded linear operator

from Ly(R, X) into L,(R,Y). Moreover, denoting this extension by Thr, we have
ITarller,@.x).L,@y) < Ck

for some positive constant C' depending on p, X and Y .

Remark 5. For the definition of UMD space, we refer to a book due to Amann [1]. For 1 < ¢ < oo,
Lebesgue space L,(£2) and Sobolev space W () are both UMD spaces.

Theorem 5. Let 1 < g < o0 and 0 < e <m/2. Set

e={A=v+ir € C\{0} | |arg\| <7 —€}, e, ={NEZc||A > X} (Mo >0),
Xg={(E,f_, faiv faiv .8 0, d) | £ € Ly(RY), £ fuiy € Ly(RY), faiv € W;(RN%
g=(g1,.--.gn+1) € W}(RYN), h=(hy,....hy_1) € WZ(RY), de WZ(R")},
Xy=A{F = (Fy1,F-1,F 5, F 5., F 4, F\,Fy,F3,Fy, F5, Fg) | Fy1 € Ly(RY),
F 3, F_3,F_y € Ly(RY), Fy,Fy, F3,Fy, F5 € Ly(RY), Fg € W2(RV)}.
Then, there exist a constant Ao > 0 and operator families A+(\) € Hol (S¢ ., L(Xq, W2(RY))), P_ €
Hol(Zeon,ﬁ(Xq,W;(R]f))), H(A) € Hol (S x,, L(Xg, W2(RN))) such that for any X € B, and F =

(fy,f_, faiv,faiv, 8, h,d) € Xy, ugr = AL (VNFy, 7— = P_(A)Fy and H = H(N)F, are unique solutions
of problem (4.1) and (4.2) and we have

RL‘(X,I,LQ(Rg))({(TaT)eGiAi(A) [AEDen}) <c (£=0,1),
Rc(xq,Lq(Rg))({(Tar)evp—()\) [AEZcn}) <c (£=0,1),
Ra(xq,wg(Rg))({(Tar)eG?\fH(A) [ ANEXen})<c (£=0,1)

with some constant c. Here, GX AL (\) = (AAL(N),\V2VAL(N), VEZAL(N)), GZH(A) = (AH(N), VH(N)),
FA = (F+7 F77 )\1/2fdiv ) vfcliv ) )\fdiv ) A1/2g7 vga )‘hv )‘1/2Vh7 v2h7 d)7 qu (RN) = {7‘[‘7 S Lq,lOC(RN) |

Vr_ € Ly(RM)}, and Hol (U, X) denotes the set of all holomorphic functions defined on U with their
values in X.



5 Sketch of proof of Theorem 2 with the help of R bounded
solution operators

In this section, we consider problem (3.5), (3.6) and (3.7). First, we construct vy and h such that
o vi € W, ((0,00), Ly(RY)) N Ly((0, 00), WE(RE)), h € W ((0,00), WZ(RY)) N Ly((0, 00), Wi (RY));
[ ] Vi|t:0 = Uo+ in Ri’, ]’L|t:0 = HQ in RN;

hd HViHLP((o,m),qu(Rg)) + ||3tVi||Lp((o,oc),Lq(Rg)) < C||u0i||B§§;—1/p>(R¥)7

1Rll 2, 0,00 W @) + [106hl] L, (0,000 w2 @) < CllHox | ga=1rm gy

Using vy and h, we transfer problem (3.5), (3.6) and (3.7) to the case where ugx = 0 and Hy =
Moreover, by the compatibility condition, we may assume that faiy [t=0 = 0, gilt=0 =0 (¢t =1,..., N+
hi|t:0 =0 (’L =1,...,N — 1) and ocA’Hy +9N‘t:0 - P*79N+1|t:0 =0.

Let £ and £7! be the Laplace transform with respect to ¢ and its inverse transform. The operator
A}/ ? is defined by

0.
1),

A2f =L NY2LIf]] with A =5 +ir.

Second, we consider the zero initial data case. The right members: fi, faiv, faiv, gi, h; and d are
extended by 0 with respect to t to (—o0,0) and we denote such zero extension by fio, faivo, faivo,
go = (9105 ---,9N+10), ho = (h10,-..,hn—10) and dy. Applying the Laplace transform, we have

pep My — DivS, () = fio in RY
pe_Na_ —DivS,_(0_)+ Va_ =f, diva_ = favo =divfyee in RY (5.1)

subject to the interface condition: for z € R}

pa—Din (0-)|- — M*+DiN(f1+)|+ =g (i=1,...,N-1),
(e DN (0-) = 7)== (pay Dn (1) + (Mg — prag )divag) | — 0 A'H = o,

1 (] kal ]' A~ . A~ ~
(pe-Dnn(0-) =7 )| = (e DN (0p) + (Mg = pag)div g )4 = g0, (5.2)
Px— P+ .
G| — Gl =hio (i=1,...,N—1),
N — (p*ifﬁiN _ p*iJrﬁJrN) — do.
Pr— = Px+ Pr— = Px+

By Theorem 5, we have t1x(\) = A+ (\)FS, 7_(\) = P_(A)FQ and H(\) = H(\)FY, where
F = (fr0. fo—. A2 faiv 0, Vfaiv o, Maivo, A2 80, V8o, Ao, /2 Vhy, VZho, do).

We set us(-,t) = L7 oL, N)](®), 7_(,t) = L7 #7_(-,A)] and H(-,t) = L~'[H(-,\)](t). Note that
(0n A2V, V2 uy = £1[Gas (V1) Vo = LYV (- \))(¢) and (9, V)H = LU GRH(,N)](1).
By Theorem 5 and Theorem 4, we have

DNl (Brae, APV ag, Vi)l s, @y + 1€V T L .z @) + €7 (O H, VH) | 1wz @)
—
< C{”eﬂ/thrOHLp(R,Lq(Ri’)) + e ol L, &, £, &3y + 1€ (ALY faivo, V faivo) |z, (L, &)

N1
+ e Ofaivollz, .o, @y + D 1€ (AY?gj0, Vgjo)llz, @z, @n))
J=1
N-1
+ Z €7 (Dehjo, A2V hjo, V2hijo) |l 1, 2.1, (mY) + €7 doll L., &, w2 (e ) }-
j=1



for any v > 7o with some constants vo > 0 and C > 0. And, f1g, faivo, faivo, gjo, hjo and do vanish for
t < 0, so that we can show that uy, 7_ and H also vanish for t < 0. Moreover, we use the following
facts:

Culle™ (D f, A2V £,V° DL, @.La)) < 1€ 00 |1y & Ly + €7 FllL, w2 ()
< Colle (O f, APV 1,2 D)l mory (9

€7 AY2 Flly @ Loy < CLIE SN L wt vy + €7 FllL, @ws @y}

with some positive constants C;, Coy and C, where Q = RY and Q@ = RY. In this way, we can prove
Theorem 2 for T'= co. When T is finite, we use the cut-off procedure with respect to time variable.
The detailed proof concerning the incompressible one phase problem is found in Shibata [7, 8, 9].
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Quasi-convex Hamilton-Jacobi equations
on networks
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Abstract

In this talk, I will present results obtained in collaboration with Régis
Monneau in [3]. They are concerned with Hamilton-Jacobi equations on
networks. The Hamiltonians are quasi-convex with respect to the gradient
variable and can be discontinuous with respect to the space variable at
vertices of the network. We explain how general jonction conditions re-
duce, in this setting, to jonction conditions of optimal control type and we
prove a general comparison principle between sub-linear sub- and super-
solutions.

Keywords: Hamilton-Jacobi equations, networks, quasi-convex Hamiltoni-
ans, discontinuous Hamiltonians, flux-limited solutions, comparison principle,
vertex test function, optimal control, discontinuous running cost.

1 The simplest network: a junction

The simplest network is made of one vertex and a finite number of infinite edges;
it is referred to as a junction. For the sake of clarity, Hamiltonians are assumed
to be constant with respect to the space variable on each edge.

A junction can be viewed as the set of N distinct copies (N > 1) of the half-
line which are glued at the origin. For ¢ = 1, ..., N, each branch J; is assumed
to be isometric to [0, +00) and

J= |J i with JinJ;={0} for i#j (1.1)
N

i=1,...,
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where the origin 0 is called the junction point. For points z,y € J, d(z,y)
denotes the geodesic distance on J defined as

d(z,y) = |z — y| if ¢,y belong to the same branch,
Y || + |y| if 2,y belong to different branches.

For a smooth real-valued function u defined on J, d;u(z) denotes the (spatial)
derivative of u at x € J; and the “gradient” of u is defined as follows,

wo(z) = {&u(z) if xeJri=J;\ {0}

(81u(0), ..., Onu(0))  if z=0. (1.2)

With such a notation in hand, we consider the following Hamilton-Jacobi equa-
tion on the junction J

us + Hi(ug) =0 for ¢ e (0,+00) and x € Jf, (1.3)
us + Fug) =0 for ¢e(0,+00) and =0 '
subject to the initial condition
u(0,2) = up(x) for z€J. (1.4)

Structure condition on the Hamiltonians: there exist numbers p! € R such
that for each i =1,..., N,

(Continuity) H; € C(R)

. . H; nonincreasing in (—oo, pY|
(Quasi-convexity) { H; nondecreasing in [p, +00) (1.5)
(Coercivity) limy g 4o Hi(q) = +o0.

Condition on the junction function F : RN — R:
F' is continuous and non-increasing with respect to all variables. (1.6)

2 Relevant junction conditions

Given a fluz limiter A € RU {—o0}, the A-limited flux through the junction
point is defined for p = (p1,...,pn) as

1=1,..

Fat) =max (4, w7 () ) (2.1)

for some given A € RU{—oo} where H; is the nonincreasing part of H; defined
by

Hi(p7) if q>pf.
We now counsider the following important special case of (1.3),

us + Hi(ugz) =0 for ¢t € (0,+00) and x € J7,
u + Fa(uy) =0 for ¢ e (0,+00) and 1z =0.

H-(g) = {Hi(Q) if ¢ <p?,

(2.2)



3 Main results

Theorem 3.1 (Comparison principle on a junction). Assume that the Hamil-
tonians satisfy (1.5), the junction function satisfies (1.6) and that the initial
datum ug s uniformly continuous. Then for all (relazed) sub-solution u and
(relazed) super-solution v of (1.3)-(1.4) satisfying for some T > 0 and Cr > 0
that for all (t,x) € [0,T) x J,

u(t,r) < Cr(1+d(0,z)), wv(t,z)>—Cr(l+d(0,x)),

we have
u<v in [0,T)xJ.

Theorem 3.2 (General junction conditions reduce to flux-limited ones). As-
sume that the Hamiltonians satisfy (1.5) and that the junction function satisfies
(1.6) and that the initial datum g is uniformly continuous. Then there exists
Ar € R such that any relazed viscosity solution of (1.3) is in fact a viscosity
solution of (2.2) with A = Ap.

Theorem 3.3 (Existence and uniqueness on a junction). Assume that the
Hamiltonians satisfy (1.5), that F satisfies (1.6) and that the initial datum ug
is uniformly continuous. Then there exists a unique (relaxed) viscosity solution
w of (1.3), (1.4) such that for every T > 0, there exists a constant Ct > 0 such
that

lu(t,x) —up(x)| < Cp  forall (t,x)€[0,T) x J.

4 Related works and perspectives

The general theory developed in [3] opens many perspectives and will be further
developed in forthcoming works.

For example, with such a comparison principle at our disposal, it is now
possible to get various homogenization results. A first one is described in [3]
about a periodic equation posed on a network generated by €Z¢. A second one
was obtained even more recently in [2]. An example of applications of this result
is the case where a periodic Hamiltonian H(z,p) is perturbed by a compactly
supported function of the space variable f(z), say. Such a situation is considered
in lectures by Lions at College de France [4] Rescaling the solution, the expected
effective Hamilton-Jacobi equation is supplemented with a junction condition
which keeps memory of the compact perturbation.

We would also like to mention that the extension of our results to a higher
dimensional setting (in the spirit of [1]) is now reachable for quasi-convex Hamil-
tonians and will be achieved soon in a future work.
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1. INTRODUCTION

The talk is based on the results in [14] of the recent collaboration with Hung V. Tran.
We consider the Dirichlet problem for the weakly coupled systems of the infinity Laplace
equations:

—Aooui+Zcij(ui—uj):O inUfori=1,...,m (1.1)
j=1 '

U = g on 9U fori=1,...,m,

where U is a bounded domain with a smooth boundary in R", and (c;;)7%—, is a given
constant matrix which describes the generator of an irreducible continuous-time Markov
chain with m states satisfying

c;j > 0fori#j, and Zc,-j =0,
j=1

and g; € C'(0U) are given functions for i = 1,...,m. Here u; are unknown functions and
the operator A, is the so-called game infinity Laplacian, i.e., for a smooth function f,

AL f i Z(DFODIDY) | Nl forSas o
o IDfJ? N DfE

The study of the infinity Laplacian began with pioneer works by Aronsson [2, 3] to un-
derstand a so-called absolutely minimizing Lipschitz function. More precisely, the equa-
tion arises in the L*° calculus of variations as the Euler-Lagrange equation for properly
interpreted minimizers of all of energy functionals u — | Du| g~ for all open sets
V C U. Aronsson achieved existence results and pointed out that we cannot expect the
classical solutions in general. However, he could not prove uniqueness and stability re-
sults. It turned out that the theory of viscosity solution is an appropriate instrument for
the study of infinity Laplacian. Jensen [11] gave fundamental results on the comparison
principle and hence uniqueness of the single infinity Laplace equation in the viscosity
solution sense, and generated considerable interest in the theory. Nowadays, there are a
great number of works related to the infinity Laplace equation.

In the talk, I present (i) Derivation, (ii) Characterization of solutions by comparison
with “generalized cones” for systems. If time permitted, I want to discuss the application
of comparison with “generalized cones”, which is a property of blow up limits.



2. DERIVATION

Peres, Schramm, Sheffield, and Wilson [15] showed that the infinity Laplace equation
arises in the study of certain two-player, zero-sum stochastic games. They introduced a
random-turn game called e-tug-of-war, in which two players try to move a token in an
open set U toward a favorable spot on the boundary 0U corresponding to a given payoff
function g on OU. Inspired by this work, we derive the system of the infinity Laplace
equation (1.1).

Let U C R" be a bounded domain with smooth boundary, which is the place where the
game is played by two persons, player I and player II. Suppose that there are m modes:
mode 1, ..., mode m, and m corresponding the number of given functions g; € C(9U)
fort: =1,...,m. We call g; the payoff function on the boundary of U corresponding to
mode i for 1 <7 < m. We consider the following two-player, zero-sum game.

Fix a number ¢ > 0, a token zp := = € U, and a mode my := i € {1,...,m}.
Suppose that both players start the game at position g = x and mode my = 7, and
have the same position and mode all the time. At each time step t; := €%k for k € N,
the players toss a fair coin and the winner of the toss is allowed to choose a next token
rp € B(xp_1,¢) NU, and the mode is switched from m;_; to mode my, = j for any j €
{1,...,m} with the probability which is determined by a piecewise-deterministic Markov
process introduced by Davis [8]. The change from modes to modes with the starting point
mo = ¢ is determined by a continuous-time Markov chain on [0,00): v(0) = i, and for
As > 0,

P(v(s+ As)=j|v(s) =1i) = %As +0(As) as As — 0 for i # 7, (2.1)
where o : [0,00) — [0,00) is a function satisfying o(r)/r — 0 as r — 0. After k steps,
if ;, € U then the game moves to step k + 1. Otherwise, if x;, € OU then the game
ends and player II pays the payoff g,,, () to player I as they are at mode my = v(t).
Notice that the change of modes is determined solely by the Markov chain (2.1), and is
not determined by the two players. In particular, v(¢;) can take any value in {1,...,m}
with probability determined by (2.1). The expected payoff is

Ei [go(u,) ()]

A strategy for a player is a way of choosing the players’ next move as a function of
all previous information (played moves, all known coin tosses and known states.) It is a
map from the set of partially played games to moves (or in the case of a random strategy,
a probability distribution on moves.) Usually, one would think of a good strategy as
being Markovian, i.e., as a map from the current state to the next move. However, in
some settings, it is also useful to allow more general strategies that take into account the
history.

We consider the value which the players get. Of course player I wants to maximize the
expected payoff, while player II wants to minimize it in this tug-of-war game. Let S; and
Str be the strategies of player I and player II, respectively, and then we define the cost
functions by

JE(S 1)) = {

where x and ¢ are the starting point and mode of the game. The value of the game for
player I is then defined as

Es, s, E; [gy(tk)(xk)] if the game terminates with probability one,
—00 otherwise,

ufl(x) = sup isnf J(Sr, Sir)(z).
S; OII



In the talk, I show that the limit of u5” as & — 0 satisfies the system (1.1).

3. CHARACTERIZATION OF SOLUTIONS

Henceforth we only consider the simple system with two equations and we assume
cig=cip=1,c11 =cop = —1.
For the single infinite Laplace equation

—Au=0 inU, (3.1)

Crandall, Evans and Gariepy [7] realized that comparison with cones characterizes subso-
lutions and supersolutions of (3.1), and nowadays it is well-known that this plays impor-
tant roles in the establishment of regularity results of solutions of (3.1). See [16, 9, 10].
In this section, we derive “generalized cones” for systems and establish comparison with
“generalized cones”.

We first present one way to find the class of particular solutions of (3.1), and that
cones are solutions of (3.1) everywhere except the vertices. Let us find radially symmetric
solution u of (3.1), i.e.

u(z) = n(|z]),
where 7 : [0,00) — R is some smooth function. We calculate, for z # 0,
x
Du(z) = n'(Jz]) - 7—
]

®x r@axy 1
D2 — 'I / <[__>_
) =" (al)- o el) - (1= ) o
Plug these into (3.1) to get that
_77”<7') = 07
which implies that n(r) = ar + b for any a,b € R. From these calculations, we establish
that the cones
w(z) = alx — x| +b for any xy € R", and a,b € R (3.2)

are solutions of (3.1) in U \ {zo}.
Following the idea above, we first find particular solutions of (1.1) in the form of cones’
like. We consider u; radially symmetric of the form

i) = ni(|z)),
where 7; : [0,00) — R are smooth functions for i = 1,2. Assume that (u,us) is a solution
of (1.1) in R™ \ {0}. Then (1, 72) satisfies

—7]{"‘7]1_772:0 in (O,OO>7 (3 3)
-y +n—m =0 in (0, 00). |

Solving this system of ordinary differential equations with arbitrary initial data at 0, we
get that, for s > 0,

ne(s) = —CyeV? — Coe V25 4+ as + b,

where C', (s, a,b are arbitrary constants.
We can then easily check that the pair (¢1,1) defined by

P (x) == CreY?r=mol 4 Che=V2e—wol 1 gl — 20| 4 b,
Po(x) := —CheVe—rol _ Che V2wl 4 g|z — g0| + b,

{m(s> = CheV® 4 CoeV® tas + b,

(3.4)



is a solution of (1.1) in R™\ {z(} for any zo € R", C},Cs, a,b € R. We call (¢1,5) a pair
of “generalized cones”.

We introduce the notion of comparison with “generalized cones” following the single
case.

Definition 1 (Comparison with “Generalized Cones”). (i) 4 pair (u,us) € C(U)? enjoys
comparison with “generalized cones” from above in U if (uy,us) satisfies that for any
xg € U and r > 0 such that B(zg,r) C U,

if u; < by on OB(wo,7) U {xo} fori=1,2, then u; < ; on B(xg,7) fori=1,2,
for any choices of Cy,Cy,a,b € R.

(ii) A pair (uy,uz) € C(U)?* enjoys comparison with “generalized cones” from below in U
if (uy,us) satisfies that for any xo € U and r > 0 such that B(xg,r) C U,

if u; > 1y on OB(wo,7) U {xo} fori=1,2, then u; > ; on B(xg,7) fori=1,2,
for any choices of Cy,Cy,a,b € R.

In the case of the single equation (3.1), to characterize subsolutions by using comparison
with cone, one could choose in (3.2)
Maxi, o= w(y) — u(z
a = ly—ol (y) ( 0)7 b= U(l‘o)
r
For comparison with “generalized cones” for systems, we need to appropriately choose
C1,Cy,a,b in (3.4). In order to do so, we introduce the following notations. For zy € U,

r > 0 such that B(zg,r) C U, we set

M;(xo,7) := max wu;(y),

ly—zo|=r
= (ur(mo) — UQ(IO))G*\@" M (zg, 1) — Ms(xo,7)
Cl (x()’ T) = 2(6\/§T _ 6—\/57") 2<e\ﬁr _ e—ﬁr) ’
C ( ) — (ul(xo) - U2(950))€\/§r _ Ml(xoﬂ“) - Mz(l‘oﬂ’)
2010 2(eV2r — e=V2r) eVl — Vo)
a(xg,r) = My (o, 1) + Ma(wo, 1) — (w1 (o) + 142(5’70))7

2r

b(xg) == (o) —guz(ﬁo)'

Here is one of the main theorems of [14]:

Theorem 3.1 (Characterization of Subsolutions and Supersolution of (1.1)).

Let (u1,uy) € C(U)2. The pair (uy,us) is a viscosity subsolution (resp., supersolution)
of (1.1) if and only if (u1,us) satisfies comparison with “generalized cones” from above
(resp., below).

4. LINEARITY OF BLOW-UP LIMITS
Take x5 € U and R > 0 such that B(z, R) C U. For each r > 0 sufficiently small, set
ol () = wi(zo + rr) — u;i(zo)
r
Clearly {v]'} is precompact in C(B(0, R)). Thus for any sequence {r;};en with r; — 0 as

j — 00, we can pass to a subsequence if necessary and get v;’ — v; € Lip (R") locally
uniformly in R™ as j — oco. We call v; a blow-up limit of u;. We now prove that all of

R
, for|z| < —, i=1,2.
r



blow-up limits v; are affine. Notice that (v, vs) here really depends on the subsequence
we take. In general, a pair (v, v9) of blow-up limits depends on the choice of subsequences
and it might not be unique.

Let us recall the literature on regularity results for the single infinity Laplace equation
here. Note first that in all of these papers, the result on affine blow-up limits [7] plays
an important role. Savin [16] showed that this blow-up limit is unique and achieved C*
regularity for solutions in case n = 2. Evans and Savin [9] then established C'' regularity
for solutions in this setting. The proofs in [16, 9] depend highly on the geometry of the
2-dimensional space and cannot be extended to the case with n > 3. Recently, Evans and
Smart [10] used the nonlinear adjoint method to prove that this blow-up limit is unique,
which yields the differentiability everywhere of solutions for all n > 2. The questions on
C! and C** regularity, however, are still open for n > 3.

Here is another main result of [14].

Theorem 4.1. All of blow up limits of u; are affine fori=1,2.
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Sharp well-posedness for the Chern-Simons-Dirac
system in one dimension

Mamoru Okamoto *

1 Introduction

This talk is based on a joint work with Professor Shuji Machihara (Saitama University).
We consider the Cauchy problem for the Chern-Simons-Dirac system in one spatial

dimension:
i (0 — iAg)Y + iy (0, — 1A = map, (t,x) € R
AL — 0, A0 = Ty, (t,z) € R'*, (L.1)
0tAg — 0, A1 = 0, (t, JI) < RlJrl, '
P(0,2) = tho(z), A(0,z) = Ag(z), r € R,

where the spinor ¢ = (i;) is a C%-valued unknown function, the gauge components Ay

and A; of the gauge A = (ﬁ(l’) are real valued unknown functions, and ¢y = (zg;),

Ay = (ﬁgf) are given C? and R? valued functions, respectively, and m > 0 is a constant.
We use T to denote the conjugate transpose of 1. The Dirac matrices are definded as

follows:
o (1 O 1 (0 1
Tl —1) 7T T2 0)

The Chern-Simons action was proposed as an alternative gauge field theory to the stan-
dard Maxwell theory of electrodynamics on Minkowski space R'*™2 ([5]). This R'*! model
system (1.1) was introduced by Huh [6].

We state two important mathematical properties for the Chern-Simons-Dirac system.
Firstly, the solutions to the Chern-Simons-Dirac system satisfy the conservation of charge,
i.e., we have ||¢(t)| 2 = |[¢ol| 2 for any ¢ > 0. Secondly, the Chern-Simons-Dirac system
with m = 0 is invariant under the scale transformation

Y(t,x) = Mp(NE, Ax),  A(t,x) = MA(M, Ax) (1.2)

for any A > 0. We study the well-posedness for the solution in the standard inhomoge-
neous Sobolev spaces

(¥(t), A1) € H*(R) x H"(R) (1.3)

*Institute of Engineering, Academic Assembly, Shinshu University, e-mail:m_okamoto@shinshu-u.ac.jp



with some indices (s,7) € R? This scaling test implies the homogeneous Sobolev space
HY2(R) x H /2(R) is the scale invariant space, and we call s = r = —1/2 in (1.3) the
critical regularity for the problem (1.1). In many cases of other problems, it is difficult to
obtain the well-posedness in spaces below the critical regularities of the each problems.

We introduce some known results on this problem. Huh [6] showed local in time well-
posedness of the Cauchy problem (1.1) in L?(R) x L?(R) and global in time well-posedness
in H'(R)x H'(R). Huh observed the null structure of the Chern-Simons-Dirac system and
used the charge conservation law to extend the local solution to global one. Bournaveas,
Candy, and Machihara [1] showed local in time well-posedness in H*(R) x H"(R) with
—1/2 < r < s <r+1. Itis an almost critical result since r and s can be close to
—1/2. They also showed global in time well-posedness under the additional condition
s > 0. However, they did not put any answer on the problem with the critical regularity
s =r = —1/2. With regards to this point, we remark that Machihara and Ogawa [§]
obtained global in time well-posedness in L*(R) x L'(R) which is also invariant under the
scale transformation (1.2).

The following is our well-posed result.

Theorem 1. Let (s,r) satisfy
(—1/2<s<1/2andr=—-1/2) or (s=0and —1<r < —1/2), (1.4)
then the Cauchy problem (1.1) is time locally well-posed in H*(R) x H"(R).

Remark 1. Theorem 1 says that the well-posedness holds in the scale critical regularity for
AL . Furthermore, the Sobolev regularity for AL crosses over the scale critical regularity
if the spinor belongs to the charge class L*(R).

In order to obtain well-posedness of (1.1) with such low regularities, we extract the
worst part of nonlinearity, which appears in the massless case m = 0. The worst part
and remaining parts can be handled separately and estimates of remaining parts similar
to the argument in [1].

We remark that Theorem 1 does not follow from a standard iteration argument from
the following fact:

Theorem 2. Let s € R and r < —1/2. Then the flow map (Yo, Ag) — (¥, A): H*(R) X
H"(R) — C([-T,T); H*(R) x H"(R)) of the Cauchy problem (1.1) is not locally uniformly
continuous.

However Theorem 2 does not imply the ill-posedness, it precludes proofs of the well-
posedness by the contraction argument. If the contraction argument would work, the
flow map would be C'*° and so locally uniformly continuous.

Thanks to the charge conservation law and the Delgado-Candy trick as in [1], we can
extend the local solution to global.

Corollary 3. Let (s,r) satisfy (1.4) and s > 0. Then the Cauchy problem (1.1) is time
globally well-posed in H*(R) x H"(R).

We may say that Theorem 1 (combined with the result of [1]) is sharp. Namely, the
Cauchy problem is ill-posed with (s,r) in the remaining regions. We give the ill-posed
result.



Theorem 4 ([9]). The Cauchy problem (1.1) is ill-posed in H*(R) x H"(R) if one of the
followings holds:

(a) r> s,

(b) s>0andr <s—1,
(¢) s#0 andr < —1/2,
(d) (s,r) = (1/2,-1/2),
(e) (s,7) =(=1/2,-1/2),
(f) s=0andr < —1.

Note that (e) is the scale critical regularity. We thus have ill-posedness in H~/2(R) x
H~'/2(R) although well-posedness holds in the scale critical Lebesgue space L!(R) x L' (R)
8].

All the ill-posedness results in Theorem 4 come from the observing that the flow map
is discontinuous. Furthermore, the discontinuity of the flow map is caused by the norm
inflation expect for (f). Here, the norm inflation means that for any ¢ > 0 there exist a

solution (¢, A) of (1.1) and ¢ > 0 such that (10, Ag) € S(R) x S(R),

4ol

Because the charge conservation |9 (¢, )| 2 = ||0]| 12 and discontinuity of the flow map is
ascribed to the nonlinear part of the Dirac equation, we never expect the norm inflation
in the case (f).

Here we also emphasize that we can deal with either massless case m = 0 and massive
case m > 0 for the ill-posedness. As we see below, we need an extra technique to estimate
the mass term for giving the norm inflation.

e+ A e > 7

He + HAOHHT <eg, 0<t< €, H@D(@ )‘

2 Reduction of the problem under some conditions

In the same way with the previous works [1], [6], we diagonalize (1.1) by setting uy =
Y Epe, Ay = Ao F Ai, uso = o1 £ o2, and ay = Ago F Ao, to have

(0p £ 0p)uy = —imuz + itAzuy,
(0 £ 0,)Ax = FR(uyus), (2.1)
up(0,2) = ug o(z), Ax(0,2) = ay(z).

We see in the left hand side that u, and u_ are the solutions for the transport equations
which move to the positive and negative direction respectively when t increases. The
functions A, and A_ are also in the same manner. In the right hand side, the two
nonlinear terms Aruy and wy@_ consist of the two functions which have different signs
to each others. This is called null form. We will make use of this form very well to
estimate the bilinear terms.



Here we introduce the reduction of the problem by taking the special conditions which
we assumed in the previous paper [9]. We set m = 0. Then, (2.1) is equivalent to the
following system of integral equations:

us(t, z) = uso(z T t)exp (z /Ot ALtz F (t - t'))dt’> , 02

Ai(t,x) =ar(xFt)F /Ot R(uyuo) (', F (t —t'))dt.

If we take u_ o = 0, which implies that R(uu=) = R(us ou—pg) = 0, (2.2) then becomes

. T+t
us(t,2) = upo(x —t) exp <% / a(t’)dt’) :

—t

u_(t,x) =0, AyL(t,z) =as(x Ft).

Similar observations with this can be found in the papers by Chadam and Glassey [3]
and Ozawa and Yamauchi [10] for the Dirac-Klein-Gordon system with Yukawa coupling.
Let K be a mapping from H*(R) x H"(R) to H*(R) defined by

K(f,g) = fe", (2.3)

where H"(R) denotes the space which consists of the real-valued functions in H"(R).
Hence, under the special conditions, Theorem 1 is reduced to prove the mapping K is
continuous if (s, ) satisfies (1.4). Theorem 4 (except for (a)) follows from observing that
the mapping K is not continuous.

We remark, finally, we can remove these special conditions for the both Theorem 1
and Theorem 4.

3 Ill-posedness

For the proof of Theorem 4, we use the explicit representation of a solution of (1.1).
Suppose m = 0 which is the simplest case. We need some argument more for m > 0.
We here recall the one dimensional Sobolev product estimate.

Proposition 5. Let sq, s1, and sy be real numbers. Then,

1£gllz-s0 < Cll fllm=1

gll =1

holds if and only if
So+s1+82>1/2,  so+ s1 + s2 > max(sg, 51, S2)
and that the two inequalities are not both equalities.

The ill-posedness in the cases (b), (c¢) with s > 0, and (d) essentially follows from
Proposition 5. The mapping K in (2.3) is not well-defined, of cause not continuous, in



these cases. For the proof of ill-posedness for (e), we employ the duality argument and
the ill-posedness in (d).
In the case (c) with s < 0, we expand the solution as follows:

i [T N 4/ — 1 i [T N 4/ !
Ut o(x —1t)exp 5/ a_(tdt' ) = uy o(z — 1) Z 3 / a_(t)dt")
r—t n d r—t

=0

which coincides with the series obtained by the successive approximation. Thanks to
well-posedness result obtained in [1], this expansion makes sense if —1/2 <r < s <r+1.
However, the convergence of the series is not assured if s < 0, r < —1/2. Using the
modulation space M3, (R) as in the paper [7] by Iwabuchi and Ogawa, we prove the
ill-posedness. Since My (R) is a Banach algebra, the well-posedness in M3, (R) is easily
obtained and the series converges in C([-T,T]; M3,(R)). We choose the initial data
uyp € H*(R) and ao E H"(R) such that the second iterate u(? is unbounded and the
remaining iterates u™ (n # 2) are bounded. We have to estimate the each iterate
u™on=1,273,....

More precisely, we choose a sequence of the initial data {(us ok, axx)}ken C S(R) X
S(R) satistying the following five conditions: (i) u_gy = 0, (ii) the sequence of the initial
data { (40, a+k)}ren goes to zero in H*(R) x H"(R) and is unbounded in M3, (R) x
M3 (R), (iii) the existence time T} which comes from the well-posedness in Mg, (R) x
M3, (R) tends to zero as k goes to infinity, (iv) the sequence of the C([—Tk, T;]; H*(R))

norm of the second iterate {||u(i27)k||Loo([,Tk7Tk];Hs)}keN is unbounded, (v) the sum of the se-

quences of the C([—Tk, Tx]; H*(R)) norm of the remaining iterate {||u$3C || oo (=T T )s %) Fren
(n # 2) are bounded. In this case, the expansion

1 /(i [t "
us i (t, ) Zquk’ u+k —U+0k(1’—t)m (5 /x_t a_7k(t’)dt')
holds in C([=Ty, Ti); My (R)). From the triangle inequality and conditions (iv) and (v),
we obtain

(= —||u<2> (T) ||

Z ") (T

which implies the norm inflation. In the case (a), we apply a similar argument to consider
the series obtained by the successive approximation for A..

s 1 (T3)| — [l (

e 2 (|0l (T)

4 Well-posedness

We rewrite the solution (us, Ay) — (u/, A’) from the idea based on the observation in
the section 2. We put

u' (t,x) == ux(t, z) exp (—i /: aiT@/)dt’) . ALt x) = AL(t,z) —ax(z F ),
T(t,z) = /M ax(t) 3 () gy

—t




Then, (2.1) is reduced to the following:

(O £ Op)uly = —imu/eriiF + 1AL,
(8 £ 0) Ay = FR(W We™™), (4.1)

u' (0,7) = ugo(x), AL(0,2) =0.

Since the initial data for A/, are zero and I' has regularity because of integration,
we can prove the existence of a solution of the Cauchy problem for the modified Chern-
Simons-Dirac system (4.1).

Lemma 6. Let s and r satisfy s — 1 <r <s andr > —s—1. For (uyg,as) € H*(R) x
H"(R), there exists T > 0 and a solution (u'., A',) € C([-T,T]; H*(R) x H~'/**(R)) to
(4.1) for some € > 0. Moreover, the map from (uyp,ay) to (u/y, Ay) is continuous from
H*(R) x H"(R) to C([-T,T); H*(R) x H-Y/?*%(R)).

Using the Fourier restriction norm space (or the wave Sobolev space) and the contrac-
tion argument, we prove the existence part of this Lemma. Here, the norm of its space
is defined as follows (see, for example, [1]):

g =T F O£z, lul

s yan = €Y (7 £ )"l 21n.

The weight 74 & corresponds to the linear part of (4.1). The Zib space enough to control
the nonlinear parts in (4.1). However, it is not sufficient to obtain Lemma 6 because Z5"
is not contained inside C'(R; H*(R)) if s close to —1/2. Thus we use the auxiliary space
Vi to control the L H*® norm.

Thanks to the charge conservation law and the Delgado-Candy trick as in [1], we can
extend the local solution to global. The Delgado-Candy trick is a technique to decompose
u. into the “massless” part uf and the “massive” part v ([4], [2]):

(0, £ 0, )ul = iAzuk,
(0 £ 0,)uly = —imuz +iAzuf, (4.2)

ui(O,x) = Uy o(x), uﬁ(O,aj) =0.

The “massless” part has a representation like (2.2) and the “massive” part is essentially
bounded:

ISlup Juf )]z < |lusollze, |S|up [l () r2ane < m(e™ +T — 1) (|Jusollrz + lu—ol z2)-
t<T t{<T

We hence obtain a priori bound for A’ :

sup A @) 17200 < C€™ + T)*([lusollze + llu—ollz2)?,
t|<T

which yields the global existence.

Corollary 7. Assume that s > 0 in Lemma 6. Then the local solution can be extended
to a global solution (u'., A'.) € C(R; H*(R) x H~Y/?*¢(R)).



We remark Lemma 6 covers the almost all exponents in Theorem 1. But, the point
(s,r) = (0,—1) is excluded in the condition of Lemma 6. To treat this point, we employ
the similar argument in [8].

Lemma 8. Let —1 < r < 0. For (utg,as) € L*(R) x H"(R), there exists a solution
(u, AL) € C(R; LA(R) x L*(R)) to (4.1). Moreover, the map from (u4p,a+) to (ul, A%)
is continuous from L*(R) x H"(R) to C(R; L*(R) x L*(R)).

Machihara and Ogawa [8] used the contraction argument in the L°LE N LY, space to
obtain well-posedness. In the Lebesgue space, the function e’ is harmless because I is a
real valued function. We can therefore apply the similar argument in [8] to (4.1).

Remark 2. Lemmas 6 and 8 show that the Duhamel part for AL is more regular than
the initial data. More precisely, A’(t) belongs to H~'/?"¢(R) even if the initial data
ar € H'(R) with r < —1/2.

From Lemmas 6 and 8, it suffices to prove that the mapping v/, +— wuy is continuous
in C([-T,T]; H*(R)).

Lemma 9. Let (|s| < 1/2 and r = —1/2) or (s =0 and r > —1). Then, K : H*(R) X
H(R) — H*(R) is continuous.

Here the range |s| < 1/2 is sharp. We can get the solution (u/., A,) of the modified
Chern-Simons-Dirac system in the wider range than (1.4). However, in order to obtain
well-posedness, especially to have countinuous dependence of initail data, we have to
restrict the range to (1.4) from the sharpness of Lemma 9.

References

[1] N. Bournaveas, T. Candy, and S. Machihara, Local and global well-posedness for the
Chern-Simons-Dirac system in one dimension, Differential and Integral Equations
25 (2012), no. 7-8, 699-718.

[2] T. Candy, Global existence for an L* critical nonlinear Dirac equation in one dimen-
sion, Adv. Differential Equations 16 (2011), no. 7-8, 643-666.

[3] J. Chadam and R. Glassey, On certain global solutions of the Cauchy problem for the

(classical) coupled Klein-Gordon-Dirac equations in one and three space dimensions,
Arch. Rational Mech. Anal 54 (1974), 223-237.

[4] V. Delgado, Global solutions of the Cauchy problem for the (classical) coupled
Mazwell-Dirac and other nonlinear Dirac equations in one space dimension, Proc.
Amer. Math. Soc. 69 (1978), no. 2, 289-296.

[5] S. Deser, R. Jackiw, and S. Templeton, Three-dimensional massive gauge theories,
Phys. Rev. Lett. 48 (1982), no. 15, 975-978.

[6] H. Huh, Global solutions and asymptotic behaviors of the Chern-Simons-Dirac equa-
tions in R'™' J. Math. Anal. Appl. 366 (2010), no. 2, 706-713.



[7] T. Iwabuchi and T. Ogawa, Ill-posedness for nonlinear Schridinger equation with
quadratic non-linearity in low dimensions, Trans. Amer. Math. Soc., in press.

[8] S. Machihara and T. Ogawa, Global well-posedness for one dimensional Chern-
Stmons-Dirac system in LP, preprint.

[9] S. Machihara and M. Okamoto, [ll-posedness of the Cauchy problem for the Chern-

Sitmons-Dirac system in one dimension, preprint.

[10] T. Ozawa and K. Yamauchi, Structure of Dirac matrices and invariants for nonlinear
Dirac equations, Differential Integral Equations 17 (2004), no. 9-10, 971-982.



THE DYNAMICS OF VORTEX FILAMENTS WITH CORNERS

LUIS VEGA

1. INTRODUCTION

In these pages I shall sketch some recent work about the evolution of vortex filaments
that follow the geometric law of the binormal: a point of the filament moves in the
direction of the binormal with a speed that is proportional to the curvature. First I
shall consider the case of a curve (filament) that is regular except at a point where it
has a corner (joint work with V. Banica). Then, I shall look at the case of a regular
polygon (joint work with F. de la Hoz).

Therefore at some point we will have to answer the simple question: What is the
velocity of the corner?

The motivation of this geometric flow comes from fluid dynamics. In particular the well
known smoke rings as those seen in figure 1. What we see in the picture are “vortex
tubes” that propagate in a self-similar way. These vortex tubes have two distinguished
parts. A first one which looks very much as a horseshoe, and a second one with a
helicoidal shape. In figure 2 we see some vortices above an inclined triangular wing.
Again self-similarity is evident together with the pair of symmetrical helices winding
around two lines.

FiGURE 1.

Partially supported by the grants MTM2011-24054, UFI11/52 and IT-305-07.
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FIGURE 2.

A first simplification to describe mathematically what we see in the above two figures is
to forget viscosity effects and consider that the fluids satisfy Euler equations. Therefore
we have to give u the velocity field or as an alternative the vorticity

w=curlu=V A u

In our case the vorticity is a singular vector measure that has the support on a curve X
in R?
w=TITds T = X;.

Above I is the circulation that is a constant. Together with the inviscid condition

divua = 0,
we can use the so-called Biot-Savart law
r [~ X(s)—-P
1 P)=— ——  — _ ANT(s)d
W a0 = 5o | ) —pp 1 T

to obtain the velocity at any point P that is not in the curve X(s,t). Particular
examples are the straight lines and vortex rings. Straight lines do not move and
are mathematical idealizations of bathtub vortices. Vortex rings do not change their
shape and move perpendicularly to the plane where they are contained and in a direc-
tion that is determined by the sign of I'.  We encourage the reader to see the movie
http://news.uchicago.edu/multimedia/vortex-tied-knots where the evolution of
different vortex filaments can be seen and in particular the case of one ring. Finally
particular solutions of Euler equations with X with a helicoidal shape are known since
the work of Hardin [14].

In order to compute the velocity of the curve we should be able to compute (1) for
a point of the curve, say X(sg,t). A simple look at the Biot-Savart integral tells us
that this is not an easy task unless some simplifications are done. The simplest one is
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to consider that just local effects are relevant and to make a Taylor expansion around
s = sg to capture them. The first term is determined by the tangent at that point. If
this term is the only one considered it is like changing the curve for the tangent line at
that point and therefore the overall contribution to the velocity field is zero. As can be
expected the next relevant term has a singularity that depends logarithmically with the
distance of P to X(so,t). The usual procedure, that goes back to Da Rios in 1906 [7]
(see also [16] for the details and the limitations of this approach) is to renormalize the
time variable to avoid this singularity. After this renormalization and making all the
relevant constants equal to unity we are lead to the equation

(2) X =X A Xgs.
Calling
c=c(s,t) curvature
T =17(s,t) torsion

n=n(s,t) € R?

b = b(s, 1) binormal,
we get from Frenet equations
T, = cn
(3) n, = —cT +7b
b, = —Tn
that (2) can be rewritten as
(4) Xt = Cb.

Particular examples are the straight line, the circle, that are obvious, and the helix. The
helix is easily obtained solving the equation that the tangent vector T satisfies. In fact,
differentiating with respect to the spatial variable in (2) we get

(5) T, =T A T,
If we look for traveling wave solutions T(s,t) = R(s — bt) we get from (5)
—aR' =R A R".
From (3) we obtain
~ben=R A ({n—c*R+crb).
As a consequence ¢ = 0. Hence ¢ = a and 7 = b, and therefore we have a helix.
Several remarks about (2) are in order
Remark 1.
e |T|? = constant. This follows immediately form (5);
e Fquation (2) is time reversible: If X is a solution, so is X(s,t) = X(—s,—t).
In other words, a reorientation of the curves is equivalent to change the direction

of time,
e The equation s rotation tnvariant.
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2. SELF-SIMILAR SOLUTIONS

It seems very natural after looking at the figures 1 and 2 to look for self-similar solutions
of (1). That is to say, solutions X that can be written as

(6) X(s,1) = VIG (s/V1)
for some G. If we call G; = R and take T(s,t) = R (s/V/t) we get from (3) that
~SR'=R AR,
Using again Frenet equations (2) we obtain this time
—gcn =R A (¢n-— AR+ c7b).

Hence ¢ = 0 so that ¢ = a and 7 = s/2 (see [?]). In figure 3 we see a self-similar solution
(6) for some choice of G.

FiGURE 3.

The self-similar solutions and its characterizations were studied in [12]. In particular a
characterization of them in terms of the parameter a is obtained. It is also proved that
at time zero they have the shape of two half lines joined together at s = 0 with an angle
0. The curve G tends asymptotically to these two lines. Also precise expressions of
and the angle ¢ in terms of a are given. Finally observe that the right hand side of
figure 2 indicates that the corner moves in a very precise way: the speed is a//t and
the direction is determined by the angle ¢. In figure 4 we compare the dynamics of
self-similar solutions with the vortices above an inclined triangular wing given in figure
2. The similitude at the qualitative level is quite appealing.

3. SCHRODINGER EQUATION

An important step in the understanding of (1) was given by Hasimoto in [13]. He
introduces the transformation

B (s, t) = c(s, t)ei Jo 7(s"t)ds"
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FIGURE 4.

After some calculations he proves that if X solves (1) then v solves

®) 0us(s,0) = (S L1 + ()

for some A(t) € R.

Therefore it is straightforward that for regular solutions of (8)

9) /OO (s, )2ds = /OO I0(s,0)[2ds = /OO 2(s,0)ds.

— 0o —00 —00
In fact to solve (8) under the condition that (9) is finite is nowadays quite standard.
However in our case:
P(s,t) = iei% /OO [9|?ds = 400
oVt ’ —o0 '
Our next step is to extend the self-similar solutions for negative times. Formally this
can be easily done using remark 1. As we said to change the direction of time is enough
to change the orientation of the curve at time zero. In our case this can be done using
a rotation p that interchanges the two lines that generate the initial curve. Then, it is
enough to apply this rotation p to the curve vtG(s/v/t) as done in figure 5. We have
the following result.

Theorem 3.1. The self-similar solutions exhibited in figure 5 are stable. In particular,
the creation/annihilation of a corner is a stable procedure.

The proof of this result is a consequence of several papers done in collaboration with V.
Banica (see [1], [2], [3], and [4]). We also refer the reader to [4] for a precise statement
of the above theorem. The proof follows the following steps:

e A pseudo-conformal transformation of v is done. This implies to change the
variable ¢ into 1/t so that the initial value problem for (9) becomes a scattering
problem. Therefore the existence of wave operator and its asymptotic complete-
ness have to be settled.
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FIGURE 5.

e For dealing with the scattering problem the right space of functions has to be
found.

e Extra difficulties come from the fact that the non-linear potential is a long range
potential. This has an important consequence: cubic NLS equation (9) with the
Dirac—delta as initial condition is ill-posed. Observe that the Dirac-delta is the
initial condition of (9) with A(t) = “72 associated to a self-similar solution.

e As a consequence, for describing the formation of a corner at time ¢t = 0 one can
not work just with (9). It is also necessary to work with (1) and (3). The recipe
to go beyond ¢t = 0 is to use a blow—up argument to “capture” the appropriate
selfsimilar solution.

e For the last step the characterization of the self-similar solutions obtained in [12]
plays a fundamental role.

4. A REGULAR POLYGON

Our next step is to consider solutions of (1) that at time ¢ = 0 are given by a regular
polygon. In terms of the Hasimoto function (7) a planar regular polygon with M sides
is described as

(10) U(s,0)= 2 3 5(5—2;;)

Let us recall the so-called galilean transformations: if 1(s,t) is a solution of (9) then

D(s,t) = PRy (s — 2kt 1), Yk teR,
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is also solution of (9). Observe that for ¢(s,0) as in (10) then
e iiMsy(5,0) = (s,0) Vj € Z.

Therefore if there were uniqueness for the initial value problem (9) with initial condition
(10) then

bp=1 VkeLZ.
This has very strong consequences because if we define
M 2w /M

e~ Misy (s, t)ds
o

D(j.t) =

then

- 2n/M
Gy = X2 M (s, 1) ds

2 0
M (/Mo )
_ 27 6—zM]s [eles_l(Mk)Qtd}(S o QMkt,t) ds
7
Me—i(MKk)*t  2m/M
- 627 e~ MU=R)syy(s — 2\kt, t)ds
i 0
—i(Mk)%t 2w /M
— Memi(MR) / e—iM(j—k)(s-ﬁ-ZMkt)w(s t)ds
27 ’

0

—i(Mk)2t—iM (j—k)(2Mkt) p2m/M

— Me / e—zM(]—k)sw(s’t)ds
27T 0

— o i(Mk)*t—iM(j—k)(2Mkt) 1;( k. t).

Therefore
@(j,t) = e*i(Mj)Z“Z(O,t) for all j.
Now for “rational times”
tpg = 27TP/<MQQ)

we get
[ee]

U (sitpg) = (0,tp) > o~ i (Mk)*2mp/ (M?q)+iMks

k=—o00
0o

= J(Oatpq) Z e 2mi(p/ @)k +iMks

k=—o00
0o

q—1
= w (0,tpq) Z Z e~ 2mi(p/q)(qk+1)*+iM (gk-+1)s

=0 k=
qg—1 o)

_ {b\(o’ tpq) Z e—27rz(p/q)l2+iMl)s Z eiMgks

=0 k=—o00

This is the so-called Talbot effect — see [5] and [8]. Observe that in our case this Talbot
effect is understood geometrically by observing that at time ¢,, a new polygon with Mg
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sides is generated. This polygon is determined by the generalized quadratic Gauss sums
that are defined by
le|-1

§ : e?m’(al2+bl)/c
=0

for given integers a, b, ¢, with ¢ # 0.
It is well known that
\/aewm, if ¢ is odd,

(11) G(—=p,m,q) = { +/2qe"™, if q is even and ¢/2 =m mod2,

0, if ¢ is even and ¢/2 Zm mod2,

for a certain angle 6,, that depends on m, p, and q.
Gathering all the information we get

( q— 1

2
Z (m +16m) 0 (s - 7rm> , if ¢ is odd,
=0 Mq
& Arm + 2
. T T . )
P (s,tpg) = mE:O a2m+1 + 1B2m+1) 0 <s Mg ) , if ¢/2 is odd,
)21 4mm
(v2m + if2m) o <s _ o > , if ¢/2 is even,
\ m=0 Mq

where

715(0,151,(1), if ¢ is odd,

‘am + Zﬁm| =
M, /%

0, if ¢ is even and ¢/2 Zm mod?2,

@(O,tm), if ¢ iseven and ¢/2=m mod?2,

so we conclude that the angle p between two adjacent sides is constant. Furthermore,
writing

U + 1B = petfm
we see that the structure of the polygon is given by the angles 6,,.

Bearing in mind that ¢ is given as a sum of J-functions it is more appropriate to use
the so-called parallel frame than the Frenet frame,

T 0 a B T
el = —a 0 0 . e
(SD) —/8 0 0 €9
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Hence we have to solve systems of the type

T 0 ad b0 T
el = —ad 0 0 : €1
e /. -b5 0 O €2
It is immediate to obtain
up(0T) 0 a b u1(07)
o+
up(0t) | = exp || —a 0 0 /_ o(s)ds"| - | uy(07)
U3(0+) i -b 0 0 uz(07)
0 a b u1(07)
= exp —a 0 0 | u2(07)
[\ -0 00 uz(07)

We still have to determined 12;(0, t). We will do it by imposing that the polygon has to
be closed. Observe that to compute the k-side we have to write

2k )
T Mg T(O_)T
e %Jr =M My_1-... Mi-Mo- | e (00)7
— T
(er) ez (07)
€9 Mq

Hence in order the polygon to be closed it is necessary that
Mqul ‘MMq,Q‘... 'Ml M()EI

Let us define:
M=M, 1 -M;2-... M- M.

Hence M is an M—th root of the identity matrix and also a rotation matrix that induces
a rotation of 27 /M degrees around a certain rotation axis. Hence

2
Tr(M)=1+2cos | —
r (M) + 2cos (M) ,
O'(M) — {1’ 627ri/M’ e—Qm’/M} .
From this fact and some strong numerical evidence we conjecture that
2cos?/4 (/M) — 1, if ¢ is odd,
cos(p) =
2cos?9 (/M) — 1, if q is even.

Hence we have all the necessary information to compute T at t = t,,. Except the
trajectory of one point. This is obtained using the symmetries of the M —polygon as it
is explained in [15].
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In figure 6 we compare the numerical solution with the theoretical solution, the con-
struction of which we have just sketched. We see that there is a remarkable agreement
between the two.

1 = T T T T T 1
e

08 o 08

06 o 06

04 04l

0af ® 02

E
0 g 0
I—E =

02 02
04 04
06— 206
osF o T

A 1

0 1 2 3 1 5 & 0 1 2 3 1 5 G
s s

2
FIGURE 6. Tuum versus Ty, for M = 3, at T 3 = o7 T} appears in

blue, T5 in green, T3 in red. In T,,n,, the Gibbs phenomenon is clearly
visible. The black circles denote the points chosen for the comparisons.

It is interesting to observe the trajectory of one of the corners as for example X(0,t).
Using again the symmetries of the M-polygon is easy to see that this trajectory falls in
a plane. In figures 7 and 8 we can see the particular cases of the equilateral triangle and
the square.
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FIGURE 7. FIiGURE 8.

These pictures are quite reminiscent of the so-called Riemann’s non-differentiable func-

tion

(12)

_omitk?
e 2mitk

o =Y

__.6E)__
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Observe that ¢(1) = ¢(0). Renormalizing X (0, ¢) accordingly we see in figures 9, 10 and
11 that at the qualitative level there is a big similitude between them. This similitude
becomes stronger the bigger the M. This is numerically proved in [15]. In [9] it is proved
that the graph given by ¢ in (12) is a fractal that satisfies the so-called Frisch-Parisi
conjecture —see [10] and [11].

I want to finish with a few remarks about the behavior of real fluids. The results in
[15], some of which have been sketched in this note, suggest that at half of a period
the starting regular polygon with M sides becomes the same polygon but with the axis
switched with an angle equal to /M. Observe that at those times, and due to the fact
that ¢ = 2, the Gauss sum is zero for half of the cases in (11), so that the polygon has M
sides instead of 2M. Then, the the axis switching phenomena follows from the analysis
of which are the precise values of m in (11) that make the Gauss sum trivial. It turns out
that this phenomena has been observed in real fluids, in particular for non-circular jets,
and it is well documented. We refer the reader to [15] for the appropriate references. In
figure 12 the reader will find some pictures of a domestic experiment. A smoke cannon
made with a cardboard box that has a hole with the shape of an equilateral triangle
is used. After introducing some smoke through the hole the box is suddenly hit at the
back. A camera in front of the box is located. The first three pictures clearly illustrate
the flip-flop of the triangle as a consequence of the switching of the axis by a 7/6-angle.
Or course the corners are smoothed out due to the effects of the viscosity. Our analysis
also implies that skew polygons with six sides should appear as a consequence of the
Talbot effect mentioned above. The last picture in figure 12 is not conclusive and further
evidence in this direction is needed.

o M=4
o4 — ,_va-\ W
. &7 - NCaN
02 ‘,,\':\*3' :}" ‘Eﬁ\,

| "T?a,,,a/ o
TS ; N ; §

' §5

-« \" - 01 . 06
A R A B T e
- - B ‘ | as , . ,»A‘;‘\/Y
FIiGURE 9. Ficure 10. FiGurE 11.
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ON A FRACTIONAL YAMABE PROBLEM

YANNICK SIRE

ABSTRACT. We investigate the prescription of constant curvature
on manifolds, where the curvature is related to conformally covari-
ant operators of fractional order.

1. INTRODUCTION

Let (M, g) be a compact smooth connected n-dimensional Riemann-
ian manifold, n > 3. The ‘standard’ regular Yamabe problem concerns
the existence and geometric properties of conformal metrics of the form
g= uﬁg with constant scalar curvature. This corresponds to solving
the partial differential equation

Agu + 4(nn—_Ql)Rgu = 4(7:1—_21)}19 u%g, u >0, (1.1)
where the scalar curvature RY is constant. In the previous equation,
the operator

Ly = Agu+ ng
is the so-called conformal laplacian on M. It satisfies the conformality
property: if f is any (smooth) function and g = u g for some u > 0,
then

Ly(uf) = ui= Ly(f). (1.2)

On the other hand, the ”standard” singular Yamabe problem con-
cerns the existence and geometric properties of complete metrics of
the form g = u g with constant scalar curvature on M\A, where
A C M is a closed set. It boils down to solving the equation (1.1) with
a ‘boundary condition’ that © — oo sufficiently quickly at A so that g
is complete.

The purpose of this note is to introduce a notion of curvature on com-
pact manifolds interpolating between already known curvatures and
their associated regular and singular Yamabe metrics.

Setting f =1 in (1.2) yields the familiar relationship (1.1) between
the scalar curvatures RY and RY. Lj is the first in a sequence of con-
formally covariant elliptic operators, Pg , which exist for all £ € N if
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n is odd, but only for k£ € {1,...,n/2} if k is even. The first con-
struction of these operators, by Graham-Jenne-Mason-Sparling [8] (for
which reason they are known as the GJMS operators), proceeded by
trying to find lower order geometric correction terms to A* in order
to obtain nice transformation properties under conformal changes of
metric. Beyond the case k£ = 1 which we have already discussed, the
operator

Pf=A2+ 5<anR§ + bnRz’c) d+54Qn,
called the Paneitz operator, had also been discovered much earlier than
the operators Pg with k& > 2. The natural question is then to consider
conformally covariant operators P of fractional order v and their cur-
vature given by
QY =PI(1).

We focus here only on the operators PJ when v € R, |y[ < n/2.
These have the following properties: first, P{ = Id, and more generally,
P{ is the k™ GJMS operator, k = 1,...,n/2; next, P is elliptic of
order 2y with principal symbol oo, (P?) = [¢ 27, hence (since M is
compact), PJ is Fredholm on L? when ~ > 0; if P9 is invertible, then
P = (P9)7"; finally,

if g=ummg,  then P(uf) = urs PY(f) (1.3)

for any smooth function f.

2. FRACTIONAL LAPLACIANS AND FRACTIONAL CURVATURE

We now provide a more careful description of the construction of the
family of conformally covariant operators Pg.

Graham and Zworski [9] discovered a beautiful connection between
the scattering theory of the Laplacian on an asymptotically hyperbolic
Einstein manifold and the GJMS operators on its conformal infinity.
Let (M, g) be a compact n-dimensional Riemannian manifold. Suppose
that X is a smooth compact manifold with boundary, with X = M,
and denote by = a defining function for the boundary, i.e. z > 0 on
X, x = 0 precisely on 0X and dr # 0 there. A metric G on the
interior of X is called conformally compact if G = G extends as a
smooth nondegenerate metric on the closed manifold with boundary.
It is not hard to check that G is complete and, provided that |dz|g =1
at 0X, the sectional curvatures of G all tend to —1 at ‘infinity’. The
metric G is called Poincaré-Einstein if it is conformally compact and
also satisfies the Einstein equation Ric® = —nG. It is only necessary to
consider asymptotically Poincaré-Einstein metrics; by definition, these



are conformally compact metrics which satisfy Ric® = —nG + O(z")
for some suitably large N (typically, N > n is sufficient).

The conformal infinity of G is the conformal class of 6|T8 5 only the
conformal class is well defined since the defining function x is defined
up to a positive smooth multiple. If ¢ is any representative of this
conformal class, then there is a unique defining function = for M such
that G = 27%(dz? + g(x)) where g(z) is a family of metrics on M (or
rather, the level sets of x), with ¢(0) the given initial metric.

We now define the scattering operator S(s) for (X,G). Fix any
fo € C°(M); then for all but a discrete set of values s € C, there
exists a unique generalized eigenfunction u of the Laplace operator on
X with eigenvalue s(n — s). In other words, u satisfies

(Ag —s(n—3s))u=0
{u = fa" "+ fa*, for some f,f e C®(X) with floeo = fo
(2.1)
By definition, S(s)fy = fle—o. This is an elliptic pseudodifferential
operator of order 2s — n which depends meromorphically on s; it is
known to always have simple poles at the values s = n/2,n/24+1,n/2+
2,.... These locations are independent of (X, G), hence are called the

trivial poles of the scattering operator. Letting s = n/2 4+ 7, we now
define

I'(y) o(n
P9 =2~ G(— ; 2.2
; F(_7)5<2+7), (22)
because of these prefactors, one has

o2,(PY) = Inly". (2.3)

The scattering operator satisfies a functional equation, S(s)S(n—s) =
Id, which implies that

PfoPS =1d. (2.4)

Finally, it is proved in [9] that the operators PY satisty the conformal
covariance equation (1.3).

This definition of the operators P¢ depends crucially on the choice
of the Poincaré-Einstein filling (X, G). Graham and Zworski point out
that it is only necessary that the metric G satisfy the Einstein equation
to sufficiently high order as x — 0 in order that the properties of the
Py listed above be true (for v in a finite range which depends on the
order to which G satisfies the Einstein equation). As we have discussed
in the introduction, it is always possible to find such metrics, and we
suppose that one has been fixed.
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Remark 2.1. In the flat metric, the operator P? is the fractional lapla-
cian (—A)7, a Fourier multiplier of symbol |[*.

3. RESULTS ON THE SINGULAR FRACTIONAL YAMABE PROBLEM

In view of the previous discussion, one can formulate the following
fractional Yamabe problem: given a metric g on a compact manifold
M, find u > 0 so that if ¢ = u*/™ g, then @9 is constant. This
amounts to solving

. nt2y
Plu=Qur=>, u>0, (3.1)

for Q9 = const. Following the seminal works [1], [14], [6], Qing and
Gonzalez were able to solve the problem in most of the cases [12].
The only remaining part is the Schoen result using the Positive mass
[14, 15], which is not known for these operators.

The singular fractional Yamabe problem is much less understood. In
the local case v = 1, it is known that solutions with RY < 0 exist quite
generally if A is large in a capacitary sense [10], whereas for R > 0
existence is only known when A is a smooth submanifold (possibly with
boundary) of dimension k < (n —2)/2, see [11]. On the geometric side
is a well-known theorem by Schoen and Yau [13] stating that if (M, h) is
a compact manifold with a locally conformally flat metric h of positive
scalar curvature, then the developing map D from the universal cover
M to S™, which by definition is conformal, is injective, and moreover,
A := 8"\ D(M) has Hausdorff dimension less than or equal to (n—2)/2.

Regarding the lifted metric h on M as a metric on €2, this provides an
interesting class of solutions of the singular Yamabe problem which are
periodic with respect to a Kleinian group, and for which the singular
set A is typically nonrectifiable. More generally, that paper also shows
that if g is the standard round metric on the sphere and if g = = g
is a complete metric with positive scalar curvature and bounded Ricci
curvature on a domain € = S™ \ A, then dim A < (n —2)/2.

A first approach to generalize the Schoen-Yau theory is the following
result (see [7])

Theorem 3.1. Suppose that (M", g) is compact and g = uﬁwg s a
complete metric on Q = M \ A, where A is a smooth k-dimensional
submanifold. Assume furthermore that u is polyhomogeneous along A
with leading exponent —n/2+4~. If0 < v < 3, and if Q4 > 0 everywhere
for any choice of asymptotically Poincaré-Einstein extension (X, G)
which defines P;‘? and hence Q9, then n, k and ~y are restricted by the



inequality

G5 DGEDe e

where 1" is the ordinary Gamma function. This inequality holds in
particular when k < (n — 2v)/2, and in this case there is a unique
extension of u to a distribution on all of M which solves the same

equation, or in other words, u extends uniquely to a weak solution of
(3.1) on all of M.

Remark 3.2. Recall that u is said to be polyhomogeneous along A
if in terms of any cylindrical coordinate system (r,0,y) in a tubular
neighbourhood of A, where r and 0 are polar coordinates in disks in
the normal bundle and y is a local coordinate along A, u admits an
asymptotic expansion

U~ Z ajk(y, 0)r* (logr)*

where (1; 1s a sequence of complex numbers with real part tending to
infinity, for each j, aj, is nonzero for only finitely many nonnegative
integers k, and such that every coefficient aj, € C*. The number
is called the leading exponent R(;) > R(po) for all j # 0.

Inequality (3.2) is satisfied whenever k < (n — 2v)/2, and in fact is
equivalent to this simpler inequality when v = 1. When v = 2, i.e. for
the standard @Q—curvature, this result is already known: it is shown
in [5] that complete metrics with ¢Q > 0 and positive scalar curvature
must have singular set with dimension less than (n —4)/2, which again
agrees with (3.2). The previous estimate provides an insight on the
solvability of the singular fractional Yamabe problem.

The simplest case of a singular set one can imagine is an isolated
singularity. Consider the equation

(—A)Y'u=ur> in B\ {0} C R (3.3)

By means of the Caffarelli-Silvestre extension [3], one can reformulate
equation (3.3) in terms of the following boundary problem

div(t'™"VU) =0 in Bff ¢ R,
oU nt2y 3.4
S (@,0) = U5 (2,00 on 0B} \ {0}, 3

In the case of conformally flat manifolds, one then has [2]

Theorem 3.3. Suppose that U is a nonnegative solution of (3.4).
Then either u can be extended as a continuous function near 0, or
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there exist two positive constants ¢y and cy such that
clz| "2 < u(z) < el T (3.5)
and

Theorem 3.4. If U is a nonnegative solution of (3.4), then
u(x) =a(|lz])(1+ O(|z])) asz — 0,
where u(|z|) = |S"\ Jon u(|]0) d6 is the spherical average of u.

The previous theorems are a nonlocal version of famous results by
Caffarelli, Gidas and Spruck [4].
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Abstract
In the paper we will consider elements of the theory of inverse and ill-posed problems including

the quasisolutions method and the method of extending compacts. We will show how these methods can

be applied for solving inverse problems for PDE.

1. Well-posed and ill-posed problems
Let us consider an operator equation:
Az=u,
where A is a linear operator acting from a normed space Z into a normed space U. It is required to find a
solution of the operator equation z corresponding to a given inhomogeneity (or right-hand side) u.

This equation is a typical mathematical model for many physical so called inverse problems if it is
supposed that unknown physical characteristics z cannot be measured directly. As results of experiments,
it is possible to obtain only data # connected with z with help of an operator 4.

French mathematician J. Hadamard formulated the following conditions of well-posedness of
mathematical problems. Let us consider these conditions for the operator equation above. The problem of
solving the operator equation is called to be well-posed (according to Hadamard) if the following three
conditions are fulfilled:

1) the solution exists Vu eU ;
2) the solution is unique;
3) ifu, >u, Az, =u,, Az=u,then z, > z.

The condition 2) can be realized then and only then the operator 4 is one-to-one (injective). The
conditions 1) and 2) imply that an inverse operator 4~ exists, and its domain D(4™") (or the range of the
operator A R(4)) coincides with U. It is equivalent to that the operator 4 is bijective. The condition 3)
means that the inverse operator A" is continuous, i.e., to “small” perturbations of the right-hand side u
“small” changes of the solution z correspond. Moreover, J. Hadamard believed that well-posed problems
only can be considered while solving practical problems. However, there are well known a lot of

examples of ill-posed problems that should be numerically solved when practical problems are

investigated. It should be noted that stability or instability of solutions depends on definition of the space



of solutions Z. Usually, a choice of the space of solutions (including a choice of the norm) is determined
by requirements of an applied problem. A mathematical problem can be ill-posed or well-posed
depending on a choice of a norm in a functional space.

Numerous inverse (including ill-posed) problems can be found in different branches of physics.
E.g., an astrophysicist has no possibility to influent actively on processes in remote stars and galaxies. He
is induced to make conclusions about physical characteristics of very remote objects using their indirect
manifestations measured on the Earth surface or near the Earth on space stations. Excellent examples of
ill-posed problems are in medicine. Firstly, let us point out computerized tomography. A lot of
applications of ill-posed problems are in geophysics. Indeed, it is easier and cheaper to judge about what
is going under the Earth surface solving inverse problems than drilling deep boreholes. Other examples
are in radio astronomy, spectroscopy, nuclear physics, plasma diagnostics, etc., etc.

A completely continuous operator acting in infinite dimensional Banach spaces has an inverse
operator that is not continuous (not bounded). Moreover, a range of a completely continuous operator
acting between infinite dimensional Banach spaces is not closed. Therefore, in any neighborhood of the
right-hand side u(x) such that the equation has a solution there exists infinite number of right-hand sides
such that the equation is not solvable.

A mathematical problem can be ill-posed in connection also with errors in an operator. The
simplest example gives the problem to find a normal pseudosolution of a system of linear algebraic

equations. Instability of this problem is determined by errors in a matrix.

2. Definition of the regularizing algorithm
Let us given an operator equation:
Az =u,

where A is an operator acting between normed spaces Z and U. In 1963 A.N. Tikhonov formulated a
famous definition of the regularizing algorithm (RA) that is a basic conception in the modern theory of
ill-posed problems.

Definition. Regularizing algorithm (regularizing operator) R(J,us5)= R;(u;) is called an operator
possessing two properties:

1) R;(ugs) is defined forany o >0, u; €U, and is mapping (0,+ oc) xU into Z;

2) Forany zeZ and forany ug; €U suchthat Az =u, u—u5||s5,5>0, 25=R5(u5);>oz.

A problem of solving an operator equation is called to be regularizable if there exists at least one
regularizing algorithm. Directly from the definition it follows that if there exists one regularizing
algorithm then number of them is infinite.

At the present time, all mathematical problems can be divided into following classes:

1) well-posed problems;



2) ill-posed regularizable problems;

3) ill-posed nonregularizable problems.

All well-posed problems are regularizable as it can be taken R,(u;)= A"'. Let us note that
knowledge of & > 0 is not obligatory in this case.

Not all ill-posed problems are regularizable, and it depends on a choice of spaces Z, U. Russian
mathematician L.D. Menikhes constructed an example of an integral operator with a continuous closed
kernel acting from C[0,1] into 1,[0,1] such that an inverse problem (that is, solving a Fredholm integral
equation of the 1* kind) is nonregularizable. It depends on properties of the space C[0,1]. If Z is the
Hilbert space, and an operator 4 is bounded and injective, then the problem of solving of the operator
equation is regularizable. This result is valid for some Banach spaces, not for all (for reflexive Banach
spaces only). In particular, the space C[0,1] does not belong to such spaces.

An equivalent definition of the regularizing algorithm is following. Let be given an operator

(mapping) R;(u;) defined for any 6 >0, u; €U, and reflecting (0,+ c)xU into Z. An accuracy of
solving an operator equation in a point z € Z using an operator R;(u;) under condition that the right-

hand side defined with an error 6 > 0 is defined as A(R;,0,z) = sup | Rsus —z | . An operator

u,€U:|u,—u||<5, Az=u

R;(ugz) is called a regularizing algorithm (operator) if for any ze Z A(R;,0, z)?(()). This definition is

equivalent to the definition above.

Similarly, a definition of the regularizing algorithm can be formulated for a problem of calculating
values of an operator (see the end of the previous section), that is for a problem of calculating values of
mapping G : D(G) — Y, D(G) < X under condition that an argument of G is specified with an error (X,
Y are metric or normed spaces). Of course, if 4 is an injective operator then a problem of solving an
operator equation can be considered as a problem of calculating values of A

It is very important to get an answer to the following question: is it possible to solve an ill-posed
problem (i.e., to construct a regularizing algorithm) without knowledge of an error level 6 ?

Evidently, if a problem is well-posed then a stable method of its solution can be constructed
without knowledge of an error ¢ . E.g., if an operator equation is under consideration then it can be taken

z;=A"uy —>z=A"u as § —0. It is impossible if a problem is ill-posed. A.B. Bakushinsky proved

the following theorem for a problem of calculating values of an operator. An analogous theorem is valid
for a problem of solving operator equations.

Theorem. If there exists a regularizing algorithm for calculating values of an operator G on a set
D(G) c X, and the regularizing algorithm does not depend on & (explicitly), then an extension of

G from D(G) < X to X exists, and this extension is continuous on D(G) < X .

So, construction of regularizing algorithms not depending on errors explicitly is feasible only for

well-posed on its domains problems.



The next very important property of ill-posed problems is impossibility of error estimation for a
solution even if an error of a right-hand side of an operator equation or an error of an argument in a
problem of calculating values of an operator is known. This basic result was also obtained by A.B.
Bakushinsky for solving operator equations.

Theorem. Let A(R;,5,z) = sup | Rsus —z||< 8(5)?(()) for any

u,€U:|u,—u|| <5, Az=u

z e D c Z. Then a contraction of the inverse operator on the set AD: A™' ‘AD is continuous on AD .

cU

So, a uniform on z error estimation of an operator equation on a set D < Z exists then and only
then if the inverse operator is continuous on AD. The theorem is valid also for nonlinear operator
equations, in metric spaces at that.

From the definition of the regularizing algorithm it follows immediately if one exists then there is
infinite number of them. While solving ill-posed problems, it is impossible to choose a regularizing
algorithm that finds an approximate solution with the minimal error. It is impossible also to compare
different regularizing algorithms according to errors of approximate solutions. Only including a priori
information in a statement of the problem can give such a possibility, but in this case a reformulated
problem is well-posed in fact. We will consider examples below.

Regularizing algorithms for operator equations in infinite dimensional Banach spaces could not
be compared also according to convergence rates of approximate solutions to an exact solution as errors
of input data tend to zero. The author of this principal result is V.A. Vinokurov.

In conclusion of the section let formulate a definition of the regularizing algorithm in the case

when an operator can also contain an error, i.e., instead of an operator A4 it is given a bounded linear
operator A,: A, : Z — U, such that HAh - AH <h, h=0.Briefly, let us note a pair of errors 9, 4 as
n=(5, h).

Definition. Regularizing algorithm (regularizing operator) R(n,us,A4,) =R, (us,4,) is called an

operator possessing two properties:

1) R, (us,4,) is defined for any 6>0, h=20, u;eU, A4,€L(Z,U), and is mapping
(0,+ <) x[0,4 c)x U x L(Z,U) into Z,

2) for any zeZ, for any u; €U such that Az =u, ||u—u5||S5,5>Oand for any
A, € L(Z,U) such that HAh —AHSh, h=0,z, =R,7(u5,Ah)ZOZ.

Here L(Z,U) is a space of linear bounded operators acting from Z into U with the usual operator

norm.
Similarly, it possible to define what is it a regularizing algorithm if an operator equation is

considered on a set D < Z, i.e., a priori information that an exact solution z € D < Z is available.



For ill-posed SLAE A.N. Tikhonov was the first who proved impossibility to construct a
regularizing algorithm that does not depend explicitly on 4.

3. Ill-posed problems on compact sets
Let us consider an operator equation:
Az =u,
Ais a linear injective operator acting between normed spaces Z and U. Let z be an exact solution of an

operator equation, Az =u, uis an exact right-hand side, and it is given an approximate right-hand side

such that [u —u,| <&, 5>0.
Aset Z5={z; HAZ s—Uu 5H <o} is a set of approximate solutions of the operator equation. For

linear ill-posed problems diamZ; =sup{|z, —z, |:z,,z, € Zs;} =oofor any & >0 since the inverse

operator A" is not bounded.

The question is that: is it possible to use a priori information in order to restrict a set of
approximate solutions or (it is better) to reformulate a problem to be well-posed. A.N. Tikhonov proposed
a following idea: if it is known the set of solutions is a compact then a problem of solving an operator
equation is well-posed under condition that an approximate right-hand side belongs to the image of the
compact. A.N. Tikhonov proved this assertion using as basis the following theorem.

Theorm. Let an injective continuous operator 4 be mapping: D e Z — AD €U, where Z,U are
normed spaces, D is a compact. Then the inverse operator A4~ is continuous on AD .

The theorem is true for nonlinear operators also. So, a problem of solving an operator equation is
well-posed under condition that an approximate right-hand side belongs to AD . This idea made possible
to M.M. Lavrentiev to introduce a conception of a well-posed according to A.N. Tikhonov mathematical
problem (it is supposed that a set of well-posedness exists), and to V.K. Ivanov to define a quasisolution
of an ill-posed problem.

The theorem above is not valid if u; ¢ R(A) . So, it should be generalized.

Definition. An element z; € D such that z; = argmin“Az—u 5” is called a quasisolution of an
zeD
operator equation on a compact D (z5 = argmin ||Az —Ug || means that
zeD

HA Zs —u(;“ = min{“A z—ugﬂ :z € D}).
A quasisolution exists but maybe is nonunique. Though, any quasisolution tends to an exact

solution: z; —>z as & — 0. In this case, knowledge of an error ¢ is not obligatory. If 6 is known then:
1) any element z,; € D satisfying an inequality : ||Az s—U ()|| <0, can be chosen as an approximate

solution with the same property of convergence to an exact solution (d-quasisolution);



2) it is possible to find an error of an approximate solution solving an extreme problem:
find max||z-zs|| maximizing on all z e D satisfying an inequality: HAZ —u JH <o (it is obviously that an

exact solution satisfying the inequality).

Thus, the problem of quasisolving an operator equation does not differ strongly from a well-posed
problem. A condition of uniqueness only maybe does not satisfy.

If an operator 4 is specified with an error then the definition of a quasisolution can be modified

changing an operator 4 to an operator 4.

Definition. An element z, € Dsuch that z, = argmin"Ahz—u 5” is called a quasisolution of an
zeD

operator equation on a compact D.

Any element z, €D satisfying an inequality: HA[Z,7 —u5H£5+h|| z, || can be chosen as an

approximate solution (n-quasisolution).

If Z and U are Hilbert spaces then many numerical methods of finding quasisolutions of linear
operator equations are based on convexity and differentiability of the discrepancy functional HAZ —uy H2

If Dis a convex compact then finding a quasisolution is a problem of convex programming. The
inequalities written above and defining approximate solutions can be used as stopping rules for
minimizing the discrepancy procedures. The problem of calculating errors of an approximate solution is a
nonstandard problem of convex programming because it is necessary to maximize (not to minimize) a
convex functional.

Some sets of correctness are very well known in applied sciences. First of all, if an exact solution
belongs to a family of functions depending on finite number of bounded parameters then the problem of
finding parameters can be well-posed. The same problem without such a priori information can be ill-
posed.

If an unknown function z(s), s€[a, b], is monotonic and bounded then it is sufficient to define a
compact set in the space Ly[a, b]. After finite-dimensional approximation the problem of finding a
quasisolution is a quadratic programming problem. For numerical solving, known methods such a method
of projections of conjugate gradients or a method of conditional gradient can be applied. Similar approach
can be used also when the solution is monotonic and bounded, or monotonic and convex, or has given

number of maxima and minima. In these cases, an error of an approximate solution can be calculated.

4. lll-posed problems with sourcewise represented solutions

Let an operator 4 be linear injective continuous and mapping Z — U ; Z,U are normed spaces.
Let the following a priori information be valid: it is known that an exact solution z for an equation

u = Az is represented in the form Bv=z , ve V; B:V — Z; B is an injective completely continuous



operator; V' is a Hilbert space. Let suppose that an approximate right-hand side u; such that H; —u 5‘ <0,

and its error ¢ >0 is known. Such a priori information is typical for many physical problems.
V.K. Ivanov and I.N. Dombrovskaya proposed an idea of a method of extending compacts. Let

describe a version of this method below investigated by A.G. Yagola and K.Yu. Dorofeev.

Let preset an iteration number n=1, and define a closed ball in the space V: S (0) = {v: HVH <nj}.

Its image Z, = BS_n(O) is a compact since B is a completely continuous operator and V is a Hilbert space.

After that let us find min ‘Az —ug|, where u is given approximate right-hand side Hﬁ —u 5H <0,0>0.
2eB(5, (0)
Existence of the minimum is guaranteed by compactness of Z, and continuity of 4. If min ‘Az —uy H <0,
zeB(S, (0))

then the iteration process should be stopped, and the number 7(J5) =n defined. An approximate solution

of the operator equation can be chosen as any element z, :z,, €B(S,;(0) satisfying

| Az,,5 —us <O . If min|dz —u 5|| > 0 then the compact should be extended. For this purpose » changes
zeB(S, (0)

to n +1, and the process repeats.

Theorem. The process described above converges: n(Jd) < +oo. There exists 6, >0 (generally
speaking, depending on ;) such that n(6) =n(5,) Vo e(0,5,]. Approximate solutions z, s strongly

converge to the exact solution zas 80,
It is clear why the method is referred to as “an extending compacts method”. It appears that using
this method so called an a posteriori error estimate can be defined. It means that there exists a function

X(us,6) such that y(u;,6) >0 as 6§ >0, and y(u;,0) 2| z,; —Z | at least for sufficiently small
0>0. As an a posteriori error estimate y(us,0)=max{|| z,, —zl:z€Z,;,| Az—u, [|< 5} can be

taken.
An a posteriori error estimate is not an error estimate in a general sense, error estimates cannot be

constructed for ill-posed problems. However, for sufficiently small 6 >0 (notably V6 €(0,0,]) an a

posteriori error estimate is an error estimate for a solution of an ill-posed problem if an a priori
information about sourcewise representability is available.
This approach was generalized to cases when both operators 4 and B are specified with errors,
also to nonlinear ill-posed problems under condition of sourcewise representation of an exact solution.
Numerical methods for solving linear ill-posed problems under condition of sourcewise
representation were constructed, including methods for an a posteriori error estimation. To use a sequence
of natural numbers as radii of balls in the space V' is not obligatory. Any unbounded monotonically

increasing sequence of positive numbers can be taken.



5. Applications to PDE
Many inverse and ill-posed problems for PDE can be formulated as operator equations. In this case,
regularizing algorithms for solving ill-posed problems can be applied. If it is available a priori
information that an unknown solution is an element of a given compact then Ivanov’s quasisolution
method can be used for constructing an approximate solution [1]. Moreover, an error of this solution can
be calculated [2]. Sometimes, there exists a priori information that an unknown solution is sourcewise
represented with a completely continuous operator. Then the method of extended compacts can be
applied, and so called a posteriori error estimate can be calculated [2-3].
As examples of applications we considered:
1) Inverse problems of heat conductivity [4].
2) Cauchy problems for Laplace equation [5].
3) The Black-Scholes option pricing model [6].
Some results of calculations are below.
On the picture it is upper error estimation for a concave nonnegative initial temperature. It is a
result of numerical solution of an inverse problem for 2D heat conductivity equation on a compact set

of nonnegative functions concave along coordinate lines.

z(x,y) (R ) %
7

0,0

In the paper [4] it was shown how to apply the method of extending compacts for restoration and

error estimation for the temperature at t>0 if the temperature is measured at T (if 0<t<T).
Results of solution and error estimation for Cauchy problem in the cartesian frame under condition
that the exact solution is a concave nonnegative function are below. On the picture, there are the
unknown function on the upper boundary of the Cartesian frame, its upper and lower error estimation

so as its normal derivative with errors.



In our joint paper [6] we considered an inverse problem of parameter identification for a parabolic
equation. The underlying practical example is the reconstruction of the unknown drift in the extended
Black—Scholes option pricing model. Using a priori information about the unknown solution (i.e. its
Lipschitz constant), we provide a solution to this nonlinear ill-posed problem, as well as an error estimate.
Other types of a priori information may be used (for example, monotonicity and/or convexity of the
unknown solution).

The following figure is from the paper [6]. It is an approximate solution and its upper and lower error

estimations for given error of input data.
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1 Introduction

In this talk, we consider the existence or non-existence of A for which the fol-
lowing equation has a non-trivial (mainly, positive) solution:

. —Apu — pAqu = Nmy(2)[uP~?u + pmg(x)|u|?™?u)  in Q,
(GEV; A, ) { u=0 on 02,

where Q € RY is a bounded domain with C? boundary 92, A € R, 1 < ¢ <
p < oo, g > 0, and the weights m,, m, € L>(Q) are such that the Lebesgue
measure of {z € Q;,m,(z) > 0}, with r = p, ¢, is positive. Here A, stands for
the usual r-Laplacian, i.e., A,ju = div (|Vu|""2Vu) with r € (1, +00).

We say that u € W, *() is a solution of (GEV; A, ) if it holds

Jo IVulP=2VuVede + p [, [Vu|T?VuVe de
= A Jo (mp|ulP~2u + pmg|ul 2 u)p da

for all € W, ().

Letting 1 — +0, our equation (GEV; A, ) turns into the following (p — 1)-
homogeneous equation known as the usual weighted eigenvalue problem for the
p-Laplacian:

_ —Apu = Amy(z)|ulP72u  in Q,
(EV:p, A) { u=0 on 0N).

Moreover, after multiplying our equation by 1/u and then letting p — o0,
(GEV; A\, ) becomes the equation:
_ —Agu = Amg(x)|ult"%u in Q,

(BV;q,A) { u=20 on 0.
Thus, we can understand that there is a close relationship between our equation
(GEV; A\, p) and the usual weighted eigenvalue problems for the p-Laplacian and
g-Laplacian, i.e., problems (EV;p, A) and (EV;q, A).

*This talk is based on the results in [9], [12] and [13]




We briefly discuss the motivation for the given formulation of the eigenvalue
problem (GEV;\, u). Let us observe that setting A,(t) := [t|"~2, with any
1 < r < 400, the basic eigenvalue problem (EV;r,\) can be written as

—div (4, (|Vu|)Vu) = dm,(z)A(w)u in Q, w=0 ondQ.

Now in line with this, if m := m, = my, and p = 1, then setting A, ,(¢) =
Ap(t) + Ay(t) there corresponds the equation

—div (4,,,(|Vu|)Vu) = dm(z)A, o(w)u inQ, wu=0 on Q.

We have thus exactly arrived at the statement of problem (GEV; A, 1) encom-
passing the natural formulation for the generalization of the eigenvalue problem
for the (p, q)-Laplace operator.

Nonlinear eigenvalue problems for elliptic equations have been thoroughly
studied (see [10] for a comprehensive survey of different developments). Recently,
many authors have studied (p, ¢)-Laplace equations (see [4], [7], [11], [14], [15]).
Also, see Section 3 for the special cases.

2 Homogeneous eigenvalue problems

For later use, we review a few facts related to the limiting cases when u = 0 or
pw=+ooin (GEV; A, p). We recall that A is an eigenvalue of —A,. (r € (1, +00))
with weight function m,. if problem (EV;r,A) has a non-trivial solution. We
denote the set of all eigenvalues of —A,. with weight function m,. by o(—A,, m,.).
In particular, in the case of m, = 1, we write o(—A,) instead of o(—A,,1). It
is well known that the first positive eigenvalue A\ (r,m,) of —A, with weight
function m,. is obtained by minimizing the Rayleigh quotient:

Jo IVu|" dx , .
H;UGW(}’ (), /mr|u\ dx >07p.
oMy |u|" dx O

A1(r,m,) = inf{

Since there exist no non-negative eigenvalues provided m, < 0, we set
Ai(r,—my) =400 if m, >0. (1)

It is also worth mentioning that A (r, m,.) has positive eigenfunctions 1 (r,m,.) €
Cy " (9) with some a, € (0,1). Furthermore, the first positive eigenvalue is
simple and isolated. Moreover, (EV;r, A) has no constant sign solutions (other
than the trivial solution) provided £X # A\ (r, £m,.).

Finally, we recall the second (positive) eigenvalue Ao(r,m,) of —A, with
weight function m,.. It is defined by

A2(r,my) = min{A > A\ (r,m,); A € o(—=A,,my) }.

We note that by the definition of Ay(r, m,.), if A1 (r,£m,.) < £A < Aa(r, £m,.),
then (EV;r, A\) has no non-trivial solutions.



3 Special cases of m, =0 or m; =0

Benouhiba and Belyacine ([1], [2]) showed the existence of the principal eigen-
value and of a continuous family of eigenvalues for the equation

—Apu — Agu = Ag(x)|ulP?u  in RY

In [3, Theorem 4.2], Cingolani and Degiovanni proved the existence of a non-
trivial solution for the equation

—Apu — pAu = MulP2u+g(u) inQ, u=0 on I

in the case where p > 2(=q), g € C' and A € o(—A,). Under the Neumann
boundary condition, Mihiilescu [8] determined the set of eigenvalues for the
equation —A,u — Ay = Au in Q, where p > 2(= q).

Note that all results above are the special case where m,, or m, disappears
from our equation (GEV; A, ). In this section, we consider the following equa-
tion as the special case of our equation (GEV; A, u):

_ _ 1 = r—2 3
(GEV:r A ) { Apu — pApsuw = dmg(x)|u|" 2w in Q,

u=0 on 0f,

where 1 < r # r* < oo. Recall that letting p — +0, equation (GEV;r, A, u)
above turns into the homogeneous equation (EV;r, \).

Throughout this section, we put p = max{r,r*}. We define the functional
Dy ) O WP () as follows:

r Hr r*
(I)(T,T*,M)(u) = HVUHT + FHVU r* (2)

for u € VVO1 P(Q). The following proposition is the result on Rayleigh quotient
to solve our problems (GEV;r, A, u).

Proposition 1 ([12, Proposition 4]) For u > 0, we set

O
Al r™, pymy) = inf{(”#)(u)'ueWOl’p(Q), /mr|u|’"dm>0}, (3)
Q

Jomelul" da”
where @, .« ) is the functional defined in (2). Then,
A(T, ’I"*, L, m?") =\ (Ta mT)

holds for every p > 0. In addition, for every p > 0, the infimum in (3) is not
attained.

According to the standard argument using Rayleigh quotient, it is proved
that if —A1(r,—m,) < A < A1(r,m,.) holds, then (EV;r,A) has no non-trivial
solutions. Similarly, by using Proposition 1, we obtain the following theorem.

Theorem 2 ([12, Theorem 1]) If —\1(r,—m,) < XA < A1(r,m,.) holds, then for
any 11> 0, (GEV;r, A\, 1) has no non-trivial solutions.



It is also known that the homogeneous equation (EV;r, A) has no positive (or
negative) solutions provided XA # A1 (r, £m,.) (refer to [5, Section 6.2]). On the
contrary, our equation (GEV;r, A, 1) has a positive solution in the other cases
other than that treated in Theorem 2.

Theorem 3 ([12, Theorem 2] and [13, Theorem 1]) If A > Ai(r,m,) or A <
=1 (r,—m,.) holds, then for any p > 0, (GEV;r, A\, 1) has at least one positive
solution. In particular, in the case of v < r*, for any pu > 0, (GEV;r, A\, 1) has
a unique positive solution u,,, that is, u, = /=g

Due to Theorem 2 and Theorem 3, we know that (GEV;r, A\, u) has at least
one positive solution if and only if

\e (A1 (r,m,), +00) if m, >0,
(=00, =A1(r,—my)) U (A1(r,m,), +00) otherwise.

By the definition of the second (positive) eigenvalue Ay (r, m,.), if A1 (r, £m,) <
+A < Ag(r,+m,), then (EV;r,A) has no non-trivial solutions. This asser-
tion is generalized to a non-existence of a sign-changing solution for our non-
homogeneous equation as follows.

Theorem 4 ([12, Theorem 3]) If A1 (r,m,) < X < Aa(r,m,.) holds, then for any
w>0, (GEV;r, A\, u) has no sign-changing solutions.

Theorem 5 ([13, Theorem 2]) Assume v < r*. If £X > Ao(r,£m,) holds
respectively, then for any p > 0, (GEV;r, A\, 1) has at least one sing-changing
solution.

4 Positive solution for (GEV; A, u)

An essential part in our approach is that problem (GEV; A, i) is equivalent to
another eigenvalue problem (GEV'; \) where we have only one parameter in the
case of u =1, that is,

—Apu — Agu = Nmy(z)[uP~2u + mg(z)|ul?"%u) in Q,

(GEV;A) { u=20 on 0f).

In fact, if u is a solution of (GEV'; \, u), multiplying (GEV; A, 1) by sP~1 (s > 0),
then v = su is a solution of

—Apu—sPTUA v = Nmy(z)|[oP 20487 Yum () [v]9%v) in Q, v =0 on 9N,

So, choosing sg such that s§~ %y = 1, we see that sou is a solution of (GEV; \).
Conversely, if u is a solution of (GEV; A), by the same argument above, then we
easily see that v = su with s = /(P9 is a solution of (GEV; \, p).

As stated in (1), we recall that we defined
A1(r,0) = oc.

Then, we see the results developed from Theorem 2 and Theorem 3.



Theorem 6 (/9, Theorem 1]) If it holds

- min{Al(p7 7mp)7 A1(q7 *mq)} <A< min{Al(pa mp)? )\1((]7 mq)}7

then (GEV'; \) has no non-trivial solutions.
Moreover, if the following (H;£m,, £m,) holds, then problem (GEV'; \) with
A = xmin{\; (p, £mp), A1 (g, £mq)} (respectively), has no non-trivial solutions:

(H; £my, £my) : the following (i) or (i) holds:
(l) A1(p7 :l:mp) 7é Al(Qv imq);

(ii) p1(p,£myp) # tp1(g, £my) for allt > 0,

where @1(p, £my) and p1(q, £my) are positive eigenfunctions corresponding to
A1(p, £my) and A (g, £my), respectively (see Section 2).

Remark 7 If (H;my,mg) does not hold, that is, A\i(p,mp) = Ai(g,mq) and
w1(p, mp) = tp1(g, myq) for somet > 0, then p1(q, mq) and p1(p, mp) are positive
solutions of (GEV; X) with A = A1(p,my) = A1(q, mq). Indeed, since v1(p,mp)
is a positive solution of (EV;p,my), which is a (p — 1)-homogeneous equation,
then @, = @1(q,mq) solves the equation —App, = Amyeb=! in Q. On the
other hand, because g is a positive solution of (EV;q,my), g satisfies also
the equation —Agpq = )\chpg*1 in Q). Therefore, @, is a positive solution of
(GEV;X) for A= Ai(p,mp) = Ai(g,myg).

Theorem 6 can be proved by using the following result on the Rayleigh quo-
tient:

Proposition 8 (9, Proposition 7 and 8]) Let

A= inf {% cu e WyP(Q), U(u) > o} : (4)

where

1 1
O (u) := —||Vul|p + - [|Vul|l,
() = ZIVully + ZIIVulg

1 1
U(u) := 7/ myp|ul? de + 7/ mg|ul? de
D Ja 9/
for all w € Wy'P(). Then it holds A = min{\;(p,m,), \1(g,mq)}. Moreover,
(H;mp,mg) as in Theorem 6 holds, Then the infimum in (4) is not attained.

The following theorem is our main existence result on (GEV; A) (or (GEV; A, i)
in the non-resonant case.

Theorem 9 (/9, Theorem 3]) Assume that there holds M\ (p,mp) # Ai(g, mq)
(resp. Ai(p, —myp) # Ai(g, —mg)). If

min{ A1 (p,mp), A1(q,mq)} < A < max{Ai(p,mp), A1(q,mq)}
(Tesp. - max{)\l(p, _m;v)7 /\I(Qa _mq)} <AL - min{)‘l(pa _mp)’ )‘1(% _mq)})’

then (GEV; \) has at least one positive solution.



Finally, we state our existence results for problem (GEV;\) in the (second)
resonant case A = £ max{A1(p, £my), A1(q, £my)}.

Theorem 10 (/9, Theorem 4 and 5]) Let r = p or q, and set p* = q and ¢* = p.
Assume that
A= M(r, £my) > A\ (", my) (5)

and
/ |Ver(r, £m,)|" dx — )\/ M=oy (r, £m,)" da > 0, (6)
Q Q

respectively. Then (GEV'; \) has at least one positive solution.

Remark 11 We can easily produce examples where the hypotheses of the for-
mulated results are fulfilled. For instance, let us take: N = 1, Q = (0,7),
l<g=2<p mg=1and mpn(x) =1—h(z)/n with0 < h € L>®(Q) and
h £ 0. Then it is clear that A\1(2,m2) =1 and ¢1 = p1(2,m2) = sinz. By easy
computation, we have

s s 1 s
/ P dar / S / h(z)sin? o d > 0
0 0 n Jo

for every n € N, so (6) (withr =q =2, r* = p, m, = 1) holds true. On the
other hand, we see that

") |P da
A(p, 1) < 7f0 J%IJ =1
Jo ¢ da
by the definition of A1(p,1) and the facts that v1(2,1) # tp1(p,1) for any t >0
and A (p,1) is simple. By the continuity of \(p,mp) with respect to m,, it
follows that for a sufficiently large n we have A\ (p,mpn) < 1, so (5) is valid,
too.

Comment 1: In the case m, > 0 and my > 0 (non-negative weights), it is
possible to prove that there exists A* satisfying

max{A1(p,mp), A\(g,mg)} <A* <0
such that (GEV; ) has at least one or no positive solutions provided
min{ (p, mp), A1(g,mg)} <A< A" or AT <A,

respectively. Moreover, if co > A* > max{A1(p,m,), A1(g,my)}, then (GEV; \)
has at least one positive solution in the case of A = \* also. However, as far as
the author knows, there are no information about A\* except one dimension case
with no weight functions (see the next comment).

Comment 2: In the remaining case, that is, £X > max{\1(p, mp), A1 (g, mq)},
we do not know that our equation has a positive solution or not. Concern-
ing this question, we can refer to [6] for the special case N = 1, m, = 1
and my = 1. According to the results in [6], A* < oo holds and both cases
A* > max{Ai(p, 1), (¢, 1)} and \* = max{A;(p, 1), A\1(q,1)} occur (it depends
on the relation between p, ¢ and the length of the interval). The results in [6]
are shown by using the bifurcation method and time map.
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An Application of Microlocal Analysis to an
Inverse Problem Arising from Financial
Mall;kets
y
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1 Introduction

This is a joint work with Shinichi Doi in Osaka University. In this talk we consider
our new model based on the Black-Scholes Model and formulated a new math-
ematical approach for an inverse problem in financial markets. Financial deriva-
tives are contracts wherein payment is derived from an underlying asset such as
a stock, bond, commodity, interest, or exchange rate. An underlying asset S; at
time ¢ is modeled by the following stochastic differential equation:

dS; = p(t, Sp)Sedt 4 o (t, S;) SedWy, (1.1)

where the process 1V, is the Brownian motion. The parameters (¢, S) and o (¢, S)
are called the real drift and the local volatility of the underlying asset, respectively.

Black and Sholes first found how to construct a dynamic portfolio II; of the
derivative security and the underlying asset [1]. Their approach is developed in
probability theory, and the hedging and pricing theory of the derivative security is
established as mathematical finance. By Ito’s lemma, the stochastic behavior of
the derivative security u(t, S) is governed by the following stochastic differential
equation:

8u 1 , 0%u

ou
85 (t S)’ 052

)dt+a(t S)Se=dw.  (1.2)

oS

du = (g— + u(t, S)S =

In the absence of arbitrage opportunities, the instantaneous return of this portfolio
must be equal to the interest rate r, the return on a riskless asset, such as a bank
deposit. Therefore, this equality takes the form of the following partial differential
equation:

ou 1 2 op 02U ou

where r and the d1V1ded rate 4 are the known constants.

2000 Mathematics Subject Classifications: Primary 35R30; Secondary 35K08.
Keywords and Phrases: Inverse problem; Microlocal Analysis; FBI transform.
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Their approach provides us a useful, simple method of pricing with financial
derivatives, risk premium, and default probability estimation under the assumption
that the risky asset is log-normally distributed. However, theoretical prices of
options with different strike prices calculated by the Black-Scholes model differ
from real market prices. Specifically, when we apply the Black-Scholes model
to default probability estimation, we must be careful of the deviation between
the expected and observed values. Merton has formulated a default probability
estimation using a model based on [1] by considering the value of the firm instead
of the stock, the firm’s debt instead of strike price, and its equity instead of option
price [8]. However, as shown in deriving the Black-Scholes model (see [1]), under
the no arbitrage property of the financial market, the real drift 1« does not enter
equation (1.3). In [9], taking this into account, we have derived the following new
model, by using A; instead of S;:

2
% + %U(t, A)ZAQ% + p(t, A)Ag—jjl —ru = 0. (1.4)
Moreover, in [9] we have established an inverse problem to the reconstruction of
the real drift from the observable data, but only an binary option case.

In this talk, we prove a uniqueness for the solution of an inverse problem
with respect to the real drift by using an application for microlocal analysis. To
give a brief description of our problem, we see the method in [4]. In [4], they
used the standard linearization method to an option pricing inverse problem and
derived a partial differential equation for a principal part V. Since, after a change
of variables, this equation is reduced to the heat equation with the right-hand side
linear with respect to f, they wrote the well known integral representation for the
solution V" as follows:

T* z—y|2
V“”:AA ﬁmgzﬁﬁwwmwmw@ww (1.5)
where w(T,y) is represented by
w(T,y) = S—*eigigf. (1.6)
2rT0l

For the above equation they applied the Laplace transform to exactly evaluate an
integral with respect to the time. As a result, they derived the integral equation for
f of the following form

Vi) = [ Ble.yin) iy (7
R
with the kernel i} -
. . S 792
B(z,y;7) = Ugﬁ/zymyl e 7 do (1.8)
Toovar
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given by the error function and proved the uniqueness for the linearized inverse
problem. In our case, since the linearized solution V' is the following form:

2
ly—x2 _ potod

=00 20 (0, y) f(y)dody,  (1.9)

~ T 1
V(r,x) = / / e
rRJo /4m(T — s)od
where w(0, y) is the following form

2
_lz—y|2_ no+of

oy 20 Yy (1.10)

N <1
w(T,y) = —¢
(7.9) /0 VArTod

Therefore we can’t derive an integral equation by Laplace transform as (1.7) that
is, in our case w(,y) is not Gauss function as w(7, y) but Error function. In the
present paper, taking this into account, we shall prove a uniqueness in the inverse
problem of the real trend by applying FBI transform to (1.9).

2 Inverse problem of the real drift

As we have seen in Sectionl, we have derived the new arbitrage model and for-
mulated an inverse option pricing problem for a reconstruction of a real trend in
the binary option case. In this section we explain how we can formulate an inverse
problem of our new arbitrage model and reconstruct the real drift.

Here, we consider the following problem that the local volatility function
o(t, A) is a positive constant oy > 0 and the real drift function p(t, A) is a space-
dependentin our new equation (1.4) with a suitable condition,

u(t, A)y=r = max{A — D, 0} (2.1)

where D is a price of the firm’s debt at the maturity date 7.
By the following changes of variables and substitutions

A
y:logﬁ, T=T-—1t,

2.2)
,U(y) = /L(Dey), U<Ta y) = u<T - T Dey)/D,

one can transform the equation (1.4) and the initial data into the following inverse
problem of the real drift :

oUu 1 ,0°U 1, ou .
E—§an—gﬂ—<§ao—ﬂ(y))a—y—7’(f (y,7) € Rx (0,77), 23
U(T,y)|r=0 = max{e¥ — 1,0} y € R,
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U(r*,y) =U"(y) y€ewCR, (2.4)

where 7% =T — t* > 0, t* is the current time and w is an interval of R.

Here, we define that the inverse problem of the real drift (2.3) and (2.4) seeks
p(y) from given U*(y). However, since this inverse problem is a nonlinear, there
are difficulties with uniqueness and existence of the solution to one. Therefore,
we will formulate the inverse problem of the real drift by means of the method of
a linearization in [3] and [4].

To linearize around the constant coefficient 11, we assume that

w(y) = po + f(y),

where f(y) denotes a small perturbation. Thus, we observe
U= U() +V+ v,

where Uj solves the Cauchy problem (2.3) with u(y) = po, v is quadratically
small with respect to f, and V' is the principal part of the perturbed solution U.
Substituting this into the expression for u and neglecting terms of high order with
respect to f, we reach the linearized inverse problem of the real drift.

Linearized Inverse Problem of the real Drift (LIPD). The parameters 1%, L,
0o, and r are given. From the option price V*(y) = {U*(y) — Uy(7*,y)}, identify
the perturbation f(y) satisfying

2
W LY (L) gy

or 2%y T2 ) 0 @)
V(Tv y)‘sz =0,
V(T"y) =V (y). (2.6)

3 Main results

In this section we shall prove the uniqueness of the solution to LIPD by using
the method of microlocal analysis. Before describing the main theorem, we shall
transform the equation of (2.4) into simple form and derive an integral equation
of Fredholm type.

We set

o2 — 2 1
T oo

Ha:—((%—a>2 (a=ag—1)

ag =
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then (2.5) can be rewritten as

9 1 _ -y boT% *
(- + oite) ot = 1) (77752 ) wERxOr),

v(T,Y)]r=0 =0 y € R,
where, v(7,y) = e Y7V (1, y). From the well-known representation of the so-

lution to the Cauchy problem (3.1), we have the following an integral equation of
Fredholm type:

*

o(r*,z) = / UL — 9)[w(s, ) FO)(w)ds. (3.2)
Here

(Ua(r)o)(y) = / Ko(ry — 2)p(a)dz,

where

1
VAT

and w(T, x) is represented the following form:

2
— - tay

K, (r,y) = e

w(r, z) :=(Ua(7)Hy ) (2)
:/Oo L =2l vay) gy

e
VarT
rx—2Ta
1 Var
:ﬁem2 _OOF e d, (3.3)

where H (x) = )9, ().
We will describe results about LIPD in the following theorem.

Theorem 3.1. Let 7* > 0 and f(y) € L*(R). Assume that suppf C [—L,0)
with some L > 0. Then a solution f{(y) to the integral equation (3.2) and hence, to
the inverse problem of the real drift (2.5) and (2.6) is unique.

Proof. To prove the claim of Theorem 3.1 it suffices to prove f = 0 assuming that
the left-hand side of (3.2) is zero.
We assume that v(7, y) is zero, that is,

/0 UL = 9)wls, ) () (y)ds = 0. (3.4)

—100—
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To prove that f is zero, we apply the Fourier-Bros-Iagolnitzer (for short, FBI)
transform of (3.4) and we prove that the FBI transform of f is exponentially
small(see Definition 4.1.1 in [7]).

We first write the integral equation (3.4) as the some of two parts as follows:

/OT Ua(r* — 3)[w(5’ )f()](y)ds

= /070 Uyl(1" = s)[w(s, ) f()](y)ds + /T Uy (75 = s)[w(s, ) f()](y)ds.

= Li(y) + L(y), (3.5)

where 7 is a positive constant such that 0 < 77 < 7. In the remaining part of
this proof, to derive exponentially small of 7' f, we shall consider the L? estimate
of (3.5) with H,, and we assume that Ly, = L 4+ 1. Then we can show that
TH,I,(z,&; h) is exponentially small by several lemmas.

Next, to consider the L? estimate of TH,Iy(z,&; h), we regard H, as a pseu-
dodifferential operator acting on f(see [7] for details), that is,

¥

HoIh(y) = HUo (7" = 8)[w(s, ) f(-)|(y)ds

.
To

= Opy(p)f (1),

where the symbol of the above pseudodifferential operator is the following form

T*

P(y,€) = (€ +ia)’ / e 5 ) s

.
To

™0 . )2
_ —(7*—s)(&+ia) d
/Tg 55 (€ Jw(s, y)ds

T*

* * - * . a
— (7)) - [T s as
T S

0

(3.6)

Here, let x1(£) € C5°(R) be such that x; = 0if & < %,y = 1if§ > £ and we
set
£

pj(xag; h) :]Q(.T, E)X](g) (j = 172)7 (37)

where xo = 1 — x1(§). Moreover, let the real-valued function ¢ € C§°(R) be
suchthaty = 01f ¢ < 1,9 =11f £ > 2 and we set

T°u( -, -;h)= ew(f)/hTu( -, -3 h). (3.8)

—101—



Linearized Inverse Problem of the real Drift

Now we apply Corollary 3.5.5 (in [7]) with T = T*, f = 1 and ¢» = 1, where
e > (0 will be taken small enough later. we obtain

|TOp}, (1) f117-
> ||pi(y — €0 (§), & — e0ep(€); R)T* f||72 — Ch||T* f|]7-. (3.9)

By using Taylor’s formula, we can estimate the right hand side of (3.9) as follows:

> |lp1(y, & )T fII72 — Cile + T fII7

> [Jw (", y)xa(E) T fI[7> — Cale + W[ fI[1:

Here, by x1(§) = 1 — x2(§), (3.8) ans several lemmas we have

C? .
> {2 - Cale + W T
— C*|IT flI72 — Cale + MIT* fl72((—sor—Lo)xR)

where we used that ¢)(§) = 0if € < 1.
On the other hand, since we can rewrite the left-hand side of (3.9),

T=[Opy,(p1)f] = T°[-Hal1(y) — Opy(p2) f]
= —T°H,I\(y) — T°[Opy(p2) f],

by using the follows

1T L[ o<1y = TNl Z2mqe<ay < CslIT 72

and

|T°0py, (p2) 2w qiei<ipy = [ TOpL(p2) fll 2w qie1<1y) < CallTfl|22,

we have the following estimates applying several lemmas,
1 7°0py (p1) 112
< ||T£Ha[1||%2(R><{|£|§1}) + ||T€H@Il||%2(R><{|£|>1})
+ |’Taopilz(pZ)f]H%2(R><{|§\§1}) + |’TEOpilz(p2).ﬂ|’%2(R><{|§\>1})
< 2C5||Tf|[72

+ 2 <||T5H&Il||%2(R><{|£|>1}) + ||T€OP;11(P2)f]||%2(Rx{|g|>1})> '
(3.10)
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Then, the estimates gives

Cg € 2
b= Cale + ) plIT U2 -1 seymy
—C?||Tf|7> — Cole + h’)HTefH%Q((—oo,—LO)XR)
< O5||Tf\|%2 +2 (||T€Hafl||2L2(Rx{|g\>1}) + ||T€OP}11(P2)f]||%2(Rx{|g\>1})) :

Since we can get the following

P(€) 2e—§
h )HTf| |%27

HTEfH%P((—oo,—LO)XR) = HGETTJEH%%(_OO,_LO)xR) =0O(e

P (&) 2e—4
17 Ha i |2 xje>n) = 1€+ Halillamc gy = Ol = O)IT Iz

and
2e

£ EM —3
170D (02) IR e>1) = €™ ™ Opa(02) fllIZ2mcqies1y) = Ole m ITfIZe,
for § > 0 if ¢ is chosen small enough, we have
G
e T2 (= Lowoyxry = ODIITI[72-
In paticular, since ¢)(&) = 0 if [¢| > 2, therefore we obtain
s
T FIIZ2( Lo 0oyx (le[z2y) = Ole™ ™) (3.11)

In particular, we deduce form (3.11) that
[ Lo, 00) x {I€] = 2} NWF,(f) =0,

where WF, is called analytic wave front set of f (see [7] for details), hence we

obtain that f is real analytic in (— Lg, o).
Since f = 0 in (—Lgy, —L) by the assumption, then we conclude that f is

identically zero on R.
The proof is complete. O
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Type II blow-up mechanisms in
semilinear parabolic equations

Yukihiro Seki *

1 Introduction

In this talk we discuss blow-up mechanisms for semilinear parabolic equations whose
typical form is:

= Au+ [ufPu, e RN t>0, (1.1a)
u(x,0) = uy, x€RY, (1.1b)

where A denotes the Laplace operator in the Euclidean space RY with N > 1, p > 1
is a constant and ug is a bounded function in RY. Local-in-time existence of a unique
classical solution of (1.1a)-(1.1b) is well known. As usual, we say that the solution u of
(1.1a)-(1.1b) blows up in a finite time 7" if the solution stays bounded for 0 < ¢t < T" and

limsup [[u(-, t)[| oo gy = +00. (1.2)

t—=T

Various criteria on given data for blow-up in finite time are known. For example, if
ug € H' N LPH(RY) and

1 2 1 p+1
- v - 1.
2/RN’ ol p+1/RN [uol™"d <0, (13)

then the solution of (1.1a)-(1.1b) blows up in finite time (cf. [8,15]).

The main focus of this talk is to describe singularity mechanisms for blow-up solutions.
More precisely, we are interested in the blow-up rate of |[u(-,?)|| «®~) as t approaches
the blow-up time.

1.1 Known results on blow-up rates

The following definition is due to [10].

*Department of Mathematical Sciences, Faculty of Mathematics, Kyushu University 744 Motooka
Nishi-ku, Fukuoka, 819-0395, JAPAN.
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Definition 1.1. Let u be a solution of (1.1a)-(1.1b) that blows up in a finite time 7. The
blow-up is called of type I if there exists a positive constant K such that

(s )] oo vy < K(T —1)7/ 070, (1.4)
whereas the blow-up is called of type II otherwise, i.e.,

lim sup(7T" — t)l/(p_l)HU(',t)HLoo(RN) = +00. (1.5)
t T

When a solution blows up in finite time and the blow-up is of type II, we call the
solution type II blow-up solution.

We just review some known results on blow-up rates.

1. Sobolev subcritical case: N =1,2 or p < (N +2)/(N —2) =: ps.

Giga, Matsui, and Sasayama [3] proved that blow-ups of all the solutions of (1.1a)
are of type I for all subcritical range of p, thus improving considerably the result of
an earlier work by Giga and Kohn [2].

2. Sobolev critical case: N > 3 and p = ps.

Nonexistence of type II blow-up was proven for positive radial solutions by Matano
and Merle [10], whereas sign-changing type II blow-up solutions exist when 3 <
N < 6 according to a formal matched asymptotic method in Filippas, Herrero, and
Veldzquez [1]. It has recently proven by Schweyer [16] that type II blow-up does
occur for N = 4 in the radial case.

3. Sobolev supercritical case: N > 3 and pg < p.

In this case another exponent pjr, defined by

400, N <10,
= N —2v/N -1
piu SN > 1L
N—-4-2yN -1

plays an essential role. The importance of this exponent was first shown in [6].

(a) Joseph-Lundgren subcritical case: N > 3 and ps < p < pyL.

Matano and Merle [10, 11] and Mizoguchi [13] proved that type II blow-up
cannot occur for radial solutions under some mild assumptions on initial data.

(b) Joseph-Lundgren supercritical case: N > 11 and pjp, < p.

Type II blow-up may actually occur as was shown in Herrero, and Velazquez
[4,5]. A matched asymptotic method plays a crucial role in constructing type
IT blow-up solutions in these articles. The result is described in detail in §3.
Based upon these specific solutions constructed in [4, 5], further progress has
been established in Matano [9] and Mizoguchi [14].

As for positive radial solutions, we may understand that Joseph-Lundgren exponent
divides the range of p into two parts in terms of existence /nonexistence of type II blow-up.
It should be noticed that this fact has already been conjectured in [4].
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2 Main result

A natural question that arises from these results is whether or not type II blow-up would
occur in the Joseph-Lundgren critical case: p = p;j;,. As far as the speaker knows, no
conjecture has circulated for this open question. The aim of this talk is to give a formal
result, based on a matched asymptotic method, that suggests the existence of type II
blow-up solutions. The main result may be formally stated as follows:

Main result. Let N > 11 and p = py. Then there exist radial solutions that blow up
in finite time and the blow-ups are of type II.

The blow-up mechanisms of these solutions are different from those of any type II blow-up
solutions having been found for p > p;,. Further details will be presented in the talk.

3 Herrero—Velazquez’ solutions

We shall recall the result of [4,5] in detail. Throughout this talk we use the following
notation:

p= p— (3.1a)

L N—2—\/1652—4(N;2)ﬁ+(N—2)(N—10)‘ (3.1b)

Notice that v > 0 is a real root of the quadratic equation:
7~ (N =2y +2(N-28-2)(B+1)=0 (3.2)

if and only if N > 11 and p > py,. Quadratic equation (3.2) is related to the asymptotic
expansions as |z| — oo of stationary solutions U,(|z|) to be given in §§4.2 below.

Proposition 3.1. (Herrero and Velazquez [5, Theorem 1]). Assume that N > 11 and
p > py, and let T > 0 be any constant. Then for every positive integer ¢ such that
Ao :=L0—~/241/(p—1) > 0, there exists a radial solution u, of (1.1a)-(1.1b) which blows
up at t =T, x = 0, and satisfies (1.5).

Moreover, the solution satisfies ||u(-, )|/ = u(0,t) and:

Cy (T — ) P72 <y (0,8) < Cy (T — t) 7720 (3.3a)
Ao
v =20

for some positive constants C; and Cy depending only on p, N and (.

with wy == >0 (3.3b)

We shall call the solutions Herrero—Velazquez’ solutions or HV solutions for short.
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4 Preliminary results
Let us considr the radial stationary version of equation (1.1a):

d*U N —1dU
——— —_— p pu—
= R +U?=0 forr>0. (4.1)

Structures of solutions of (4.1) play important roles in the study of existence /nonexistence
of type II blow-ups. Up to now, many important properties on those solutions are avail-
able. We just review some of them.

4.1 Singular stationary solutions

Proposition 4.1. Assume that N > 3 and p > N/(N —2). Then there exists a singular
stationary solution Uy, of (4.1) given by

Uso(r) = e, &y =28(N —2-28). (4.2)

Moreover, function x +— Uy (|x]) belongs to H} (RN) when p > ps.

loc

4.2 Regular stationary solutions

We just recall some properties on regular solutions of (4.1). Given a constant « > 0, we
investigate regular solutions U, of (4.1) satisfying

U0)=a, U'(0)=0. (4.3)

Proposition 4.2. (Infinitely many intersection / ordered structure) Assume that p > pg.
Then for every a > 0 there exists a unique solution U, of (4.1) satisfying (4.3). The
solutions U,(r) are monotone decreasing in r and

Ua(r) = Uso(7) (4.4)
as r — oo and also as a — co. Moreover,
1. If ps < p < pyr, then the graphs of U, (r) and Uy (r) intersect infinitely many times:
Z((]’OO) (Ua — UOO) = 400, (4.5)
where 29 o)(F') denotes the number of zeros of function F' in the interval (0, 00).
2. If N > 11 and p > pyg,, the solutions are ordered according to their values at r = 0.
Namely, if 0 < ay < ag, it follows that

Uny (1) < Upy (1) < Uso(r)  for all ¥ > 0. (4.6)
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The fact of (4.5) is a key property to prove nonexistence of type II blow-up for ps <
p < py, [10,11,13]. On the other hand, for N > 11 and p > pj1, the ordered structure
(4.6) and the asymptotic formula (4.7a) below were essentially used to construct type II
blow-up solutions in [5]. As for the asymptotic expansions, a logarithmic factor appears
in the first corrective term (cf. (4.7b) below) when p = py1,, which violates the argument
of [5]. This fact gives an essential difficulty in the critical case.

Proposition 4.3. (Asymptotic expansions) For every a > 0, the following asymptotic
expansions as r — oo hold:

p>py = Uy(r) =Ux(r) — h(a)r™ +o(r™7); (4.7a)
p=pi = Us(r)=Ux(r)—hi(a)r 7 logr + ha(a)r™ + o(r77) (4.7b)

where (> 2f3) is the real number given in (3.1b), and where h(«), hi(a) and h(a) are
positive constants depending only on p, N and «.

Proposition 4.3 was proven in [7, Lemma 4.3-4.4], where more precise formulas were
obtained.
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a-GAUSS CURVATURE FLOWS WITH FLAT SIDES

LAMIKIM*

We consider a-Gauss curvature flow with flat sides, which is given by the flow

aa—}f(x, t) = —K%(x, t) v(x, t)

X(x,0) = Xo(x)

)

where v denotes the unit outward normal vector and 1/2 < a < 1. This flow is

related to the deformation of 2-dimensional compact convex surfaces in R*> moving
with collision from any random angle.

Let Yo be a compact convex initial surface and a > 0. Then there exists viscosity
solution X; which has uniform Lipschitz bound for 0 < t < Ty, [2]. For % <a<l X
has a uniform Cl!-estimate for 0 < t < Ty, [2, 12]. The Cy’-regularity of the strictly
convex part of the surface and the smoothness of the interface between the strictly
convex part and flat side have been studied for « = 1 in [10]. For n-dimensional
compact convex hypersurfaces and @ < %, itbecomes more singular and the solution

1

gets regular instantaneously. On the other hand, if a > ;, it becomes degenerate

and the flat side of the hypersurface persists for a moment, [2, 4].

We assume that the initial surface Xy has only one flat side, namely that at t we
have ©; = ] U £? where X is the flat side and ¥? is strictly convex part of X;. The
intersection between two regions is the free boundary I'; = Z} N Z%. Then the lower
part of the surface Iy can be written as a graph z = f(x) and we can also write the
lower part of £; as z = f(x, t) for x € Q C R? where Q is an open subset of R2.

In this talk, we prove that there exists smooth solution if Xy is smooth and strictly
convex and that there is C'!-viscosity solution before the collapsing time if X is
only convex. Furthermore, we show that I} will stay for a while. We also discuss
I't remains smooth on 0 < t < Ty under the following conditions for the function f,
where T is the vanishing time of Z}.

Condition 1. Set A(f) = {f = 0} and I'(f) = JA(f).

* Department of Mathematics, Hokkaido University.
This talk is based on joint work with Ki-ahm Lee and Eunjai Rhee.
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(I) (Nondegeneracy Condition)
The function f vanishes of the order dist(X, A(f )) 21 and the interface I'(f) is strictly
convex so that I'(f) moves with finite nondegenerate speed. Setting g = (B f)%, we
assume that at time t = 0 the function g satisfies the following nondegeneracy
condition: att =0,

0< A <|Dg(X)| < % and 0<A? < D2 g(X) < % ()

for all X € Ty and some positive number A > 0, where D2 denotes the second order
tangential derivative at I'. Then the initial speed of free boundary has the speed, at
t=0,

0 <Al <y <

€)

Nda-1 :

(II) (Before Focusing of Flat Side)
Let T be any number on 0 < T < Ty, so that Z} is non-zero. Since the area is
non-zero, L} contains a disc Dy, for some po > 0. We assume that

Dp, ={XeR?: [X|<po} C X} for0<t<Ty. (4)

(II1) (Graph on a Neighborhood of the Flat Side)
Without loss of generality, we assume that

LH>22, 0<t<T 5
ggéf( ) 0 (5)

where Q(t) = {X = (x,y) € R? : IDf|(X, t) < oo}. Set

Qp(t) = {x e R : f(x,y,) < f(P)}. (6)

The following is the first our main result. Let us assume 3 < a < 1.

Theorem 2. For a compact convex initial surface Lo, any viscosity solution Xy of (1) is
C for 0 < t < Ty. Furthermore, £2 is smooth for 0 < t < Tj.

In [8], authors proved the following short time existence of C¢’-solution with
a flat side. From the conditions (2), our linearized equation is in the same class
of operators considered in [8]. Hence their Schauder theory can apply to our
linearized equation and then we get the short time existence by the application of
implicit function theorem as in [8].
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Theorem 3. [Short Time Regularity] [8] Let us assume that g = (B f)/lﬂ is of class C?*7
up to the interface z = 0 at time t = 0, for some 0 < y < 1, and satisfies Conditions 1
for f. Then there exists a time T > 0 such that the equation (1) admits a solution X(t)

on 0 <t < T. Moreover, the function g = (p f)% is smooth up to the interface z = 0 on
0 <t < T. In particular, the interface I'(t) will be a smooth curve forall tin0 <t < T.

Then we have the long time regularity of the solution.

Theorem 4. [Long Time Regularity] Under the assumptions of Theorem 3, g = (B f)l%
remains smooth up to the interface z = 0on 0 < t < T forall T < Ty. In addition, the

interface I'y will be smooth curve for all t in 0 < t < T.

9]

(10]

(1]
[12]
(13]
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Singular perturbation problems
for

nonlinear elliptic equations in degenerate settings

Kazunaga Tanaka

Department of Mathematics, Waseda University, Tokyo, Japan

0. Introduction

Singular perturbation problems for nonlinear elliptic equations has been studied by many
mathematicians. Especially the following singularly perturbed nonlinear Schréodinger equa-

tions is well studied since the pioneering work of Floer-Weinstein [FW]:

—e?Au+V(z)u=g(u) in RY,
u>0 in RV, (0.1)
ue H'(RY),

g

Here N > 1, g(s) € C(R,R) is a function with a subcritical growth, V(x) € C(RY,R)
is a positive function and 0 < ¢ < 1. Among solutions of (0.1)_, we are interested in
concentrating families (u.) of solutions, which have the following behavior:
(i) ue(x) has a local maximum at x. € RY and z. converges to some zo € R as
e — 0.
(ii) rescaled function v.(y) = uc(ey + xc) converges as ¢ — 0 to a solution w(y) €
H'(RY) of the limit equation:

—Aw+V(zg)w =gw), w>0 in RN, we H'RY). (0.2)

The limit equation (0.2) plays important roles in the study of (0.1).. When solutions
of (0.2) are unique up to translation and non-degenerate, we can use Lyapunov-Schmidt
reduction method and we can reduce (0.1)_ to a finite dimensional problem and interesting
family of solutions with multiple concentrating points are constructed. See [ ABC, DKW,
KW, 01, 02, W] and references therein. However, uniqueness and non-degeneray of
solutions of (0.2) is verified only restricted classes of nonlinearities including g(u) = uP

(1<p< &£3).
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There are a lot of efforts to relax the non-degenerate condition using variational meth-
ods, especially for general nonlinearities. See [BJ, BT2, BT3, DPR, DF1, DF2, DF3,
G, JT] and references therein.

In this talk, I would like to talk about another class of a singular perturbation problem,

in which a domain depends on singular perturbation parameter € € (0,1):

(*)e

—Au=uP, u>0 in Q.
u=0 on 0€2,.

Here 1 <p< {2 (N >3),1<p<oo (N =2)and Q. C R* xR’ (N =k + () is given
by

Q. = {(z,y) e R* xR’ (ex,y) e} [ = | (e} x Dew)

Here

0= |J ({2} x D.)

ZERF
and D, C R’ be a family of bounded smooth domains which depends on z € R* smoothly.
Such a problem naturally appeared when we studied a problem in an expanding tubu-
lar type domain in [BT4] (c.f. [DY, ACP]). We would like to give a partial answer to the

following questions:

(i) Where the peaks appears?
(i) What happens if the section depends on the location z € M.

This talk is based on my joint works with Jaeyoung Byeon, KAIST, Korea.

1. Setting of our problem

1.1. Domain .

First we give a precise definition of the domain {2.. We assume that 2; satisfies the

following conditions.

(1) D C R! is a bounded domain with a smooth boundary dD.
(22) ¢(z,9) : R¥ xD — R’ is a smooth map such that
(i) For z € R*, set D, = ¢(z, D). Then

¢(z,-): D — D, is a diffeomorphism for each z € R*.

(ii) All derivatives of ¢(z,y) is bounded in R¥ x D and there exists Cy > 0 such that
det [g—‘;(z,y)} > Cp on R¥ xD.
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(©23) We set

o= | (=) x Do),

zZERF
Q. = |J ({2} x Do) = {(2, (e, p)); (,y) € U} fore € (0,1].

zERF

1.2. Variational formulation

We consider

—Au=uP, u>0 in
u=20 on 0f2,.

This problem is reduced to a problem finding a critical point of
u / 1|Vu]2 — LupJrl drdy; Hy(Q.) — R
. 2 p+1 + o '
Using a transformation appeared in (21)—(€23), it can be written as a functional:
L= [ Py Vuudedy € C(HYRE <D).R),
RF xD
1 1
Fe(z,y, Vu,u) = (§|qu +eB(z,y)Vyul® + 51A(z,9)Vyul
1 Op
P get | 2E
p_|_1u+ ) € {&y(z’y)} ’

where A(z,y), B(z,y) are matrices defined using ¢(z,y). We also set the limit functional
at z € R* by

L(z,u) = / ) DFO(z,y, Vu,u)drdy € CH(H (R* xD),R).
R" X

Here Fy(z,y,V,u) is defined by setting £ = 0 in the definition of F.(z,y, Vu,u).
We note that L(z,v) plays a role of the limit functional of I.(u). In fact, for u(z,y) €
Cs°(R* xD) and z € R¥, we have

I (u(x — E,y)) — L(z,u) ase—0.
£

We also note that L(z,u) is corresponding to the following limit problem:

—Au=u?, u>0 in R¥xD,,
u=0 on R* xdD,.
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1.3. Properties of the limit problem
It is known that the limit problem has the following properties:
1° Solutions of (x*) has symmetry u(x,y) = u(|z|,y) after a suitable shift in = and set
of solutions
S. ={w(|z],y); w # 0, DyL(z,w) = 0}
is compact in Hg (R* xD).
2° For each z, (xx), has a least energy solution; we denote the least energy level by m/(z):

m(z) = inf{L(z,w); w € S,}.

Moreover m(z) : R¥ — R is continuous.
In general, least energy solutions are not unique.
3° m(z) has a property:
D.cC D, = m(z") <mf(z).
We refer to Gidas-Ni-Nirenberg [GNN] and Byeon [B] for the symmetry of solutions.
We also refer to Esteban [E] and Byeon-Tanaka [BT1] for the existence of least energy

solutions. We also note that the natural space to deal with L(z,u) is the following space
Hy (R* xD) = {u(z,y) € Hy(R* xD); u(z,y) = u(|z|,y)}
by the property 1°. In what follows, we regard L(z,u) is a functional defined on

RF ><H&’S(R’C x D).

2. Our results

First we recall a non-existence result due to Esteban-Lions [EL]. In the following theorem
we denote the outward normal vector of Q. at (z,y) € Q. by N(z,y) € RY.

Theorem 1 (Esteban-Lions [EL]). If Q; is monotone in one direction, that is, there is

a vector T € RY satisfying
(N(z,y),T) >0 for all (x,y) € 0f.,

then (x). does not have non-trivial solutions.

From this result, we cannot expect the existence of concentrating solution in monotone

parts of €.

2.1. Concentration at a thick part

First we deal with thick parts of ;. By the property 3°, we have the property (2.1) in
the following theorem at a thick part O of €2;.

—118—



Theorem 2. Suppose that a bounded open set O C RF satisfies

1 1 . 2.1
infmee) < o, m:) 2D

Then for € > 0 small, (x). has a positive solution u.(x,y) concentrating in O. More
precisely, any sequence (g,) with €, — 0 has a subsequence (¢,,), (zn;) C R and
(20,wo) € O x Hg ,(R* xD) such that

Ue,, (x —2p,;,y) = wo(z,y) in H}(R" xD), En;Tn; — 20 € O.
Here (zo,wo) Is a critical point of L(z,u), i.e., D, ,L(z9,wo) = 0, satisfying

L(zg,wo) = m(20) = leggm(z)

2.2. Concentration at a thin part

Next we consider thin parts of €2;. Thin parts correspond to high energy solutions and we

need more assumptions.

Condition (E). For a bounded open set O C R, we say that O satisfies (E) if and only
if
(8—(p(2,y)n(z), 8—(p(z,y)y(y)) >0 forall z € 90O and y € 0D.
0z y
Here n(z) € R* (v(y) € R’ resp.) is a unit outward normal vector of O (D resp.) at
z € 00 (y € 0D resp.).

Remark. If O C RF satisfies (F), then we have for some §y > 0
D, C D, yyn(») for z € 90 and t € [0, o).

Under (E) we have the following existence result.

Theorem 3. Assume that O C RF satisfies (E). Then for e > 0 small, (x). has a positive
solution u.(x,y) concentrating in O. More precisely, any sequence (&,,) with €, — 0 has a
subsequence (ey,,), (#,,) C R* and (29, wo) € O x Hg ((R* xD) such that

Ue,,. (x —2p,;,y) = wo(z,y) in H}(R" xD), En;Tn; — 20 € O.

Here (zp,wyp) is a critical point of L(z,u).
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Remark. In Theorem 3, we only have

L(z0,wp) > maxm(z).
z€0

We conjecture that the equality does not hold in general and wg is not a least energy
solution of the limit problem. In contrast, for a singular perturbation problem for NLS,
we have

L(z0,wp) = maxm(z).
z€0

3. Our approach

To show our Theorems 2-3, we take the following approach:

Step 1: Analysis of the limit problem.
We introduce a minimax method to the limit functional L(z,u) € C*(Hj ,(R* xD),R):

b=inf max _ L(y(s,z2)).
7€L (5,2)€[0,1]xO

‘We show
Ky, ={(z,w) € O x Hg,S(R’“ xD); L(z,w) =b, DL(z,w) =0}

is non-empty and compact in O x Hj ,(RF xD).
Here we use a deformation argument in a manifold with a boundary, which is due to Majer

[M]. We note that the condition (F) gives us a useful property of L(z,u):
DL(z,u) # —A(n(2),0) for (z,u) € 00 x H&,S(Rk xD), A >0.
Step 2: Construction of a critical point u. € H}(R* xD) of I.(u) related to K.

We try to find a family (u.) of critical points of I.(u) such that for some (zg,wp) € Kp

5X(u5) — 20,

ue(x — X(ue),y) = wo,

Here X (u) : H}(RF xD) — R* is a center of mass of u € H}(R* xD). To find such a

family, we develop a new local deformation argument in a neighborhood of
A(E) — _ f . K
b {W(I €>y)7 (Z,(.U) € b}a

which is an extension of the arguments in [BT2, BT3].
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Heat equation with a nonlinear boundary condition and
uniformly local L" spaces

Kazuhiro Ishige
Mathematical Institute, Tohoku University, Japan

This is joint work with my student Ryuichi Sato (Tohoku University) and it is con-
cerned with the heat equation with a nonlinear boundary condition,

Owu = Au, reN, t>0,
Vu - v(x) = |ulP~ u, x €N, t>0, (1)
u(x,O) = (p(l‘), r € (),

where N > 1, p > 1, Q is a smooth domain in R, §; = 9/0t and v = v(z) is the outer
unit normal vector to 0. For any ¢ € BUC(2), problem (1) has a unique solution

ue C*HQ x (0,T]) N CHO(Q x (0,7]) N BUC(Q x [0,T))

for some T' > 0 and the maximal existence time 7'(¢) of the solution can be defined. If
T(p) < 00, then

lim sup [[u(t)[[ Lo () = o0

t—T(p)
and we call T'(¢) the blow-up time of the solution w.

Problem (1) has been studied in many papers from various points of view (see e.g.
[1]-[5], [7]-[11], [12]-[17], [18], [19], [20] and references therein) while there are few results
related to the dependence of the blow-up time on the initial function even in the case
Q= Rﬁ\_f . We remark that the blow-up time for problem (1) cannot be chosen uniform for
all initial functions lying in a bounded set of L"(RY) with 1 <7 < N(p —1).

For 1 <r < ocand p >0, let LZlocp(Q) be the uniformly local L" space in 2 equipped
with the norm

1/r
1 f1lrp == sup (/ \f(y)\rdy> .
zel) QOB(va)

We denote by £, () the completion of bounded uniformly continuous functions in 2

uloc,p
with respect to the norm || - ||, ,, that is,
Zloc,p(Q) = BUC(Q) I an'
We set Lgg,. ,(€2) = L*>(Q) and L7, ,(€2) = BUC(Q).

In this talk we prove the local existence and the uniqueness of the solutions of prob-
lem (1) with initial functions in £7,,. ,(£2), and study the dependence of the blow-up time
on the initial functions. As an application of the main results of this paper, we study the
asymptotic behavior of the blow-up time 7'(¢) with ¢ = M) as A — 0 or A — oo and show
the validity of our arguments. Furthermore, we obtain a lower estimate of the blow-up

rate of the solutions.
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Throughout this talk we assume that @ C RY is a uniformly regular domain of class
C'. For any z € R and p > 0, define

B(z,p) :={y e RV : [x —y| < p}, Qz,p) := QN Blx,p), 9,p):= 2N B(z,p).

By the trace inequality for W1 (Q)-functions and the Gagliardo-Nirenberg inequality we
can find p, € (0, 00] with the following properties.

e There exists a positive constant ¢; such that

/ lv| do < cl/ |Vl dy (2)
9, p) Q(z,p)

for all v € C}(B(z,p)), z € Q and 0 < p < p..
e Let 1 <, < o0 and o € [0,1] be such that

;:g<;—;>+(1—a);. (3)

Assume, if N > 2, that a 7 oo or N # 2. Then there exists a constant ¢, such that
= s AN A 20 Y (4)
for all v € C}(B(z,p)), z € Q and 0 < p < p..
We remark that, in the case
Q={(,zn) e RY : zy > &(a')},

where N > 2 and ® € C'(RN ™) with [V®|| oo gv-1) < 00, (2) and (4) hold with p, = occ.
Inequalities (2) and (4) are used to treat the nonlinear boundary condition.

Next we state the definition of the solution of (1).

Definition 1 Let 0 < T < oo and 1 < r < co. Let u be a continuous function in Qx (0,T7.
We say that u is a L7, (2)-solution of (1) in & x [0,T] if

o ue€ L®(r,T: L>®(Q))NL*7,T: WH2(Q N B(0, R))) for any 7 € (0,T) and R > 0,
e ucC(0,T): L]

uloc,p

(Q)) with %ir% |lu(t) — ¢llr, =0 for some p > 0,

e u satisfies

T T
— . — p—1
/0 /Q{ udp + Vu - Vol dyds /0 /BQ |ulP™ ug dods (5)

for all ¢ € C (RN x (0,7)).

Here do is the surface measure on 02. Furthermore, for any continuous function u in
Qx(0,T), we say that u is a LT, .(Q)-solution of (1) in Qx[0,T) ifu is a L",,.()-solution

of (1) in Q x [0,n] for any n € (0,T).
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Now we are ready to state the main results of this talk. Let p, =1+ 1/N.

Theorem 1 Let N > 1 and Q C RY be a uniformly regular domain of class C*. Let p,
satisfy (2) and (4). Then, for any 1 <r < oo with

r>Np-—1) if p> ps,

r>1 if p=Dps, (6)
r>1 if 1 <p<ps,
there exists a positive constant y1 such that, for any ¢ € L'Zloqp(Q) with
1N
Pt el <m (7)

for some p € (0, p./2), problem (1) possesses a LT, .(Q)-solution u of (1) in £ x [0, up?]
satisfying

sup [[u(?)lr,p < Cll@llrp, (8)
0<t<up?
N
sup 2 [|u(t)|[Loo @) < Cll@llrp- (9)
0<t<pp?

Here C and p are constants depending only on N, Q, p and r.

uloc(Q)_
solutions in @ x [0,T) such that v(x,0) < w(zx,0) for almost all x € , where T > 0 and

r is as in (6). Assume, if r = 1, that

Theorem 2 Assume the same conditions as in Theorem 1. Let v and w be LT

1
lim sup ¢76-D o)z + 0@l L] < oo (10)

Then there exists a positive constant o such that, if

P [|[o(0)

for some p € (0, ps/2), then

rp + 1w O)rp] < 72 (11)

v(z,t) <w(x,t) in Qx(0,7).
We give some comments related to Theorems 1 and 2.

(i) Let w be a L7, (£2)-solution of (1) in £ x [0,T"). It follows from Definition 1 that

u € L®(r,0: L>®(Q)) for any 0 < 7 < 0 < T'. This together with Theorem 6.2 of [5]
implies that u(t) € BUC(() for any ¢ € (0,7T'). This means that u(0) € L;,. ,(€2)
for any p > 0.

(iii) Let 1 <r < oco. If, either

(@) f €Ly (), r>Np-1) or (b)) fel'(Q), r=N(p-1),

1 N
then, for any v > 0, we can find a constant p > 0 such that pr=1~ = || f||,., < 7.
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As a corollary of Theorem 1, we have:

Corollary 1 Assume the same conditions as in Theorem 1 and p > py.

N(p-1)
uloc

(i) For any ¢ € LN®=1(Q), problem (1) has a unique L
for some T > 0.

(Q)-solution in Q x [0,T]

(ii) Assume psx = co. Then there ezists a constant v such that, if

el Lve-1 @) < 7, (12)

N(p-1)
uloc

then problem (1) has a unique L (Q)-solution u such that

1
sup [lu(t)|lpxw-1() + sup 2070 [u(t)|| e (@) < oo
0<t<oo 0<t<oo

Furthermore, as an application of our theorems, we give a lower blow-up estimate of the
solution u of (1).

Corollary 2 Let N > 1 and Q C RN be a uniformly reqular domain of class C*. Let u
be a solution of (1) blowing up att =T < co. Then

1 N
limint (T~ )75 u(t) 0y > 0. (13)
where
Np-1)<r<oo if p>1+1/N,
l1<r<oo if p=1+1/N, (14)
1<r<oo if 1<p<1l+1/N.
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FLOW MONOTONICITY AND STRICHARTZ INEQUALITIES

NEAL BEZ
(SAITAMA UNIVERSITY)

This talk is largely based on joint work [5] with Jonathan Bennett and Marina
Tliopoulou.

BACKGROUND

A number of important inequalities from geometric analysis may be understood
via the monotonicity of an appropriate functional, often referred to as a Lyapunov
functional, as the input evolves under a well-chosen flow. For instance, consider
the sharp Young convolution inequality on euclidean space, due to Beckner [1] and
Brascamp-Lieb [8], which states that whenever d > 1 and py,p2,p > 1 satisfy the
scaling hypothesis 1 + zl) = p% + p%, then

(1) 1 f1 * fallLe ey < C(p1, p2)ll f1ll Ler rey 1 2]l o2 ()
for each f; € LP*(R?) and f, € LP?(R?). Here, the constant C(p;, p2) is given by
C(p1,pa) = [[Hy{P* % H)[P2|| 1o (ro)

where the parameters (01,02) € (0,00)? satisfy pipjo1 = paphoo, and Hy is the
heat kernel on R? given by
Hy(x) = #eflif.
(4mt)d/2
Written in this way, the constant C(p1,p2) is easily seen to be best possible by
taking

(fi, f2) = (HG[", Hy[P*)
and using the fact that the heat kernel has unit mass for each time. The left-hand
side of (1) with
(fh f2) N ((ealtAffl )1/p1 , (eogtAfgz)l/pg)
gives rise to the quantity
Q(t) = |7 A P )P x (72 f52) /P2 | Lo (g
which generates the sharp inequality (1). In particular, for (sufficiently nice) non-
negative f; and fy, we have

Jm Q) = |lfu+ fellsmsy,  lim Q) = Clpy, p2)ll fill o eyl f2l L2 (o),

and it was shown in [2] that @ is nondecreasing.

This is an example of an inequality with certain gaussian input functions as ex-
tremisers. In fact, it can be shown that all extremisers must be gaussian, and thus
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the above example indicates that when the objective is to establish an inequality
in sharp form, the choice of flow is constrained by the class of extremisers.

We also note that under the above assumptions on (p1,p2,01,02), except now
0 < p1,p2 < 1, the Lyapunov functional @ is nonincreasing for (sufficiently nice)
f1 € LP1(R?) and fy € LP2(R?) (see [2]). This monotonicity yields the sharp reverse
form of the Young convolution inequality

[|.f1* fZHLP(]Rd) > C(pth)HleLm(Rd)||f2HLpz(Rd)

for each nonnegative f; € LP*(R?) and fo € LP2(RY). With the best constant (in
this case, the largest), this inequality was first established by Brascamp-Lieb [8]
who also observed a fundamental link with geometry by showing that the Prékopa—
Leindler inequality follows in the limiting case as p tends to zero. The Prékopa-
Leindler inequality is a functional form of the Brunn—Minkowski inequality, a core
inequality in geometric analysis which, for example, quickly implies the classical
isoperimetric inequality.

Lieb [18] also observed that the sharp (forward) Young convolution inequality im-
plies the Shannon entropy power inequality from information theory, which states

that
RH(XHY) 5 (2H(X) 4 2H(Y)

for independent random variables X and Y in R, with equality when X and Y are
gaussian random variables. Here, for a random variable X in R with appropriate
probability density function f, H(X) is the entropy of X and is given by

1) =~ [ floss

An early proof of the entropy power inequality was given by Stam [21] (and Blach-
man [7], including higher dimensions) using heat-flow monotonicity. Crucially, the
time derivative of the entropy functional H along heat-flow coincides with the Fisher
information I along heat-flow (de Bruijn’s identity), the latter being of quadratic
nature and thus more accessible. Interestingly, the Blachman—Stam inequality, a
certain subadditivity of the Fisher information, is a crucial ingredient in the heat-
flow monotonicity approach to the entropy power inequality, and a stronger version
of this inequality is key in establishing the monotonicity of the above functional @
for the Young convolution inequalities (see Toscani [22] for this observation).

Switching focus, we turn our attention to the main purpose of the talk which is to

discuss monotonicity phenomena in the context of Strichartz inequalities for various
evolution equations.

THE SCHRODINGER EQUATION
It is natural to begin with the free Schrodinger propagator whose classical Strichartz

estimates

isA <
@ L (PR P
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are conjectured to have gaussian extremisers for each d > 1; see Foschi [15] and
also Hundertmark—Zharnitsky [16], where the conjecture is stated and established
ford=1,2.

It was proved in [3] that a monotonicity phenomenon exists in this context, where
the initial data evolves under the quadratic heat-flow

F = (B2,
Theorem 1. ([3]) Let d = 1,2 and f € L*(RY). Then

Q(t) = [l 2 (2 f1)V2) Lay
Ls,av (RXRd)

is nondecreasing for each t > 0.

Underpinning this is the monotonicity of the Cauchy—-Schwarz functional

/]Rd fife

under such quadratic heat-flow; see work of Bennett—Carbery—Christ—Tao [6] and
Carlen—Lieb—Loss [10].

A limitation of Theorem 1 is that it appears to be rather rigid and does not seem
to extend in several desirable directions, including higher dimensions, and to a
broader class of Sobolev—Strichartz inequalities for other dispersive or wave-like
propagators, including initial data measured in the scale of classical Sobolev spaces.
Here, we shall see that we can achieve this, to some extent, by considering linear
flows rather than quadratic. Additionally, in Theorems 2, 3, 5 and 6, stated in
terms of a Lyapunov functional Q(¢), the monotonicity may be strengthened to
complete monotonicity in the sense that the kth derivative of @ has sign (—1)* for
every k € Ny.

To begin to describe these results, we state a linear heat-flow counterpart to The-
orem 1.

Theorem 2. ([5]) Suppose f € L*>(R%). Then, for d =1,
1 is
Q) = m”‘fmfﬂﬁm(m) —[le AetAfH?,gm(Rx]R)
is nonincreasing for t > 0, and for d = 2,

1 )
Q) = 1™ Faqaey — lei*2et 1]

is nonincreasing for t > 0.

4
Lgﬁz(RxRi’)

Theorems 1 and 2 both recover the sharp Strichartz inequalities in [15] and [16] by
comparing Q(t) as t — 0+ and ¢t — oco. In the former case, this is analogous to the
earlier recovery of the Young convolution inequalities, with lim; o+ Q(¢) giving the
left-hand side of (2) and lim;_,+, Q(t) giving the sharp form of the right-hand side of
(2). In the latter case, the quantities Q(t) in Theorem 2 tend to zero as t — co and
the sharp form of (2) is equivalent to the nonnegativity of lim; o4 Q(t). The idea
of flowing the difference of two sides of an inequality (first raised to an appropriate
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power) is not new, and can be seen, for example, in work of Carlen—Carrillo-Loss
[9] in the context of the sharp Hardy-Littlewood—Sobolev inequality.

Theorem 2 is, in fact, a special case of a result which holds in all spatial dimensions.
If we write

= [, Feofor( ¥ la-oF

1<i<j<m

then whenever d > 1, m > 3, or d > 2, m > 2, and whenever J(f) < oo, the
quantity

1 (d(m-1)-2)
J

S(m—l)d—l
Q(t) = dm|—2 |

_2m 5 (27T)(2m_1)d

) I f) - ||@iSAetAf||2L?jg(Rde)

is nonincreasing for each ¢ > 0. To help ground this, by looking at the case m = 2,
we see that the implied inequality, by comparing initial and eternal times t, is
simply

e g s [ IferIfEPle - el
L3 RXRY) = 9d(97)3d—1 (R4)> 1 2 152 :

This sharp estimate is due to Carneiro [11], holds for each d > 2, and has gaussian
extremisers. One may view this sharp inequality as a relative of

(3) le™*2 7]

which is a classical Sobolev—Strichartz estimate.

vy S Il

Ozawa—Tsutsumi [19] also proved a sharp relative of (3) where no additional regu-
larity on the initial data beyond square-integrability is assumed, and this is com-
pensated for by measuring the modulus square of the solution in a classical homo-
geneous Sobolev space with nonpositive order; specifically

2-d\ oA £12)12 S 4
(4) [(=A)"T |e"2f] ||L§Ym(]R><]Rd) < W||f”L2(Rd)

for each f € L2(R?). This inequality is valid for each d > 2 and the given con-
stant is sharp with gaussian extremisers (when d = 1, (4) is in fact an identity).
Furthermore, it may be seen as a consequence of the following monotonicity.

Theorem 3. ([5]) Let d > 2 and f € L*(R?). Then

S 224
Q1) = W"etAﬂ'i?(]Rd) = [I(=A)""|e SAetAﬂZHQLg’z(lRX]Rd)

is nonincreasing for each t > 0.

Our proofs of Theorems 2 and 3 proceed via Fourier analysis. The linear nature
of the flows in these theorems allows such a approach, in stark contrast to the
quadratic flow in Theorem 1. A significant advantage of using Fourier analysis
is that Strichartz inequalities for other dispersive and wave-like equations may be
handled in a similar manner; see the forthcoming section.
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Up to now, we have stated various monotonicity phenomena, each of which gener-
ates the sharp constant in the underlying inequality. These results are, however,
restricted to inequalities where the Lebesgue space exponent on the solution is
an even integer. Our next result demonstrates that if one is willing to sacrifice
the sharpness of the constant, then the monotonicity phenomenon in Theorem 2
may be extended to the full range of admissible exponents, including the mixed
space-time norm regime.

Theorem 4. ([5]) Suppose (p,q,d) # (2,00,2) is such that 2 < p,q < 0o and
2

d_d
p g 2
Then there exists a constant C), 4 such that
A isA LA
Q(t) = Cp,q ‘et f”iz(Rd) — [le*® e f”ig’Lg(Rde)

is nonincreasing for each t > 0.

In the above generality, a Fourier analytic approach appears to be difficult to im-
plement, and we prove Theorem 4 using PDE methods.

THE WAVE AND KLEIN-GORDON EQUATIONS

Using the Fourier analytic approach, we may prove the following analogous results
to Theorem 2 for the one-sided wave and Klein—-Gordon propagators.

Theorem 5. ([5]) Suppose f € Hz (R?). Then for d = 2,

1 —tv— 5/ — —tv—
Q) = 5o lle™™TALIS 4 oy — eV TE VTR,

HY(R2) )

is nonincreasing for each t > 0, and for d = 3,

QM) = -l

isV—A _—t/=A
. eV~ Se f“if;x(RxH@)

is nonincreasing for each t > 0.

Regarding notation, H %(Rd) denotes the homogeneous Sobolev space on R? of
order % The extremisers for the inequalities generated by the monotone quantities

in Theorem 5 were found by Foschi [15] and include initial data f such that
~ _ 67|§|
€l

from which we see the relevance of the flow e tV—2,

For the Klein—-Gordon equation, we obtain the following monotonicity phenomena
under the flow e *VI=Af,

Theorem 6. ([5]) Suppose f € H3:(RY). Then for d =2,

isV/I—A —tvV/I-A ¢4
€ f”Lj

1
Q) = 5lle™ESL, L~ e

H? (R?) « (RxR?)
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is decreasing for each t >0, and ford =3,

Q) = || TWVITARIE = flefYIT e 17Af||i§,w(]R><]R3)

Hz(RS)

is decreasing for each t>0.

Here, Hz (R9) denotes the inhomogeneous Sobolev space of order % The Strichartz
inequalities generated by the strict monotonicity of ¢ in Theorem 6 do not have
extremisers. However, if we write

Rl -
T TrRE

then (f,) is an extremising sequence as a — oo for d = 2, and a — 0+ for d = 3
(Quilodran [20] first established the underlying sharp inequalities, the lack of ex-
tremisers and identified such extremising sequences). Despite the lack of extremis-
ers, we see the relevance of the flow e~ *VI=Af,

THE KINETIC TRANSPORT EQUATION

We conclude with some observations regarding flow monotonicity in the context of
the kinetic transport equation

Osu(s,z,v) +v - Vyu(s,z,v) =0, u(0,z,v) = f(x,v)

for (s,7,v) € RxR?xR?. The Strichartz estimates for the solution of this equation
are of the form

(5) lo(f)

where the velocity averaging operator p, often called the macroscopic density, is

given by
/ f(z —wvs,v) dv.

Based on results in [12], [17] and [4], it is now known that (5) holds if and only if
(a,p, q) satisfies

2 1 1 1 1
q > a, P> a, —d<1—>, —<1—|—>.
q p a 2 p

Given Theorem 1 for the Schrodinger equation, it is natural to look for monotonicity
in the context of (5) in the particular case

p@xrd) S | fllLe  (Raxra)s

\%

6 <

©) I, s SV
corresponding to (a,p,q) = (dﬁ, a2 d+2) The dual estimate to (6) is
(7) lo* <9>||Lgff(Rded) ~ ||9||LS %2 (RxR4)

where the operator p* is given by

P (@)(e0) = [ glsatvs)ds
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The sharp constant in the space-time X-ray transform estimate (7) was identified
by Drouot [13], who observed that the function

1
1+ 82+ |z)?
is amongst the class of extremisers. Thanks to work of Flock [14], it is known that,

modulo symmetries of the inequality, all extremisers are of this type and thus rules
out a heat-flow monotonicity phenomena in this context.

9(87 JJ) =

We conclude by presenting some evidence in the form of the following result (for
the 2-plane transform rather than the X-ray type transform above) to suggest that
it is reasonable to expect monotonicity under certain fast diffusion flows.

Theorem 7. ([5]) Supposed > 2, m = g—ié and let g € LZ%(R'”I) be nonnegative

and of compact support. If u : [0,00) x R — [0, 00) satisfies
(8) Ou = A(u™); u(0,-) =g,
then
2 2 2
Q(t) = C3l|u(t, ')”LQ%(WH) — 1 T2,a41 (w(t, D220y 01)

is nonincreasing for each t > 0.

Here, T5 q4+1 denotes the classical 2-plane transform on R4 and Mz, q+1 the Grass-
mann manifold of all affine 2-planes in R4, The constant Cy is the sharp constant
in the inequality

(T 041 (9)]12 00 1ty < Cilll] g o

whose extremisers include the function
1
) = s e
This explains the appearance of the fast diffusion flow in (8) whose asymptotic pro-
files (Barenblatt profiles) take this shape for the given value of m. Theorem 7 is sim-
ply proved by combining an identity of Drury which connects || T2 4+1(9)[l22(Ms.411)
with the diagonal Hardy-Littlewood—Sobolev functional, and the recent observa-
tion of Carlen—Carrillo-Loss [9] that certain cases of the sharp Hardy-Littlewood—
Sobolev inequality may be established via fast diffusion monotonicity. It is rea-
sonable to hope that other versions of Drury’s identity may lead to monotonicity
phenomena under fast diffusion in the context of the kinetic transport equation for
the Strichartz inequalities (6) and (7).
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