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Abstract

We have already defined the evolutes and the involutes of fronts without inflection
points. For regular curves or fronts, we can not define the evolutes at inflection points.
On the other hand, the involutes can be defined at inflection points. In this case, the
involute is not a front but a frontal at inflection points. We define evolutes of frontals
under conditions. The definition is a generalisation of both evolutes of regular curves
and of fronts. By using relationship between evolutes and involutes of frontals, we give
an existence condition of the evolute with inflection points. We also give properties of
evolutes and involutes of frontals.

1 Introduction

The notions of evolutes and involutes (also known as evolvents) were studied by C. Huygens
in his work [13] and studied in classical analysis, differential geometry and singularity theory
of planar curves (cf. [3, 4, 6, 10, 11, 12, 16]). The evolute of a regular curve in the Euclidean
plane is given by not only the locus of all its centres of the curvature (the caustics of the regular
curve), but also the envelope of normal lines of the regular curve, namely, the locus of singular
loci of parallel curves (the wave front of the regular curve). On the other hand, the involute
of a regular curve is the trajectory described by the end of stretched string unwinding from a
point of the curve. Alternatively, another way to construct the involute of a curve is to replace
the taut string by a line segment that is tangent to the curve on one end, while the other end
traces out the involute. The length of the line segment is changed by an amount equal to the
arc length traversed by the tangent point as it moves along the curve.

In the previous papers [8, 9], we defined the evolutes and the involutes of fronts without
inflection points and gave properties of them. In §2, we review the evolutes and the involutes
of regular curves and of fronts. We introduce the moving frame along Legendre curves and the
curvature of Legendre curves (cf. [7]). Moreover, we also gave properties of the evolutes and
the involutes of fronts, for more detail see [8, 9]. For a Legendre immersion without inflection
points, the evolute and the involute of the front are also fronts without inflection points. It
follows that we can repeat the evolute and the involute of fronts without inflection points. We
gave the n-th form of evolutes and involutes of fronts without inflection points for all n € N in
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8, 9]. The evolute and the involute of the front without inflection points are corresponding to
the differential and the integral of the curvatures of the Legendre immersions.

The evolutes of fronts can not be defined at inflection points. On the other hand, the
involutes of fronts can be defined at inflection points. In this case, the involute is a frontal at
inflection points. In this paper, we consider evolutes and involutes of frontals under conditions.
In §3, we define evolutes and involutes of frontals by extending to the evolutes and the involutes
of fronts. These definitions are generalisations of evolutes and involutes of regular curves and
of fronts. Even if evolutes of frontals exists, we don’t know whether evolutes of evolutes exists
or not. By using relationship between evolutes and involutes of frontals, we give an existence
condition for the n-th evolute. In §4, we give examples of Legendre curves and evolutes of
frontals. These examples are useful to understand properties and results.

We shall assume throughout the whole paper that all maps and manifolds are C*° unless
the contrary is explicitly stated.

Acknowledgement. The second author was supported by a Grant-in-Aid for Young Scientists
(B) No. 23740041.

2 Preliminaries

We quickly review on the theory of evolutes and involutes of regular curves and of fronts (cf.
6,8, 9,10, 11, 12, 13, 16]). Moreover, we introduce Legendre curves on the unit tangent bundle
and the curvature of the Legendre curve (cf. [7]).

2.1 Regular plane curves

Let I be an interval or R and let R? be the Euclidean plane with the inner product a - b =
aiby + asby, where a = (ay,as) and b = (by,by) € R?. Suppose that v : I — R? is a regular
plane curve, that is, ¥(t) = (dvy/dt)(t) # 0 for any t € I. We have the unit tangent vector

t(t) = 4(t)/|7(t)| and the unit normal vector n(t) = J(¢(t)), where |¥(t)| = \/~(t) - ¥(¢t) and J
is the anti-clockwise rotation by 7/2 on R?. Then we have the Frenet formula

RN

where the curvature is given by

t(t) -n(t) _ det (3(1),4(t))
()] A@r

Note that the curvature x(t) is independent on the choice of a parametrisation.

R(t) =

In this paper, we consider evolutes and involutes of plane curves.

Definition 2.1 The evolute Ev(y) : I — R? of a regular plane curve vy is given by
Ev(y)(t) =) + —=
away from the point k() = 0, that is, without inflection points (cf. [6, 10, 11]).
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Definition 2.2 The involute Inv(v,to) : I — R? of a reqular plane curve v at ty € I is given
by

vty ta)(0) =20~ ( / i) ). ©)

The following properties are also well-known in the classical differential geometry of curves:

Proposition 2.3 Let v : I — R? be a reqular curve and to € I.

(1) If t is a regular point of Inv(y,to), then Ev(Inv(y,to))(t) = ().

(2) Ift and ty are reqular points of Ev(y) and not inflection points of 7y, then Inv(Ev(y),to)(t) =
Y(t) + (1/k(to))n(t).

We say that g is an ordinary inflection point of ~y if k(ty) = 0 and £(ty) # 0. By definition
of the curvature, k(tg) = 0 and £(ty) # 0 are equivalent to the conditions

det((to),4(to)) = 0, det(¥(to), ¥ (to)) # 0.

2.2 Legendre curves and Legendre immersions

We say that (v,v): I — R? x St is a Legendre curve if (y,v)*(t)0 = 0 for all ¢ € I, where 6 is
the canonical contact 1-form on the unit tangent bundle T3R? = R? x St (cf. [2, 4]) and S' is
the unit circle. This condition is equivalent to #(t) - v(t) = 0 for all t € I. Moreover, if (v, V)
is an immersion, we call (v,v) a Legendre immersion. We say that v : I — R? is a frontal
(respectively, a front or a wave front) if there exists a smooth mapping v : I — S* such that
(v,v) is a Legendre curve (respectively, a Legendre immersion).

Let (v,v) : I — R? x S* be a Legendre curve. Then we have the Frenet formula of the
frontal v as follows. We put on u(t) = J(v(t)). We call the pair {v(t), u(t)} a moving frame
along the frontal v(t) in R? and we have the Frenet formula of the frontal (or, the Legendre

curve) which is given by
()= ) ().

where £(t) = ©(t) - p(t). Moreover, there exists a smooth function 5(t) such that

The pair (¢, ) is an important invariant of Legendre curves (or, frontals). We call the pair
(0(t), B(t)) the curvature of the Legendre curve (with respect to the parameter t) (cf. [7]). If
(7,v) : I — R? x S! is a Legendre immersion, then ({(t), 3(t)) # (0,0) for all t € I.

Proposition 2.4 Let (v,v) : I — R? x S' be a Legendre curve with the curvature (¢,3) and
f:I— 1 be a smooth function. Then (yo f,vo f): I — R?*x S is also a Legendre curve with

the curvature ((Co f)f', (Bo f)f).
Proof. Since

(v o f) () =4(f (W) f'(u) = B(f (W) f'(wn(f(uw) = (8o f(w)f (wmo f(u)



and
(o f)(u) = o(f(u)f'(u) = £(f(w) f' (Wp(f(u) = (Lo f)u) f'(u)po f(u),

it holds that (yo f,vo f) is a Legendre curve with the curvature ((€o f(u))f'(u), (Bo f(u))f'(u)).
O

Example 2.5 Let n,m and k be natural numbers with m = n + k. Let (vy,v) : R — R? x S?

be
y(t) = (%t” %tm> , v(t) = \/tzk;ﬁ (—t*,1).

It is easy to see that (v,v) is a Legendre curve, and a Legendre immersion when n = 1 or
k = 1. We call v is of type (n,m). For example, the frontal of type (2,3) has the 3/2 cusp
(Ag singularity) at ¢t = 0, of type (3,4) has the 4/3 cusp (Fg singularity) at ¢t = 0, of type
(3,5) has the 5/3 cusp (Es singularity) at ¢ = 0. These types (2,3) and (3,4) are Legendre
immersions. The type (3,5) is a Legendre curve but not a Legendre immersion, see Example

4.1. By definition, we have p(t) = (1/vt2k 4+ 1)(—1, —t*) and
ket ;
)=, B(t) = —t"" 1k 4 1,
(0= 5) :

Definition 2.6 Let (v,v) and (7,7) : I — R? x S be Legendre curves. We say that (v, v)
and (3,7) are congruent as Legendre curves if there exists a congruence C' on R? such that
F(t) =C(y(t)) = A(v(t)) + b and v(t) = A(v(t)) for all t € I, where C' is given by the rotation
A and the translation b on R2.

We have the existence and the uniqueness for Legendre curves in the unit tangent bundle
like as regular plane curves, see [7].

Theorem 2.7 (The Existence Theorem) Let (¢,3) : I — R? be a smooth mapping. There
exists a Legendre curve (v,v) : I — R? x S* whose associated curvature of the Legendre curve

is (¢, ).

Theorem 2.8 (The Uniqueness Theorem) Let (v,v) and (3,7) : I — R* x S' be Legendre
curves whose curvatures of Legendre curves (¢, ) and (¢, ) coincide. Then (v,v) and (7,7)
are congruent as Legendre curves.

In fact, the Legendre curve whose associated curvature of the Legendre curve is (¢, §), is given

by the form
y(t) = (—/5(75) sin (/é(t)dt) dt, /,B(t) cos (/E(t)dt) dt),
v(t) = (cos / ((t)dt, sin / 6(t)dt>.

Let (v,v) : I — R? x S! be a Legendre curve with the curvature of the Legendre curve

(€, B).

Definition 2.9 We say that a point ¢ty € [ is an inflection point of the frontal v (or, the
Legendre curve (v,v)) if £(tg) = 0.



Remark that the definition of the inflection point of the frontal is a generalisation of the
definition of the inflection point of a regular curve (cf. [7]).

We also recall the notion of the contact between Legendre curves (cf. [7]). Let (vy,v) :
I = R2x SYt e (y(t),v(t) and (7,7) : I — R2 x S%:u — (5(u), 7(u)) be Legendre curves
respectively and let k& be a natural number. We say that (v,v) and (7,V) have at least k-th
order contact at t = ty, u = ug if

() lto) = (3. 7)), 0 (1,0)(t0) = 5. D))+, (1,0 ) = (7,7 ).

In general, we may assume that (v,v) and (7,7) have at least first order contact at any
point ¢ = tg,u = ug, up to congruence as Legendre curves. We denote the curvatures of the

Legendre curves (¢(t), B(t)) of (y(t),v(t)) and (¢(u), B(u)) of (Y(u),v(u)), respectively.

Theorem 2.10 ([7, Theorem 3.1]) If (v,v) and (7,7) have at least (k + 1)-th order contact at
t = tg,u = ug, then

~ ~ d d ~~ dh1 A=~
(€.8)(t0) = T D) o), H(E.B)t0) = T B)lu), -+, S0, 8)(t0) = s (. B)(wo). (3
Conversely, if the condition (3) holds, then (v,v) and (7,7V) have at least (k+1)-th order contact
at t = to,u = ug, up to congruence as Legendre curves.

Definition 2.11 We say that a Legendre curve (v,v) : I — R?* x S! is a part of a circle if
there exist a smooth function 6 : I — R and constants r,a,b € R such that

v(t) = (rcosO(t) + a,rsinf(t) +b), v(t) = (cosb(t),sinb(t)).

Proposition 2.12 Let (v,v) : I — R?* x St be a Legendre curve with the curvature (¢, 3). The
Legendre curve (v,v) is a part of a circle if and only if there exists a constant r € R such that
B(t) =rl(t) forallt € I.

Proof. Assume the Legendre curve (,v) is a part of a circle. There exist a smooth function
0 : I — R and constants r,a,b € R such that

v(t) = (rcos@(t) + a,rsinf(t) +b), v(t) = (cosd(t),sinb(t)).

Since p(t) = (—sinf(t), cosd(t)), we have ((t) = 0(t) and S(t) = rf(t). Thus, B(t) = ri(t)
holds.
By the existence and uniqueness Theorems 2.7 and 2.8, the converse is holded. a

Note that a part of a circle may have singular points and inflection points.

2.3 Evolutes and involutes of fronts

Let (v,v) : I — R? x S be a Legendre curve with the curvature of the Legendre curve (¢, 3).
If (v, ) dose not have inflection points, namely, £(t) # 0 for all ¢ € I, then (v, v) is a Legendre
immersion. In this subsection, we assume that (v, v) dose not have inflection points.



Definition 2.13 The evolute Ev(vy) : I — R? of the front v is given by

Ev(y)(t) = (1) - My(t)' (4)

Definition 2.14 The involute Znv(vy,ty) : I — R? of the front v at o € I is given by

T, 10)0) = ~(0) - /t:mu)du) ). 5)

Proposition 2.15 (]9, Proposition 2.14]) Under the above notations, we have the following.
(1) The evolute Ev(y) is also a front. More precisely, (Ev(y),J(v)) : I — R?* x S' is a
Legendre immersion with the curvature
d p(t)
o0t), —=—>=).
(«0 5 0)

(2) The involute Inv (v, ty) is also a front for eachty € I. More precisely, (Znv(vy,ty), J 1 (v)) :
I — R? x St is a Legendre immersion with the curvature

(E(t), ( /t: 5(u)du> m)) |

Proposition 2.16 ([9, Proposition 4.1]) For any to € I, we have the following.
(1) Ev(Znv(y,t))(t) = (1)
(2) Znov(Ev(v), to)(t) = 7(t) — (B(to)/L(to))v(t).

The following results give the relationships between singular points of v and the properties
of the evolutes and involutes.

Proposition 2.17 ([8, Propositions 3.8 and 4.5])

(1) Suppose that toy is a singular point of v. Then ~y is diffeomorphic to the 3/2 cusp at ty
if and only if to is a reqular point of Ev(y).

(2) Suppose that to is a singular point of both v and Ev(y). Then 7y is diffeomorphic to the
4/3 cusp at to if and only if Ev(y) is diffeomorphic to the 3/2 cusp at to.

Proposition 2.18 ([9, Proposition 3.9]) (1) Znv(vy,to) is diffeomorphic to the 3/2 cusp at ty
if and only if tg is a reqular point of ~y.

(2) Znv(~,to) is diffeomorphic to the 4/3 cusp at ty if and only if v is diffeomorphic to the
3/2 cusp at to.

Let (y,v) : I — R? x S! be a Legendre immersion with the curvature (¢, 3) and without
inflection points. By Proposition 2.15, (Ev(y), J(v)) : I — R? x S* and (Znv(v,to), J ' (v)) :
I — R? x St are also Legendre immersions without inflection points for any ¢, € I. Therefore,
we can repeat the evolute and the involute of the front.

We give the form of the n-th evolute and the n-th involute of the front, where n is a natural
number. We denote Ev°(7)(t) = ~(t) and Ev'(v)(t) = Ev(y)(t) for convenience. We define
£0"(7)(t) = Eo(Ev"1(3))(t) and

@z—l(t)) ’

) = 50 ) = 5 (2t
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inductively. Moreover, we denote Znv®(v,to)(t) = v(t) and Znv'(vy,to)(t) = Znv(y,ty)(t) for
convenience. We define Znv" (7, to)(t) = Znv(Znv" (v, o), to)(t) and

a0 = ( /t:mu)du) (0. 5t = ( / i) ) €0

Theorem 2.19 ([8, 9]) (1) (Ev™(7),J"(v)) : I — R? x S is a Legendre immersion with the
curvature (¢, ,,), where the n-th evolute of the front is given by

£ o)1) = £ )(0) - P e

inductively.

and J" 1s n-times operation of J.
(2) (Znv™(v,to), J " (v)) : I — R%x St is a Legendre immersion with the curvature (¢, 3_,),
where the n-th involute of the front v at ty is given by

o (. to)(t) = Zne™ (3, 10)(1) + 22 oo )

and J~" is n-times operation of J 1.

3 Evolutes and involutes of frontals

Let (v,v) : I — R? x S! be a Legendre curve with the curvature (¢,3). We can define the
involute of the frontal as the same form of the involute of the front.

Definition 3.1 The involute Inv(vy,ty) : I — R? of the frontal v at ty € I is given by

T, t0)0) =+(0) - /t:mu)du) ). (6)

On the other hand, Proposition 2.16 suggests that we may define an evolute of the frontal under
existence and uniqueness conditions.

Definition 3.2 The evolute Ev(vy) : I — R? of the frontal 7 is given by

Ev(Y)(t) = ~(t) — alt)v(t), (7)

if there exists a unique smooth function « : I — R such that 5(t) = «(¢)¢(t). In this case, we
say that the evolute Ev(7y) exists.

The uniqueness condition is well-known as a topological condition.

Lemma 3.3 Suppose that there exists a continuous function o : I — R such that o(t) =
B(t)/L(t) on L ={t € I | L(t) # 0}. Then the function o is a unique if and only if L is a dense
subset of I, namely, L = 1.



Let (y,v) : I — R? x S* be a Legendre curve with the curvature (¢, 3). In this paper, we
assume that L = {t € I | ¢(t) # 0} is a dense subset of I. This condition follows that if such a
smooth function « exists, then the uniqueness condition is satisfied by Lemma 3.3.

Remark 3.4 If the inflection points £(¢) = 0 are isolated, then the condition that L is a dense
subset of I is satisfied.

If o is an inflection point of (v, v) and the evolute Ev(y) exists, then the inflection point
must be a singular point of v. It follows that t, is a singular point of Legendre curve (v, v),

that is, (£(to), B(t)) = (0,0).

Proposition 3.5 Under the above notations, we have the following.

(1) If the evolute Ev(7y) of the frontal exists and S(t) = a(t)l(t), then the evolute Ev(y)
is also a frontal. More precisely, (Ev(v),J(v)) : I — R?* x S' is a Legendre curve with the

curvature
(0(t), &u(t)) -

(2) The involute of the frontal Inv(y,to) is also a frontal for each ty € 1. More precisely,
(Znv(vy,to), J 71 (v)) : I — R? x St is a Legendre curve with the curvature

(E(t), ( /t: B(u)du) £(t)> .

Proof. (1) By using the Frenet formula of the Legendre curve, we have

Ev(y)(t) = '<t>—a<t>u<t

~— N
—~
-
~
<-
—~
~+
~—

It follows that Ev(v)(t) - J(v(t)) = 0. Since (d/dt)J(v(t)) = £(t)J(J(v(t))), the curvature of
the Legendre curve (Ev(v), J(v)) is given by (¢(t), &(t)) .
(2) By using the Frenet formula of the Legendre curve, we have

Ty t0) () = 4(t) — BE)ult) — ( /t:mu)du) ju(t) = ( /t:mu)du) (0T (1)),

It follows that Znwv(y,to)(t) - J 1 (v(t)) = 0. Since (d/dt)J *(v(t)) = £(t)J(J ' (v(t))), the
curvature of the Legendre curve (Znv(v,to), J~(v)) is given by

(5@), ( /t: B(u)du) E(t)) |

By Proposition 3.5, if ¢y is an inflection point of a Legendre curve (v, ), then ¢, is also an
inflection point of both the evolute if exists, and the involute of the frontal. Moreover, t; is a
singular point of the involute of the frontal. The important difference between the evolute and
the involute of the frontal is that we can always repeat the involute of the frontal but can not
repeat the evolute of the frontal in general.

O



Proposition 3.6 Let (v,v) : [ — R? x S! be a Legendre curve with the curvature of the
Legendre curve (¢, 3).

(1) The evolute of the involute of the frontal always exists and Ev(Inv(y,ty))(t) = y(t) for
any ty € I.

(2) If the evolute Ev(7y) of the frontal exists and (t) = a(t)l(t), then Inv(Ev(y),to)(t) =
v(t) — a(te)v(t) for any ty € I.

Proof. (1) We denote the curvature of the involute of the frontal by (¢_1(t), 5_1(t)). Since the
form of the curvature of the involute of the frontal in Proposition 3.5 (2), ¢_1(t) = £(t) and

B-1(t) = a(t)L(t), where t
= /t B(u)du

By definition of the evolute of the frontal, it holds that

Eu(Tnv(r t)(t) = Tnul,to)(t) — ( Bl ) I w(0)
- a0~ ( /t:mu)du) (e + ( /t:mu)du) )
(1)

(2) By definition of the involute of the frontal, it holds that

Tnv(Eut)a)(0) = )0 - ([ atwyiu) st

= () —a)r(t) + a(t)v(t) — alt)v(t)
= (1) — alto)v(?).

By a direct calculation, we have the following Lemma.

Lemma 3.7 Let (v,v) : I — R? x S be a Legendre curve with the curvature of the Legendre

curve (¢, f3).
(1) det(%(t),5(t)) = 0 and det(5(t), ¥ (t)) # 0 if and only if B(t) 7& 0,6(t) = 0 and ((t) # 0.
(2) 4(t) = 0,5(t) = 0, det(y¥(t),7W(t )) = 0 and det(y®)(t),7)(t)) # 0 if and only if
B(t) = B(t) = 0,5(t) # 0, £(t) = 0 and {(t) #

Proposition 3.8 Let (v,v) : I — R? x S' be a Legendre curve with the curvature of the
Legendre curve (¢, 3).

(1) ~ is diffeomorphic to the 5/3 cusp at ty if and only if the evolute Ev(y) of the frontal
exists, 5(t) = a(t)l(t) around ty with a(ty) =0 and ty is an ordinary inflection point of Ev (7).

(2) Znov(y,to)(t) is diffeomorphic to the 5/3 cusp at ty if and only if ty is an ordinary
inflection point of ~y.

Proof. (1) By Lemma 3.7, we have B(to) = B(to) = 0, B(to) # 0, £(ty) = 0 and €(ty) # 0. Since

to is an isolated singular point of (v, v) and

lim @ = lim @ =
toto £(t)  t—to g(t) ’
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there exists a unique smooth function germ « : (I,%y) — R such that 5(t) = «a(t)((t) with
a(ty) = 0. It follows that Ev(y) exists around ty. Note that Ev(y)(ts) = ~y(tp). Since
Bt) = a(t)e(t) + 2a(t)l(t) + a(t)l(t), we have a(ty) = B(to)/(26(ty)) # 0. It follows from
(d/dt)(Ev(y)(t)) = &(t)J*(v(t)) that ty is a regular point of Ev(y). By Proposition 3.5, the
curvature of the Legendre curve of the evolute is (¢(t),(t)). Hence, ty is also an ordinary
inflection point of £v(7) by Lemma 3.7.

Conversely, if ¢, is an ordinary inflection point of Ev(7), we have £(t;) = 0 and £(t,) # 0.
By a(ty) = 0, we have (o) = 0 and S(t,) = 0. Moreover, since t; is a regular point of Ev(y),

namely &(ty) # 0, we have B(ty) # 0. It follows from Lemma 3.7 that v is diffeomorphic to the
5/3 cusp at to (cf. [5, 14, 15, 17]).

(2) Suppose that Znv(vy,to)(t) is diffeomorphic to the 5/3 cusp at ty. By Proposition 3.6
and (1), it holds that ¢y is an ordinary inflection point of ~.

Conversely, if t, is an ordinary inflection point of 7, then B(to) # 0, £(to) = 0 and £(ty) # 0
by Lemma 3.7. By Proposition 3.5, the curvature of the Legendre curve of the involute is given

) (0. 8-400) = (00, /t:mu)du) ).

By a direct calculation, we have

Boi(to) =0, Bi(to) =0, Bi(to) # 0.
It follows from Lemma 3.7 that Znv(~,to) is diffeomorphic to the 5/3 cusp at to. O

Remark 3.9 If {; is an inflection point and a singular point of the frontal ~, then ~ is degen-

erate more than 3/2 cusp at ¢y. Indeed, we have ¥(ty) = 8(to)p(to) = 0 and det(y(to), ¥ (to)) =
28(ty)?l(tg) = 0 (cf. Propositions 2.17 and 2.18).

Proposition 3.10 If (v,v) : I — R?* x S is a part of a circle, then the evolute of the circle
exists and is given by a point.

Proof. There exist a smooth function 0 : I — R and constants r,a,b € R such that
v(t) = (rcos@(t) + a,rsinf(t) + b), v(t) = (cosO(t),sinb(t)).
By Proposition 2.12; 8(t) = rf(t). It follows that Ev(y)(t) = y(t) — rv(t) = (a,b). O
Let (y,v) : I — R?* x S! be a Legendre curve with the curvature (¢, 3).

Definition 3.11 We say that t, is a vertex of the frontal v (or, of the Legendre curve (vy,v)) if
the evolute Ev(y) of the frontal exists and Ev(7y)(ty) = 0.

Suppose that the evolute of the frontal Ev(v) exists and 5(t) = a(t)l(t). Then t; is a vertex
of the frontal v if and only if &(ty) = 0.

Proposition 3.12 Let (v,v) : [ — R? x S be a Legendre curve with the curvature (¢, 3) and
to € I. Suppose that the evolute Ev(y) of the frontal exists and B(t) = a(t)l(t). We denote
(7,7) : I = R? x St by a part of a circle with the curvature (£(t), a(ty)l(t)).

(1) (v,v) and (7,v) have at least second order contact at t = t
Legendre curves.

, up to congruence as
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(2) If ty is a singular point of (y,v), then (v,v) and (7,V) have at least third order contact
at t = to, up to congruence as Legendre curves.

(3) If to is a singular point and a vertex of (y,v), then (v,v) and (7,v) have at least 4-th
order contact at t = ty, up to congruence as Legendre curves.

Proof. (1) Since (€(ty), 5(to)) = (U(to), a(to)l(to)), it holds that (v, ) and (7,7) have at least
second order contact at ¢t =y, up to congruence as Legendre curves by Theorem 2.10.

(2) By differentiating 4(t) = «(t)((t), we have 5(t) = a(t){(t)+al(t )6( ). By the assumption,
((tg) = B(te) = 0 holds. Tt follows that (£(to), B(to)) = (£(to), a(te)l(ts)). By Theorem 2.10,
(7,v) and (7,7) have at least third order contact at ¢ = ty, up to congruence as Legendre
curves.

(3) Also we have 5(t) = a(t)e(t) + 2a(t)€(t) + a(t)l(t). By the assumption, £(to) = B(to) =
a(te) = 0 holds. It follows that (£(t), B(te)) = (£(to), a(ty){(t)). By Theorem 2.10, (v,v) and
(7,7) have at least 4-th order contact at ¢ = ¢y, up to congruence as Legendre curves. O

Remark 3.13 Suppose that t; is a regular point and not an inflection point of 7. It is well-
known that if ¢y is a vertex of ~, then 7 and the osculating circle have at least third order
contact at .

Proposition 3.14 Let (v,v) and (7,7) : I — R? x S' be Legendre curves with the curvatures
of the Legendre curves are ((t), B(t)) and (£(t), B(t)) respectively.

(1) Suppose that the evolute Ev(vy) of the frontal exists and B(t) = a(t)l(t). If (v,v) and
(7,v) are congruent as Legendre curves, then the evolute Ev(7) of the frontal exists. Moreover,
(Ev(v), J(v)) and (Ev(7), J(V)) are congruent as Legendre curves.

(2) Letty € I. (v,v) and (¥, V) are congruent as Legendre curves if and only if (Znv(v,ty), J 1 (v))
and (Inv(3,ty), JH(V)) are congruent as Legendre curves.

Proof. (1) Since (£(t), B(t)) = (€(t), B(t)), we have B(t) = a(t)(t). Thus, the evolute Ev ()
exists. Moreover, the curvatures of the evolutes are the same ({(t),&(t)). By Theorem 2.8,
(Ev(y), J(v)) and (Ev(7), J(ﬁ)) are congruent as Legendre curves.

(2) Tf (£(2), B(£) = (£(t), B(1)), then

[ ) ) (1  30m)0)

holds. Tt follows that (Znwv(v,to), J *(v)) and (Znv(¥,ty), J ' (V)) are congruent as Legendre
curves. The converse is a direct corollary of (1) and Proposition 3.6. O

Let (v,v) : I — R2 x S be a Legendre curve with the curvature (¢, 8) and f : I — I be a
smooth function, where I is an interval or R. By Proposition 2.4, (yo f,vo f): [ — R? x S1
is also a Legendre curve with the curvature ((¢o f)f', (8o f)f').

Proposﬂzlon 3.15 Under the above notations, we have the following. Suppose that L= {u e
1)0(f (W) f'(u) # 0} is a dense subset in 1.

(1) If Ev(y) caists, then Ev(y o f) exists and Ev(yo f)(u) = Ev(y)(f(u)) € Ev(y)(1).
(2) Let ug € 1. Ino(y o f,u)(u) = Zno(y, f(uo))(f (u)) € Znv(y, f(uo)) ().
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Proof. (1) There exists a unique smooth function o : I — R such that 5(t) = a(t)l(t). It
follows that (8o f(u))f'(u) = (o f(u))(€o f(u))f'(u). By definition of the evolute of the

frontal, we have
Ev(yo f)(u) =vo fu) = (ao f(u))(vo f(u) = Ev(y)(f(u) € Ev(7)(I).

(2) By definition of the involute of the frontal, we have
Tuotyo frun)(e) = o) = ([ @0 s 6)s) wo s

f(u)
— Yo flu) - ( ) )B(t)dt>u0f(U)
— Znv(y, f(u0))(f (1) € Inv(y, f(up))(D).

O

Let (v,v) : I — R? x S! be a Legendre curve. We define a parallel curve vy : I — R? of the
frontal v (or, Legendre curve (v, v)) by

(t) = (1) + Av(?),
where \ € R.

Proposition 3.16 Let (v,v): I — R? x S' be a Legendre curve with the curvature (¢, 3).

(1) The parallel curve vy : I — R? is also a frontal for any X € R. More precisely,
(7, v) : I = R? x S is a Legendre curve with the curvature

(), B(t) + Ae(t)) -

(2) If the evolute Ev(y) exists, then the evolute of a parallel curve of y exists. Moreover,
the evolute Ev(y) coincides with the evolute Ev(7).

Proof. (1) Let v\(t) = v(¢) + Av(t) where A € R. By the Frenet formula, we have
M) = F() + A0 () = (B() + M) m(?)

holds. It follows that v\ (t) - v(t) = 0 and hence (vy,v) is a Legendre curve. Then the curvature
of the Legendre curve (v, v) is given by (¢(t), B(t) + \(t)) .

(2) There exists a unique smooth function « such that 8(t) = «(t)¢(t). By the form of the
curvature of the parallel curve, we have

B(t) + N(t) = (a(t) + N)(t).
Therefore, the evolute of v, exists again. Moreover,

Ev(m)(t) = n(t) = (a(t) + Np(t) = (1) — a()v(t) = Eu(y).

12



Proposition 3.17 For any points ty,t; € I, the involute Inv(~y,t1)(t) is a parallel curve of
(ITL’U(”)/, tO)a J_l(V))'

Proof. By definition of the involute of the frontal, we have

Zurn)(0) = o) ([ i) (o
- - ([ tﬁ(u)du> we) - ([ Sl e
— Tov(v o)t </ B(u du) Lu(t).

It follows that Znv(v,t1)(t) is a parallel curve of (Znv(7y,ty), J 1 (v)). O

For a Legendre curve (v,v) : I — R? x S, we denote the set of Legendre curves of the
parallel curves of the involute (Znv(y,ty), J ' (v)) : I — R? x S by PZ(~,v), that is,

PL(v,v) = {(Znv(y,to) + AT *(v),J *(v)) | A € R}.

Note that by Proposition 3.17, for any ¢, € I, (Znv(v,t),J ' (v)) € PZ(y,v). Hence
PZL(v,v) is independent on the choice of the initial point .

We also define PZ"(v,v) by PZ"(v,v) = PZ(PZ" '(v,v)) inductively, that is,
PI"(v,v) = {(ZTmw(F, to) + A7 (9), T (D)) | (7,7) € PI""'(v,v), A € R}

We denote Ev°(7)(t) = ~v(¢) and Ev'(y)(t) = Ev(y)(t) if the evolute exists. We also define
Ev™(Y)(t) = Ev(Ev™(7))(¢) inductively, if the evolute exists. We give an existence condition
of the n-th evolute of the frontal.

Theorem 3.18 Let (v,v) : I — R? x S be a Legendre curve with the curvature (¢, 3). Then
the following are equivalent.

(1) The n-th evolute Ev™(7y) ezists and (Ev™(7y), J"(v)) is a Legendre curve.

(2) There erists a Legendre curve (¥,7) : I — R? x St such that (v,v) € PIZ"(,7).

Proof. We give the proof by the induction on n € N. First we consider the case of n = 1. If the
evolute of the frontal Ev(7) exists and f(t) = a(t){(t), then Znv(Ev(y), to)(t) = () —a(to)v(t)
by Proposition 3.6. Therefore,
Y(t) = Inv(Ev(y), to) (t) + alto) S (I (v(1)))

holds. It follows that (v,v) € PZ(Ev(7), J(v)). Conversely, suppose that there exists a Leg-
endre curve (7,7) such that (v,v) € PZ(y,v). Then Ev(y)(t) = 7(t) by Propositions 3.6 and
3.16. Therefore, the evolute Ev( ) exists and (Ewv(7), J(v)) is a Legendre curve by Propositions
3.5 and 3.6.

Next suppose that the case of n—1 is holded. If Ev" () exists, then (Ev™ 1 (Ev(v)), S HJ(v)))
exists. By the assumption of the induction, there exists a Legendre curve (7,7) such that
(Ev(v), J(v)) € PI" ' (5,7). Moreover, we have (vy,v) € PZ(Ev(y),J(v)). It follows that
(v,v) € PZ"(y,v). Conversely, suppose that there exists a Legendre curve (7,7) such that
(v,v) € PI"(7,7). Then there exists (7,7) € PZ" '(7,7) such that (v,v) € PZ(¥,7). It
follows that (& U(y) J(v)) = (7,7). By the assumption of the induction, Ev"7!(7) exists
and (Ev"1(7), J"1(V)) is a Legendre curve. Therefore, Ev" 1 (Ev(y)) = Ev™(y) exists and
(Ev™(7y), J"(v)) is a Legendre curve. This completes the proof of Theorem. O
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4 Example

We give examples of evolutes of frontals. These are useful to understand the phenomena and
results.

Example 4.1 Let n,m and k be natural numbers with m = n + k and n > k. Let (y,v) :
R — R? x S! be of type (n,m),

(0 = (30207 ) (0 = ()

see Example 2.5. Then we have

o) = 1 s =~ L

S

see Example 2.5. Under the condition n > k, there exists a unique smooth function «(t) =
— R (2R 4 1)%/]6 such that 5(t) = a(t)¢(t). Hence the evolute of v exists and is given by

n—k 1 n + 2k 1
Ev(n)(®) ( L L oy

As a concrete example, we take n = 3, m =5 and k = 2. That is,

A () = (%t %t) ) = (1),

see Figure 1 left. Then the evolute of the 5/3 cusp is given by

1 1.1 7
Ev(y)(t) = (—Et?’ — §t7, 5+ 1—Ot5) ,

see Proposition 3.8 and Figure 1 centre. Moreover, the parallel curve for each A € R is given
by
1 A2 1 A
t)= {3t - 7_t5 + ) ’
M) (3 VEF15 Bl
see Figure 1 right (cf. [1, 17]).

2r 2r-

the 5/3 cusp the evolute of the 5/3 cusp parallel curves of the 5/3 cusp
Figure 1.

-2 2
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Example 4.2 Let n,m and k be natural numbers with m = n+ k and n > k. Let (y,v) :
0,27) — R? x S! be given by

v(t) = (sin"tcos™t,sin™tcos"t),

v(t) = !

\/((Zn +k)cos?t —n — k)2cos? t + ((2n + k) sin®t — n — k)2sin?* ¢
(((2n +k)sin®t — n — k)sin® ¢, ((2n + k) cos®t —n — k) cos* t) .

By a direct calculation, (v, v) is a Legendre curve. By definition, we have

1

p(t) =
\/((2n 4+ k)cos?t —n — k)2 cos? t + ((2n + k)sin®t — n — k)2sin?* ¢
(—((2n + k) cos®t —n — k) cos™ t, (2n + k) sin®t — n — k) sin* ¢) ,
o = ksin*~! ¢ cos* 1 tF(t;n, k)
~ 8((2n+ k) cos?t —n — k)2 cos? t 4 ((2n + k) sin®t — n — k)2sin®* t)’
B(t) = —sin" ttcos™ ! t\/((Qn +k)cos2t —n — k)2cos?k t + ((2n + k) sin®t — n — k)2sin? ¢,
where

F(t;n k) = —k* +4n(1 +n) + 2k(1 + 2n) + (kK* + 4n(=1+ n) + 2k(—1 + 2n)) cos 4t.

Under the conditions F'(¢;n,k) # 0 for all t € [0,27) and n > k, there exists a unique smooth
function

8sin™* ¢ cos™ * t(((2n + k) cos?t —n — k)2 cos? t + ((2n + k) sin®t — n — k)?sin®* ¢)2
kE(t;n, k) '
Then the evolute of the frontal v exists and is given by Ev(y)(t) = v(t) — a(t)v(t). Note that
if k=1,2,3,4,5 and n > k, then F(t;n, k) # 0 for all t € [0, 27).
As a concrete example, we take n = 3,m =5 and k = 2. That is,

a(t) = —

v(t) = (sin®tcos’t,sin’tcos’t),
2
v(t) = (3sin* ¢ — 5sin®tcos* ¢, 3cos’ t — Hsin®t cos’ t)
V15 + 17 cos 4t + 4 cos 8t

see Figure 2 left. Then we have
2

t) = —3cos't 4+ 5sin®tcos®t, 3sin? t — 5sin?t cos®t)
K1) \/15+17cos4t+40088t( )
0 = 12(3 4 2 cos 4t) sin 2t

15+ 17cos4t + 4cos 8t’
1
pt) = —g\/l5 + 17 cos 4t + 4 cos 8t sin? 2t.

It follows that there exists a unique smooth function « : [0,27) — R,

Nlw

(154 17 cos 4t + 4 cos 8t)

in 2.
96(3 + 2cosdt) o

alt) = —

The evolute Ev(7y)(t) = v(t) — a(t)v(t) of the frontal v see Figure 2 right.
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v(t) = (sin®t cos® t, sin® t cos® t) the evolute Ev(7)(t)
Figure 2.
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